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Summary. We provide an exact simulation algorithm that produces variables from truncated

Gaussian distributions on ✁✄✂✆☎✞✝✠✟ via a perfect sampling scheme, based on stochastic ordering

and slice sampling, since accept–reject algorithms like those of Geweke (1991) or Robert

(1994) are difficult to extend to higher dimensions.

Keywords: Accept reject, coupling from the past, slice sampling, stochastic monotonicity.

1. Introduction✡☞☛✍✌✏✎✒✑✄✓✕✔✗✖✄✘✚✙✛✑✄✜✣✢✥✤✧✦✛✜★✓✩✘✪✢✍✜✣✦✫✓✏✘✚✖✆✬✭✑✮✎✒✙✛✦✫✑✰✯✍✔✍✙✛✑✄✜✣✢✲✱✏✳✗✴✠✵✷✶✹✸☞✺✼✻✽✦✛✌✾✎✿✙✫✦✛✑✮❀✼✙✫✌❁✬❂✙✛✜❃✘❄✎✛✔✍✯✗✎✛✌❅✙❆✜✚✤❈❇ ✳ ✻✽✘✚✢❉✬❊✑✄✢❋ ✘✚✦✛✙✛✑✮❀❅✔✗✖✄✘✣✦❁✻●✙✛✜❍✙✫☛✍✌ ❋ ✜●✎✒✑✰✙✛✑✄■✣✌❑❏●✔✗✘★✬✭✦✫✘✣✢●✙❑✴▲❇✞▼◆✺ ✳ ✻✍❖❈✑✰✙✛☛✲✬✭✌❁✢✗✎✒✑✰✙✿P ❋ ✦✫✜ ❋ ✜✣✦✛✙✛✑✄✜✣✢❉✘✚✖◗✙✛✜
❘ ✴✧❙◗✺❯❚❱✌❳❲ ❋✲❨❬❩✲❭❪ ✴✧❙ ❩ ✵❫✺❵❴✍✸◆❛❬❜✷✴✧❙ ❩ ✵❫✺❵❝❄❞❢❡❤❣✍✐❦❥✮❧✍✴✧❙◗✺❬✶ ✴ ❭✣♠✄❭ ✺❀❳✘✣✖✰✖✄✌❁✬♥✘✚✯✍✔✗✎✛✑✄■✣✌❳✖✄P♣♦ ❋ ✜★✎✛✑q✙✫✑✰■★✌❄rs✘✣✔✗✎✫✎✒✑✮✘✚✢t✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢❉✉✍✻✈✑✮✎✇✘❂✦✫✌❁❀❳✔✍✦✫✦✛✌❁✢★✙ ❋ ✦✫✜✣✯✍✖✄✌❳✓①✑✄✢t✓✇✘✣✢❢P②✘✚✦✫✌❁✘✣✎❁✻✑✰✢❉❀❅✖✄✔✗✬✭✑✄✢✍③✲✎✒✑✄③✣✢✗✘✣✖ ❋ ✦✫✜❢❀❳✌❁✎✫✎✒✑✄✢✍③✥✴✠❀❅✖✄✑ ❋✍❋ ✑✄✢✍③●✺s✘✣✢✗✬✥✌❁❀❅✜★✢✍✜✣✓✇✌❳✙✛✦✫✑✄❀❁✎❍✴✧✤✠✘✣❀❅✙✛✜✣✦s✓✇✜✭✬✭✌❳✖✮✎❁✻❫✓✕✔✗✖q✙✫✑✰■④✘✚✦✫✑✮✘④✙✛✌❍✙✫✜✣✯✍✑✰✙✓✇✜❢✬✍✌❳✖✮✎✫✺ ♠✈⑤ ✌❳✌★✻✭✌ ♠ ③ ♠ ✻✗⑥◆✘✚⑦✿✑✰■④✘✣✎✫✎✛✑✰✖✄✑✰✜★✔⑧✻✭⑨❃❀❳⑩❉✘✣✬✍✬✍✌❳✢✲✘✚✢✗✬✪❶❈✔✍✔❉✬✥✴ ❭❁❷★❷✣❸ ✺✈✤✧✜★✦❈✌❅❲✍✘✚✓ ❋ ✖✄✌❁✎ ♠✡☞☛✍✌❳✦✫✌☞☛✗✘❦■✣✌❹✯❉✌❁✌❳✢ ❋ ✦✫✜ ❋ ✜★✎✫✘✚✖✮✎❺✑✰✢❍✙✛☛✗✌ ❋ ✘✣✎✒✙✞✙✛✜❆✎✛✑✰✓❻✔✍✖✄✘✚✙✛✌❹✙✛☛✗✌❁✎✛✌☞✙✛✦✫✔✍✢✗❀❳✘✚✙✛✌✾✬❻✬✭✑✮✎✒✙✛✦✫✑✰✯✍✔✍✙✛✑✄✜✣✢✗✎✞✯❢P✕✔❉✎✒✑✄✢✍③r❼✑✰✯✗✯✗✎✈✎✫✘✚✓ ❋ ✖✄✑✰✢✗③❑✯✗✘✣✎✛✌❁✬❍✜✣✢✏✌❳❲✍✘✣❀✼✙✈✎✫✘✚✓ ❋ ✖✄✑✄✢✍③❆✘✚✖✄③✣✜★✦✛✑✰✙✛☛✍✓✏✎✷✑✄✢❽✬✭✑✄✓✇✌❳✢✗✎✛✑✰✜★✢✏✜✣✢✍✌★✻★✎✛✑✰✢❉❀❅✌❈✙✫☛✍✌◆❀❅✜★✢✗✬✭✑✰✙✛✑✄✜✣✢✗✘✣✖✬✭✑✮✎✿✙✫✦✛✑✄✯✍✔✭✙✫✑✰✜★✢✗✎✕✘✣✦✛✌❽✘✣✖✰✖✈✙✛✦✫✔✍✢✗❀❳✘✚✙✛✌✾✬❾✢✍✜✣✦✫✓✏✘✚✖❯✬✍✑✄✎✒✙✛✦✫✑✰✯✗✔✭✙✛✑✄✜✣✢✗✎ ♠❂⑤ ✌❁✌✣✻❺✤✧✜✣✦❻✑✰✢✗✎✒✙✫✘✣✢✗❀❅✌★✻✆r❼✌❳❖❹✌❳❿✣✌❃✴ ❭❁❷★❷✍❭ ✺❼✜★✦❶❈✜✣✯◗✌❳✦✛✙❻✴ ❭❁❷✣❷✣➀ ✺❅✻✗✤✧✜★✦◆✌❅❲✍✘★❀✼✙❍✴▲✘✣❀❁❀❅✌ ❋ ✙✒➁➂✦✛✌✒⑦✿✌❁❀✼✙✼✺➃✎✫✘✚✓ ❋ ✖✄✑✰✢✗③➄✘✚✖✄③✣✜★✦✛✑✰✙✛☛✍✓✏✎◆✑✰✢❂✬✍✑✰✓✇✌❳✢❉✎✒✑✄✜✣✢❃✜★✢✍✌❻✘✣✢✗✬✲✬✭✌❳✙✫✘✚✑✄✖✮✎✘✚✯◗✜✣✔✭✙☞✙✫☛✍✌✕r❼✑✰✯✗✯✗✎➃✘✚✖✄③✣✜★✦✛✑✰✙✛☛✗✓✇✎ ♠✡☞☛✍✌❁✎✛✌➄✎✛✜✣✖✄✔✭✙✛✑✄✜✣✢✗✎✕✘✚✦✫✌✣✻❫☛✗✜④❖❯✌❁■✣✌❳✦✾✻❫✔✗✢✗✎✛✘✚✙✛✑✮✎✿✤✠✘★❀✼✙✫✜✣✦✫P❃✑✰✢❾✙✫☛✗✘④✙✕✙✛☛✍✌❁P✥✬✭✜❂✢✍✜✚✙ ❋ ✦✛✜✭✬✭✔✗❀❳✌✏✌❅❲✍✘✣❀❅✙❻✎✛✑✰✓❻✔✭➁✖✄✘✚✙✛✑✄✜✣✢✗✎➃✤✧✦✛✜★✓➅✙✛☛✍✌❻✓✕✔✍✖✰✙✛✑✄■④✘✚✦✫✑✄✘✚✙✛✌❆✙✫✦✛✔✗✢✗❀❳✘✚✙✛✌❁✬❃✢✍✜✣✦✫✓✏✘✚✖✽✬✍✑✄✎✒✙✛✦✫✑✰✯✗✔✭✙✛✑✄✜✣✢⑧✻➆✌❳❲✭❀❳✌ ❋ ✙❼✑✰✢❊✘✚✢❂✘❦P❢✓ ❋ ✙✛✜✣✙✛✑✮❀✕✎✛✌❳✢✗✎✛✌❋ ✦✹✘✣❀✼✙✫✑q✙✫✑✰✜★✢✍✌❳✦✹✎❍✘✚✦✫✌➇✔✍✢✗✖✰✑✄❿✣✌❁✖✰P➈✙✫✜➈✘✣❀❳❀❳✌ ❋ ✙ ♠➉⑤ ✙✫✘✚✢❉✬✍✘✚✦✹✬➊✎✛✑✰✓❻✔✍✖✮✘④✙✛✑✄✜✣✢t✓✇✌❅✙✫☛✍✜✭✬✍✎✏✎✒✔❉❀✹☛t✘★✎❍✘★❀❳❀❳✌ ❋ ✙✛➁➋✦✫✌✿⑦✿✌✾❀✼✙✓✇✌❅✙✛☛✗✜❢✬✗✎➃✘✚✦✫✌❑✘✚✖✮✎✒✜✇✬✭✑✰➌✏❀❳✔✍✖✰✙➃✙✛✜✏✑✄✓ ❋ ✖✰✌❁✓✇✌❳✢●✙➍✎✛✑✰✢✗❀❳✌❼✙✛☛✍✌ ❋ ✌❳✦✛✤✧✜✣✦✫✓✏✘✚✢✗❀❳✌➍✜✣✤✞✘ ❋ ✦✛✜ ❋ ✜●✎✛✘✣✖➆✬✍✑✄✎✒✙✛✦✫✑✰✯✗✔✭✙✛✑✄✜✣✢❄✑✮✎✯❉✜★✔✍✢✗✬✥✙✫✜❂✬✭✌ ❋ ✌❳✢❉✬➈✜✣✢❾✙✫☛✍✌➄✎✛☛✗✘ ❋ ✌❽✜✚✤☞✙✫☛✍✌❽✢✍✜★✦✛✓✏✘✚✖❹✬✭✑✮✎✿✙✫✦✛✑✄✯✍✔✭✙✫✑✰✜★✢➈✜✣✢❾✙✛☛✗✌ ❋ ✜●✎✒✑✰✙✛✑✄■✣✌➇❏★✔❉✘✣✬✭✦✹✘✚✢●✙ ♠ ⑩✍✜★✦✑✰✢❉✎✿✙✹✘✚✢✗❀❳✌✣✻★✙✛☛✍✌s✎✒✑✄✓ ❋ ✖✄✌❁✎✒✙ ❋ ✦✫✜ ❋ ✜★✎✫✘✚✖➋✻✣✯✗✘★✎✒✌✾✬✏✜✣✢➇✎✒✑✄✓✕✔✍✖✮✘④✙✫✑✰✢✗③❑✤✧✦✛✜★✓➎✙✛☛✍✌❼✢✍✜✣✦✫✓✏✘✚✖◗✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢❻✱✏✳✗✴✧✵✷✶✼✸☞✺✔✍✢●✙✛✑✄✖❫✘✚✖✄✖⑧❀❅✜★✓ ❋ ✜★✢✍✌❳✢●✙✫✎❈✘✣✦✛✌ ❋ ✜★✎✛✑q✙✫✑✰■★✌✣✻✭✜✣➏◗✌❁✦✫✎☞✢✍✜✇✖✄✜④❖❯✌❁✦☞✯❉✜★✔✍✢✗✬✪✜✣✢➇✙✛☛✍✌ ❋ ✦✛✜★✯✗✘✚✯✍✑✄✖✄✑q✙✿P❽✜✣✤❺✘★❀❳❀❅✌ ❋ ✙✫✘✣✢✗❀❅✌ ♠➐❊✌➄✎✛☛✍✜④❖➎✑✰✢ ⑤ ✌❁❀✼✙✫✑✰✜★✢ ❪ ✙✛☛❉✘④✙❻✘ ❋ ✌❳✦✛✤✧✌❁❀❅✙❻✎✛✘✣✓ ❋ ✖✰✑✄✢✍③❂✘✣✖✰③★✜✣✦✫✑q✙✫☛✍✓❄✻❫✯✗✘★✎✒✌✾✬✥✜✣✢②❀❅✜★✔ ❋ ✖✄✑✰✢✗③❄✤✧✦✛✜★✓✩✙✫☛✍✌❋ ✘✣✎✒✙❂✴➋➑❹⑩✞✡❈➒❹✺✏✘✚✢✗✬❱✎✛✖✄✑✄❀❳✌❂✎✛✘✣✓ ❋ ✖✰✑✄✢✍③❉✻❹✑✮✎➄✘❦■④✘✣✑✰✖✮✘✚✯✍✖✄✌❄✙✛✜♥✎✒✑✄✓✕✔✍✖✮✘④✙✫✌❃✬✭✑✄✦✛✌✾❀✼✙✛✖✄P➉✘✚✢✗✬➉✌❳❲✭✘★❀✼✙✫✖✰P➊✤✧✦✛✜★✓➓✙✫☛✍✌✓✕✔✍✖✰✙✛✑✄■④✘✚✦✫✑✄✘✚✙✛✌❺✙✛✦✫✔✍✢✗❀❁✘④✙✫✌❁✬s✢✍✜★✦✛✓✏✘✚✖✚✬✍✑✄✎✒✙✛✦✫✑✰✯✗✔✭✙✛✑✄✜✣✢⑧✻④✬✭✌✾✎✛❀❳✦✛✑✄✯◗✌✞✙✛☛✍✌✈✘✣✖✰③★✜✣✦✫✑q✙✫☛✍✓➔✑✄✢ ⑤ ✌❁❀❅✙✛✑✄✜✣✢❑→❈✘✚✢❉✬s✑✰✖✄✖✰✔❉✎✿✙✫✦✫✘✚✙✛✌✙✛☛✍✑✮✎❬✤✠✘★❀✼✙❺✑✰✢✕✬✍✑✰✓✇✌❳✢❉✎✒✑✄✜✣✢❑✙✿❖❹✜➃✑✄✢ ⑤ ✌❁❀❅✙✛✑✄✜✣✢ ➀❉♠✽➣ ❋✍❋ ✌❁✢✗✬✭✑✰❲ ➣ ✬✭✌❳✙✫✘✣✑✰✖✮✎❬✙✫☛✍✌❯❀❳✜✣✢✗✎✒✙✛✦✫✔✗❀✼✙✫✑✰✜★✢❑✜✚✤❢✙✛☛✗✌❯✘✚✖✄③✣✜★✦✛✑✰✙✛☛✗✓✑✰✢❄✬✭✑✄✓✇✌❳✢✗✎✛✑✰✜★✢✪✙✿❖❯✜ ♠↔✒↕❄➙❳➛✿➜✪➝❢➞❅➛❵➟✿➠q➞❁➡➢➡❤➤✲➥❵➦●➝★➝✭➙❁➛❵➟✿➧✼➨✪➩④➤✪➫❫➭➲➯✆➳❍➵➺➸●➧✫➟▲➻✞➙❁➛✿➜✪➫❫➵❯➼❫➽④➾⑧➳❍➵❯➚✆➽✣➪✞➯✷➶✾➹✼➽✚➘❁➘✾➶❦➴✪➙❁➸♣➷ ➬❫➮❁➱❯✃❢❐✚❒✠❮❁❒Ï❰✧➮❁Ð❢❮✾Ñ❮❁Ð❢ÒsÓ●❒✠❮❁❒Ï❰✮Ô✿❒Ï❰✧Õ✿❮✾Ñ✍Ö✪×✛❒✄Ø★➮✼Ò❁Ô❫Ù✹➮❳Ú❈❒✄Ø●×☞Û✈Ð❢❮✾Ñ Ü❁Ô✿❰✮Ô❈➮➂Ù☞Ó✾✃✣❮❁❒Ï❰✧❮❁Ñ✍Ý◆❮❳❒✠❮◗Þ ß



2 Philippe, A. and Robert, C.P.

2. Perfect sampling✡☞☛✍✌➃③★✌❳✢✍✌❁✦✫✘✣✖✍✙✛☛✗✌❳✜✣✦✫P❍✜✚✤ ❋ ✌❁✦✒✤✧✌✾❀✼✙❑✴✧✜★✦✈✌❅❲✍✘★❀✼✙✹✺✆✎✛✘✣✓ ❋ ✖✰✑✄✢✍③✗✻●✑✄✢★✙✫✦✛✜✭✬✭✔❉❀❅✌❁✬✇✯❢P✏➒✆✦✫✜ ❋✗❋ ✘✣✢✗✬✏➐❱✑✄✖✄✎✛✜✣✢❊✴ ❭❁❷★❷✣❸ ✺✼✻✑✄✎➇✢✍✜④❖ ❀❳✜✣✓ ❋ ✦✫✌❳☛✍✌❁✢✗✎✒✑✄■✣✌❁✖✰P➉❀❅✜④■★✌❳✦✫✌❁✬t✑✄✢ ✎✛✔✍✦✛■★✌❳P✭✎❽✖✄✑✄❿✣✌✁�➍✑✄✓✇✘✣❿✣✜●✎❂✴ ❪✄✂✄✂ ❭ ✺✇✜★✦✲➑❹✘★✎✒✌❁✖✰✖✮✘✍✻✆☎✽✘❦■●✑✄✢✍✌✥✘✚✢✗✬❶❈✜✣✯◗✌❳✦✛✙❆✴ ❪✄✂✄✂ ❭ ✺✼✻✭✘✚✢❉✬➄❖❹✌s✦✛✌❳✤✧✌❳✦❹✙✛☛✍✌❑✦✫✌❁✘★✬✭✌❳✦❹✙✫✜❻✙✫☛✍✌❁✎✛✌ ❋ ✘ ❋ ✌❳✦✹✎❹✤✧✜✣✦➃✘✣✢➇✑✄✢●✙✛✦✫✜✭✬✭✔✗❀✼✙✫✑✰✜★✢➄✙✫✜❍✙✛☛✍✌s✙✫✜ ❋ ✑✮❀ ♠ ✝❵✢✙✛☛✍✑✮✎ ❋ ✘ ❋ ✌❁✦❁✻✗❖❯✌❑✓✏✘✚❿★✌s✔✗✎✒✌❑✓✇✜★✦✛✌ ❋ ✘✣✦✒✙✫✑✄❀❳✔✍✖✄✘✣✦✛✖✄P❽✜✣✤✽✙✫☛✍✌✕✎ ❋ ✌✾❀❅✑✟✞❉❀❼✙✿P ❋ ✌❑✜✣✤ ❋ ✌❳✦✛✤✧✌❁❀❅✙➍✎✛✘✣✓ ❋ ✖✰✑✄✢✍③✇✦✫✌❁❀❅✌❁✢●✙✛✖✄P✬✭✌❳■★✌❳✖✄✜ ❋✍❋ ✌❁✬➇✑✄✢❄⑨❃✑✰✦✹✘✍✻✍⑨✡✠✣✖✰✖✄✌❳✦➃✘✣✢✗✬❄❶❈✜✣✯◗✌❳✦✛✙✫✎❑✴ ❪☛✂☞✂ ❭ ✺❅✻✭✯✗✘✣✎✛✌❁✬➇✜✣✢✲❀❳✜✣✔ ❋ ✖✄✑✄✢✍③❍✤✧✦✛✜★✓ ✙✛☛✍✌ ❋ ✘✣✎✒✙❆✴➋➑❹⑩✞✡❈➒❯✺❅✻✎✒✖✄✑✮❀❅✌s✎✛✘✣✓ ❋ ✖✰✑✄✢✍③❻✘✣✢✗✬➄✎✒✙✛✜✭❀✹☛✗✘★✎✿✙✫✑✄❀◆✜✣✦✹✬✭✌❳✦✫✑✄✢✍③✕✜✣✤✽⑨❃✘✚✦✫❿✣✜④■❍❀✹☛✗✘✚✑✄✢✗✎ ♠ ➐❊✌❑✎✛✑✰✓ ❋ ✖✄P✏✦✛✌✾❀❳✘✣✖✰✖◗☛✍✌❳✦✫✌➃✙✫☛✗✘④✙➍➑❹⑩✞✡❈➒❀❅✜★✢✗✎✒✑✮✎✒✙✫✎❬✑✄✢❑✦✛✔✗✢✍✢✍✑✄✢✍③➃✘✚✢❆⑨❊➑❹⑨✥➑❂✎✫✘✚✓ ❋ ✖✄✌❳✦❫❖❈✑q✙✫☛ ❋ ✘✚✦✹✘✚✖✄✖✰✌❁✖✚⑨❃✘✚✦✫❿✣✜④■➍❀✹☛✗✘✚✑✄✢✗✎❬✔✗✎✛✑✄✢✍③➃✘✚✖✄✖ ❋ ✜★✎✫✎✒✑✄✯✍✖✄✌✆✎✿✙✹✘✚✦✛✙✛✑✄✢✍③❋ ✜★✑✰✢●✙✹✎➍✘✚✙➍✙✫✑✰✓✇✌ ❩✍✌ ✻❉❖❈✑✰✙✛☛ ✌ ♦✒✖✮✘✚✦✫③✣✌✕✌❳✢✍✜★✔✍③✣☛✗✉❽✤✧✜✣✦s✘✚✖✄✖❺❀✹☛❉✘✚✑✄✢✗✎➃✙✫✜➇✯◗✌❍✑✄✬✭✌❁✢●✙✛✑✮❀❳✘✚✖❺✯❢P❄✙✛✑✄✓✇✌ ✂ ♠ ➐❱☛✗✑✰✖✄✌✙✛☛✍✑✮✎☞✌❳■★✌❳✢●✙❁✻✍❀❁✘✚✖✄✖✰✌✾✬✏✎✒✑✔✓✖✕✟✗✙✘✚✎✒✗✙✛✜✎✢✗❳✻✍☛✗✘★✎ ❋ ✦✫✜✣✯✗✘✣✯✍✑✰✖✄✑✰✙✿P ✂ ✙✫✜✏✜❢❀❁❀❅✔✍✦❹✤✧✜★✦❈✑✰✢✗✬✍✌ ❋ ✌❳✢✗✬✭✌❁✢●✙ ❋ ✘✚✦✹✘✚✖✄✖✰✌❁✖❬❀✹☛✗✘✚✑✄✢✗✎❁✻●✑✄✢✓✇✜★✎✒✙❼✎✛✌❅✙✛✔ ❋ ✎❳✻◗✑✰✙s❀❁✘✚✢✲③★✘✣✑✰✢❊✘ ❋ ✜●✎✒✑✰✙✛✑✄■✣✌ ❋ ✦✫✜✣✯✗✘✣✯✍✑✰✖✄✑✰✙✿P➇❖❈☛✍✌❁✢✲✙✛☛✗✌❍❀✹☛✗✘✣✑✰✢❉✎◆✘✚✦✫✌✣✎✒✑✖✤✔✥✜✕✟✗✒✦④✻➆✙✫☛✗✘④✙❼✑✄✎❁✻➆✯✗✘✣✎✛✌❁✬✜✣✢➇✙✛☛✍✌❆✎✫✘✚✓✇✌❑✎✛✌❁❏●✔✍✌❳✢❉❀❅✌s✜✚✤✞✔✍✢✍✑✰✤✧✜✣✦✫✓ ■④✘✚✦✫✑✄✘✚✙✛✌✾✎ ♠➐❊✌❄✘✚✖✮✎✒✜❊✦✛✌❳✤✧✌❳✦✕✙✛☛✍✌✪✦✛✌✾✘✣✬✭✌❁✦❆✙✫✜✥✘✣✢✍✜✚✙✫☛✍✌❳✦❍✎✒✜★✔✍✦✫❀❳✌✣✻✞✢✗✘✣✓❍✌❁✖✰P②❶➃✜✣✯◗✌❳✦✛✙❍✘✚✢❉✬♥➑❹✘✣✎✛✌❳✖✄✖✄✘♥✴ ❭✾❷✣❷✣❷ ✺✼✻❺✤✧✜✣✦✇✘③✣✌❁✢✍✌❳✦✹✘✚✖➆✬✭✌❁✎✫❀❅✦✫✑ ❋ ✙✛✑✄✜✣✢➇✜✚✤❺✎✛✖✄✑✄❀❳✌❼✎✫✘✚✓ ❋ ✖✄✑✰✢✗③✗✻❢❖❈☛✍✑✮❀✹☛➇✑✮✎☞✘④✙❈✑q✙✹✎❈❀❅✜★✦✛✌❼✘❍r❼✑✄✯✍✯✗✎❈✎✫✘✚✓ ❋ ✖✄✑✰✢✗③❻✑✄✓ ❋ ✖✰✌❁✓✇✌❳✢●✙✫✘✚✙✛✑✄✜✣✢✜✚✤✽✙✛☛✍✌❆✎✛✑✰✓❻✔✍✖✮✘④✙✛✑✄✜✣✢➇✤✧✦✫✜✣✓ ✙✫☛✍✌☞⑦✿✜✣✑✄✢●✙➃✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢
✴★✧❃✶✪✩❑✺✬✫✮✭✰✯❅❡✟✱☛✲ ✳❦❥✵✴☞✶✸✷✹✳☞✷✻✺✚❡✼✱❁❥✵✽✷✶

❖❈☛✍✑✮❀✹☛❍✌❁✢④⑦✿✜④P✭✎✬✾➄✘★✎✞✑q✙✹✎✆✓✏✘✚✦✫③✣✑✄✢✗✘✣✖✍✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢✲✴✠✑✰✢✏❙➆✺ ♠ ✴ ⑤ ✌❁✌➃✘✚✖✮✎✒✜✿�❼✘✚✓✇✑✄✌❳✢⑧✻●➐✥✘✣❿✣✌✚✞✗✌❳✖✮✬❻✘✣✢✗✬❍➐✥✘✣✖✰❿★✌❳✦✾✻❭❁❷★❷✣❷✍♠ ✺➣ ✢②✘ ❋✗❋ ✌✾✘✚✖✄✑✰✢✍③❄✤✧✌✾✘④✙✫✔✍✦✛✌✏✜✣✤☞✎✛✖✄✑✄❀❳✌❽✎✛✘✣✓ ❋ ✖✰✌❁✦✫✎❑✑✄✢✥✙✛☛✍✌➇✎✒✌❳✙✒✙✛✑✄✢✍③✲✜✣✤ ❋ ✌❳✦✛✤✧✌❁❀❅✙❻✎✫✘✚✓ ❋ ✖✄✑✰✢✍③❉✻ ❋ ✜✣✑✄✢●✙✛✌❁✬✥✜★✔✭✙✯❢P❂⑨✲✑✄✦✫✘❀✗✚❁❂✓✖✕✼❃✈✴ ❪☛✂✄✂ ❭ ✺❅✻⑧✑✄✎❼✙✫☛✗✘④✙❑✙✫☛✍✌❳✦✫✌✇✌❅❲✭✑✮✎✿✙✹✎❆✘✪✢✗✘④✙✫✔✍✦✫✘✣✖✷✎✿✙✫✜❢❀✹☛❉✘✣✎✒✙✛✑✮❀❻✜★✦✫✬✍✌❳✦✫✑✰✢✍③❉✻❬❖❈☛✍✑✮❀✹☛✥✑✮✎s✑✄✢✗✬✭✔✗❀❳✌❁✬✯❢P ❘ ✴❅❄ ✺ ♠ ⑥➃✌❁✢✗❀❅✌★✻❬✓✇✜✣✢✍✜✣✙✛✜✣✢✗✑✄❀❳✑q✙✿P❃✘✣✦✛③★✔✍✓✇✌❳✢●✙✫✎➍❀❳✘✚✢❊✯❉✌✇✑✄✢❢■✣✜✣❿★✌❁✬✪✙✫✜➇✦✫✌❁✬✭✔❉❀❅✌❻✙✛☛✍✌✇✢❢✔✍✓✕✯◗✌❳✦s✜✣✤ ❋ ✘✚✦✹✘✚✖✄✖✄✌❳✖❀✹☛✗✘✚✑✄✢✗✎❹✙✫✜✇✙✿❖❯✜ ❋ ✘✣✦✫✘✣✖✰✖✄✌❳✖⑧❀✹☛❉✘✚✑✄✢✗✎☞✜✣✢✍✖✄P ♠ ✴ ⑤ ✌❁✌❆✘✚✖✮✎✒✜➄➑❹✘★✎✒✌❁✖✰✖✮✘✡✗✙❁✍✓✖✕✼❃✄✻ ❪☛✂☞✂ ❭ ✻❢✤✧✜✣✦◆✘✇✎✛✑✰✓✇✑✄✖✄✘✣✦◆✬✭✌❳✦✫✑✄■❦✘✚✙✛✑✄✜✣✢✪✜✚✤✘ ❋ ✌❁✦✒✤✧✌✾❀✼✙◆✎✛✖✰✑✮❀❅✌❑✎✫✘✚✓ ❋ ✖✄✌❳✦❈✑✄✢➇✙✫☛✍✌❆✎✛✌❅✙✛✔ ❋ ✜✣✤✽✓✇✑✰❲●✙✫✔✍✦✫✌❁✎☞✜✚✤✷✬✭✑✮✎✿✙✫✦✛✑✄✯✍✔✭✙✫✑✰✜★✢✗✎ ♠ ✺⑨✲✜✣✦✫✌ ❋ ✦✛✌✾❀❅✑✮✎✒✌❁✖✰P★✻✭✢✍✜✚✙✫✌❂✞✗✦✫✎✒✙❈✙✛☛❉✘④✙❁✻✗✑q✤ ❘ ✴✧❙ ❜ ✺✰❆ ❘ ✴✠❙❈❇❦✺✼✻✭✙✫☛✍✌❆❀❅✜★✦✛✦✫✌❁✎ ❋ ✜✣✢✗✬✭✑✄✢✍③✇✎✒✖✄✑✮❀❅✌❁✎❈✎✫✘④✙✫✑✄✎✒✤✧P
❉ ❇➍❚❋❊✾❙❍● ❘ ✴✠❙◗✺✍■❑❏ ❘ ✴✧❙✹❇✾✺✪▲◆▼ ❉ ❜ ❚❖❊✾❙❍● ❘ ✴✧❙➆✺✍■✮❏ ❘ ✴✧❙ ❜ ✺✒▲◗P✡☞☛✍✌❳✦✫✌❅✤✧✜★✦✛✌★✻❉✎✛✑✰✓❻✔✍✖✮✘④✙✛✑✄✜✣✢❄✤✧✦✫✜✣✓ ✘➄✔✍✢✍✑✰✤✧✜✣✦✫✓➅✬✭✑✮✎✒✙✛✦✫✑✰✯✍✔✍✙✛✑✄✜✣✢❃✜★✢ ❉ ❇❍❀❳✘✚✢❘✞❉✦✫✎✒✙ ❋ ✦✫✜✭❀❅✌❁✌❁✬❄✯❢P✲✘✣❀❳❀❳✌ ❋ ✙✹✘✚✢✗❀❳✌✪❙✦✛✌✒⑦✿✌❁❀❅✙✛✑✄✜✣✢❍✜✚✤◗✘❼✔✍✢✗✑q✤✧✜★✦✛✓➎✎✛✘✣✓ ❋ ✖✰✑✄✢✍③s✜✣✢ ❉ ❜ ♠ ✝❵✢❍✜✚✙✫☛✍✌❳✦✷❖❹✜✣✦✹✬✍✎❁✻✚✘✚✢✗✬❻✤✧✦✫✜✣✓ ✘ ❋ ✌❳✦✛✤✧✌❁❀✼✙✈✎✫✘✚✓ ❋ ✖✄✑✄✢✍③ ❋ ✜★✑✰✢●✙✷✜✚✤■❢✑✰✌❁❖❑✻❢✙✛☛✍✑✮✎ ❋ ✦✫✜ ❋ ✌❳✦✛✙✿P✏✑✰✢✗✬✍✔✗❀❅✌✾✎➃✘❍✢✗✘④✙✫✔✍✦✫✘✣✖ ❋ ✜●✎✛✎✛✑✰✯✗✑✰✖✄✑q✙✿P➄✜✚✤❺❀❳✜★✘✣✖✰✌✾✎✛❀❳✌❳✢✗❀❳✌✄❚❺✑q✤✞❙❈❯ ❜ ✫✮✭✇✴ ❉ ❜ ✺☞✘✚✖✮✎✛✜❻✯◗✌❳✖✄✜✣✢✍③●✎✙✛✜ ❉ ❇ ✻❉✙✛☛✍✑✮✎➍✦✛✌✾✘✚✖✄✑✟❱✾✘④✙✛✑✄✜✣✢❄✑✮✎◆✘★❀❳❀❅✌ ❋ ✙✫✘✣✯✍✖✄✌✕✘✣✎➍✘❽✎✒✑✄✓✕✔✗✖✄✘✚✙✛✑✄✜✣✢❄✤✧✦✫✜✣✓❲✭✇✴ ❉ ❇ ✺➃✘✣✢✗✬❄✯◗✜✚✙✛☛❊❀✹☛✗✘✚✑✄✢✗✎◆❀❳✜★✘✣✖✰✌✾✎✛❀❳✌✣✻✙✛☛✗✘✚✙❫✑✮✎❳✻❦✙✫☛✍✌❳Ps✘✚✦✫✌✆✑✮✬✭✌❳✢●✙✛✑✮❀❳✘✣✖✚✤✧✦✫✜✣✓ ✙✛☛✍✑✮✎✽✌ ❋ ✜❢❀✹☛❍●④✑q✤✍❙✹❯ ❜ ✬✭✜❢✌❁✎❫✢✍✜✚✙❺✯❉✌❁✖✰✜★✢✍③❈✙✫✜ ❉ ❇ ✻❁✙✫☛✍✌✈■④✘✣✖✰✔✍✌✈❙❈❯❇ ✎✒✑✄✓✕✔✍✖✮✘④✙✫✌❁✬✎✒✔✗✯✗✎✒✌✾❏●✔✍✌❳✢●✙✛✖✄P❄✤✧✦✫✜✣✓ ✙✛☛✗✌❍✔✗✢✍✑q✤✧✜★✦✛✓ ✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢❊✜✣✢ ❉ ❇ ✻ ❋ ✦✛✌✾✎✒✌❁✦✛■★✌❁✎➃✙✛☛✍✌✇✜✣✦✹✬✭✌❁✦✛✑✄✢✍③ ❘ ✴✠❙❈❯ ❜ ✺✿❆ ❘ ✴✧❙✹❯❇ ✺ ♠✡☞☛✍✌❳✦✫✌❅✤✧✜★✦✛✌★✻✚✌❅❲ ❋ ✖✄✜✣✑✰✙✛✑✄✢✍③❑✙✫☛✍✑✮✎ ❋ ✜★✎✫✎✒✑✄✯✍✑✄✖✰✑✰✙✿P❆✤✧✜★✦❯❀❅✜●✘✚✖✄✌❁✎✫❀❅✌❁✢✗❀❅✌❈✘④✙❯✌❁✘✣❀✹☛✇✌ ❋ ✜✭❀✹☛✇✌❳✢✗✎✛✔✍✦✫✌❁✎✞✙✫☛✗✘④✙❯✙✿❖❯✜❆⑨❂✘✚✦✫❿✣✜④■❀✹☛✗✘✚✑✄✢✗✎❈✎✛✔✗❀✹☛➇✙✛☛✗✘✚✙ ❘ ✴✠❙ ❡❳✶✹❥❜ ✺✰❆ ❘ ✴✠❙ ❡❳✶✹❥❇ ✺✘④✙☞✙✛✑✄✓✇✌ ✂ ✦✛✌❁✓✇✘✣✑✰✢✪✜✣✦✹✬✭✌❁✦✛✌✾✬➄✑✄✢✪✙✛☛✍✌❆✎✛✌❳✢✗✎✛✌❼✙✛☛✗✘✚✙

❘ ✴✧❙ ❡ ❴ ❥❜ ✺✰❆ ❘ ✴✠❙ ❡ ❴ ❥❇ ✺✤✧✜✣✦❈✌❁■✣✌❳✦✫P❩❨✼✻✭✙✫☛✍✌❑✑✰✢✗✌❁❏●✔✗✘✚✖✄✑✰✙✿P✏✙✛✔✍✦✫✢✍✑✄✢✍③✇✑✰✢●✙✫✜❽✘✚✢✪✌❁❏●✔✗✘✚✖✄✑✰✙✿P✏✤✧✜✣✦✍❨❹✖✄✘✣✦✛③★✌➍✌❁✢✍✜✣✔✗③✣☛ ♠⑤ ✌❁❀❳✜✣✢✗✬✭✖✄P✣✻✣✑q✙✆☛✗✘ ❋✍❋ ✌❳✢✗✎❺✙✫☛✗✘④✙✾✻✚✑✰✢❍✙✫☛✍✌❈❀❳✘✣✎✛✌❹✜✚✤✗✙✫✦✛✔✗✢✗❀❳✘✚✙✛✌❁✬❻✢✍✜★✦✛✓✏✘✚✖✭✬✭✑✮✎✒✙✛✦✫✑✰✯✍✔✍✙✛✑✄✜✣✢✗✎❁✻④✙✛☛✗✌❳✦✫✌❹✌❳❲✭✑✄✎✒✙✷✯❉✜✣✙✛☛✘✕✓✏✘✚❲❢✑✄✓✏✘✚✖➆✘✚✢✗✬➇✘✕✓✇✑✄✢✍✑✄✓✇✘✣✖❬✌❳✖✄✌❳✓✇✌❳✢●✙☞✑✰✢✥✴✠❇ ▼ ✺ ✳ ✻✹❬❭ ✘✚✢❉✬✡❬✂ ✻●✤✧✜★✦❯✙✫☛✍✌s✜✣✦✹✬✭✌❳✦❯✑✰✢❉✬✭✔✗❀❅✌✾✬➄✯❢P ❘ ✻✍✎✛✑✰✢✗❀❳✌◆✙✫☛✍✑✮✎✬✭✌❳✢❉✎✒✑✰✙✿P✇✑✄✎❹✯◗✜✣✔✍✢✗✬✍✌❁✬ ♠ ⑨✲✜★✦✛✌❁✜④■✣✌❁✦❁✻④✙✫☛✍✌❁✎✛✌❼✓✇✘✚❲✭✑✰✓✏✘✚✖➆✘✚✢❉✬❽✓✇✑✰✢✗✑✰✓✏✘✚✖➆✌❁✖✰✌❁✓❍✌❁✢●✙✫✎☞❀❳✘✣✢❽✯❉✌❼✑✮✬✭✌❳✢●✙✛✑✟✞✗✌✾✬➇✎✛✑✰✢❉❀❅✌❬❭ ✑✄✎✷✌❁✑q✙✫☛✍✌❳✦✈✵✷✻✣✑✰✤◗✵✏❭➈✴✠❇ ▼ ✺ ✳ ✻★✜✣✦✆✘ ❋ ✜★✑✰✢●✙✆✜★✢❻✙✫☛✍✌❈✯◗✜✣✔✍✢✗✬✗✘✚✦✫P❆✜✚✤✷✴✠❇ ▼ ✺ ✳ ✜✚✙✫☛✍✌❳✦✫❖❈✑✮✎✒✌❑✴✠✎✛✌❳✌➃✡☞☛✗✌❳✜✣✦✫✌❳✓ ❭ ✑✄✢✙✛☛✍✌ ➣ ❋✍❋ ✌❁✢✗✬✭✑✰❲❽✤✧✜✣✦❈✘✣✢➄✌❅❲✍✘✣✓ ❋ ✖✰✌❼✑✰✢❄✬✭✑✄✓✇✌❳✢✗✎✛✑✰✜★✢ ❪ ✺✼✻✭❖❈☛✍✑✄✖✰✌❪❬✂ ✑✄✎✆❫ ♠ ✡☞☛❢✔✗✎❳✻❢✓✇✜✣✢✗✜✚✙✛✜★✢✍✌❆➑❹⑩❺✡❈➒♥✑✄✢➄✙✫☛✍✌



Perfect simulation of positive Gaussians 3✎✒✌❁✢✗✎✛✌➍✜✣✤✞➒✈✦✛✜ ❋✍❋ ✘✣✢✗✬➄➐❱✑✄✖✮✎✒✜★✢✥✴ ❭❁❷✣❷★❸ ✺❯✘ ❋✍❋ ✖✰✑✄✌❁✎✸❚✞✑q✙➃✑✮✎❈✎✒✔✍➌✏❀❳✑✰✌❁✢●✙❈✙✛✜✇✦✛✔✗✢➄✙✿❖❹✜✏❀✹☛✗✘✚✑✄✢✗✎☞✎✿✙✹✘✚✦✛✙✛✑✄✢✍③❍✤✧✦✛✜★✓ ❬❭✘✚✢✗✬ ❬✂ ✻◗✦✫✌❁✎ ❋ ✌❁❀✼✙✫✑✰■★✌❳✖✄P✣✻◗✘④✙➃✙✫✑✰✓✇✌ ❩✍✌ ✻❉✘✚✢❉✬❄✑✰✢✗❀❳✦✛✌✾✘✣✎✛✌ ✌ ✻✗✙✛☛✗✘✚✙➍✑✮✎❳✻◗③✣✜✏✯✗✘★❀✹❿➄✤✧✔✗✦✒✙✫☛✍✌❳✦➍✑✰✢✲✙✫✑✰✓✇✌★✻❉✙✫✑✰✖✄✖❺✯❉✜✣✙✛☛❀✹☛✗✘✚✑✄✢✗✎❑☛❉✘❦■✣✌✏❀❅✜●✘✚✖✄✌❁✎✫❀❅✌❁✬✥✯❢P❃✙✫✑✰✓✇✌ ✂ ♠ �❯P❊■❢✑✰✦✛✙✛✔✍✌➄✜✚✤➃✘✲✎✿✙✫✦✫✘✣✑✰③★☛●✙✒✤✧✜✣✦✫❖☞✘✚✦✹✬❃✓✇✜✣✢✍✜✣✙✛✜★✢✍✑✄❀❳✑q✙✿P✥✘✚✦✫③✣✔✍✓✇✌❁✢★✙✾✻✙✛☛✍✌❆❀❳✜✣✖✄✖✰✌✾❀✼✙✫✑✰✜★✢✪✜✣✤✆✘✚✖✄✖❫❀✹☛✗✘✚✑✄✢✗✎☞✑✄✢✲✯❉✌❳✙✿❖❯✌❁✌❳✢❄✙✫☛✍✌s✙✿❖❯✜✏✌❳❲❢✙✛✦✫✌❳✓✇✌❆❀✹☛✗✘✚✑✄✢✗✎❁✻✍✌❳■★✌❳✢❄❖❈☛✍✌❁✢❄✙✛☛✍✑✮✎◆❀❳✜✣✖✄✖✰✌✾❀✼✙✛✑✄✜✣✢✪✑✮✎✔✍✢✗❀❳✜✣✔✍✢●✙✫✘✣✯✍✖✄✌✣✻✭☛✗✘❦■★✌❼❀❳✜★✘✚✖✄✌❁✎✫❀❅✌✾✬❽✯❢P❽✙✫☛✍✌s✙✛✑✄✓✇✌s✙✛☛✍✜●✎✒✌❼✙✿❖❹✜✏❀❅✜★✘✣✖✰✌✾✎✛❀❳✌ ♠
3. The exact simulation algorithm✡☞☛✍✌ ❋ ✌❁✦✒✤✧✌✾❀✼✙◆✎✫✘✚✓ ❋ ✖✄✑✰✢✗③❄✴➂➑❹⑩✞✡❈➒❯✺☞✘✚✖✄③✣✜★✦✛✑✰✙✛☛✗✓ ✖✰✜❢✜✣❿✭✎❈✘★✎❹✤✧✜✣✖✄✖✰✜④❖➃✎✸❚
✌✂✁ ❩ ❭
Repeat

Take
❨ ✁ ✌ , ✄ ❡✆☎❉❥✶ ✁ ❬✂

and ✄ ❡✆☎❉❥❜ ✁ ❬❭
While

❨✞✝ ✂
, do

0. If
❨✞✝ ✌✠✟ ❪ , generate

✎☛✡☞✡☞✌ ❡ ❴ ❥ ✶❅❏ ❡ ❴ ❥ ✫✮✭✇✴☛✍ ✂ ✶ ❭✏✎ ✺
1. ✑ ✁ ❏ ❡ ❴ ❥❜ ❘ ✴ ✄ ❡ ❴ ❥✶ ✺
2. Generate ✄ ❡ ❴ ▼ ❜ ❥✶

from

✭✓✒✕✔✣❙✡❭❾✴✠❇ ▼ ✺ ✳ ●❫✴✠❙ ❩ ✵❫✺ ❴ ✸ ❛❬❜ ✴✠❙ ❩ ✵❫✺✰❆ ❩ ❪ ✖✄✜✣③❉✴ ✑ ✺✗✖✙✘ ✴▲→ ♠✄❭ ✺
starting with

✎☛✡☞✡☞✌ ❡ ❴ ❥ ♠
3. If ❘ ✴ ✄ ❡ ❴ ▼ ❜ ❥✶ ✺ ■✮❏ ❡ ❴ ❥❜ ❘ ✴ ✄ ❡ ❴ ❥❜ ✺✈❚ ✑ ❯ , take ✄ ❡ ❴ ▼ ❜ ❥❜ ✁ ✄ ❡ ❴ ▼ ❜ ❥✶

Otherwise

Generate ✄ ❡ ❴ ▼ ❜ ❥❜ from

✭✓✒✚✔✚❙ ❭✥✴▲❇❺▼➍✺ ✳ ●❫✴✧❙ ❩ ✵❫✺✿❴✭✸◆❛⑧❜✞✴✧❙ ❩ ✵❫✺ ❆ ❩ ❪ ✖✰✜★③❉✴ ✑ ❯ ✺✗✖✛✘
starting with

✎☛✡☞✡☞✌ ❡ ❴ ❥ ♠
4.

❨ ✁ ❨✢✜ ❭
✛✜✑✖❁ ❃ ✎✢✑✔✓✖✕✼✗✪✘✚✎✒✗✙✛✜✎✒✗ ✁ ❊ ✄ ❡❳✶✫❥✶✤✣❚ ✄ ❡✟✶✫❥❜ ▲
✌✥✁ ❪✠✦ ✌

while
✛✹✑☛❁ ❃ ✎✒✑✔✓✖✕✟✗✙✘✚✎✢✗✚✛✹✎✒✗

✡☞☛✍✑✄✎ ❋ ✎✛✌❳✔❉✬✭✜✚➁❵❀❅✜✭✬✭✌➇✦✛✌✾❏★✔✗✑✰✦✫✌❁✎❍✎✒✜★✓✇✌➇✬✭✌❳✙✫✘✚✑✄✖✄✌❁✬②✌❳❲ ❋ ✖✄✘✣✢✗✘④✙✫✑✰✜★✢✗✎ ♠ ⑩❺✑✄✦✫✎✒✙❁✻✆✙✛☛✍✌✪✑✰✢●✙✫✦✛✜✭✬✭✔✗❀❅✙✛✑✄✜✣✢♥✜✚✤➃✙✫☛✍✌■④✘✚✦✫✑✄✘✣✯✍✖✰✌✾✎✇✎☛✡☞✡☞✌ ❡ ❴ ❥ ✘✚✢❉✬❑❏ ❡ ❴ ❥ ✘④✙➄✎✒✙✛✌ ❋ 0.
✘✣✢✗✬♥✙✛☛✍✌✲✔✗✎✛✌❄✜✚✤❑✎☛✡☞✡☞✌ ❡ ❴ ❥ ✑✄✢❱✎✿✙✫✌ ❋ ✎ 2.

✘✚✢✗✬
3.
✌❳✢❉✎✒✔✍✦✫✌❁✎✙✛☛✗✘✚✙❈✙✛☛✍✌❆❀❳✜✣✔ ❋ ✖✰✑✄✢✍③✇✤✧✦✫✜✣✓ ✙✫☛✍✌ ❋ ✘★✎✿✙◆✘✣✖✰③★✜✣✦✫✑q✙✫☛✍✓ ✑✮✎➃❀❅✜★✦✛✦✫✌❁❀❅✙❁✻●✙✛☛✗✘✚✙◆✑✮✎❳✻✭✙✫☛✗✘④✙➃✑✰✙ ❋ ✦✫✜✭✬✭✔✗❀❳✌❁✎❈✘✏✎✛✑✰✓❻✔✍✖✄✘✚✙✛✑✄✜✣✢✤✧✦✛✜★✓ ✙✫☛✍✌✇✬✭✑✄✎✒✙✛✦✫✑✄✯✍✔✭✙✛✑✄✜✣✢❂✜✚✤✆✑✄✢★✙✫✌❳✦✫✌❁✎✒✙ ❘ ♠ ✝❵✢✲✤✠✘✣❀❅✙❁✻❬✘✣✎➍✬✭✌❁✎✫❀❅✦✫✑✰✯◗✌❁✬❃✑✰✢❂➒✈✦✛✜ ❋✍❋ ✘✚✢❉✬✲➐❱✑✰✖✮✎✛✜✣✢➊✴ ❭❁❷✣❷★❸ ✺❅✻✗✙✫☛✍✌■④✘✚✖✄✑✄✬✭✑✰✙✿P✲✜✚✤✈✙✛☛✍✌✇✘✚✖✄③✣✜★✦✛✑✰✙✛☛✍✓ ✦✫✌❁❏●✔✍✑✄✦✛✌✾✎➃✙✫☛✍✌ ✘✚✓★✧❩✗s✎✒✌✾❏★✔✗✌❳✢✗❀❳✌✕✜✚✤❯✦✫✘✣✢✗✬✭✜✣✓ ■④✘✣✦✛✑✮✘✚✯✍✖✄✌❁✎❍✴Ï✙✿P ❋ ✑✮❀❳✘✣✖✰✖✄P✣✻➆✙✫☛✍✜★✎✛✌✘✚✦✫✌❑✔✍✢✍✑✰✤✧✜✣✦✫✓ ✦✹✘✚✢❉✬✭✜✣✓ ■❦✘✣✦✛✑✮✘✚✯✗✖✰✌✾✎✫✺❹✙✫✜❽✯◗✌❆✔✗✎✛✌❁✬✲✌✾✘✣❀✹☛✪✙✛✑✄✓✇✌❆✙✛☛✗✌❆✌ ❋ ✜✭❀✹☛✡❨❑✴★❨❹❚ ✂ ✶ ❩ ❭ ✶✸P✚P✸P✒✺❈✑✮✎➃■❢✑✄✎✛✑✰✙✛✌❁✬ ♠✝❵✢❽✜✚✙✫☛✍✌❳✦❯❖❯✜★✦✫✬✗✎❳✻★✜✣✢✍✌➍✓✕✔✗✎✒✙❹✬✭✌❳✙✛✌❁✦✛✓✇✑✄✢✍✌➍✘❻✎✒✑✄✢✍③✣✖✄✌➃✦✫✌❁✘✣✖✰✑✮✎✛✘✚✙✛✑✄✜✣✢✏✜✣✤❫✘❆✎✒✌✾❏●✔✍✌❳✢✗❀❳✌◆✜✣✤⑧✦✫✘✣✢✗✬✭✜✣✓ ✙✛✦✹✘✚✢❉✎✿✤✧✜★✦✛✓✏✎✴✪✩ ❴ ✺ ❴ ✎✒✔❉❀✹☛➄✙✫☛✗✘④✙

✄ ❡ ❴ ▼ ❜ ❥ ❚✫✩ ❴✭✬ ✄ ❡ ❴ ❥✯✮
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Fig. 1. A coalescence story for �✂✁ ✁ ➘☎✄❵➘ ✝ ✆ and ✝ ✁ ✞✠✟ ➘➘ ✟☛✡ . The lower right graph represents a

subset of the lower left graph. It indicates that coalescence actually took place at time ☞ ✁✍✌✏✎ . (The

numbers on the graphs represent the time at which the corresponding points were simulated.)
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Fig. 3. Output and marginal histograms produced by the perfect sampler for Example 1 with
�➘ ✁✁ ✎ ➘✾➘☎✄ ✎ ➘✾➘ ✝ . (The sample size is ✎ ➘☎✄✒➘❁➘✾➘ .)
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