Pearson-Fisher Chi-Square Statistic Revisited
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Supplementary Material

Starting from the well known Gauss-Laplace distribution of errors':
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a further assumption can be made on the observational error: there is no systematic error (mean p set to

0). The errors for Gauss-Laplace distribution with a mean of zero become:
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The (2) relationship can be used to check:
(Case 1) O;;-E;; differences (differences between values from Table 2 - O;; and Table 4 - a;b;)

(Case 2) O;j-ab; differences for SzZ(Oi’j—aibj)z (differences between values from Table 2 - O;; and
Table 3 - Ei,j)
(Case 3) O;j-ab; differences for CV2:(Oi’j—aibj)2/(aibj)2:min. (differences between values from

Table 2 - O and Table 4 - a;b;)

(Case 4) O;j-a;b; differences for X2:(Oi’j—aibj)2/ajbj:min. (differences between values from Table 2 -
O;; and Table 4 - a;b;)



Information 2011, 2 2

The following table presents the above-mentioned differences:

Casel Case?2 Case 3 Case 4 N Casel Case?2 Case 3 Case 4

No. Ej S’=min. CV’=min. X* = min. " Ej S’=min. CV’=min. X* = min.
1 -231 -1.77 -2.27 -2.34 37 1.96 2.36 1.77 1.83
2 17 1.58 1.92 1.81 38 0.36 0.25 0.32 0.34
3 0.62 0.66 0.26 0.45 39 092 0.94 0.46 0.70
4 -251 -1.85 -2.61 -2.6 40 3.05 3.54 2.80 2.89
5 1.19 1.05 1.42 1.31 41 -0.75 -0.86 -0.74 -0.73
6 -0.53 -1.14 -0.81 -0.64 42 -0.45 -0.93 -0.84 -0.62
7 144 1.36 1.17 1.32 43 32 -3.26 -3.57 -3.37
8 1.21 1.27 1.21 1.19 44 -2.96 -2.93 -3.13 -3.07
9 094 0.37 0.64 0.81 45 -1.43 -1.87 -1.80 -1.59

10 -0.58 -0.78 -0.53 -0.54 46 0.85 0.70 0.77 0.82
11 0.23 0.26 0.01 0.13 47 2.16 2.18 1.88 2.03
12 -1.40 -1.61 -1.56 -1.47 48 -0.49 -0.65 -0.7 -0.58
13 -1.21 -0.66 -1.38 -1.35 49 -2.74 -2.08 -2.97 -2.9
14 1.08 0.98 1.10 1.09 50 -3.23 -3.09 -3.31 -3.28
15 2.05 2.11 1.52 1.79 51 3.36 3.59 2.86 3.11
16 -3.18 -2.52 -3.45 -3.36 52 0.79 1.49 0.49 0.60
17 -0.80 -0.92 -0.74 -0.76 53 0.80 0.89 0.77 0.79
18 3.38 2.80 2.94 3.18 54 -2.01 -2.28 -2.43 -2.20
19 -3.75 -3.82 -4.19 -3.96 55 3.56 3.68 3.14 3.35
20 051 0.58 0.35 0.40 56 -2.21 -1.99 -2.42 -2.34
21 3.19 2.64 2.76 3.00 57 -0.35 -0.63 -0.76 -0.54
22 054 0.36 0.47 0.52 58 0.24 0.23 0.14 0.20
23 -2.37 -2.33 -2.69 -2.52 59 2.26 241 1.96 2.12
24 0.56 0.37 0.32 0.45 60 -0.47 -0.53 -0.70 -0.58
25 094 1.59 0.66 0.76 61 3.36 3.21 248 2.93
26 -0.55 -0.52 -0.64 -0.60 62 0.65 0.36 -0.14 0.27
27 -6.80 -6.63 -7.39 -7.08 63 -0.15 -0.36 -0.97 -0.53
28 -0.84 -0.11 -1.19 -1.05 64 2.69 2.62 1.94 2.33
29 0.00 -0.01 -0.04 -0.01 65 -043 -0.68 -1.07 -0.73
30 2.05 1.61 1.54 1.83 66 -2.45 -2.80 -3.21 -2.80
31 2.39 243 1.90 2.15 67 -0.44 -0.66 -1.18 -0.79
32 145 1.61 1.20 1.31 68 2.00 1.81 1.33 1.67
33 -0.07 -0.50 -0.56 -0.29 69 -2.26 -2.57 -2.90 -2.56
34 0.15 0.05 0.02 0.10 70 -1.20 -1.40 -1.68 -1.43
35 -1.46 -1.36 -1.82 -1.63 71 -0.82 -0.94 -1.31 -1.05
36 2.74 2.61 2.47 2.62 72 -0.94 -1.1 -1.34 -1.13

In order to obtain the maximum likelihood estimations of the parameters for the distribution given
in equation (2) the following system of equations must be solved:
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and z; are the values listed in the columns of the table above.

MathCad was used to solve this system, and EasyFit to obtain the statistics of the agreement.

The following table contains the solutions for Eq.(3) together with the Kolmogorov-Smirnov (K-S),
Anderson-Darling (A-D), and Chi-Square (C-S) probabilities from which Fisher's Chi-Square >
statistic (F-C-S=-In(pk.s)-In(pa.p)-In(pc.s)) giving global agreement between observational error and
Gauss-Laplace model and their associated probability (from y* distribution with 3 degrees of freedom)

were calculated:

Error Distribution Pks Pap Pcs F-C-S prcs Skewness, Kurtosis
Ej PDFg0(2.005,1.859) 0.972 0.760 0.348 1.358 0.715 Sk=0.0; eKu=0.156
S? PDFg0(1.980,1.983) 0.955 0.831 0.682 0.614 0.893 Sk=0.0; eKu=0.172
cv? PDFg0(2.027,1.796) 0.510 0.418 0.285 2.801 0.423 Sk=0.0; eKu=0.238
X? PDFg0(2.009,1.834) 0.709 0.687 0.076 3.296 0.348 Sk=0.0; eKu=0.188

K-S = Kolmogorov-Smirnov statistic, A-D = Anderson-Darling statistic,

C-S = Chi-Square statistic; F-C-S = Fisher's Chi-Square statistics

The above-presented results clearly indicate that the best agreement between observational errors
and the Gauss-Laplace distribution are obtained when S’ = (Oi,j—aibj)z = min is used to obtain the a; and
b; values. Moreover, the errors in Fisher's experiment are more likely absolute errors (which are subject
to minimization in order to obtain the best agreement between the estimate from the treatment and
variety factors and the observed production).

Thus, this supplementary study on Fisher's reported results on treatment and variety factors
influencing production clearly indicates that combining the proposed pool of objective functions
(Eij, Sz=min., CV2=min., X2=min.) with the modified form of the Gauss-Laplace distribution
according to the assumption that there is no systematic error (u=0) and according to the Chi-Square
measure of global agreement developed by Fischer is able to provide an excellent estimate for a certain

type of experimental error.
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