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Abstract

We proposea new approachto the problem
of searchinga spaceof policies for a Markov
decisionprocess(MDP) or a partially observ-
ableMarkov decisionprocess(POMDP),given
amodel.Our approachis basedon thefollowing
observation: Any (PO)MDPcanbe transformed
into an “equivalent” POMDP in which all state
transitions(giventhecurrentstateandaction)are
deterministic.This reducesthe generalproblem
of policy searchto one in which we needonly
considerPOMDPswith deterministictransitions.
We give a naturalway of estimatingthevalueof
all policiesin thesetransformedPOMDPs.Pol-
icy searchis thensimplyperformedby searching
for a policy with high estimatedvalue. We also
establishconditionsunderwhich our valueesti-
mateswill begood,recoveringtheoreticalresults
similar to thoseof Kearns,MansourandNg [7],
but with “samplecomplexity” boundsthat have
only apolynomialratherthanexponentialdepen-
denceon the horizontime. Our methodapplies
to arbitraryPOMDPs,including oneswith infi-
nite stateand action spaces. We also present
empirical results for our approachon a small
discreteproblem,andon a complex continuous
state/continuousactionprobleminvolving learn-
ing to ride a bicycle.

1 Intr oduction

In recentyears,therehasbeengrowing interestin algo-
rithmsfor approximateplanningin (exponentiallyor even
infinitely) large Markov decisionprocesses(MDPs) and
partially observableMDPs(POMDPs).For suchlargedo-
mains,the valueand

�
-functionsaresometimescompli-

catedanddifficult to approximate,even thoughtheremay
be simple, compactlyrepresentablepolicies that perform
very well. This observationhasled to particularinterestin
directpolicysearch methods(e.g.,[16, 8, 15, 1, 7]), which

attemptto choosea goodpolicy from somerestrictedclass
of policies.

Most approachesto policy searchassumeaccessto the
POMDPeitherin theform of theability to executetrajec-
toriesin the POMDP, or in the form of a black-box“gen-
erative model” thatenablesthe learnerto try actionsfrom
arbitrarystates. In this paper, we will assumea stronger
modelthanthese:roughly, we assumewe have an imple-
mentationof a generative model,with the differencethat
it hasno internalrandomnumbergenerator, so that it has
to askus to provide it with randomnumberswhenever it
needsthem(suchasif it needsa sourceof randomnessto
draw samplesfrom thePOMDP’s transitiondistributions).
This small changeto a generative model resultsin what
wewill call adeterministicsimulativemodel,andmakesit
surprisinglypowerful.

We show how, given a deterministicsimulative model,
we can reducethe problem of policy searchin an ar-
bitrary POMDP to one in which all the transitionsare
deterministic—thatis, a POMDP in which taking an ac-
tion � in a state � will always deterministicallyresult in
transitioningto somefixedstate��� . (Theinitial statein this
POMDPmaystill be random.)This reductionis achieved
by transformingtheoriginal POMDPinto an“equivalent”
onethathasonly deterministictransitions.

Our policy searchalgorithmthenoperateson these“sim-
plified” transformedPOMDPs.Wecall ourmethodPEGA-
SUS (for Policy Evaluation-of-GoodnessAnd SearchUs-
ing Scenarios,for reasonsthat will becomeclear). Our
algorithm also bearssomesimilarity to one usedin Van
Roy [12] for valuedeterminationin thesettingof fully ob-
servableMDPs.

Theremainderof this paperis structuredasfollows: Sec-
tion 2 definesthe notation that will be usedin this pa-
per, andformalizestheconceptsof deterministicsimulative
modelsandof familiesof realizabledynamics.Section3
thendescribeshow we transformPOMDPsinto oneswith
only deterministictransitions,andgivesour policy search
algorithm. Section4 goeson to establishconditionsun-
der which we maygive guaranteeson the performanceof



thealgorithm,Section5 describesourexperimentalresults,
andSection6 closeswith conclusions.

2 Preliminaries

Thissectiongivesour notation,andintroducestheconcept
of thesetof realizabledynamicsof aPOMDPunderapol-
icy class.

A Markov decision process (MDP) is a tuple���	��
���
��������������������� !��"#�
where:

�
is a set of states;



is the initial-state distrib ution, from which thestart-state�%$ is drawn;



is a setof actions;

��� ��� �������
arethe tran-

sition probabilities, with
�����

giving the next-statedistri-
bution upon taking action � in state � ;  '&)( *+�-,��

is the
discount factor; and

"
is the reward function, bounded

by
"/.	0�1

. For thesakeof concreteness,wewill assume,un-
lessotherwisestated,that

�324( *5�-,-687�9
is a :<; -dimensional

hypercube.For simplicity, we alsoassumerewardsarede-
terministic, andwritten

"=� � � ratherthan
"=� � � � � , the ex-

tensionsbeing trivial. Lastly, everythingthat needsto be
measurableis assumedto bemeasurable.

A policy is any mapping>@? �BACD

. Thevalue function

of a policy > is a map EGFH? �IACKJ
, so that EGF � � � gives

the expecteddiscountedsum of rewardsfor executing >
startingfrom state� . With someabuseof notation,wealso
definethevalueof a policy, with respectto theinitial-state
distribution



, accordingtoE � > �L2NMO�QP�RTS3( E F � � $ �Q6 (1)

(wherethesubscript� $�U 
 indicatesthattheexpectation
is with respectto � $ drawn accordingto



). Whenwe are

consideringmultiple MDPsandwish to make explicit that
a valuefunction is for a particularMDP V , we will also
write EGFW � � � , E W � > � , etc.

In the policy searchsetting,we have somefixed class X
of policies,anddesireto find a goodpolicy > & X . More
precisely, for a givenMDP V andpolicy classX , defineY�Z\[ � V � X �L2^]�_+`F<acb E W � > �ed (2)

Our goal is to find a policy f> & X sothat E � f> � is closetoY�Zg[ � V � X � .
Notethatthisframeworkalsoencompassescaseswhereour
family X consistsof policiesthatdependonly oncertainas-
pectsof thestate.In particular, in POMDPs,wecanrestrict
attentionto policies that dependonly on the observables.
This restrictionresultsin a subclassof stochasticmemory-
free policies.h By introducing artificial “memory vari-
ables”into theprocessstate,we canalsodefinestochastic
limited-memorypolicies[9] (whichcertainlypermitssome
beliefstatetracking).i

Althoughwehavenotexplicitly addressedstochasticpolicies
so far, they are a straightforward generalization(e.g. using the
transformationto deterministicpoliciesgivenin [7]).

Sincewe areinterestedin the “planning” problem,we as-
sumethatwearegivenamodelof the(PO)MDP. Muchpre-
viouswork hasstudiedthecaseof (PO)MDPsspecifiedvia
a generative model[7, 13], which is a stochasticfunction
that takesasinput any

� � � � � state-actionpair, andoutputs��� accordingto
� ��� ��� �

(andtheassociatedreward). In this
paper, we assumea strongermodel.We assumewe have a
deterministicfunction jk? �mln
olp( *+�-,-687eq@ACK�

, so that
for any fixed

� � � � � -pair, if rs is distributedUniform
( *5�-,-687 q

,
then j � � � � � rs � is distributedaccordingto thetransitiondis-
tribution

�!���������
. In other words, to draw a samplefrom�!���������

for somefixed � and � , we needonly draw rs uni-
formly in

( *+�-,-6 7 q
, andthentake j � � � � � rs � to beoursample.

Wewill call suchamodeladeterministicsimulativemodel
for a (PO)MDP.

Sincea deterministicsimulative modelallows us to simu-
lateagenerativemodel,it is clearlyastrongermodel.How-
ever, mostcomputerimplementationsof generativemodels
alsoprovide deterministicsimulative models. Considera
generative modelthat is implementedvia a procedurethat
takes � and � , makesat most :�t callsto a randomnumber
generator, andthenoutputs � � drawn accordingto

� ��� ��� �
.

Then this procedureis alreadyproviding a deterministic
simulativemodel.Theonly differenceis thatthedetermin-
istic simulativemodelhasto makeexplicit (or “expose”)its
interfaceto the randomnumbergenerator, via rs . (A gen-
erativemodelimplementedvia a physicalsimulationof an
MDP with “resets” to arbitrarystatesdoesnot, however,
readilyleadto adeterministicsimulativemodel.)

Letusexaminesomesimpleexamplesof deterministicsim-
ulativemodels.Supposethatfor astate-actionpair

� � h � � h �
andsomestates��� and �%� � , �!��u��%uv� ��� �/2',�wcx , �!��u��%uv� ��� � �y2z wcx

. Thenwe may choose:{t 2|,
so that rs 2 s is just

a real number, and let j � � h � � h � s �}2 � � if s^~ ,�wcx
, andj � � h � � h � s ��2 ��� � otherwise.As anotherexample,suppose�H2IJ

, and
�!������� �

is a normaldistribution with a cumula-
tivedistribution function � ������� � . Again letting :{t 24, , we
maychoosej to be j � � � � � s �	2 ����h��� � s � .
It is a fact of probability and measuretheory that, given
any transitiondistribution

� ��� �����
, suchadeterministicsim-

ulative model j can always be constructedfor it. (See,
e.g. [4].) Indeed,sometexts (e.g. [2]) routinely define
POMDPsusingessentiallydeterministicsimulative mod-
els.However, therewill oftenbemany differentchoicesofj for representinga (PO)MDP, andit will beup to theuser
to decidewhichoneis most“natural” to implement.As we
will seelater, theparticularchoiceof j thattheusermakes
canindeedimpact the performanceof our algorithm,and
“simpler” (in asenseto beformalized)implementationsare
generallypreferred.

To closethis section,we introducea conceptthat will be
useful later, that capturesthe family of dynamicsthat a
(PO)MDPandpolicy classcanexhibit. Assumea deter-
ministic simulative model j , andfix a policy > . If we are



executing> from somestate� , thesuccessor-stateis deter-
minedby � F � � � rs �L2 j � � � > � � ��� rs � , which is a functionof �
and rs . Varying > over X , we get a whole family of func-
tions � 2�� � F�� � F � � � rs ��2 j � � � > � � �e� rs �e� mappingfrom�mlp( *5�-,�6 7 q

into successorstates
�

. This setof functions� shouldbe thoughtof asthe family of dynamicsrealiz-
ableby thePOMDPand X , thoughsinceits definitiondoes
dependon the particulardeterministicsimulative model j
that we have chosen,this is “as expressedwith respecttoj .” For each � , alsolet �v� be the � -th coordinatefunction
(sothat � � � � � rs � is the � -th coordinateof � � � � rs � ) andlet � �
bethecorrespondingfamiliesof coordinatefunctionsmap-
ping from

�3l�( *+�%,�6 7 q
into

( *+�%,�6
. Thus, ��� capturesall the

waysthatcoordinate� of thestatecanevolve.

We arenow readyto describeourpolicy searchmethod.

3 Policy search method

In thissection,weshow how wetransforma(PO)MDPinto
an“equivalent”onethathasonly deterministictransitions.
This thenleadsto naturalestimates fE � > � of the policies’
valuesE � > � . Finally, we maysearchover policiesto opti-
mize fE � > � , to find a(hopefully)goodpolicy.

3.1 Transformation of (PO)MDPs

Given a (PO)MDP V 2����!��
���
��-��� ��� ��� �e�{�� !��"#�
and

a policy class X , we describehow, using a determinis-
tic simulative model j for V , we constructour trans-
formed POMDP VI� 2���� � ��
 � ��
��-��� ���� ���������� !��" � � and
correspondingclassof policies X/� , sothat VI� hasonly de-
terministic transitions(thoughits initial statemay still be
random).To simplify the exposition,we assume:{t 2),

,
sothattheterms rs arejust realnumbers.VI� is constructedis asfollows: Theactionspaceanddis-
countfactorfor VI� arethesameasin V . Thestatespace
for VI� is �3l�( *5�-,-68� . In otherwords,a typicalstatein VI�
canbewrittenasavector

� � � s h � s�� �%d-d%d � — thisconsistsof
a state � from the original statespace

�
, followed by an

infinite sequenceof realnumbersin
( *5�-,�6

.

The rest of the transformationis straightforward. Upon
taking action � in state

� � � s h � s�� �-d%d-d�� in VI� , we deter-
ministically transition to the state

� ��� � s\� � s�� �%d-d%d � , where��� 2 j � � � � � s h � . In otherwords,the � portionof thestate
(which shouldbethoughtof asthe“actual” state)changes
to �%� , andonenumberin the infinite sequence

� s h � s�� �-d%d-d��
is usedup to generate� � from the correctdistribution. By
the definition of the deterministicsimulative model j , we
seethat so long as s h U����+��������� ( *5�-,�6 , then the “next-
state”distributionof ��� is thesameasif wehadtakenaction� in state� (randomizationover s h ).
Finally, we choose


 � , the initial-state distribution over� � 2�� l¡( *5�-,�6�� , sothat
� � � s h � s�� �-d%d-d � drawn accordingto
 � will besothat � U 
 , andthe s � ’s aredistributedi.i.d.

Uniform
( *5�-,�6

. For eachpolicy > & X , alsolet therebe a

corresponding>¢� & Xy� , givenby >¢� � � � s h � s�� �-d-d%d �£2 > � � � ,
andlet therewardbegivenby

" � � � � s h � s � �-d%d-d��¤2m"=� � � .
If oneobservesonly the“ � ”-portion (but not the s � ’s) of a
sequenceof statesgeneratedin thePOMDP VI� usingpol-
icy >¢� , oneobtainsa sequencethatis drawn from thesame
distributionaswouldhavebeengeneratedfrom theoriginal
(PO)MDP V underthecorrespondingpolicy > & X . It fol-
lows that, for correspondingpolicies > & X and >¢� & Xy� ,
we havethat E W � > �L2 E W�¥ � >¢� � . Thisalsoimpliesthatthe
bestpossibleexpectedreturnsin both (PO)MDPsare the
same: Y�Zg[ � V � X �¦2 Y�Zg[ � VI� � X/� � .
To summarize,we have shown how, usinga deterministic
simulative model,we cantransformany POMDP V and
policy classX into an“equivalent”POMDP VI� andpolicy
class X � , so that the transitionsin V � are deterministic;
i.e.,givenastate� &§� � andanaction � &§
 , thenext-state
in VI� is exactly determined.Sincepolicies in X and Xy�
have thesamevalues,if we canfind a policy >¢� & X/� that
doeswell in VI� startingfrom


 � , thenthe corresponding
policy > & X will alsodo well for the original POMDPV startingfrom



. Hence,the problemof policy search

in generalPOMDPsis reducedto the problemof policy
searchin POMDPswith deterministictransitiondynamics.
In the next section,we show how we canexploit this fact
to derivea simpleandnaturalpolicy searchmethod.

3.2 PEGASUS: A method for policy search

As discussed,it suffices for policy searchto find a good
policy >¢� & Xy� for thetransformedPOMDP, sincethecor-
respondingpolicy > & X will be just asgood. To do this,
we first constructan approximation fE W�¥ ����� to E W ����� , and
thensearchover policies >¢� & X/� to optimize fE W�¥ � >¢� � (as
a proxy for optimizing the hard-to-computeE W � > � ), and
thusfind a (hopefully)goodpolicy.

Recallthat E W�¥ is givenbyE W ¥ � > �¦2NM � P R¢S ¥ ( E FW ¥ � �-$ �¨6<� (3)

wheretheexpectationis overtheinitial state� $ &�� � drawn
accordingto


 � . The first stepin the approximationis to
replacethe expectationover the distribution with a finite
sampleof states. More precisely, we first draw a sam-
ple

� ��© h�ª$ � ��© � ª$ �-d-d%d�� ��©�« ª$ �
of ¬ initial statesaccordingto
 � . Thesestates,alsocalled“scenarios”(a termfrom the

stochasticoptimizationliterature;see,e.g. [3]), definean
approximationto E W¡¥ � > � :

E W�¥ � > �¦­ ,¬ «® �°¯ h E FW ¥ � � © � ª$ �ed (4)

Sincethe transitionsin VI� aredeterministic,for a given
state � &�� � anda policy > & Xy� , the sequenceof states
thatwill bevisiteduponexecuting> from � isexactlydeter-
mined;hencethesumof discountedrewardsfor executing



> from � is alsoexactlydetermined.Thus,to calculateone
of the terms E�FW ¥ � � © � ª$ � in the summationin Equation(4)

correspondingto scenario� © � ª$ , we needonly useour de-
terministicsimulative modelto find thesequenceof states
visited by executing > from ��© � ª$ , and sum up the result-
ing discountedrewards.Naturally, thiswouldbeaninfinite
sum,so the second(andstandard)part of the approxima-
tion is to truncatethis sumaftersomenumber± of steps,
where ± is calledthehorizontime. Here,we choose± to
bethe ² -horizontime ±=³ 2N´ ��µ�¶ � ² ��,�·¸ ���w z " .	0�1 � , sothat
(becauseof discounting)thetruncationintroducesat most² w z errorinto theapproximation.

To summarize,given ¬ scenarios� © h�ª$ �-d-d%d�� � ©�« ª$ , our ap-
proximationto E W�¥ is thedeterministicfunctionfE W¡¥ � > �L2 ,¬ «® ��¯ h " � � � © � ª$ �c¹= �" � � � © � ªh �c¹��-�%��¹= �º	»�" � � � © � ªº » �
where

� � © � ª$ � � © � ªh �%d-d-d%� � © � ªº » � is the sequenceof statesdeter-

ministically visited by > startingfrom � © � ª$ . Given ¬ sce-
narios,thisdefinesanapproximationto E W ¥ � > � for all poli-
cies > & X/� .
The final implementationaldetail is that, sincethe states� © � ª$ &¼�½l¾( *+�%,�6��

are infinite-dimensionalvectors,we
have no way of representingthem (and their successor
states)explicitly. But becausewe will be simulatingonly± ³ steps,we needonly represents © � ªh � s © � ª� �-d%d-d�� s © � ªº	» , of

the state � © � ª$ 2¿� � © � ª � s © � ªh � s © � ª� �%d-d%d � , and so we will do
just that. Viewed in the spaceof the original, untrans-
formedPOMDP, evaluatinga policy this way is therefore
alsoakin to generating¬ MonteCarlotrajectoriesandtak-
ing their empiricalaveragereturn,but with thecrucialdif-
ferencethatall therandomizationis “fix ed” in advanceand
“reused”for evaluatingdifferent > .

Having used ¬ scenariosto define fE W�¥ � > � for all > , we
may searchover policies to optimize fE W ¥ � > � . We call
thispolicy searchmethodPEGASUS: Policy Evaluation-of-
GoodnessAnd SearchUsingScenarios.Since fE W�¥ � > � is a
deterministicfunction, thesearchprocedureonly needsto
optimizea deterministicfunction,andany numberof stan-
dardoptimizationmethodsmay be used. In the casethat
the actionspaceis continuousand X 2À� >\Á � Â &IJÄÃ�� is
a smoothlyparameterizedfamily of policies (so >gÁ � � � is
differentiablein Â for all � ) thenif all the relevantquanti-
tiesaredifferentiable,it is alsopossibleto find thederiva-
tives

� : w : Â � fE W�¥ � >\Á � , andgradientascentmethodscanbe
usedto optimize fE W ¥ � > Á � . Onecommonbarrierto doing
this is that

"
is often discontinuous,being(say)1 within

a goal region and0 elsewhere. Oneapproachto dealing
with this problemis to smooth

"
out, possibly in com-

bination with “continuation” methodsthat graduallyun-
smoothit again.An alternative approachthatmaybeuse-
ful in thesettingof continuousdynamicalsystemsis to al-
ter the reward function to usea continuous-timemodelof

discounting.Assumingthatthetimeatwhich theagenten-
tersthegoalregion is differentiable,then fE W�¥ � >gÁ � is again
differentiable.

�
4 Main theoretical results

PEGASUS samplesa numberof scenariosfrom

 � , and

usesthemto form anapproximation fE � > � to E � > � . If fE is
auniformly goodapproximationto E , thenwecanguaran-
teethatoptimizing fE will resultin apolicy with valueclose
to Y�Z\[ � V � X � . This sectionestablishesconditionsunder
which thisoccurs.

4.1 The caseof finite action spaces

We begin by consideringthe caseof two actions,

Å2� � h � � � � . Studying policy searchin a similar setting,

Kearns,MansourandNg [7] establishedconditionsunder
which their algorithm gives uniformly good estimatesof
thevaluesof policies.A key to thatresultwasthatuniform
convergencecanbeestablishedso long asthepolicy classX haslow “complexity.” This is analogousto thesettingof
supervisedlearning,wherea learningalgorithmthat uses
a hypothesisclass Æ that haslow complexity (suchas in
the senseof low VC-dimension)will also enjoy uniform
convergenceof its errorestimatesto theirmeans.

In our setting,since X is just a classof functionsmapping
from

�
into

� � h � � � � , it is just a setof booleanfunctions.
Hence, Ç/È � X � , its Vapnik-Chervonenkisdimension[14],
is well defined.Thatis, wesay X shattersasetof ¬ states
if it can realizeeachof the

z « possibleactioncombina-
tionson them,and Ç/È � X � is just thesizeof thelargestset
shatteredby X . Theresultof Kearnset al. thensufficesto
give thefollowing theorem.

�
Theorem1 Let a POMDP with actions


'2É� � h � � � � be
given,and let X be a classof strategiesfor this POMDP,
with Vapnik-Chervonenkisdimension: 2 Ç/È � X � . Also
let any ² ��ÊÌËÀ*

be fixed, and let fE be the policy-value
estimatesdeterminedby PEGASUS using ¬ scenariosandÍ

More precisely, if the agententersthe goal region on some
time step,thenratherthangiving it a reward of 1, we figure out
whatfraction ÎGÏ§Ð Ñ�ÒeÓ�Ô of thattimestep(measuredin continuous
time) theagenthadtaken to enterthegoal region, andthengive
it reward Õ�Ö instead.AssumingÎ is differentiablein thesystem’s
dynamics,thenÕ+Ö andhence ×Ø�Ù ¥�Ú8Û<Ü-Ý arenow alsodifferentiable
(otherthanon a usually-measure0 set,for examplefrom trunca-
tion at Þàß steps).á

Thealgorithmof Kearns,MansourandNg usesa “trajectory
tree”methodto find theestimates×Ø Ú8Û\Ý ; sinceeachtrajectorytree
is of size â�ã�ä Ú�åOÚ ÞOß ÝQÝ , they werevery expensive to build. Each
scenarioin PEGASUS canbeviewedasa compactrepresentation
of a trajectorytree(with a technicaldifferencethatdifferentsub-
treesarenot constructedindependently),andthe proof given in
Kearnsetal. thenapplieswithoutmodificationto giveTheorem1.



a horizontimeof ± ³ . If

¬ 2Næèç+` � ´�é�ç : � " .	0�1² ��´ ��µ ,Ê � ,,ê·ë Lìyì � (5)

thenwith probability at least
,G·mÊ

, fE will be uniformly
closeto E : ííí fE � > �!· E � > � ííí ~ ² �����¤î ´�´ > & X (6)

Usingthetransformationgivenin Kearnset al., thecaseof
a finite actionspacewith � 
 � Ë z alsogivesrise to essen-
tially the sameuniform-convergenceresult, so long as X
haslow “complexity.”

The bound given in the theoremhas no dependenceon
the size of the statespaceor on the “complexity” of the
POMDP’s transitionsandrewards.Thus,so long as X has
low VC-dimension,uniform convergencewill occur, inde-
pendentlyof how complicatedthePOMDPis. As in Kearns
et al., this theoremthereforerecovers the bestanalogous
resultsin supervisedlearning, in which uniform conver-
genceoccursso long asthe hypothesisclasshaslow VC-
dimension,regardlessof the size or “complexity” of the
underlyingspaceandtargetfunction.

4.2 The caseof infinite action spaces:“Simple” X is
insufficient for uniform convergence

We now consider the case of infinite action spaces.
Whereas,in the2-actioncase,X being“simple” wassuffi-
cientto ensureuniform convergence,this is not thecasein
POMDPswith infinite actionspaces.

Suppose



is a (countably or uncountably)infinite set
of actions. A “simple” classof policies would be X 2� > � � > ��� � ��ï � � � &N
#� — the setof all policiesthat al-
wayschoosethesameaction,regardlessof thestate.Intu-
itively, this is thesimplestpolicy thatactuallyusesaninfi-
niteactionspace;also,any reasonablenotionof complexity
of policy classesshouldassignX a low “dimension.” If it
weretruethatsimplepolicy classesimply uniform conver-
gence,then it is certainly true that this X shouldalways
enjoy uniform convergence.Unfortunately, this is not the
case,aswe now show.

Theorem2 Let



be an infinite set of actions, and letX 2ð� > � � > ��� � ��ï � � � &o
#� be the correspondingset
of all “constantvalued” policies.Thenthereexistsa finite-
stateMDP with actionspace



, anda deterministicsimu-

lative modelfor it, so that PEGASUS’ estimatesusingthe
deterministicsimulativemodeldo not uniformly converge
to their means.i.e. There is an ² Ëm* , sothat for estimatesfE derivedusinganyfinite number¬ of scenariosandany
finite horizontime, there is a policy > & X sothat

� fE � > �!· E � > � � Ë ² d (7)

Theproof of this Theorem,which is not difficult, is in Ap-
pendixA. This resultshows thatsimplicity of X is not suf-
ficient for uniform convergencein the caseof infinite ac-
tionspaces.However, thecounterexampleusedin theproof
of Theorem2 hasa very complex j despitethe MDP be-
ing quite simple. Indeed,a different choicefor j would
have madeuniform convergenceoccur.ñ Thus, it is natu-
ral to hypothesizethatassumptionson the“complexity” ofj arealsoneededto ensureuniform convergence.As we
will shortlysee,this intuition is roughlycorrect.Sinceac-
tionsaffect transitionsonly through j , thecrucialquantity
is actuallythecompositionof policiesandthedeterminis-
tic simulative model— in otherwords,the class� of the
dynamicsrealizablein the POMDP andpolicy class,us-
ing a particulardeterministicsimulativemodel.In thenext
section,weshow how assumptionson thecomplexity of �
leadsto uniformconvergenceboundsof thetypewedesire.

4.3 Uniform convergencein the caseof infinite action
spaces

For the remainderof this section,assume
�¼2K( *5�-,�6�7 9

.
Then � is a classof functionsmappingfrom

( *+�%,�6�7�9nl( *+�-,-687 q
into

( *+�%,�6�7 9
, and so a simple way to captureits

“complexity” is to capturethe complexity of its families
of coordinatefunctions, � � , � 2ò,{�-d%d-d�� :�; . Each � � is a
family of functionsmappingfrom

( *5�-,�6�7�9�l@( *+�%,�6�7eq
into( *+�-,-6

, the � -th coordinateof the statevector. Thus, ��� is
just a family of real-valuedfunctions— the family of � -th
coordinatedynamicsthat X canrealize,with respectto j .
Thecomplexity of aclassof booleanfunctionsis measured
by its VC dimension,definedto bethesizeof thelargestset
shatteredby theclass.To capturethe“complexity” of real-
valuedfamiliesof functionssuchas ��� , weneedageneral-
izationof the VC dimension.Thepseudo-dimension,due
to Pollard[10] is definedasfollows:

Definition (Pollard, 1990).Let Æ beafamily of functions
mappingfrom aspaceó into

J
. Let asequenceof : pointsô h �-d%d-d�� ô 7 & ó be given. We say Æ shatters ô h �-d%d-d-� ô 7

if thereexists a sequenceof real numbersõ h �%d-d%d�� õ 7 such
that thesubsetof

J	7
givenby

�<��öÄ� ô h �¦· õ h �%d-d-d%��öÄ� ô 7 �¦·õ 7 � � öB& Æ � intersectsall
z 7

orthantsof
J	7

(equivalently,
if for any sequenceof : bits ÷ h �-d%d-d%� ÷ 7 &I��*5�-,c� , thereis
a function

ö4& Æ suchthat
öÄ� ô � ��ø õ��¡ùú÷e� 2�,

, for
all � 2ò,{�-d%d-d�� : ). The pseudo-dimensionof Æ , denotedû �°� t � Æ � , is the sizeof the largestsetthat Æ shatters,or
infinite if Æ canshatterarbitrarily largesets.

Thepseudo-dimensiongeneralizestheVC dimension,and
coincideswith it in the casethat Æ mapsinto

��*+�-,��
. We

will useit to capturethe“complexity” of theclassesof the
POMDP’s realizabledynamics��� . Wealsoremindreaders
of thedefinitionof Lipschitzcontinuity.ü

For example,ý Úÿþ�� Ò��+Ò�� Ý��Hþ	��i if ��
nÑ
� � , þ�i otherwise;see
AppendixA.



Definition. A function � ? J�� AC J
is Lipschitz con-

tinuous (with respectto the Euclideannorm on its range
anddomain)if thereexists a constant� suchthat for allô ����& û ��� � � � , �°� � � ô ��· � ���+� �°� �H~ � �°� ô ·�� �°� � . Here,� is calleda Lipschitz bound. A family of functions Æ
mappingfrom

J��
into

J
is uniformly Lipschitz contin-

uous with Lipschitz bound � if every function
öN& Æ is

Lipschitzcontinuouswith Lipschitzbound� .

Wenow stateourmaintheorem,with acorollaryregarding
whenoptimizing fE will resultin a provablygoodpolicy.

Theorem3 Let a POMDP with statespace
�Ì2 ( *5�-,�6�7 9

,
and a possibly infinite action spacebe given. Also let
a policy class X , and a deterministicsimulativemodelj¸? � l¸
�l�( *5�-,-687 q ACÀ�

for thePOMDPbegiven.Let �
be the correspondingfamily of realizabledynamicsin the
POMDP, and � � theresultingfamiliesof coordinatefunc-
tions.Supposethat

û �°� t � ��� � ~ : for each � 2^,{�-d%d-d�� : ; ,
and that each family ��� is uniformlyLipschitz continuous
with Lipschitz boundat most � , andthat thereward func-
tion

" ? �HAC ( ·�" .	0�1 ��" .	0�1 6
is alsoLipschitz continuous

with Lipschitz boundat most ��� . Finally, let ² ��Ê�Ë * be
given,and let fE be the policy-valueestimatesdetermined
by PEGASUS using ¬ scenariosanda horizontimeof ±=³ .
If ¬ 2æoç+` � ´°é ç : � "y.	0�1² ��´ ��µ ,Ê � ,,£·� ��´ ��µ � ��´ ��µ ���" .	0�1 � : ; � : t ì/ì
thenwith probability at least

,G·mÊ
, fE will be uniformly

closeto E : ííí fE � > �!· E � > � ííí ~ ² �����¤î ´�´ > & X (8)

Corollary 4 Under the conditionsof Theorem1 or 3, let¬ be chosenas in the Theorem. Thenwith probability at
least

,G·ÌÊ
, the policy f> chosenby optimizingthe value

estimates,givenby f> 2 îc��µ	� î�� F<acb fE � > � , will be near-
optimalin X : E � f> �£ø Y�Z\[ � V � X �!· z ² (9)

Remark. The (Lipschitz) continuity assumptionsgive a
sufficient but not necessaryset of conditionsfor the the-
orem, and other setsof sufficient conditionscan be en-
visaged. For example,if we assumethat the distribution
on statesinducedby any policy at eachtime stephasa
boundeddensity, thenwe canshow uniform convergence
for a large classof (“reasonable”)discontinuousreward
functionssuchas

"�� � �ë2Å,
if � h ËÀ*+d����+*

otherwise.��
Spaceconstraintsprecludea detaileddiscussion,but briefly,

this is done by constructingtwo Lipschitz continuousreward
functions � � and �"! that are“close to” andwhich upper- and
lower-bound � (andwhich hencegive valueestimatesthat also
upper- andlower-boundour valueestimatesunder � ); usingthe
assumptionof boundeddensitiesto show our valuesunder � �
and �"! are # -closeto thatof � ; applyingTheorem3 to show uni-
form convergenceoccurswith � � and � ! ; andlastly deducing
from this thatuniform convergenceoccurswith � aswell.

Using tools from [5], it is also possibleto show similar
uniform convergenceresultswithout Lipschitz continuity
assumptions,by assumingthat the family > is parameter-
izedby a smallnumberof realnumbers,andthat > (for all> & X ), j , and

"
areeachimplementedby a functionthat

calculatestheir resultsusingonly aboundednumberof the
usualarithmeticoperationson realnumbers.

Theproof of Theorem3, which usestechniquesfirst intro-
ducedby Haussler[6] andPollard [10], is quite lengthy,
andis deferredto AppendixB.

5 Experiments

In thissection,wereporttheresultsfrom two experiments.
The first, run to examinethe behavior of PEGASUS para-
metrically, involveda simplegridworld POMDP. Thesec-
ond studieda complex continuousstate/continuousaction
probleminvolving riding abicycle.

Figure1a shows the finite stateandactionPOMDP used
in our first experiment. In this problem,the agentstarts
in the lower-left corner, andreceivesa

·#,
reinforcement

per stepuntil it reachesthe absorbingstatein the upper-
right corner. The eight possibleobservations,alsoshown
in the figure, indicatewhethereachof the eight squares
adjoiningthe currentpositioncontainsa wall. The policy
classis small,consistingof all $&% 2('&�)�cx*' functionsmap-
ping from the eight possibleobservationsto the four ac-
tionscorrespondingto trying to move in eachof thecom-
passdirections. Actions are noisy, and result in moving
in a randomdirection20% of the time. Sincethe policy
classis small enoughto exhaustively enumerate,our opti-
mizationalgorithmfor searchingover policieswassimply
exhaustivesearch,trying all $&% policiesonthe ¬ scenarios,
andpicking thebestone.Our experimentsweredonewith §2N*+d +)+

andahorizontimeof ± 24,%*�*
, andall resultsre-

portedon this problemareaveragesover10000trials. The
deterministicsimulativemodelwas

j � � � � � s �¤2
,----. ----/
Ê�� � ��_+`\� if s�~ *5d *&�Ê�� � ��´10 �32 � if

*+d **�54 s�~ *+d°,%*Ê�� � � û ��6ê� � if
*+d°,%*74 s�~ *+d°,	�Ê�� � � ����µ*8&2 � if
*+d°,	�54 s�~ *+d z *Ê�� � � � � otherwise

where
Ê�� � � � � denotestheresultof moving onestepfrom �

in thedirectionindicatedby � , andis � if this movewould
resultin runninginto awall.

Figure1b shows theresultof runningthis experiment,for
differentnumbersof scenarios.Thevalueof thebestpolicy
within X is indicatedby thetopmosthorizontalline,andthe
solidcurvebelow thatis themeanpolicy valuewhenusing
our algorithm. As we see,even usingsurprisinglysmall
numbersof scenarios,thealgorithmmanagesto find good
policies,andas¬ becomeslarge,thevaluealsoapproaches
theoptimalvalue.
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Figure1: (a) 5x5 gridworld, with the 8 observations. (b) PEGASUS resultsusing the normal andcomplex deterministicsimulative
models.Thetopmosthorizontalline shows thevalueof thebestpolicy in : ; thesolid curve is themeanpolicy valueusingthenormal
model;thelower curve is themeanpolicy valueusingthecomplex model.The(almostnegligible) 1 s.e.barsarealsoplotted.

We had previously predictedthat a “complicated” deter-
ministic simulative model j canleadto poor results. For
each

� � � � � -pair, let
ö\�<; � ? ( *5�-,�6\ACD( *5�-,�6

bea hashfunction
that mapsany Uniform

( *+�-,-6
randomvariableinto another

Uniform
( *5�-,�6

randomvariable.= Thenif j is a determin-
istic simulative model, j�� � � � � � s �y2 j � � � � ��ö��>; �{� s ��� is an-
otheronethat,becauseof thepresenceof thehashfunction,
is amuchmore“complex” modelthan j . (Here,weappeal
to the reader’s intuition aboutcomplex functions, rather
thanformal measuresof complexity.) We would therefore
predictthat usingPEGASUS with j�� would give worsere-
sultsthan j , andindeedthis predictionis borneout by the
resultsasshown in Figure1b (dashedcurve). The differ-
encebetweenthe curvesis not large, and this is alsonot
unexpectedgiventhesmallsizeof theproblem.?
Our secondexperimentusedRandløvandAlstrøm’s [11]
bicycle simulator, wherethe objective is to ride to a goal
onekilometeraway. Theactionsarethetorque@ appliedto
thehandlebarsandthedisplacementA of therider’scenter-
of-gravity from thecenter. Thesix-dimensionalstateused
in [11] includesvariablesfor the bicycle’s tilt angleand
orientation,and the handlebar’s angle. If the bicycle tilt
exceeds> w<,B� , it falls over andentersan absorbingstate,
receiving a large negative reward. The randomnessin the
simulatoris from auniformly distributedtermaddedto the
intendeddisplacementof the center-of-gravity. Rescaled
appropriately, this becamethe s term of our deterministic
simulativemodel.

We performedpolicy searchover thefollowing space:WeC
In our experiments,this wasimplementedby choosing,for

each Úÿþ ÒD� Ý pair, a randominteger E Úÿþ ÒD� Ý from FvÓ�Ò��<�>��Ò�Ó�Ñ�Ñ�ÑBG ,
and then letting HJI�K L Ú � ÝM�ONQPSRUT<V-Ú E Úÿþ Ò�� ÝXW � Ý , where N1PSRYT<V-Ú3Z+Ý
denotesthefractionalpartof Z .[

Theorypredictsthatthedifferencebetweený and ý
\ ’sperfor-
manceshouldbeatmost åOÚ^] _a`	bdc : c eYf Ý ; see[7].

selecteda vector rô of fifteen(simple,manually-chosenbut
not fine-tuned)featuresof eachstate; actionswere then
chosenwith sigmoids:@ 2hg	��i h � rô ��� @ .	0�1 · @ .kj l ��¹ @ .kj l ,A 2mg	��i � � rô �-� A .	0�1�· A .kj l{�O¹ A .kj l , where

g	�on��I2,�w+��,¡¹qp �sr � . Note that since our approachcan handle
continuousactionsdirectly, we did not, unlike [11], have
to discretizethe actions. The initial-statedistribution was
manuallychosento be representative of a “typical” state
distribution whenriding a bicycle, andwasalsonot fine-
tuned.We usedonly a smallnumber¬ 2Ìx�*

of scenarios, p2o*+d +)+*t
, ± 2u�c*�*

, with thecontinuous-timemodelof
discountingdiscussedearlier, and(essentially)gradientas-
cent to optimize over the weights.% Shapingrewards,to
rewardprogresstowardsthegoal,werealsoused.v
We ran10 trials usingour policy searchalgorithm,testing
eachof the resultingsolutionson 50 rides. Doing so, the
medianriding distancesto thegoalof the10differentpoli-
ciesrangedfrom about0.995kmh $ to 1.07km. In all 500
evaluationrunsfor the 10 policies, the worst distancewe
observedwasalsoabout1.07km.Theseresultsaresignifi-
cantlybetterthanthoseof [11], which reportedriding dis-
tancesof about7km (sincetheir policiesoften took very
“non-linear” pathsto the goal), and a single “best-ever”
trial of about1.7km.w

Runningexperimentswithout the continuous-timemodelof
discounting,we also obtained,using a non-gradientbasedhill-
climbing algorithm,equallygoodresultsasthosereportedhere.
Our implementationof gradientascent,usingnumericallyevalu-
atedderivates,wasrunwith a boundon thelengthof a steptaken
onany iteration,to avoid problemsnear ×Ø Ú8Û<Ü-Ý ’sdiscontinuities.x

Otherexperimentaldetails:Theshapingrewardwaspropor-
tional to andsignedthesameastheamountof progresstowards
thegoal.As in [11], wedid not includethedistance-from-goalas
oneof thestatevariablesduring training; training thereforepro-
ceeding“infinitely distant”from thegoal.iy�

Distancesunder1km arepossiblesince,asin [11], thegoal
hasa 10mradius.



6 Conclusions

We have shown how any POMDPcanbetransformedinto
an “equivalent” onein which all transitionsaredetermin-
istic. By approximatingthe transformedPOMDP’s initial
statedistributionwith asampleof scenarios,wedefinedan
estimatefor thevalueof everypolicy, andfinally performed
policy searchby optimizing theseestimates. Conditions
wereestablishedunderwhich theseestimateswill be uni-
formly good,andexperimentalresultsshowedour method
working well. It is also straightforward to extend these
methodsand resultsto the casesof finite-horizonundis-
countedreward, and infinite-horizonaveragereward with² -mixing time ± ³ .
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Appendix A: Proof of Theorem 2

Proof (of Theorem 2). We constructanMDP with states� ��h � � $ � and � h plusan absorbingstate.The reward func-
tion is

"=� � � �y2 � for � 2 ·#,���*+�%, . Discountingis ignored
in thisconstruction.Both � �¢h and � h transitionwith proba-
bility 1 to theabsorbingstateregardlessof theactiontaken.
Theinitial-state � $ hasa .5 chanceof transitioningto each
of � ��h and � h .
We now constructj , which will dependin a complicated
way on the rs term. Let z 2 �B{�|�°¯ h ( � � � ÷ � 6 � � � � ÷ � &H( *5�-,-6J}~ � �<� 4 ÷�� �-, ~h� 4��m�

bethecountablesetof all finite
unionsof intervalswith rationalendpointsin [0,1]. Let zO�
bethecountablesubsetof z thatcontainsall elementsof z
thathave total length(Lebesguemeasure)exactly 0.5. For
example,

(�,�wcx+�<��w�'c6
and

( *5d *5��*+d z �v6�{Ì( *5d �+��*5d��)��6
are both

in z#� . Let z h � z � �%d-d%d be an enumerationof the elements
of z#� . Also let

� � h � � � �%d-d-d�� be an enumerationof (some
countablyinfinite subsetof)



. Thedeterministicsimula-

tivemodelon theseactionsis givenby:

j � � $ � � � � s �¤2�� � ��h if s & z �� h otherwise

So,
���QP����e� � h ��2 ���QP����e� � �¢h ��2 *+d�� for all � � , andthis is a

correctmodelfor theMDP. Notealsothat E � > �L2N* for all> & X .



For any finite sample of ¬ scenarios� �%$ � rs © h�ª ���%� �%$ � rs © � ª ���-d%d-d-��� �%$ � rs ©�« ª � , there exists some z¤�
suchthat s ©�� ªh��& z	� for all � 2o,{�-d%d-d-� ¬ . Thus,evaluating>�� ï ��� usingthis setof scenarios,all ¬ simulatedtrajec-
torieswill transitionfrom � $ from � h , sothevalueestimate
(assuming± ³ ø , ) for > � is fE � > � �à2 , . Sincethis argu-
mentholdsfor any finite number¬ of scenarios,we have
shown that fE doesnot uniformly converge to E � > �¸2 *
(over > & X ). �
Appendix B: Proof of Theorem 3

Dueto spaceconstraints,this proof will beslightly dense.
The proof techniqueswe usearedue to Haussler[6] and
Pollard[10]. Haussler[6], to which we will berepeatedly
referring,providesa readableintroductionto mostof the
methodsusedhere.

We begin with somestandarddefinitionsfrom [6]. For a
subset� of aspaceó endowedwith (pseudo-)metric� , we
say � $�� ó is an ² -cover for � if, for every õ & � , there
is someõ � & � $ suchthat � � õ � õ � � ~ ² . For each² Ë¾* , let� � ² � � � � � denotethesizeof thesmallest² -cover for � .

Let Æ bea family of functionsmappingfrom a set ó into
aboundedpseudometricspace

�ÿ
�� � � , andlet
�

beaprob-
ability measureon ó . Define a pseudometric on Æ by:&� u © t ; � ª � � � j ��2^M���R t ( � � � � ô �e� j � ô ���Q6 . Definethecapac-
ity of Æ to be � � ² � Æ � � ��2 ]�_+` � � ² � Æ � :*� u © t ; � ª � , where
the
]�_5`

is overall probabilitymeasures
�

on ó . Thequan-
tity � � ² � Æ � � � thusmeasuresthe“richness”of theclassÆ .
Note that � and

�
arebothdecreasingfunctionsof ² , and

that � � ² � Æ � � �¤2 � �o� ² � Æ �<� � � for any
� Ë@*

.

Themainresultsobtainedwith pseudo-dimensionareuni-
form convergenceof the empirical meansof classesof
randomvariablesto their true means. Let Æ be a fam-
ily of functionsmappingfrom ó into

( *+� V 6 , and let rô
(the “training set”) be ¬ i.i.d. draws from someprob-
ability measure

�
over ó . Then for each

ö|& Æ , letf�	� � rô � 2 ��,vw ¬ ��� «�°¯ h öÄ� ô � � be the empirical mean oföÄ� ô � . Also let �	� �ÿ���¦2NM���R t ( öT� ô �Q6 bethetruemean.

We now statea few resultsfrom [6]. In [6], theseareThe-
orem6 combinedwith Theorem12; Lemma7; Lemma8;
andTheorem9 (with � beinga singletonset, � ���g� � �£2 � ,� 2 ² w $�V , and A 2 z V ). Below, � h and � � respectively
denotethe ManhattanandEuclideanmetricson

J��
. e.g.� h � rô � r�<�L2 � ���¯ h � ô � ·�� � � . h�h

Lemma 5 Let Æ bea familyof functionsmappingfrom ó
into

( *5� V 6 , and : 2 û �°� t � Æ � . Thenfor any probabil-
ity measure

�
on ó and any

*�4 ² ~ V , we havethat� � ² � Æ � :&� u © t ; ÃD� ª � ~ z ��� z p V w ² �<´ � � z p V w ² ��� 7 .
Lemma 6 Let Æ h �-d%d-d�� Æ¡  each be a family of functions
mappingfrom ó into

( *+�-,-6
. Thefr eeproduct of the Æ¸� ’siQi

This is inconsistentwith thedefinitionusedin [6], whichhas
anadditional Ú Ó eY¢�Ý factor.

is the classof functions Æ 2ò�<� � h �-d%d-d-� �   � ?L� � & Æ � �mapping from ó into
( *+�-,-6   (where

� � h �-d%d-d%� �
  �-� ô �I2� � h � ô �e�%d-d-d�� �   � ô ��� ). Thenfor any probability measure
�

on ó and ² ËB* ,� � ² � Æ � :&� u © t ; Ã u ª � ~  £� ¯ h � � ² w)�g� Æ � � :&� u © t ; Ã�� ª � (10)

Lemma 7 Let
� ó h � � h �e�%d-d-d-�%� ó  �¤ h � �  �¤ h � be bounded

metricspaces,andfor each � 2^,{�-d%d-d��>� , let Æ � bea class
of functionsmappingfrom ó � into ó � ¤ h . Supposethat
each Æ � is uniformlyLipschitz continuous(with respectto
the metric � � on its domain,and � � ¤ h on its range), with
someLipschitzbound÷ � ø�, . Let Æ 2I� �
 �¥ �%�-� ¥¢� h ?{� � &Æ � �-, ~ � ~ �\�

be the classof functionsmappingfromó h into ó  �¤ h givenby compositionof thefunctionsin theÆ � ’s. Let ² $ ËB* begiven,andlet ² 2(����¦  � ¯ h ÷ � � ² $ . Then� � ² � Æ � �  �¤ h � ~  £� ¯ h � � ² $ � Æ � � � � ¤ h � (11)

Lemma 8 Let Æ bea familyof functionsmappingfrom ó
into

( *+� V 6 , andlet
�

bea probabilitymeasureon ó . Let rô
begeneratedby ¬ independentdrawsfrom ó , andassume² Ë@* . Then§©¨ ( ª+ö�& Æ ? � f� � � rô �!· � � �ÿ��� � Ë ² 6~ $)� � ² w<,U'5� Æ � � � �^p � ³ � «¬« = ñ W � (12)

We arenow readyto proveTheorem3. No seriousattempt
hasbeenmadeto tightenpolynomialfactorsin thebound.

Proof (of Theorem3). Ourproof is in threeparts.First, fE
givesan estimateof the discountedrewardssummedover� ± ³ ¹ë,�� -steps;wereducetheproblemof showing uniform
convergenceof fE to oneof proving that our estimatesof
theexpectedrewardson the ± -th step,± 2Ì*+�-d%d-d�� ± ³ , all
convergeuniformly. Second,we carefullydefinethemap-
ping from thescenarios� © � ª to the ± -th steprewards,and
useLemmas5, 6 and7 to boundits capacity. Lastly, apply-
ing Lemma8 givesour result. To simplify the notationin
this proof,assume

" .	0�1 24,
, and � � � � ø�, .

Part I: Reduction to uniform convergenceof ± -th step
rewards. fE wasdefinedbyfE � > �¦2 ,¬ «® �°¯ h "�� � © � ª$ �¢¹3 �"=� � © � ªh �T¹m�%�-��¹  º »�"=� � © � ªº	» �ed
For each± , let fE º � > �¦2 h« � «��¯ h "�� � © � ªº � betheempirical
meanof the reward on the ± -th step,and let E º � > �ë2M �^­ ( "=� � º �Q6 bethetrueexpectedrewardon the ± -th step
(startingfrom � $�U 


andexecuting > ). Thus, E � > � 2� �º ¯�$  º E º � > � .
Supposewe canshow, for each± 2o*+�%d-d%d�� ± ³ , thatwith
probability

,ê·3Ê�w�� ± ³ ¹N,�� ,� fE º � > �¤· E º � > � � ~ ² w z � ± ³ ¹m,��¯® > & X (13)



Thenby the union bound,we know that with probability,�·mÊ
, � fE º � > ��· E º � > � � ~ ² w z � ± ³ ¹ ,�� holdssimulta-

neouslyfor all ± 2 *+�-d%d-d�� ± ³ and for all > & X . This
impliesthat,for all > & X ,

� fE � > �¤· E � > � �~ � fE � > �	· º »®º ¯�$  º E º � > � � ¹ �
º »®º ¯�$  º E º � > �	· E � > � �~ º	»®º ¯�$ � fE º � > �!· E º � > � � ¹ ² w z~ ² d

wherewe usedthefactthat � � º	»º ¯�$  º E º � > �	· E � > � � ~² w z , by constructionof the ² -horizontime. But this is ex-
actly the desiredresult. Thus, we needonly prove that
Equation(13) holdswith high probability for each ± 2*+�%d-d%d�� ± ³ .
Part II: Bounding the capacity. Let ± ~ ± ³ be fixed.
We now write out themappingfrom a scenario� © � ª &��pl��( *+�%,�6�7eq¢���

to the ± -th stepreward. Sincethis mapping
dependsonly onthefirst :�t � ± elementsof the“ s ”s portion
of thescenario,wewill, with someabuseof notation,write
the scenarioas � © � ª &N�Ìlp( *+�%,�6�7 q º , andignoreits other
coordinates.Thus,a scenario� © � ª may now be written as� � � s h � s � �-d-d%d-� s 7eq º � .
Givenafamily of functions(suchas � � ) mappingfrom

�}l( *+�-,-687 q
into

( *5�-,-6
, we extendits domainto

�Hlk( *+�%,�6�7 q ¤ �
for any finite ° ø *

simply by having it ignore the ex-
tra coordinates. Note this extensionof the domaindoes
not changethepseudo-dimensionof a family of functions.
Also, for each ° 2�,{�-d%d-d�� ° , definea mapping ± � from�Ìlp( *+�-,-6��kAC ( *+�%,�6

accordingto ± � � � � s h � s�� �-d-d%d-� s � ��2s � . For each ° , let ² � 2 � ± � � be singletonsets. Where
necessary, ± � ’sdomainis alsoextendedaswehavejustde-
scribed.

For each � 2 ,{�-d-d%d�� ± ¹�,
, define ó � 2 ��l��( *+�%,�6�7 q � º ¤ he� � . For example, ó h is just the spaceof

scenarios(with only the first :�t¤± elementsof the s ’s
kept), and ó º ¤ h 2��

. For each � 2 ,��%d-d-d-� ± , de-
fine a family of mapsfrom ó � into ó �Q¤ h accordingtoÆ � 2 � h l � � lB�%�-�¢l � 7 9 l ² 7 q ¤ h l ² 7 q ¤ � l@�-�%�¢l² © º � �1¤ h�ª 7eq (where the definition of the free productof
setsof functionsis as given in Lemma6); note suchanÆ¸� hasLipschitz boundat most �/$ 2 � : ; ¹ ±�: t � � .
Also let Æ º ¤ h 2���"G�

be a singletonsetcontainingthe
reward function, and ó º ¤ � 2 ( ·�" .	0�1 ��" .	0�1 6

. Finally,
let Æ 2 Æ º ¤ h ¥�Æ º ¥ �-�%� ¥¢Æ h bethefamily of mapsfrom�pln��( *5�-,-687 q � º

into
( ·�" .	0�1 ��" .	0�1 6

.

Now, let fE�FW ¥ ; º ? � � AC (�·�" .	0�1 ��" .	0�1 6
be the reward

receivedonthe ± -thstepwhenexecuting> fromascenario� &è� � . As we let > vary over X , this definesa family
of mapsfrom scenariosinto

( ·�"/.	0�1<��"/.	0�1�6
. Clearly, this

family of mapsis a subsetof Æ . Thus,if wecanboundthe

capacityof Æ (andhenceproveuniformconvergeover Æ ),
wehavealsoproveduniformconvergencefor fE�FW ¥ ; º (over
all > & X ).

For each � 2ò,��%d-d-d-� : ; , since
û �°� t � ��� � ~ : , Lemma5

implies that
� � ² � � � � :*� u © t ; Ã�� ª � ~ z ��� z pcw ² �<´ � � z pcw ² ����7 .

Moreover, clearly
� � ² � ² � � :*� u © t ; Ã � ª �ë2 ,

sinceeach ² �
is a singletonset. Combinedwith Lemma6, this implies
that,for each� 2^,{�-d-d%d�� ± and ² ~ , ,� � ² � Æ � � :&� u © t ; Ã u ª �~ 7�9£� ¯ h � � ² w�� :�; ¹Ì� ± · � � :�t �e� � � � :&� u © t ; Ã � ª �

~ 7�9£� ¯ h � � ² w�� :<; ¹ ± ³�:�t �e� � � � :&� u © t ; Ã � ª �~ z 7 9 ç z p�� :�; ¹ ± ³�:�t �² ´ � z p<� :�; ¹ ± ³�:�t �² ì 7e7�9
~ z 7 9 ç z p�� :�; ¹ ± ³�:�t �² ì � 7e7 9

wherewe have usedthe fact that
�

is decreasingin its ²
parameter. By taking a

]�_5`
over probability measures

�
,

this is alsoa boundon � � ² � Æ¸� � � h � . Now, asmetricsoverJ © 7�9 ¤ © º � � ª 7eq ª , � �O~ � h . Thus,thisalsogives� � ² � Æ � � � � � ~ z 7 9 ç z p<� :<; ¹ ± ³�:{t �² ì � 7e7 9 (14)

Finally, applyingLemma7 with eachof the �   ’s beingthe� � norm on the appropriatespace,
�N2 ± ¹ ,

, and ² 2� ± ¹Ì,�� � º$ ���	²�$ , we find� � ² � Æ � � � �~ º ¤ h£� ¯ h � � ² w+��� ± ¹N,�� � º$ � � �e� Æ � � � � �~ º£� ¯ h z 7 9 ç z p<� :<; ¹ ± ³�:{t �-� ± ¹N,�� � º$ � �² ì � 7e7 9
~ z 7�9 º »´³ z p<� : ; ¹ ± ³ : t �-� ± ³ ¹N,�� � º »$ ���² µ � 7e7�9 º »

Part III: Proving uniform convergence. Applying
Lemma8 with the above boundon � � ² � Æ � � � � , we find
that for thereto be a

,#·@Ê
probability of our estimateof

theexpected± -th steprewardto be ² -closeto themean,it
sufficesthat¬ 2 z �
'² � ç+´ �{µ ,Ê ¹k´ ��µ � $
� � ² w�,U'5� Æ � � � ��� ì2·¶ ç<` � ´°é�ç : � ,² ��´ �{µ ,Ê � ,,ê·� ��´ ��µ � ��´ ��µ �´� � : ; � : t ì�ì d
Thiscompletestheproof of theTheorem. �


