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We introduce MC+, a fast, continuous, nearly unbiased, and accurate method of penalized
variable selection in high-dimensional linear regression. The LASSO is fast and continuous, but
biased. The bias of the LASSO interferes with variable selection. Subset selection is unbiased
but computationally costly. The MC+ has two elements: a minimax concave penalty (MCP)
and a penalized linear unbiased selection (PLUS) algorithm. The MCP provides the minimum
non-convexity of the penalized loss given the level of bias. The PLUS computes multiple local
minimizers of a possibly non-convex penalized loss function in certain main branch of the
graph of such solutions. Its output is a continuous piecewise linear path encompassing from
the origin to an optimal solution for zero penalty. We prove that for a universal penalty level,
the MC+ has high probability of correct selection under much weaker conditions compared
with existing results for the LASSO for large n and p, including the case of p > n. We provide
estimates of the noise level for proper choice of the penalty level. We choose the sparsest
solution within the PLUS path for a given penalty level. We derive degrees of freedom and
C)p-type risk estimates for general penalized LSE, including the LASSO estimator, and prove
their unbiasedness. We provide necessary and sufficient conditions for the continuity of the
penalized LSE under general sub-square penalties. Simulation results overwhelmingly support
our claim of superior variable selection properties and demonstrate the computational efficiency

of the proposed method.
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1. Introduction. Variable selection is fundamental in statistical analysis of high-
dimensional data. With a proper selection method and under suitable conditions, we are
able to build consistent models which are easy to interpret, to avoid over fitting in prediction
and estimation, and to identify relevant variables for applications or further study. Consider a
linear model in which a response vector y € R" depends on p predictors =; € R", j =1,...,p,
through a linear combination Z§:1 Bjx;. For small p, subset selection methods can be used

to find a good guess of the pattern
A°={j:p; #0}. (1.1)

For example, one may impose a proper penalty on the number of selected variables based on
the AIC (Akaike, 1973), C, (Mallows, 1973), BIC (Schwarz, 1978), RIC (Foster and George,
1994) or a data driven method. For large p, subset selection is not computationally feasible,

so that continuous penalized or gradient threshold methods are typically used.

Let || - || be the Euclidean norm. Consider penalized least squares estimators (LSE)
o 1 s &
B=B() = argmin { o-lly - X8I + 3 o)}, (1.2
j=1

with a penalty p(¢; ) indexed by A > 0, in the linear regression model

P
y=) Bx;+te, (13)

j=1
where X = (x1,...,2p), 8= (f1,...,3p), and € is an error vector. Assume the penalty p(t; \)
is nondecreasing in ¢ and has a continuous derivative p(t; A) = (9/9t)p(t; A) in (0,00). Assume
further p(0+; A) > 0, so that (1.2) has variable selection features with the possibility of @- =0
(Donoho, Johnstone, Hoch and Stern, 1992). Changing the index A if necessary, we assume
p(0+;A) = XA whenever p(0+;\) < oo, so that A has the interpretation as the threshold level
for the individual regression coefficients 3; under the standardization ||z;|*/n = 1. In what

follows, we treat the set of variables selected by B = ,@()\) as

A= g()\)z{jzﬁj;&O}. (1.4)

A widely used procedure of form (1.2) is the LASSO (Tibshirani, 1996) with p(t;\) =
Alt], which is easy to compute (Osborne, Presnell and Turlach, 2000a, 2000b; Efron, Hastie,
Johnstone and Tibshirani, 2004) and has the interpretation as boosting (Schapire, 1990; Freund



and Schapire, 1996; Friedman, Hastie and Tibshirani, 2000). Meinshausen and Buhlmann
(2006) and Zhao and Yu (2006) showed that the LASSO is variable selection consistent

P{E: AO} =1 (1.5)

under a strong irrepresentable condition on the covariance matrix X’X and some additional
regularity conditions on {n,p,3,e}. However, the strong irrepresentable condition is quite
restrictive, and that due to the estimation bias, the condition is also necessary for LASSO
to be selection consistent. Under a relatively mild sparse Riesz condition on the covariance
matrix X’ X, Zhang and Huang (2006) proved that the dimension |A] for the LASSO selection

is of the same order as the size

d° = |A°) = #{j: B; # 0} (1.6)

of the unknown pattern (1.1) and that the LASSO selects all variables with absolute coefficients
above certain separation zone of the order v/d°) under the standardization ||z;||?/n = 1. These
results are still not satisfactory in view of the possibility of selecting some irrelevant variables
and the extra factor v/d° for the separation zone, compared with the intended threshold level
A. Again, due to the estimation bias of the LASSO, the extra factor v/d° cannot be removed
under either the sparse Riesz or strong irrepresentable conditions. From these points of view,
the bias of the LASSO severely interferes with variable selection when p and d° are both large.

Prior to the above mentioned studies about the interference of the bias of the LASSO with
accurate variable selection, Fan and Li (2001) raised the concern of the effect of the bias of
more general penalized estimators on estimation efficiency. They pointed out that the bias of
penalized estimators can be removed almost completely by choosing a constant penalty beyond
a second threshold level v\, and carefully developed the SCAD method (Fan, 1997) for p > 1
with the penalty A fg min {1, (y—z/A)"/(y—1) }dz, v > 2. Iterative algorithms were developed
there and in Hunter and Li (2005) and Zou and Li (2006) to approximate a local minimizer
of the SCAD penalized loss for fixed (\,7). For penalized methods with unbiasedness and
selection features, Fan and Peng (2004) proved the existence, variable selection consistency
(1.5) and asymptotic estimation efficiency of some local minimizer of the penalized loss under
the dimensionality constraint p = o(n") with » = 1/3,1/4 or 1/5 depending on regularity
conditions. Their results apply to general classes of loss and penalty functions but do not

address the uniqueness of the solution or provide methodologies for finding the local minimizer



with the stated properties. A major cause of computational and analytical difficulties in these
studies of unbiased selection methods is the non-convexity of the minimization problem.

The main purpose of this paper is to introduce and study an MC+ methodology which has
two components: a minimax concave penalty (MCP) and a penalized linear unbiased selection
(PLUS) algorithm.

The MCP, defined as

(t: ) A/t 1)y (1.7)
p(t; \) = ( — —) x .

0 YA
with a regularization parameter v > 0, is the minimizer of the maximum concavity

0<t1<ts to — 11

subject to the following unbiasedness and selection features:
plt;N) =0V Et>9\ p0+;0) = A (1.9)

The PLUS computes a piecewise linear path of critical points for the possibly non-convex
minimization problem (1.2). It differs from existing non-convex minimization algorithms
in three important aspects: (i) It computes the exact value of local minimizers instead of
iteratively approximating them; (ii) It computes a path of possibly multiple local minimizers
for the entire range of the penalty level A > 0 instead of a single solution for a fixed \; (iii)
It computes multiple local minimizers for individual penalty levels A by tracking along its
path of critical points for different values of A instead of trying to jump from the domain of
attractions of one solution to another for a fixed A. In each step, the PLUS computes one line
segment in its path between two turning points, and its computational cost is the same as the
LARS (Efron et al 2004) per step. The MC+ with larger regularization parameter v provides
smoother predictors and computationally less complex path, but larger bias and less accurate
variable selection. The MC+ path converges to the LASSO path as v — oc.

The proposed MC+ provides fast, continuous, nearly unbiased, and accurate variable
selection in high-dimensional linear regression, as our theoretical and numerical results support.
Table 1 presents the results of a simulation experiment to demonstrate the superior selection
accuracy and competitive computational complexity of the MC+, compared with the LASSO
and SCAD. We measure the selection accuracy by the proportion C'S of replications with the
correct selection C'S =1 {A\ = A°} and the computational complexity by the average k of the



Table 1: Performance of LASSO, MC+ and SCAD in Experiment 1
100 replications, n = 300, p = 200, B, = 1/2, v = 2/(1 — max;» |€jzk|/n) = 2.652
CS = I{A = A°}, k = #(steps); Nearly identical results for known o

CS <0.14 for \/5 = \/(logp)/n; CS < 0.01 for \/G = 1.96/+/n or \/16(logp)/n
d° =10 d’ =20 d° =40

Ao lasso mc+ scad | lasso mc+ scad | lasso mc+ scad
2(logp)/n | CS | 0.34 0.76 0.70 | 0.06 0.78 0.61 | 0.01 0.84 0.24
= 0.1879 k 12 16 26 23 32 51 48 65 132
4(logp)/n | CS | 0.88 0.97 0.93 | 0.41 0.81 049 | 0.01 0.11 0.00
= 0.2658 k 11 11 14 21 21 27 42 41 57
8(logp)/n | CS | 0.39 0.40 0.39 | 0.07 0.08 0.07 | 0.00 0.00 0.00
= 0.3759 k 10 10 10 17 17 17 31 28 32

number of the PLUS steps. In this experiment, y is generated with 8; = £, for j € A°
and € ~ N(0,I,) in (1.3), and x; are generated by greedy sequential sampling of groups 10
most correlated vectors from a pool of 600 iid vectors. See Section 3.5 for details. The design
X is fixed, with the maximum absolute correlation 0.2459, ||xz;|| = y/n, and the minimum
eigenvalue 0.0374 for X' X /n, while A° and € are drawn independently for the 100 replications
with d° = |A°| € {10,20,40}. The 52 is the residual mean squares with 100 degrees of freedom
in the full 200-dimensional model. Bold face entries indicate P{A = A°} ~ CS > 0.5.

Why is the MC+ able to avoid both the interference of estimation bias with variable
selection and the computational difficulties with non-convex minimization? A short, heuristic

explanation is that for sparse 8 and carefully selected =y, the condition

By = min{]ﬂj\ 1j € AO} >N, A > a\/2logp< nax Hw]H/n), (1.10)

provides the MC+ with unbiasedness at sufficiently large threshold A, while a moderate

maximum concavity x(p; A\) = 1/~ provides certain sparse convexity of the penalized loss

1

p
—lly— X8>+ p(Bil; ), B R

o (1.11)

L(B;\) =

J=1

The first inequality of (1.10) allows unbiased selection of all j € A°. The second one prevents

selection of variables outside A° given the selection of all variables in A° in the linear model



(1.3) with € ~ N(0,021I,). Finally, the sparse convexity of (1.11) is needed for computational

simplicity. We observe that the penalty function must satisfy
tlim pt; ) =0, p(0+N) = tli%1+ p(t; A) >0, (1.12)

for the unbiasedness and selection features. Since this excludes convex penalties, to ensure the
convexity of the penalized loss, the convexity of the squared loss in (1.11) must overcome the

concavity of the penalty as functions in RP, at least in sparse regions that matter.

2. A sketch of main results. In this section, we provide a brief description of our
results, along with certain crucial concepts, conditions, and necessary notation.

In Section 3 we introduce the PLUS algorithm and discuss the choice of penalties and the
regularization parameter v for the MC+. The PLUS computes a piecewise linear path

(k) PYIED NN () I W \ Ut N

with possibly non-increasing A®) £ A=1) to accommodate multiple local minimizers. It
begins with an initial segment B(A) = B(O) =0 e R, \O < X < c0. For each segment k,
B(A) = ([/3\1()\), e ,Bp()\))’ satisfies the Kuhn-Tucker-type condition

'’ (y — XBN) /n = sgn(B;(N)p(1B;(NN), Bi(A) #0

R N (2.2)
[ (y — XBO) /n| < B =0

for (1.2). For almost all designs X, segments of the PLUS path collectively form certain main
branch of the solutions of (2.2). The main branch encompasses continuously from the origin
to an optimal solution satisfying X’(y — X B) = 0, while other branches of the solutions of
(2.2) form separate continuous loops. We assume that the penalty function is of the form
p(t; ) = A2p(t/)\) with a fixed quadratic spline p(t), including the ¢; penalty p(t) = t for the
LASSO as a special case. For such penalty functions, the PLUS has the following geometric
interpretation: A transformation of all the branches of the solutions of (2.2) is the intersection of
a single ray from the origin and a collection of adjacent and possibly overlapping parallelepipeds
in RP, and each segment of the PLUS path corresponds to the intersection of the ray and one
of these parallelepipeds. In this sense, the PLUS path is linear. The computational complexity
of the PLUS path, depending on how the parallelepipeds fold, is easily manageable in our

simulation experiments.



We prove that the PLUS provides the entire path of the global minimizer of (1.2) under a
global converity condition and the sparsest solution of (2.2) under a sparse convezity condition
up to certain rank. The design matrix and penalty satisfy the global convexity condition if
p(t2; A) — p(t1; A)

lo — 11
where ¥ = X'X /n and ¢pin (M) denotes the minimum eigenvalue of M. For A C {1,...,p},

Cmin () + >0, V0<t] <ty (2.3)

define sub-design matrices and their standardized covariance as
XAE(mjyjeA)nx\Ab EAEX;XXA/TL (24)
For p > n or small ¢yin (X), we introduce the sparse convexity condition with rank d* as

(P A) <o S c(d') = liré%* cmin (24), (2.5)

where £(p; A) is the maximum concavity in (1.8). For p > n, cpin(X) = 0 and (2.3) does not
hold. However, for variable selection (2.5) is as good as (2.3) when \g U A°| < d*. Thus,
(2.5) is very useful for sparse 3 when p > n and for (nearly) singular ¥ when p < n. Since
c:(2) = 1 — max;z |z)jx;|/n for ||;||*/n =1, (2.5) holds for d* = 2 in Table 1.

In Section 4, we consider the estimations of the mean squared error (MSE) of linear
functionals of B and the noise level in the linear model (1.3). We derive estimators for the MSE
and the degrees of freedom of the penalized LSE (1.2) via the SURE method of Stein (1981)
and provide sufficient conditions for their unbiasedness. We prove that for full rank designs,
the penalized LSE is continuous in y € R” if and only if (iff) the global convexity (2.3) holds,
iff the penalized loss function (1.11) is convex in the entire RP.

In Section 5, we study the probability of correct selection under the global convexity

condition (2.3) for p < n and under the sparse Riesz condition (SRC)

(P A) < e < ei(dY) < 7 (d¥) = |£11\12l( Cmax (Za) < ¢ (2.6)

for general p and suitable {c., c*,d*}, where cpax (M) is the largest eigenvalue of M, ¢, is as in
(2.5), and £(p; A) is the maximum concavity in (1.8). For e ~ N(0,0%I,), ||z;/|?/n = 1 and the
penalty level A > o/2(log p)/n, we prove the selection consistency (1.5) for the MC+ method
under the SRC, provided that both [./(yA) and d*/d° are greater than certain constants
depending on {c,, c¢*, v} only, where (3., v and d° are as in (1.10), (1.7) and (1.6) respectively.
Under the global convexity condition (2.3), we obtain the explicit bound

P{X ] Ao} < (2p— d0)<1>< - \/ﬁg) o(t) = /_; %d@; (2.7)



for 8. > (v + /7)A. An interesting aspect of this theory is its validity for p as large as e®"
with certain ag > 0, the universal penalty level X = a\/m (Donoho and Johnston,
1994), and general penalty functions satisfying (1.9).

In Section 6, we briefly discuss adaptive penalty, an extension of the PLUS algorithm to

generalized linear models, and penalized estimation.

3. The PLUS algorithm and quadratic spline penalties. We divide this section
into 5 subsections to cover quadratic spline penalties, a geometric description of the PLUS
algorithm, an algebraic description of the PLUS algorithm, penalized LSE for orthonormal
designs, and the effects of the regularization parameter + of the MC+ on the computational

complexity and bias.

3.1. Quadratic spline penalties and the MCP. The PLUS algorithm assumes that
the penalty function is of the form p(t; \) = A2p(t/)), where p(t) is an increasing quadratic
spline in [0, 00). Such p(t) must have a piecewise linear nonnegative continuous derivative p(t)
for t > 0. We index such p(t) by the number of threshold levels m, or equivalently the number
of knots in [0, 00), including zero as a knot. Thus,

‘Z)—?(t) = (ui —vit)I{t; <t <tij1} (3.1)

i=1

Pt N) = Npm(t/X),  pm(t) =

with vy =1, v, =0, ty1 =00 and knots t1 =0 < to < -+ < t,, = 7, satisfying u; — v;t;11 =
Uig1 — Vis1tiv1 > 0, 1 <i < m. Since k(p; \) does not depend on \ for p(t; A) = A2p(t/N), we
denote the concavity measure (1.8) as x(p) in such cases.

We set pr,(04) = up = 1 to match the standardization p(0+; ) = X in (1.9), and v, = 0
for the uniform boundedness of p(¢;A). The unbiasedness parts of (1.12) or (1.9) demand
tm =~ > 0 and thus m > 1, but the PLUS includes the LASSO with m = 1. For ||z;||*/n = 1,
cmin(X4) < 1, so that (2.5) requires k(pp,) = max;<m, v; < ¢ < 1 for (3.1).

The penalty class (3.1) includes the ¢; penalty with m = 1 and x(p;) = 0, the MCP with
m = 2 and k(p2) = v1 = 1/v, and the SCAD penalty with m = 3, vy = 0, to = 1 and
k(p3) = va = 1/(y — 1). We plot these three penalty functions p,,, m = 1,2,3 and their
derivatives in Figure 1, with v = 5/2 for the MCP and SCAD penalty.

As mentioned in the introduction, we propose the MCP (1.7) as the default penalty for the
PLUS, and thus the acronym MC+. The MCP corresponds to (3.1) with

pa(t) = min {t = £2/(27),9/2},  pot) = (1= /)", (3.2)

8



0 1 2 3 0 1 2 3

Figure 1: The {1 penalty p1(t) =t for the LASSO along with the MCP ps(t) and the SCAD penalty
p3(t), t >0, v=5/2. Left: penalties py,(t). Right: their derivatives pp,(t).

Among spline penalties satisfying (1.9), the MCP has the smallest number of threshold levels
m = 2. Since the PLUS path makes a turn when \B\j()\)/)\\, j < p, hit one of the m thresholds,
MC+ is the simplest for the PLUS to compute except for the LASSO with m = 1. For
continuously differentiable penalty p(¢; A), define

PN = Jim inf (6t +2:3) = p(t: 1)) 2, >0, (33)

so that —(t; A) measures the local concavity of p(-; ) at ¢ > 0 and k(p; A) = sup,~q { — 4(t) }
in (1.8) measures the maximum concavity of the penalty p(t; A). We call (1.7) the minimax-
concave penalty since it has the smallest maximum concavity x(p; A) given the threshold level
A for the “complete unbiasedness” in (1.9). Since k(p; \) is minimized at x(p1) under (1.9), the
MCP offers the global convexity (2.3) of the penalized loss with the smallest possible cpin ()
and the sparse convexity (2.5) with the highest rank d*. Thus, it fulfills our main smoothness
conditions with the greatest stability. Moreover, for a given level of concavity x(p;\), the
MCP ensures the unbiasedness above the smallest second threshold yA in (1.9) and thus the
smallest separation zone f, > A in (1.10). Therefore, in our program, the MCP provides
computational simplicity, smoothness, unbiasedness and accurate selection for the penalized
LSE to the greatest extent. Moreover, the MC+ allows the regularization parameter v to be set
in the entire continuum of (0, cc]. Subsection 3.4 contains further discussion about MCP and
other penalty functions and their relationship to threshold estimators for p = 1. Subsection

3.5 discusses the effects of regularization parameter v in (1.7) and (3.2).

3.2. A geometric description of the PLUS algorithm. Let z = X'y /n. For penalty



functions of the form p(t; \) = A2p(t/)\), the optimization problem (1.2) is equivalent to

e ot s LN
b(z) = arg;nm{ —bz+ §b b+ ;p(|bj|)} (3.4)

through the scale change z — Az and 3 — Ab, where ¥ = X’'X /n. The solution of (3.4)
along the ray {Z/A\, A > 0} provides the solution of (1.2) with the inverse transformation
B(/\) = Ab(z/)\). In this subsection, we describe the PLUS algorithm in the rescaled problem

(3.4) through a geometric interpretation of its path via the following rescaled version of (2.2):

(3.5)
|2 = x| S 1= pm(04+), by =0,

where py, is as in (3.1) and x; = X'x;/n are the columns of .

We shall “plot” the solution b(z) against z to allow multiple solutions, instead of directly
solving (3.5) for a given z = z/\ = X'y/(n)). In the univariate case p = 1, we plot functions
in R2. For p > 1, we need to consider b versus z in R?’. Let H = RP, H* be its dual, and
z @ b be members of H @ H* = R?. Define

ti, 0<i1<m+1

u(i) = up, v(Ei) = vy, i) = ‘ (3.6)
_t|i|+17 —-m <1< 07

with the u;,v; and ¢; in (3.1). For indicators n € {—m, ..., m}?, let

S(n) = thesetofall zdb
zj — x;b = sgn(n;)u(n;) — bjo(n;), n; #0
—1<z—xb<1, =0
satisfying =GTXT = K (3.7)
t(T]j) Sbj St(T]j-i-l), 1 750
bj = 0, n; = 0.

Since sgn(bj)pm(|b;]) = sgn(n;)u(n;) — bjv(n;) for t(n;) < b; < t(n; + 1), (3.5) holds iff (3.7)
holds for certain . For each 7, the linear system in (3.7) is of rank 2p, since one can always
uniquely solve for b and then z if the inequalities are replaced by equations. Thus, since (3.7)
has p equations and p pairs of parallel inequalities, S(n) are p-dimensional parallelepipeds
living in H @ H* = R?. Due to the continuity of p,,(t) = (d/dt)p, (t) in t by (3.1) and that of

zj— x;b in both z and b, the solutions of (3.7) are identical in the intersection of any given pair

10
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Figure 2: Left: The solid ray as 7z and the projections of the 5% = 25 parallelograms S(n) for the
MCP v =2 to the z-space H with dashed-edges, labeled by m and n2 along the margins inside the boz.
Right: The MC+ path (solid) as the entire solution set of (2.2) in the B-space, along with the LASSO
path (dashed). Data: ||z;||*/2 =1, Tixs/2 = 1/4, (Z1,22) = (1,—0.883), and p = 2.

of S(n) with adjacent 1. Furthermore, the p-dimensional interiors of different S(n) are disjoint
in view of the constraints of (3.7) on b. Thus, the union of all the p-parallelepipeds S(n) forms
a continuous p-dimensional surface S = U{S(n) :mp € {-m,...,m}P} in H ® H* = R*. The
solution set of (3.5) for all z = 72, 7 = 1/, or equivalently the solution set of (2.2) for all
A > 0, is identical to the intersection of this surface S and the (p + 1)-dimensional open half
subspace {(TZ) ®b:7>0,be H*} in R?. Figure 2 depicts the projections of S(n) to H and
the MC+ and LASSO solutions for p = 2 under the global convexity condition (2.3).
The rescaled PLUS path in H @& H* is a union of connected line segments

UE nWZ),  €(nz) = S(n) N {(Tz) ®b:T>0bc H} (3.8)
beginning with £(n(¥|Z) = {r2)® b .0<7r< T(O)}, 7 = b® =0, and connected at
{(+*EVZ) @bk = (=D 12) ne(m™(2), Z=X'y/n. (3.9)

We initialize (3.9) with 8® = 0 and 7(¥ = 1/ max;<, |2;|. Given (r*DZ) @ b*~Y we find a
new line segment £(n*)|Z) and compute the other end of it as (r*Z) & b® k > 1. The PLUS
path ends at step k* if (r*")Z)@b*") provides an optimal fit satisfying X'(y — Xb*") /7)) =
0 with 7*") > 0. If an optimal fit can not be found in the current pass, the PLUS searches

11



through the existing turning points to find a connected new line segment to restart. In this

case, the PLUS path can still be written as a single sequence satisfying (3.8) and (3.9) with

some repeating segments. This provides the geometric description of the PLUS algorithm.
Non-degenerate designs: We say that the design matrix X in (1.3) is non-degenerate

if for all A C {1,...,p} of size |[Al =nAp—1andn; € {-1,0,1}, j < p, the n A\ p vectors

xj,j €A, Z ke are linearly independent. (3.10)
kg A

For p < n, X is non-degenerate iff rank(X) = p.

Theorem 1. (i) Suppose the design matriz X is non-degenerate. Given X, there exist a
finite set T'o(X) such that for v € T'o(X) the MC+ path is composed of sequentially connected
line segments E(n(k)\%') with turning points (T(k)E) e b®, +*) > 0 k =1,... kK < oo,
and ends with an optimal fit satisfying X/(y — Xb(k*)/T(k*)) = 0. Consequently, the PLUS
path B(X) in (2.1) ends with the optimal fit B(k*) = %) /7)) as a solution of (2.2) for all
0 <A< AED) = 1/70),

(ii) For fized v > 0, the design matriz X is non-degenerate and v & T'o(X) almost everywhere
in R"*P under the Lebesgue measure.
(iii) For fized positive v # 1, the design matrix X is non-degenerate and v & To(X) almost

everywhere under the product of p Haar measures in the (n — 1)-sphere {z : ||z||?/n = 1}.

Under the conditions of Theorem 1 (i), the MC+ path forms a main branch from B =0
to a point of optimal fit in the graph of the solution set of (2.2). We actually prove that the
MC+ algorithm finishes in one pass almost everywhere in z € RP. Theorem 1 (ii) and (iii)
assert that the conditions of Theorem 1 (i) hold almost everywhere in X for all fixed {n,p,~}.
Conditions of Theorem 1 (i) is not necessary for the MC+ path to end with an optimal fit. For
example, if &; = £x},, the PLUS path uses at most one design vector x; or xj in any step, so
that it behaves as if one of them never exists. For simplicity, we omit an extension of Theorem
1 to the PLUS with general quadratic penalty (3.1).

Theorem 1 does not guarantee that the PLUS path contains all solutions of (2.2), but
Theorem 2 below does under the global convexity condition (2.3). Figure 3 depicts an example
in which the complete solution set of (2.2) contains the main branch covered by the MC+ path
and a loop not covered. Still, Theorem 7 in Section 5 shows that under the SRC (2.6), the

PLUS path provides variable selection consistency in such cases.
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° (0) main branch = mc+
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Figure 3: Plots for the same data as in Figure 2 with v = 1/2 for the MCP. Clockwise from the top
left: the z-space plot with overlapping areas marked by multiple values of n;; the main branch and one
loop as the entire MCP solution set of (2.2) in the B-space, along with the LASSO; the segments of the
main branch with Tz, k = 0,1,2,3, representing transitions 1 = (8) — ((1)) — (3) — (31) — (,22) ;
the loop with T WZ, k = 4,5,6,7, representing transitions 1 = (_02) — (_01) — (_11) — (_12) — (_02).
Form € {=2,0,2}?, z-segments turn into B-points in the MC+ path.

Let X4 be as in (2.4). Define 3X(n) = Xy;., 0y and
Q(n) = X(n) — diag(v(n;),n; #0), d(n)=#{j:n; # 0} (3.11)
Since the x; in (3.5) are the columns of X, the first equation of (3.7) can be written as
Q(n)P(n)b= P(n)(z —sgn(n)u(n)), (3.12)

where P(n) : b — (bj,n; # 0)" are projections and u(-) is as in (3.6).

Proof of Theorem 1. Let X be fixed. Define di(n) = #{j : |n;| = k}, k = 1,2. We
consider three types of indicators n € {—2,—1,0,1,2}? with n = 0 as Type-1.
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Type-2: da(n) > nAp. Let (12) @b € S(n) as in (3.7), so that (3.5) holds with z; = 72; =
Ty /n. Since po(|b;|) = 0 for |n;| = 2, (3.5) implies x’;(7y — Xb) = 0 for all |n;| = 2. Since
7y — Xb € R" and {z;, |n;| = 2} contains at least n A p linearly independent vectors, by (3.8)

da(n) > nAp
(+3) & b € £(n|3)

= X'(ry — Xb) =0. (3.13)

Type-3: d2(n) < nApandn # 0. If (3.5) holds for z = 0, then bz Xb/n = byx;b =
—[bjlp2(|bj]) for all b; # 0, so that | Xb]|*/n = — 3, [b;]p2(]b;]) = 0 due to p2(|b;|) > 0. Since
p2(1bj]) = 1/y > 0 for |bj| < v and |b;| < v for |n;| =1, bj = yn; for |n;| = 1 in such cases.
Therefore, Xb = th:z bjxj + Zlnk\<2 nrxr = 0. This is impossible for non-degenerate X
since v > 0 and da(n) < n Ap. Thus, 0@ b & S(n) for indicators n of Type-3.

We now consider the choice of v for the MC+. It follows from (3.2) and (3.11) that the
determinant det(Q(n)) is a polynomial of v; = 1/ with det(2j1|nj|:2)(—vl)d1(n) # 0 as the
leading term. Let I'g(X) be the finite set of all reciprocals of the roots of such polynomials. We
choose v & I'o(X) here after, so that det(Q(n)) # 0 for all n of Type-3. Since det(Q(n)) # 0,
in S(n) the vector (b;,n; # 0)" is a linear function of z by (3.12) , so that by (3.8) and the

discussion in the previous paragraph

da(m) <nAp ¢(n]z) is a generalized line segment
=
n#0 0@ b¢linlz) Vb

(3.14)

Here a generalized line segment includes the empty set, single points in H & H* = R?, and
line segments of finite or infinite length.

For each nonzero z € H = RP, we define a graph G(z) with ¢(n|z) of positive length and
Type-3 ) as edges and the end points of edges as vertexes. The graph G(z) is not necessarily
connected. A vertex in G(z) is terminal if it is also a boundary point of S(n) for some n of
Type-2. If the MC+ path reaches a terminal vertex (7z) @ b, then b/7 provides an optimal fit
by (3.13) and (3.14). The degree of a vertex in G(z) is the number of edges connected to it.

Suppose z £ 0. At step k = 0, the MC+ path reaches (7'(0) Z)® b as a boundary point of
S(0). Since the p-parallelepipeds (3.7) are contiguous, (7(9%) @ b® is also a boundary point
of S(nM) for some nV) satisfying either (3.13) or (3.14) with z = Z. If nV) is of Type-2, then
b(o)/T(O) gives an optimal fit and the MC+ path ends with £* = 0. Otherwise, the MC+ path
enters the graph G(Z) at the initial vertex (7(9Z) @ b(*). If the degree of the initial vertex is
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odd and the degrees of all other non-terminal vertexes are even, then the MC+ path traverses
through G(z) and eventually reaches a terminal vertex in one pass. This is simply an Euler’s
Konigsberg problem.

Let Sy be the union of all intersections of three or more distinct p-parallelepipeds S(n),
ne{-2,-1,0,1,2}? and Hy = {z : (12) & b € Sy for some 7 and b}. Since the interiors of
the p-parallelepipeds S(n) do not intersect, the intersections of three distinct S(n) are (p — 2)-
parallelepipeds, so that the projection of Sy to the (p — 1)-sphere {z : ||z|| = 1} along the rays
{7z,7 > 0} has Haar measure zero. Consequently, Hy has Lebesgue measure zero in H = RP.

For z ¢ Hy, each vertex in G(z) is a boundary point of exactly two p-parallelepipeds S(n),
so that the initial vertex has degree 1 and other non-terminal vertexes have degree 2 in G(z).
Thus, the initial vertex is connected to a terminal vertex in G(2z) for z ¢ Hy. For z € Hy,
the initial vertex is still connected to at lease one terminal vertex in G(Z) since H{ is dense
in H = RP and the limits of G(z) as z — z are subgraphs of G(z). Hence, the PLUS path

reaches a terminal vertex in either cases. O

3.3. An algebraic description of the PLUS algorithm. We provide formulas for
a simplified version of the PLUS algorithm (3.8) and (3.9), in which we only look for line
segments £(n®)|Z) with positive length, new n®), and det(Q(n™*))) # 0. This simplification
has no impact in our simulation experiments, since it is identical to the full version of the
PLUS algorithm for almost all datasets according to Theorem 1 and its proof.

For det(Q(n®)) # 0, the map z — b is unique in S(n®)) by (3.5), (3.7) and (3.12). Thus,
7k) £ (=1) for the k-th segment £(n*)|Z). We write the PLUS path (2.1) as

~(k)

B = AWp™ AK) = 1/70) p(rZ) = bV 4 (7 — £ kD) 5(R), (3.15)

with B(A) = Ab(Z/)\) and 7 = 1/A between 71 and 7*) Z = X'y/n as in (3.9), the
initial segment b(7Z) = b® = 0 for all 0 < 7 < 7 = 1/max; |Z;|, turning points b*) =
(bgk),...,bl(,k))’ € H* = RP, “slopes” sk) = (sgk),...,sgg))’, and hitting times 7%) > 0. We
note that the map 7 — b(7z) is potentially many-to-one and that 7 may not be a monotone
function as (3.15) traverses through the solution set of (3.5).

As in (3.8), let n*) be the indicator of the p-parallelepiped (3.7) in which the k-th piece of
the rescaled PLUS path (7Z) @ b(7Z) lives. In the k-th step, we compute n®), s(*), 7(k) and
bk) given n@, .. nt-1 (k=1 and %=1 Let

o) = {j : |b§-k)| € {t1,...ty} with n](-k) # 0 or \T(’“zj - X;b(k)| = 1}
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be the set of critical indices j at which (3.15) hits the boundary of the inequalities in (3.7) in
step k at 7 = 7). We try all 9lc®*= nonempty subsets of C*~1) for the path of (3.15)
to cross the boundaries at the beginning of its k-th segment, or equivalently all 2lC*V g
possible candidates for n*). We note that the “one-at-a-time” condition |C*~1| = 1 holds
almost everywhere. Here, n(¥) is required to be new, so that n®) # n® for 0 < ¢ < k.

Given n®)| the identity (3.12) must hold for n = n®), z = 7% and b = b(rZ).
Differentiating this identity with respect to 7, we find by (3.12) and (3.15) that

Q" P(n®)s® = P(n®)z, 7 =0= s =0. (3.16)

Moreover, the j-th negative gradient of the loss in (3.4) and its derivative are
(73) = 73 — v'.b(T3 d oy 1 g(k) 3.17
gj(Tz) - TZ] X_] (TZ), dTg](Tz) - zj X]S 9 ( . )

by (3.5). Given a tentative choice n*) # n(), 0 < ¢ < k, we check if the solution s of (3.16)
indeed carries the k-th segment of the path from the p-parallelepiped S (n(k_l)) into S (n(k))
according to (3.7), or equivalently (3.5), for two possible signs of

é(k) = SgH(T(k) — T(k_l))‘ (318)

It follows from (3.15) and (3.17) that for either £*) = +1 this amounts to verifying

WG = s z 0. Y £ 20

WP — (k D)s# <o, gtV =g o, 7 2 (319)
£®)p (k 1)(,2] X;s(k)_ : n§k—l 7577- —0

(PR E = xgs®) <0, TV = =05,

where ?)(k) is the “neighbor” of n—1 with ;é n(k 2 ¥ j e ¢%=D. We note that (3.19)
checks all indices j with 77t 77] 75 njk Do the tentative choices of n®) and £€*) and their
associated s( ) pass the test (3.19), we move on to find 7).

Let A = |T(k — (k=1 ! be the length of the k-th segment of the PLUS path measured
in 7. Given the slope s¥) and the sign £*) of dr for the segment, there are at most p possible

ways for (72) ®b(7Z) to hit a new side of the boundary of the p-parallelepiped S(n*)) in (3.7).
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If it first hits the boundary indexed by n§k), A®) would be

(D4 +1) =D}/, €0 5 g 2y
et ““)—b“ Dy /s, M <0y
{1 - g* Yz - x]s(’“} 5(-’“( j = xs®) >0 =n
SR ““ N1z - xs®y, 693 - xgs®) <0 =1 “

(3.20)

by (3.7), (3.15) and (3.17), where the function ¢(-) is as in (3.6) and g(k D= = g;(t*DZ) is
the j-th negative gradient (3.17) at 7 = 7(*=1_ It follows that

7B = =1 4 cBWAR - AR = mip AW (3.21)
1<j<p 7

We note that (3.19) guarantees Agk) > 0,Vj in (3.20). We formally write the PLUS as follows.

The PLUS Algorithm.
Initialization: b —0, 70 — 1/maxj<, |Z;], k=1

Iteration:

Find n®) #£ ), 0 < ¢ < k, such that (3.19) holds

for the solution s*) of (3.16) and some £*) = +1 (3.22)
Find 7(®) according to (3.21) (3.23)
pF) — plk=1) 4 (T(k) _ T(k—l))s(k> (3.24)
ke k+1 (3.25)
Termination: (3.22) has no solution for k = k* 4+ 1 or 70*") = oc.
Output: 7)) b(o), n(k), s®) (k) b(k), k=1,2,... k"

Theorem 2. Let B()\) be defined by (2.1) and (3.15) with the output of the PLUS.
(1) If Q(n™) in (3.11) is positive-definite and £(n'®)|Z) does not live on the boundary of S(n™*))
in (3.8), then B(X) is a local minimizer of the penalized loss (1.11) in the k-th segment of its
path strictly between the turning points ,B(k_l) = \E=Dpk=1) gng B(k) = AR pk)
(ii) Suppose the sparse convexity condition (2.5) holds with rank d*. Then, for any given
A C {1,...,p} with |A] < d*, the penalized loss (1.11) is strictly convex and has a unique
minimizer under the constraint f; = 0 Vj & A. In particular, if d(n®) < d*/2, then B()\) mn
the k-th segment provides the unique solution of (2.2) satisfying #{J : @- #0} < d*/2.
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Figure 4: The same type of plots as in Figures 2 and 3 for the same X and more sparse (Z1,22) =
(1,—-1/2). From the left: the z-space plot for MC+ with v = 2; MC+ with v = 1/2; the MC+ (same
for both v =2 and v = 1/2) and LASSO paths in the B3-space.

(iit) If the global convexity condition (2.3) holds, then A=Y > X*) the PLUS path ends with
the LSE ,B(k ) >~ X'y/n, and ,@()\) is always the unique solution of (2.2), i.e. the global
minimizer of (1.11) and the solution of (1.2).

The significance of Theorem 2 (ii) is as follows. If max(d(n*¥)),d°) < d*/2 and the pattern
A° in (1.1) is identified by a solution of (2.2), then the solution is given by B()A) in the k-th
segment of the PLUS path. Thus, the effect of non-convexity is less pronounced for sparse data.
In the example in Figure 4, the convex penalized loss with v = 2 yields identical MC+ path
as the non-convex one with v = 1/2 for sparse data outside regions where the the projections
of the parallelograms S(n) fold severely in the z-space for 4 = 1/2. This should be compared
with the dramatic difference between v = 2 and v = 1/2 in Figures 2 and 3 for dense data.

Choice among multiple solutions: Theorem 2 suggests that among multiple solutions
in the PLUS path for a specific A, we choose the sparsest one, the solution in the segment with
the smallest d(n®)) = rank(P(n*))), subject to the positive-definiteness of Q(n*)). We break
the ties by further minimizing the “degrees of freedom” as the trace of Q(n*®)X(n*)) and
then maximizing cpin (Q(n(k))) for the stability of the estimator. See (3.11) for the notation

and Subsection 4.2 for the justification of the degrees of freedom and stability measures.

Proof of Theorem 2. (i) Since (Z® 3()))/A is in the interior of S(n®)), (2.2) holds with
strict inequality. Thus, by (3.11), the directional derivative of the penalized loss (1.11)

%L(E(A) 16 2) = 151 Q(m™)br + D7 [b;](X — sen(by)ay — XBO)/n+O())
nj(vk)=0

is positive for small t > 0, where b; = P(n*¥))b. Thus, B(A) is a local minimizer.
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(ii) The strict convexity and uniqueness follow from (iii), since the sparse convex condition
implies the global convex condition under the constraint 3; = 0 for all j € A. Let A be fixed.
For any solutions 3 and 8 of (2.2) with #{j : Bj # 0} < d*/2 and #{j : Ej # 0} < d*/2, the
constrained uniqueness implies B = ,B

(iii) Let A be fixed and define h(t) = x(p; \)t?/2 + p(|t|; A) — A|t|. Since p(0+;\) = A, h(t)
is a continuously differentiable convex function in view of the definition of x(p; A) in (1.8). It

follows that the penalized loss

o St 2 RN |30 NS f ,
185N = {5 lv - x8]* - “Z2 )2} + > {1bs] -+ h(los1) } (3.20)
is a sum of two convex functions, with the first one being strictly convex for cmin (2) > k(p; \)

and the second one being strictly convex otherwise. This gives the uniqueness. O

3.4. Orthonormal designs and more discussion on penalties. For orthonormal
designs azgwk /n = I{j = k}, the penalized estimation problem (1.2) is reduced to the case of
p = 1. For p(t; \) = A2p,,(t/A) with the quadratic spline penalties (3.1), (3.4) becomes

Zi\j = Mb(x)y/(nX)), b(z) = argmin {(z —b)?/2 + pm(\b\)} (3.27)
b
For p =1 and the MCP with x(p2) = 1/v < 1, the solution of (3.27) is
)t
by(2) = sem(z)min (|21, LAY,
v—1
which turns out to be the firm threshold estimator of Gao and Bruce (1997). The firm threshold
estimator is always between the soft threshold estimator bs(2) = sgn(z)(|z| — A\)* and the hard
threshold estimator by,(z) = zI{|z| > A}. Actually, bs(z) < b(2) < bs(z) < by(2) for z > 0 and
the opposite inequalities hold for z < 0 for all solutions of (3.27), given a fixed yA in (1.9) or
a fixed maximum concavity k(p,,) = 1/v with v > 1. For example, the univariate SCAD
—1)lz| —yA
bscap(z) = sgn(z) min [’Z\7maX {(’2\ -N7 %}}7 v > 2,
satisfies these inequalities and has the concavity measure k(p3) = 1/(y — 1) > k(p2) = 1/7.
We plot these univariate estimators in Figure 5.
For p = 1 and k(p2) = 1/v > 1, the MC+ path has three segments and its sparsest

solution gives the hard threshold estimator. See Figure 5 on the left. Antoniadis and Fan

(2001) observed that in the orthonormal case, the global minimizer (3.27) for the penalty (1.7)
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Figure 5: Left: The univariate hard, soft and MC+ paths in z®b € H® H* = R? with a vertical dotted
line at z = v = 1/2. Right: The hard, MC+/firm and SCAD paths for p = 1 with v = 5/2. Hard and
soft path in solid, and additional segments of MC+ and SCAD in dashed lines.

with v = 1/2 yields the hard threshold estimator. In fact, in the univariate case, any penalty
function with concave derivative p(t; A) and v < 1 in (1.9) yields the hard threshold estimator
as the global minimizer in (3.27).

A crucial difference between the MC+ and hard threshold estimator for p = 1, and more
generally between the PLUS and other non-convex minimization algorithms for p > 1, is
in the ways the multiple solutions of (2.2) are treated. Unlike existing iterative algorithms
which search for a local minimizer of the penalized loss (1.11) for fixed A with a given initial
guess or tries to jump from the domain of attraction of one local minimizer to another, the
PLUS continuously tracks multiple solutions of (2.2) for the entire range of A\ and thus is
computationally more efficient. In Figure 5 on the left, the dashed segments of the MC+
path continuously connect the two segments of the hard threshold estimator. In Figure 3,
the MC+ path has 4 segments labeled by n(k) = (8), ((1)), ((2)), and (_21), respectively for
k=0,...,3, and terminates with a point of optimal fit at the boundary of the parallelogram
indexed by n = (_22) The line segments in the rescaled path b(\) turn into single points ,@()\)
for k € {0,2}, corresponding to the selection of label sets A = () and {1}, while the segments
for k € {1,3} connect these solutions and the terminal point. Given a set of solutions of (2.2)

for a given A\, we choose the sparsest local minimizer instead of the one with the smallest
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penalized loss.

The analytical and computational properties of penalized estimation and selection for
general correlated X and concave penalty is much more complicated than the case of p = 1,
since they are determined in many ways by the interplay between the penalty and the design.
To a large extent, the effects of the penalty can be summarized by the threshold factor ~
for the unbiasedness in (1.9), the maximum concavity x(p;A) in (1.8) and their relationships
to the correlations of the design vectors. This naturally leads to our choice of the MCP as
the minimizer of k(p;\) given the threshold factor v and the role of v = 1/k(p1) as the
regularization parameter for the bias and computational complexity of the MC+.

For p > 1 with correlated x;, the interpretations of “hard” or “firm” estimators are not
clear. If “hard” means discontinuity of the global minimizer (1.2) in y or the non-uniqueness
of (2.2), then by Theorem 5 in Subsection 4.3 the criterion is the failure of (2.3), which means
K(pm) > cmin(X) for (3.1) and is not a property of the penalty function alone.

3.5. Computational complexity and bias. For the MC+, the tuning parameter ~
regulates computational complexity and bias level. Here we study its effects through three
simulation experiments, say Experiments 1, 2 and 3.

Experiment 1, summarized in Table 1 in Section 1, illustrates the superior selection accuracy
of the MC+ for sparse B, compared with the LASSO and SCAD. Experiment 2, summarized
in Table 2 here, shows the effects of the regularization parameter v on selection accuracy and
computational complexity of the MC+. Experiment 3, summarized in Table 3, demonstrates
the scalability of the MC+ methodology for large p. The design vectors x; are identical
in Experiments 1 and 2. We generate a 300 x 600 random matrix as the difference of two
independent random matrices, the first with iid unit exponential entries and the second iid
x? entries. We normalize the 600 columns of this difference matrix to summation zero and
Euclidean length /n. We then sequentially sample groups of 10 vectors from this pool of
normalized columns. For the m-th group, we sample from the remaining 610—10m columns one
member as £19,—9 and 9 more to maximize the absolute correlation ]w;wlom_g\/n, j=10m —
8,...,10m. In Experiment 3, x; are generated in the same way with groups of size 50 from a
pool of 6000 iid columns, yielding an X with maximum absolute correlation max;.y, |m;mk| /n =
0.3041. In all the three experiments, 3; = £0, for j € A° and € ~ N(0,1,).

Strong effects of bias on selection accuracy is observed in all three tables. Heuristically,
condition (1.10) provides an unbiased solution of (2.2) for the MC+ and SCAD, while the
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Table 2: Performance of MC+ with Different v in Experiment 2
100 replications, n = 300, p = 200, d° = 30, e ~ N(0,1I,,)
TM = |A\ A°| + |A°\ A|; LASSO for v = 0o; rows with CS < 0.03 not reported
+(++): 12 (18) replications fail to reach A = 0.1 up to 5000 steps for v =1/2

B, A ~ 050  0.99 1.01 140 2652 500 oo

(ogp)/n | CS | 0.03+ 005 005 005 003 000 0.00

3/8| =01320 | TM | 373+ 245 245 229 245 453  9.36
E | 1504+ 668 558 103 53 35 39

2(logp)/n | CS | 0.76+ 0.84 0.84 0.83 032 011 0.00
™
k
TM
k

3/8 | =0.1879 1.83+ 0.26 0.26 0.26 158 2.82 477
1495+ 660 550 99 32 31 33
V4(logp)/n 814+ 723 743 936 7.76 745 7.64
3/8 | =0.2658 1319+ 462 369 56 23 24 25
3/8 | any>0.1 | CS | 0.87+ 0.97 0.97 0.97 0.59 020 0.06
3/8 B./y| 075 038 037 027 014 008 0.0

1/4 0.1329 TM | 6.73++ 558 577 5,56 791 940 11.44
1/4 0.1879 TM | 11.99++ 11.70 11.81 1229 11.29 11.26 11.41
1/4 0.2658 TM | 21.63++ 21.62 21.62 21.39 19.54 19.00 18.67
1/4 | any >0.1 CS | 0.08++ 011 010 008 001 0.00 0.00
1/4 B/ 0.50 0.25 025 0.18 0.09 0.05 0.00

strength of the signal overcomes the bias for all PLUS procedures when £, is of the order v/d°A
or larger. These rules can be easily verified in the three tables via A < 3, /vy or A < M,/ Ve
for a moderate M, with 3, /v = 1.885 and (3, /v/d° = (0.1581,0.1118,0.0791) in Table 1. They
explain the behavior of P{g = A°} = CS in most entries in the three tables.

In Tables 2 and 3, we report two additional measures of selection accuracy. The second
measure is the total miss (TM), the sum of the total false discovery ‘E \ A°| and the total false
negative |A°\ 2| Again, the average TM over 100 replications demonstrates the superior
performance of the MC+ in our simulation experiments. The third measure of selection
accuracy is the correct selection C'S for any point in the PLUS path up to the stopping rule
AEY) < 0.1. Comparison of this measure for the entire path with the C'S for individual values
of A shows that the universal penalty level A = a\/W is a good choice for variable
selection in the MC+ path for standardized designs with ||z;||?/n = 1, although the MC+ is
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Table 3: Performance of MC+ with p > n in Experiment 3
100 replications, n = 300, p = 2000, d° = 30, € ~ N(0,1I,); *: SCAD with v =2.4

B =1/2 B.=3/8
A v 1.1 14 17 24* 1.1 1.4 1.7 24* oo

(logp)/n | CS | 0.02 0.02 0.02 0.01 000 | 0.02 002 002 0.00 0.00
=0.1592 | TM | 407 4.02 456 641 4879 | 803 581 5.23 2946 47.32
kE | 366 104 783 240 80.0 | 680 167 100 231 752
2(logp)/n | CS | 0.93 0.93 0.93 001 0.00 | 026 014 005 0.00 0.00
=0.2251 | TM | 0.07 0.07 0.07 1477 2524 | 7.61 7.06 7.77 24.68 25.41
k| 353 984 727 128 539 | 392 111 614 564 464
4(logp)/n | CS | 0.53 0.16 0.02 0.00 0.00 | 0.00 0.00 0.00 0.00 0.00
=03183 | TM | 2.14 415 6.59 14.82 15.08 | 17.87 17.58 16.77 18.15 18.16
E | 342 808 425 402 36.1 | 152 353 199 238 238
any >0.15 | CS | 1.00 1.00 0.99 022 0.00 | 0.65 0.64 0.41 0.00 0.00
B./v | 045 036 029 021 000 | 034 027 022 016 0.00

somewhat confused with the choice of A*) in its path in the most difficult cases.

As expected, we observe in Tables 2 and 3 that MC+ with smaller v is computationally
more costly. Dramatic rise in the number of needed PLUS steps is observed when ~ decreases
to 1/2. We avoid v = 1, since it produces singular Q(n) = 0 for (3.12) whenever 3°%_, |n;| = 1
for the MC+ with the standardization ||z;||?/n = 1.

An interesting phenomenon exhibited in Experiments 2 and 3 is that the observed selection
accuracy CS is always decreasing in . Despite the computational complexity for small 7, the
MC+ still recovers the true A° among so many line segments it traverses through. This suggests
that the interference of the bias, not the complexity of the path or the lack of the convexity
of the penalized loss, is a dominant factor in variable selection. Of course, bias reduction does
not always provide accurate variable selection. When the separation zone shrinks to 5, = 1/4
from 3, = 3/8 in Table 2, the selection accuracy suddenly drops to C'S < 0.11 for all values
of (A\,7). This seems to indicate that for 5, = 1/4, the data simply do not contain sufficient
information for the identification of A° due to the failure of (1.10).

Table 3 shows that the MC+ methodology scales well for p > n. Comparisons between
Tables 2 and 3 demonstrate that for similar d° and signal strength, the computational

complexity of the MC+- is insensitive to p as measured by the average number of steps k.
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4. The MSE, degrees of freedom, and noise level. In this section, we consider
the estimation of the MSE of ,E'}()\) and p(\) = X B(A) under the normality assumption on
the errors in (1.3). Formulas for unbiased estimation of risks are derived and justified via the
SURE. Necessary and sufficient conditions are provided for the continuity of the penalized
LSE. We first consider the estimation of the noise level as it is needed for both risk estimation

and proper choice of A.

4.1. Estimation of noise level. Consider throughout this subsection standardized
designs with [|z;[|?/n = 1 for all j < p. We have shown in Tables 1, 2 and 3 that the MC+
with the universal penalty level A = a\/W works well for variable selection in the linear
model (1.3) with N(0,0?) errors. In practice, this requires a reasonable estimate of the noise
level 0. For p < n, the mean residual squares |y — f/|?/{n — rank(X)} for the full model
provides an unbiased estimator of o2 as in Table 1, where fi is the projection of y to the
linear span of the design vectors {x;,j < p}. However, the estimation of o2 is a more delicate
problem for p > n or small n —p > 0. In this subsection, we present some simulation results
for a simple estimator of o2 in the case of p > n.

If (2.2) provides consistent estimates fi(\) of the mean u = X3, we may estimate o2 by
_ly— AP

~2

o (A = 4.1
(W) ="— e (4.1)

with certain ch(A) for the adjustment of degrees of freedom. We will provide a formula of (Tf()\)

in (4.12) below. Still, good %(\) requires a consistent zi()\), which depends on the choice of a

suitable X of the order o/(logp)/n. This circular estimation problem can be solved with

PP N . ~ nA?

oc=0(\), A=min {/\ >\, 02(\) < rologp) }, (4.2)
for suitable g < 2 and A, > 0. Here A, could be preassigned or determined by upper bounds
on df(\) or the dimension #{; : Bj(/\) # 0}. In principle, we may also use in (4.2) estimates
52()\) based on cross-validation or bootstrap, but the computationally much simpler (4.1) turns
out to have the best overall performance in our experiments with ro = 1 in (4.2).

In Figures 6 and 7, we present simulation results for the estimation of ¢ in Experiments 4
and 5. In Experiment 4, v = 1.7, 8, = 1/2, and 3 is generated every 10 replications.
Its configurations are otherwise identical to that of Experiment 3 reported in Table 3. In
Experiment 5, x; are normalized columns from a Gaussian random matrix with iid rows and

: k—j . s
the correlation o;; = 0'172 71 among entries within each row, v = 2/(1 — max;~ |z} x;|/n)
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Figure 6: The median of 52(\)/(nA\?/logp) as function of \//(logp)/n € [273/2,4] based on 100
replications. Left: Experiment 4 with n = 300, p = 2000 and d° = 30. Middle and right: Experiment 5
with high and low correlations respectively, n = 600, p = 3000 and d° = 35.

L Al
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Figure 7: Histograms of & for the same simulations as in Figure 6.

" centered

as in Experiment 1, the nonzero f3; are composed of 5 blocks of 3,(1,2,3,4,3,2,1)
at random multiples ji,...,j5 of 25, B sets | X3|*/n = 3, ¢ ~ N(0,I,), and {X,3} are
generated every 10 replications. It has two settings: o012 = 0.9 for high correlation and
012 = 0.1 for low correlation. We set A\, = {273(log p)/n}'/? in both Experiments 4 and 5.
Figure 6 plots the median of 5%(\)/(nA\?/logp) versus A/y/(logp)/n in the simulations
described above. Since all three curves cross the level 72(\)/(n\?/logp) = 1 at approximately
A/ \/W = 1, the estimation equation (4.2) provides approximately the right answer
52~ 1 for rg = 1. We solve (4.2) per replication and plot the histograms of & in Figure 7. The
means and standard deviations are 0.971 £ 0.057, 1.033 £ 0.032 and 1.060 %+ 0.039 respectively

from the left to the right in Figure 7. Thus, the MSE for & is of the same order as n=/2 in
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these simulations.

4.2. The estimation of MSE and degrees of freedom. The formulas derived here are
based on Stein’s (1981) theorem for the unbiased estimation of the MSE of almost differentiable

estimators of a mean vector. A map h : RP — RP is almost differentiable if
1
h(z + v) :h(z)—i—{/ H(z—i—a:v)dx}v, Vv eRP, (4.3)
0

for certain map H : RP — RP*P. Suppose in this subsection that p(t; \) is almost twice

differentiable in ¢ > 0, or equivalently p(t; \) = (9/0t)p(t; ) is almost differentiable with

Pt A) = gp(t A) = p(1;A) +/1 pla; N)da, ¥ t > 0, (4.4)

for certain function j(x; \). Under this condition, §(t; A) = (0/0t)p(t; A) almost everywhere in
(0,00). Since (3.3) is the minimum of the left- and right-derivatives, the p(z; \) in (3.3) and
(4.4) are identical almost everywhere whenever (4.4) holds.

For multivariate normal vectors z ~ N(u, V'), Stein’s theorem can be stated as
Eh(z)(z —p) = EH(2)V, (4.5)

provided (4.3) and the integrability of all the elements of H(z). This can be applied to the
penalized LSE (1.2). Let 34 be as in (2.4). We extend (3.11) to general penalty functions
p(t; \) as follows:

Q(B;N) = X520y + diag(ﬁ(lﬁjl; A), B # 0>, d(B) = #{j : B; # 0}. (4.6)

Theorem 3. Let 3 = B(\) be the penalized LSE in (1.2) for a fited A > 0. Let ¥ = X'X /n
be as in (2.3) and P be the d(,@) X p matriz giving the projection Pb = (bj - Bj £ 0) as in
(3.12). Suppose € ~ N(0,0%I,,) in (1.3) and (2.5) holds with d* = p . Then,

0.2

EB-p)(B-8) =E{(B-B)(B-B) + —P Q'BNP}-Tx7 (A7)
where ,B = X" X'y /n is the ordinary LSE of B. In particular, for all a € RP,
~2
' (B-B)" + %(ﬁa)’@‘l(ﬁ; N(Pa) - —a'S'a (4.8)

18 an unbiased estimator of the MSE E‘a’ (B — B) |2, provided % = o2 in the case of known
o2 or 52 = |ly — XB|2/(n — p) in the case of p < n. Consequently,

E{H,@ — ,BH2 + 2%traee(Q (,3 )\)) - ;trace(ﬁ )} = EHB - 5“2- (4.9)
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Remark. Condition (2.5) with d* = p asserts cmin(2) > £(p; A), which is slightly stronger
than the global convexity condition (2.3). We prove in Subsection 4.3 that (2.3) is a necessary
and sufficient condition for the continuity of ,B, which is weaker than the almost differentiability
of B Thus, the conditions of Theorem 3 are nearly sharp for the application of the SURE. In
the k-th segment of the PLUS path (2.1), Q(B(\); A) = Q(n®) as in (3.11).

Let p = Fy = XB and fi = X8 with the penalized LSE (1.2). Let p and p°
be the projections of y to the linear spans of {x;,j < p} and {z;,8; # 0} respectively.

2

For uncorrelated errors with common variance o<, the degrees of freedom for p° is

21;:1 Cov(ﬂj,ﬂg)/az = rank(z; : 8; #0). Thus, since E||x — p||? = o*rank(X) and
17— gl + 1B = pl® = Il — Al = 2( — p)' (5 — p),

the notion of “degrees of freedom” is extended to p as

K Covliipngy) 1 |- Al A - pl?
df(u):ZT:§E<rank(X)— e ) (4.10)
j=1

This also provides the Cj-type risk estimate
A _A e a2 220 ) SO 2
Cp=Cp(N) = ||l — B* + 5% {2df — rank(X) } = [|& — p|. (4.11)

Theorem 3 suggests the unbiased estimator for the degrees of freedom (4.10) as

df = df(\) = trace (Q_l(,@; )\)13213/) (4.12)
and the related Cp-type estimator of the MSE E||fz — p/|? via (4.11). We refer to Efron (1986)
and Meyer and Woodroofe (2000) for more discussions about (4.10) and (4.11).

We summarize in Figure 8 the performance of (4.11) for the MC+ in Experiments 4 and 5,
with the df in (4.12) and the & in (4.2). For each of the three settings, E||fi(\)—p/|? and Eap()\)
are approximated by the averages in 100 replications and the expected conditional variance
EVar(ép()\)]X ,B) is approximated by the within-group variance, since (X, 3) is unchanged
in every 10 replications in each of the three settings. From Figure 8, we observe that the MSE
E|fi()\) — p|? is reasonably approximated by ap()\) for p > n, at least before the MC+ starts

to over fit with small X\. The following theorem asserts the unbiasedness of (4.11).

Theorem 4. Under the conditions of Theorem 3, (4.12) is unbiased for (4.10):

E(df) = df(p). (4.13)



Figure 8: Approximations of E| () — p|*/n (solid) and Eap(/\)/n +2{E Var(CA'p()\)/n|X,,8)}l/2

(dashed) as functions of A/+/(logp)/n for the MC+ based on the same simulations as in Figure 6.

Consequently, (4.11) is an unbiased estimator of the risk ||fi — w||*> with the % in (4.8).
Furthermore, if p(t;\) = At for the LASSO or ]B]] > v\ for all BJ # 0 under (1.9), then

df = #{j: 8; #0}. (4.14)

Under a positive cone condition on X, Efron et al (2004) proved the unbiasedness of
#{ j: BJ =+ O} as an estimator for the degrees of freedom for the LARS estimator (not the
LASSO) at a fixed k. Our definition of the degrees of freedom and C), is slightly different,
since we use ||ft — f]|? and rank(X) in (4.10) and (4.11) for variance reduction, instead of
|y — i||* and n. We prove E#4{; : Bj # 0} = df(p) for the LASSO for fixed A, not for fixed
k with a stochastic A. We defer the proofs of Theorems 3 and 4 to Subsection 4.4 as we first
need to prove the continuity of the penalized LSE. The performance of (4.11) for the LASSO
is similar to that of the MC+ as reported in Figure 8. Figure 9 compares the simulated MSE
E|f — p|*/n between the MC+ and LASSO in Experiments 4 and 5.

4.3. Continuity and convexity. The continuity of ,B, demanded by Stein (1981), is
a property of independent interest on its own right for robust estimation. Here we prove the
equivalence of the continuity of the penalized LSE and the global convexity condition for full
rank designs. We have considered (1.12) for unbiased selection and the slightly stronger (1.9).
For the continuity of (1.2), we only need

Jlim p(t; A) /P =0, 0<p(0+;N) < oc. (4.15)
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Figure 9: Average of ||f(\) — pl|?/n for the MC+ (solid) and LASSO (dashed) as functions of
N/ +/(logp)/n, with dotted verticals at \//(logp)/n = /2, based on the same simulations as in Figure 6.

Theorem 5. Let A be fized. Suppose that p(t; \) is a continuously differentiable function of
t satisfying (4.15) and that X is of rank p. Then, the following three statements are equivalent
to each other:
(i) The global minimizer of (1.2) is continuous in y € R™;
(ii) The global convexity condition (2.3) holds;
(iii) The penalized loss (1.11) is strictly convezr in B € RP.

Proof. Since (ii) = (iii) has been done in the proof of Theorem 2 (iii), we have two steps.
(iii) = (i): Since the penalized loss is ||y|2/(2n) for B = 0, y — B maps bounded sets of
y in R” to bounded sets of ,B in RP. Since the penalized loss L(83;\) is continuous in both y
and 3 and strictly convex in 3 for each y, its global minimum is unique and continuous in y.
(i) = (ii): Since 3 depends on y only through z = X'y/n and X is of rank p, the map
z— B is continuous from RP to its range .#. Since B is the global minimum, (2.2) must hold

and the inverse
B—2Z=3B+se(B)p(|Bl: )

is continuous for B € (0,00)PN.#, with per component application of functions and the product
operation. It follows that (0,00)P N.# is open and does not have a boundary point in (0, c0)P.
Let 1= (1,...,1) € RP. For z = #X1 with > 0, L(21;\) = o(z?) for the ordinary LSE z1
by the first condition of (4.15), and L(B;\) is at least cupin(X)z? for any B outside (0, 00)P.
Thus, (0,00)? N .# is not empty. As the only nonempty set without any boundary point in

(0,00)P, (0,00)P N ¥ = (0,00)P. Moreover, the map z — B is one-to-one for B € (0,00)P.
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We have proved that all points 8 in (0, 00)? are unique global minimum of (1.11) for some
z € RP. Let B = 21 € (0,00)? and b be the cigenvector with $b = cpin(X)b and [|b]| = 1.
The quantity

P
SOE@ ) = X0 Y (G0 {05+ 10k - 0510}
j= 1
= Cain(S +Zt i { pla + this N) = plas \) | (4.16)

must have nonnegative lower limit as ¢ — 0+. Integrating over x € [t1,?2] and then taking the
limit, we find
to

Cmin(X) (t2 — t1) + p(ta; N) — p(t1; A) = th%l+ t_lgL(:El +tb; \)dx > 0. (4.17)
— th

It remains to prove that (4.17) holds with strict inequality. If (4.17) holds with equality for
certain 0 < t; < tg, then for ¢; < z < to and small ¢ (4.16) becomes

= g L(B +th; \) = coin(S +Zt lb{—cmin(Z)tbj}:O.

This is contradictory to the uniqueness of B ]

4.4. Almost differentiability and the proofs of Theorems 3 and 4. The proofs of
Theorems 3 and 4 requires the following proposition, which provides the almost differentiability

of B In fact, we prove the stronger Liptchitz condition for B under the conditions of Theorem 3.

Proposition 2. Let A\ and X be fized and treat ,B as a function of y. Suppose (2.5) holds
with d* =p . Then, B = h(z) for z = X'y/n € R? and certain almost differentiable function
h : RP — RP, such that for all z and v in RP

1
h(z +v)=h(z) + { /0 (P'Q'P)(h(z + av); )\)dw}v, (4.18)

where Q is as in (4.6) and P(B;\) : b — (bj : B # 0) is the projection as in (3.12) and
Theorem 3. Moreover, ¢min(Q(b; ) > cmin(E) — k(p; A) >0 for all 0 # b € RP, so that h(z)

satisfies the Lipschitz condition: for all z and v in RP

1Pol ]

Cmin(z) - K,(p7 )\) - cmin(z) _ H(p, )\) : (419)

Hh(z +v) — h(z)H <
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Proof of Proposition 2. Let P be as in Theorem 3. We write (2.2) as

P+ Psgn(B)5(18; \) =

(4.20)
|z — m;X,B/n| <A

with per component application of univariate functions and operations. Let § € {—1,0,1}?
be fixed. It follows from Theorem 5 that the map Pz — IBB is continuous in z € RP and
continuously invertible given a fixed sgn(,@) =9. Let H(d) ={z: sgn( ) = &}. The boundary
of H(d) has zero Lebesgue measure, since it is contained in the set of z satisfying d; ﬁj =0+
for §; # 0 or z; — w;XB/n =+ for §; =0, j =1,...,p, according to (4.20). In the interior
of H(d), (4.20) gives (9/0%;)B = 0 and (9/9%)j; = 0 for 6; = 0 and

P2 (135)/ = PXP + Pdiag(5(|3;; \) P = Q(B; V).

B
Since (2.5) holds with d* = p, cmin(Q(B;A)) = cmin(E) — K(p; A) > 0 for all B # 0. Thus, the
differentiation of the inverse map yields (8/82)3, = IB/Q_I(B; )\)IA3 O

Proof of Theorem 3. It follows from Proposition 2 that B— > 1% is almost differentiable

in z with derivative
9 (3 _s-12Y — po-1(3- \\P _ -1
a—%,(B—E z> P Q@B N)P -3z
Since z = X'y/n ~ N(28,X0?/n), this and (4.5) imply

EB-=2)(z'2-8) = EB-27'2)(z-28)s"!
0.2

- Z{ePQBNP -z},
Since the ordinary LSE is 8 = X71% ~ N(B,27 102 /n), it follows that

E(B-B8)(B-8)
= E(B-B)(B-8) - (ﬁ B)(B-8) +2E(B-8)(8-8)
202

—~ ~ 0'2
= E(B-B)(B-B) —i——{EPQ (,B;A)P—Z_l}—l—;Z_l.

) Q) E)

This proves (4.7). The rest of the theorem follows immediately. O

Proof of Theorem 4. Since trace(bb’) = ||b||?, (4.7) gives

2 R . R 2
Bla-ul® = B{|a-a]|"+ 2%tmce(XP’Q—l(g; NPX')} - Ztrace( X2 X)
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= E{Hﬁ - ﬁHQ +20°%df — erank(X)},

which implies (4.13) via (4.10). For (4.14), we observe that Q(83;\) = PxP by (4.6) when
ﬁ(‘@"ﬁ\) = 0 for all Bj £ 0. -

5. Variable selection consistency. In this section, we provide two lower bounds for
the probability of correct selection P{g = A°} for the sparsest PLUS solution: one for p <n
under the global convexity condition and one for general p under the sparse Riesz condition.
These lower bounds imply the selection consistency (1.5) as max(n, p) — oo. In fact, we prove

the stronger sign consistency in the sense of

P{sgn(B) =sen(B)} — 1. (5.1)

where sgn(x) is the sign of x with the convention sgn(0) = 0 and per component application on
vectors. An analytic upper bound for the dimension #{j : Bj()\) # 0} of the PLUS selection

is also provided.

5.1. Consistency and non-asymptotic probability bounds. Our consistency results
are proved by showing that the sparsest PLUS solution is identical to an oracle LSE with high
probability. Let X 4 and ¥4 = X', X 4/n be as in (2.4). Given the knowledge of the pattern
A° in (1.1), the oracle LSE BO (61, . ,Bo) is given by

(2.5 € A°) =20 X oy/n, (32,5 & A°) =0, (5:2)
provided rank(X 40) = d° with the d° in (1.6). Let
(w],j € A°) = the diagonal elements of EZ}, (5.3)

so that Var(ﬁj) = wj °02/n,j € A°. We first present non-asymptotic bounds for p < n.

Theorem 6. Let A > 0 be fized and ,8 be the penalized LSE in (1.2) with a penalty p(t; \)
satisfying (1.9). Suppose (2.3) holds and € ~ N(0,0°I,) in (1.3). Let A°, d°, B°, B. and D(-)
be as in (1.1), (1.6), (5.2), (1.10) and (2.7) respectively. Suppose 3. > y\. Then,

P{A# a7} < P{B#B orsen(B) #sen(8)}

Z < 0/7‘151/2>+2Z < J||a:]||) (5.4)

jeAo jgAe

IN
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In particular, if |z;]|?/n =1 and |B;] > YA + | JWIN with A = o+/2(1 + €,)(logp)/n, then

(2p — d°)®( — v/n)/o)
1
~ p(n(l+ €) logp) /2

P{B # 8" or sgn(B) # sen(B) }

IN

A

Ven, > —1. (5.5)

It follows from Theorem 2 (iii) that the solution of (2.2) is unique under (2.3), so that
Theorem 6 is applicable to the PLUS solution. For the MC+, (5.3) and (2.3) implies w§ <
cmax(B58) < 1/cmin(E) < 7, so that (5.5) implies (2.7) for 8. > (v + /7)A. For the SCAD,
we need v > 1+ 1/cpmin(X) for (2.7). For d° < p, the right-hand side of (5.4) is small for
A > /2log pmax; ||x;||/n and B, ~ yA. Thus, Theorem 6 provides theoretical support to the
heuristic condition (1.10) for selection consistency.

We now consider selection consistency for general p, including p > n. For positive constants
{cx, c*} and differentiable p, define

C(cy, ¢, p) = max inf {wpz(t)/c* +e(1— w)tQ}. (5.6)

0<w<1¢>0

For quadratic spline penalty (3.1) and ¢* > 1 in (2.6), C(cs,c*, p) < p?(0+) = 1. Set
My = Mi(ci, ", p) =4/\/Clex, c*,p), My = Ma(cy,c*,p) =2+ M3 /c,. (5.7)

Theorem 7. For each \ let B = B(A) be the sparsest PLUS solution of (2.2) with a
quadratic spline penalty p(t; \) = N2pp (t/\) with t, = < oo in (3.1). Let A°, d°, BO, B and
®(-) be as in Theorem 6. Suppose the sparse convezity condition (2.5) holds with Myd®+1 < d*
and € ~ N(0,0°I,,) in (1.3). Let an, be positive constants and define

Anp = Mla\/(l + anp + 2logp)/n.

Suppse B > yAnp. Then, for X < N, and €, p = e~ np/2 \/1 + anp + 2logp,
Plazac} < P{B#B" orsen(B) #sen(8) }
’YA n,p ’/8] En7 _
Z(I)( o(w?/n) 1/2)+2Z ( UH:E]H)+6 Tl (58)

jeAe jgAe
In particular, if ||z;|?/n = 1, |Bj| > YAup + VWIA with A = ov/2(1 + €,)(logp)/n, and
anp = 2{ey log p+log((1 + €,) logp)} — oo with €, > 0, then

T2+ V24 0(1)
P ((1+ €,) log p)1/2

IN

P{B # 8" or sen(B) # sen(8)} < — o(1). (5.9)
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eigenvalues

10 20 30 40 10 20 30 40
dimension dimension

Figure 10: The mean (solid) of the minimum eigenvalue cumin(X'4 X a/n) for a random set A of design
vectors and the mean minus two standard deviations (dashed) as functions of the dimension |A|, each
point based on 100 replications, with horizontal dotted lines at k(p2) = 1/v for v € {1.4,1.7,2.652}.
Left: the design X in Ezperiments 1 and 2. Right: the design X in Experiments 3 and 4.

Theorems 6 and 7 immediately implies the following asymptotic result.

Theorem 8. Under the conditions of either Theorem 6 or Theorem 7, (1.5) and (5.1)
hold, provided that €, = 0 for p — oo and €, — oo for fixzed p in (5.5) and (5.9).

We prove Theorems 6 and 7 after providing our upper bound for the dimension of the
PLUS selection in Subsection 5.2. Since (2.5) allows ¢, > ¢pin(2), Theorem 7 provides greater
level of concavity x(p;A) for the penalty than Theorem 6 does, e.g. smaller value of  for the
MC+, and thus requires smaller separation zone [,.

The SRC and constant factors in Theorems 6 and 7 are quite conservative compared with
our simulation results. Technically this is due to the following two reasons: (a) The sparse
minimum and maximum eigenvalues, or ¢, and ¢* respectively in (2.6), are used to bound the
effects of matrix operations in the worst case scenario given the dimension/rank of the matrix;
(b) The proofs do not consider the possibility that the paths of individual b; = Bj(/\) /A pass
the bias/concave zone {b: 0 < |b| < v} in different steps, which is harder to track analytically
but intuitively requires sparse convexity of smaller ranks. This suggests that the penalized loss

with the MCP possesses sufficient convexity if
P*{cmin(EA) > k(pa) = 1/7‘ 1A = d,X} ~1 (5.10)
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Figure 11: The normalized total miss TM/d° of the MC+ (solid) and LASSO (dashed) as functions
of A\/\/(logp)/n based on the same simulations as in Figure 6.

at a reasonable dimension d, where P* is the probability under which A is a random subset of
{1,...,p}. In practice, we may substitute the SRC (2.6) with (5.10) and a similar probabilistic
upper bound on c¢pax (X 4) under P*, which are weaker and easy to check. Figure 10 plots the
mean and a lower confidence bound of ¢yin(24) under P* as functions of given |A| = d. We
observe that (5.10) holds for quite a few possible combinations of (d, ) in our experiments.

Theorem 7 compares favorably with the existing results for the selection consistency of the
LASSO (Meinshausen and Buhlmann, 2006; Zhao and Yu, 2006), which require

By = Mnvd°o+/(logp)/n (5.11)

for a finite constant M and a small ¢y > 0 and the strong irrepresentable condition

max n_lzc'-XAo ZZ& s’
jEA° J

<Il—mno
for a small 79 > 0, where s° = (sgn(8;) : §; # 0)'. Zhang and Huang (2006) proved the rate
consistency in variable selection for the LASSO under the SRC (2.6) and (5.11) with ¢y = 0.
The adverse effects of the factor v/d° in (5.11) on the LASSO selection are evident in our
simulation studies.

Figure 11 plots the average of the total miss TM= |A\ 4°| 4+ |4° \ A| of the MC+ and
LASSO in Experiments 4 and 5. The MC+ performs well in Experiment 4 as the signal is
strong. In Experiment 5, the performance of the MC+ is slightly worse than the LASSO for

high correlation and slightly better for low correlation, but variable selection is most probably

infeasible in this experiment due to weak signal. The two procedures have nearly identical
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MSE for high correlation and the MC+ has significantly smaller MSE for low correlation in
Experiment 5, shown in Figure 9. As exhibited in Figure 11 and Tables 1, 2 and 3, the universal
penalty level A = U\/W is nearly the optimal choice for variable selection in all our
simulation experiments. This further confirms the results in Theorems 6 and 7. Other aspects

of the simulation results in Experiments 4 and 5 have been reported in Figures 6, 7 and 8.

5.2. The sparsity of the selected model. In this subsection we provide an analytic
upper bound on the dimension |A| = #{; : Zi\j()\) # 0} of the selected model (1.4). This allows
the sparse Riesz condition (2.6) to apply. Define
[P1(A)e|l

(mn)1/2

*

"= max ¢, (,

1<m<p

Emax{ CAC{L,...p}, |A| :m}. (5.12)

Theorem 9. Let d°, {My, M} and (* be as in (1.6), (5.7) and (5.12) respectively. Suppose
the sparse Riesz condition (2.6) holds with Myd® + 1 < d*. Let B(/\) be the PLUS path as in
(2.1) and (8.15) with a quadratic penalty p(t; \) = N2p(t/\) in (8.1). Then,

#15:Bj(\) #0 or B; # 0} < Mod®
always holds before \ first reaches the level X = M;(*.

We need a lemma for the proof of Theorem 9. For A C {1,...,p}, define
P (A) = the projection of R™ to the linear span of {x; : j € A}. (5.13)
Lemma 1. Let d° = |A°| be as in (1.6). Let B= B(/\) be a solution of (2.2) and
{5:8;#0UA° C A C {j: B #0o0r |2)(y — XB)| = \}UA”. (5.14)
Let X1 =X 4, as in (2.4) and 11 = X X 1/n. Then, for all 0 <w <1,

wHX’l(y—XB)Hz (1_w)HB_,3”2 A2d° 1/2 | P1(A)el[ 2
Meme(B1) el (B0) §{2<m) e 7 sl N CAL)

min

Proof. Assume cyin(311) > 0. Set Ay = {1,...,p} \ A1, A3 = A% and A4 = Ay \ A°.
Define by, = (b;,j € Ag), Vb € RP. For k = 3,4, let Q,, be the matrix representing the selection
of variables in A, from Ay, defined as @by = by. Define matrices X3, = n_lX;-Xk.

Since Bz = By = 0, the A; components of the gradient g = g(\) = X'(y — XB()\))/n
satisfy g1 = X' (y — X181)/n = Xie/n+ S (8; — ). so that

Y1'g; + (B — By) = 2 Xhe/n. (5.16)
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Since Q,3, = 0 and gﬁlQ4,B\1 = 92134 > 0, it follows that

92Q421_1191 < 92@421_1191 + 94184 = 92Q421_11X,15/n'

Let v, = 211/ g, and vy, = 211 ngk, k = 3,4. Since ¢4,Q, =] X'e/n = v,3]; 1/2 le/n <
[vall - [P1(Ar)e]l/v/n and v1 = v3 + vy,
~1/2
=020, || = o1l < 2flvs] + T2 = 4H < 2||vs|| + [|[P1(Ar)e]l/v/n. (5.17)
Insert this bound to the product of X / and (5.16), we find
1/2 —1/2 y-1
[2117(81 = Bu)| < [loull + [|Z17" X e[ /n < 2|lvs| + 2l P1(Av)e]l /v/n. (5.18)

Since cmin(Z11)[|vs]1? < |lgsll? < llgll%d® < A\?2d° by (2.2), the summation of the squares of
(5.17) and (5.18) with weights w > 0 and 1 —w > 0 yields (5.15). O

Proof of Theorem 9. Since B = 0 in the initial section with A > A and M, > 1, we
only need to consider the case A\(O) > M;¢*. Let w be the optimal choice in (5.6). It follows
from (2.2) and (5.14) that 5; = 0 for j ¢ A; and A\p(@-/)\)\ = \p(@-; N =z (y - X3)/n| for
j€ A\ A%, so that by (5.6)

Clew e p)N|ANAl < D wlp(Bi NP/ + el — w)5}
jEAL\A°
< w|Xi(y - XP)IP/(nc") + el —w)|B - BIP.  (5.19)

By (2.6), cmin(X11) > ¢x and cpax(X11) < ¢* for |A;| < d*. Thus, by Lemma 1 and (5.19)

2 jo
Clewc ) (10 =) < {2(55) " w20 VIATY < Dot +5(c)1

in the event {|A;| < d*}. For A > M;(*, this implies

|A1| < C(C*7C 7p)—|—8/0*

d° = Mad°.
B 0(6*76*7p)_8/M12 ?

Now, beginning from A = A\(9) the set A, is allowed to change one-at-a-time in the PLUS path
due to the continuity of the path and the flexibility in the choice of A; in (5.14), in view of
(2.2). Thus, since |[A;1| < d* implies |A;| < Myd® and Myd® + 1 < d*, |A;| can never jump
from [0, M2d?] to (d*, 00) before \ reaches M;(*. O
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5.3. Proofs of Theorems 6 and 7. We are now ready to prove the theorems stated in
Subsection 5.1. The proof of Theorem 6 is relatively simple due to the uniqueness result in

Theorem 2 (iii). The proof of Theorem 7 requires both Theorems 6 and 8.
Proof of Theorem 6. Since BO is the oracel LSE, w;(y — XBO) =0 for j € A°. If
\Zi\;’\ > \v, then p(\gf\, A) = 0 by (1.9). Thus, 38° is a solution of (2.2) in the event

Q°(\) = { min sen(3)57 > 77} 0 { max |y — XB")/n] < A}, (5.20)

Moreover, B(/\) = B° by the uniqueness of B(/\) in Theorem 2 (iii). Thus, it suffices to show
that the right-hand sides of (5.4) and (5.5) are upper bounds for 1 — P{Q°(\)}.

By (5.2), (5.3) and the normality assumption, E; ~ N(ﬁj,JQw;?/n) for all j € A°. Since
|B;| > B« > A, this implies

A — 1Bil
o(w/n)l/?

P{sgn()5 <} < o ). jea

Let P9 be the projection from R™ to the linear span of {x;,j € A°}. Since y — XBO =

(In — P{)e, @(y — XBO)/n are normal variables with zero mean and
Var (;(y — XBO)/n) = Var(z}(I,, — P{)e/n) < Var(z)e/n) = o?||z;]1?/n?,

we have P{!w;(y - XBO)/n| > A} < 28(—n)/(o||z;]|)) for all j & A°. Thus, (5.4) follows by
summing the above two probability bounds over all j < p. The inequalities in (5.5) follows
from (5.4) and the fact that ®(—t) < ¢t~ te~t"/2/\/27. O

Proof of Theorem 7. It follows from Theorem 9 that before X first reaches [0, M1(*],
A1) = #{5: Bj(\) #0 or §; # 0} < Mad® < d* — 1 (5.21)

By the proof of Theorem 6, the oracle LSE Bo is a solution of (2.2) for B, > v\ in the event
Q°(A) in (5.20). Thus, since B > YAy p, in the event Q°(\, ,) N {M;(* < A\, p}, both ,B()\n,p)
and BO are solutions of (2.2) when A first hit A, , in the PLUS path, say in segment k, with
AE) < Anp < AETD necessarily. By (5.21) and the sparse uniqueness of (2.2) in Theorem 2
(ii), we have B()‘mp) = f8°, so that (z & Bo)/)\mp is a point in £(n™*)|Z) in (3.8). Moreover,
since the inequalities in (5.20) are strict, (z ® BO) /Anp is not a boundary point of £(n*)|Z)
and by (2.2), (z @ ,BO)//\ € £(n™|z) until A hits A¥) = max;jg 40 |z;(y — XBO)/n| It follows
that

~ ~0

BA) =8 in Q°A)NQ°(N\,p) N{Mi (" < Appt
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Therefore, the inequalities in the proof of Theorem 6 yield

P{B # 8" or sgn(B) # sen(8) |
< P{Mlg* > Aupf+ 3 @(7? ’g/n'f/g) +2 Z ( U”w]”) (5.22)

JE€A,

It remains to bound P{MlC* > /\n,p}' By (5.12), ¢* = maxj<m<p (5, and mn(¢)?/o?
is the maximum of (ﬁb ) chi-square variables with m degrees of freedom. Thus, since A, , =
Mio+/(1+ anp+ 2logp)/n,

P
* p
P{M(* > My} < Z_:l <m>P{an > m(l+ anp + 210gp)}.
It follows from the standard large deviation method that for z > 0 and ¢t = z/{2(1 + x)},

P{an >m(l+ x)} < Betxm—tm(i+a) _ e‘mx/z(l + l,)m/Z'

Thus, for €, , = e‘aw/2\/1 + anp + 2logp,

M@

P{MIC* 2 )\n,p}

(p > e—m(an,p/2+10gp) (1 + anp + 2 log p)m/2
m

m=1

(1)~ = explen) — 1.

ME

3
Il

This and (5.22) imply (5.8).
Finally, for a,, = 2{€e,logp + log((1 + €,)logp)} — o0, 1 + a,p + 2logp = (2+ o(1))(1 +
€n) log p, so that

(I1+0(1))\/2(1 + €,) logp

np 1 = (1 + O(l))EnJJ = pEO(l + En) logp

This and the proof of (5.5) give (5.9). O

6. Discussion. We have introduced and studied the MC+ methodology for unbiased
penalized selection. Our theoretical and simulation results have shown the superior selection
accuracy of this new method and the computational efficiency of the PLUS algorithm. We
have also provided formulas for the estimation of the MSE and the noise level. In this section,

we briefly discuss adaptive penalty, general loss, and the estimation of 3 and .
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6.1. Adaptive penalty. The PLUS algorithm applies to the penalized loss
1 2 K, .
%Hy—X,BH +§:1)\ pm (1855 /X), 1 >0V j, (6.1)
‘]:

through the scale change {x;, 5;} — {x;r;,5;/r;}. It can be easily modified to accommodate
different quadratic py, of the form (3.1) for different j . For example, different v = v; can be
used with the MP+, so that the j-th path Bj()\) reaches the unbiased region when |§j(/\)|7‘j/)\ >
vj- This allows 7; and v; to be data dependent. For r; = 1, the unbiasedness condition
;A < |B;] allows a higher level of convexity than (1.10) does.

Zou (2006) proposed an adaptive LASSO with A2p, (|8;]r;/A) = Arj|B;], where r; is a
decreasing function of certain consistent initial estimate of 3;. This approach also reduces the
estimation bias of the LASSO and was proven for fixed p to provide consistent selection (1.5)
and efficient estimation of 8 and u = X 3. For p > n, the choice of the initial estimate is
unclear for the adaptive LASSO.

6.2. General loss functions. Consider the general penalized loss
P
L(B; ) = 4(8) + > N p(IB;]/N), (6.2)
j=1

where 1(v) = ¥, (v; X,y) is a convex function of v € R" given data (X,y). In generalized
linear models, nt, (B; X, y) is the negative log-likelihood. Let ¢ € R™ and ¥ € R™ " be the
gradient vector and Hessian matrix of 1. With 7 = 1/X and b(7) = B(\)/A, (3.5) becomes

T?/}j (b(T)/T) + Sgn(bj(T))p'(|bj(7')|) =0, bj(r)#0

. (6.3)
Tl (b(r)/7)| < 1, bj(7) = 0.
Let P, be the projection 8 — (3;,b;(7) # 0)" and
Q(r) = P, (b(r)/7) P -+ diag (§(1b; (7)), by (r) #0).
Let s(7) = (d/dr)b(7). Differentiation of (6.3) with respect to 7 yields
Q(r)s(r) = w(r), w(r) = P (¥ (b(r)/7)b(r)/7 — (b(r)/7)). (6.4)
With Q¥ = Q(+®) and w® = w(r®), (6.4) leads to the recursion
QU0 — gk=1) ) — p-1) 4 (B gWIAE 1 (B) — (=1) 4 B A, (6.5)
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where £#) = —1 if sgn(s))sgn(s*~D) € {~1,0}? and £*) = 1 otherwise. We set the entrance
and exist policy for the active set of variables according to (6.3). We may invert the matrix
Q(k_l) in (6.5) or update s®) one component at a time. This extends the PLUS algorithm
to (6.2). The main difference of (6.5) from the PLUS algorithm for (1.11) is that A®) has to
be small when 1 (t) is not a quadratic spline. The main difference of (6.5) from the existing
algorithms for computing the LASSO for the generalized linear models (Genkin, Lewis and
Madigan 2004; Zhao and Yu, 2004) is the possibility of the sign change & (k) = +1 to allow the
path to traverse from one local minimum to another. Extensions of the LARS with large step
size A®) have been considered by Rosset and Zhu (2003) for support vector machine and by

Zhang (2005) for continuous generalized gradient descent.

6.3. Penalized estimation. Although we considered both variable selection and the
estimation of the regression coefficients 3 and the mean vector u = X 3, our theoretical results
are focused on selection accuracy and risk estimation. Donoho and Johnstone (1994) showed
that selection and estimation demand different optimal penalty levels for orthonormal designs.
This is also the case in Figures 9 and 11 for Experiment 5. Thus, selection and estimation are
closely related but different problems. We note that our selection consistency results do imply
the estimation efficiency in the sense of P{ B = BO} — 1. For recent advances in the LASSO
or LASSO-like estimations of 3 and p, we refer to Greenshtein and Ritov (2004), Candés and
Tao (2005), van de Geer (2006), and Meinshausen and Yu (2006).
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