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Abstract

Quantum Perfect State Transfer (PST) is a fundamental tool of quantum communication in a network. It is
considered a rare phenomenon. The original idea of PST depends on the fundamentals of the continuous-time
quantum walk. A path graph with at most three vertices allows PST. Based on the Markovian quantum walk,
we introduce a significantly powerful method for PST in this article. We establish PST between the extreme
vertices of a path graph of arbitrary length. Moreover, any pair of vertices j and n — j — 1 in a path graph
with n vertices allow PST for 0 < j < ”T_l Also, no cycle graph with more than 4 vertices does not allow PST
based on the continuous-time quantum walk. In contrast, we establish PSTs based on Markovian quantum walk
between the pair of vertices j and j +m for j =0,1,...(m — 1) in a cycle graph with 2m vertices.

1 Introduction

Transferring quantum information between different locations without interrupting the encoded information is
essential for future quantum technologies [1-7]. Routing quantum information is crucial for communication between
quantum processors and many other applications. Considering the advantage of coupling between neighboring
qubits, we can transport quantum information across a network. It is beneficial for keeping the network sites
remain at fixed locations. The perfect state transfer (PST) protocol uses an engineered but fixed coupling network,
represented by a graph [3,9].

A combinatorial graph G = (V(G), E(G)) is a combination of a vertex set V(G) and an edge set E(G) [10].
There are n vertices in the graph. We number them 0,1,...(n — 1). The adjacency matrix A(G) = (a; ;)nxn i8
given by a; ; = 1if (4,j) € E(G) and a;; = 0 if (¢,j) ¢ E(G) [11]. Assume that the vertices are spins and the
edges connect spins which interact between each other. There are different interaction Hamiltonians, for example
H= - E(i’j)eE(G) (clod + o;ai). Here, a;/y are the Pauli matrices for the i-th spin. Let the initial state of

the system is |A) € H?". After time t if the state of the system is in |B) then the transfer fidelity is given by
fap(t) = (Ble'f*o|A). There is a PST at time ¢ = to if fap(typ) = 1. A graph-theoretic simplification shows that
there is a PST between the vertices j and k at time o if fjx(to) = (k|e*A()%|j) = 1, where |5) and |k) are the state
vectors in ‘H™ corresponding to vertices j and k [12]. The idea of state transfer is related to the idea of quantum
walk. Let |j) be the initial state of a quantum walker starting from vertex j at time ¢ = 0. After time ¢ state of
the walker is etA4(@)t |7). The continuous-time quantum walk is determined by the unitary matrix etAG)t I there
is a PST between the vertex j and k at time to we have |k) = e*A(G)to |5} [13-16].

There are different classes of graphs supporting PST, such as the path graphs, hypercube graphs, etc. A path
graph P, with n vertices has edge set {(j,7+1):j=0,1,...(n—2)}. Path graph P, allows PST between 0 and 1
at time t = 7. Also, P supports PST between 0 and 2 at time ¢t = % When n > 3, P, does not allow PST based
on continuous-time quantum walk between any pair of vertices [4]. A path of length n between two vertices i and
j of a graph is a sequence of distinct vertices and edges i = vg, e1,v1,€2,...0,_1,€n,V, = j. Distance between two
vertices ¢ and j is denoted by d(4,j) which is the number of edges in the shortest path between them. Therefore,

P, and Ps3 support PST between two vertices at distance 1 and 2 respectively. Also for them the ratio ﬁﬁ%l =1,

where |E(G)| is the number of edges in G as well as ¢ and j are two vertices having PST at maximum distance.

There are graphs supporting PST in a greater distance, such as hypercube graphs, cubelike graphs [16], Cayley
graphs [17, 18], etc. But, the ratio ﬁg%l is more than one for them. For example, a hypercube graph @, in n

dimension supports PST between a pair of antipodal vertices. In )2, there are 4 edges to support PST at distance
2. In Q3, there are 12 edges to support PST at distance 3. Technically, it is difficult to control a large number of



interactions between qubits when we want to communicate between two vertices at distance. Therefore, we need
an advanced mechanism to perform PST in a path graph with an arbitrary number of vertices. This article fulfils
the requirement.

The continuous-time quantum walk can not produce PST in a path graph of arbitrary length. In the literature
of quantum information and computation, there are different proposals of quantum walk other than continuous-
time quantum walk, for example, discrete-time quantum walk [19,20], Szegedy quantum walk [21], and many
others [22—24]. The idea of PST is also generalized in a similar fashion [25—27]. Here, we consider a quantum walk
based on Markov chain [28,29] which is a variant of the Szegedy quantum walk. These quantum walks are applied
in different problems of quantum computing [30-32]. In this work, we observed that any path graph P, supports
PST between two extreme vertices 0 and (n — 1). Interestingly, PST is possible simultaneously between any pair of
vertices j and (n — 1 —j) with 0 < j < ”7_1 A cycle graph C,, with nodes 0,1,2,...(n — 1) has an edge between 4
and j if i — 7 = 1( mod n). Recall that, PST based on the continuous-time quantum walk is possible only in Cy,
which is a hypercube of dimension 2. But, in the case of PST based on Markovian quantum walk we observe that
C, permits PST for any even number n between the pair of vertices j, and j + §( mod n) for j =0,1,2,... %

We distribute this work as follows. In section 2, we introduce Markovian quantum walk and PST using it. Here
we develop a basis of H™ different from the computational basis to perform the quantum walk. We bind up this
section with three lemmas which are essential to establish PSTs. Sections 3 and 4 are dedicated to state transfer on
the cycle, and the path graphs, respectively. In these sections, we work out the state after ¢ time steps of evolutions
starting from an arbitrary initial vertex j. It assists us in identifying a pair of vertices allowing PST and periodic
vertices. In conclusion, we mention a few other graphs allowing PST, without proof. We mention three lemmas in
Appendix, which we utilize in sections 3 and 4. Proofs of these lemmas contains straightforward calculations.

2 Markovian quantum walk and perfect quantum state transfer

The random walk [33] on a graph is a fundamental mathematical tool for modelling and simulating complex problems
and natural phenomena. Szegedy developed a general method for quantizing a random walk to create a discrete-
time quantum walk. To develop the idea of a quantum walk, we first generate a directed graph from a given simple
graph G. On every edge, we assign two opposite orientations. For example, (j, k) and (k, j) denote two oppositely
oriented edges from the vertex j to k, and from k to j, respectively. The out-degree of a vertex j is denoted by d;
which is the number of outgoing edges from j. We define

1 . .
e »
0 if (k) ¢ B(G);
such that ZkeV(G) pjk = 1. As G is connected d; # 0 for any v € V and 0 < p; , < 1. The probability transition
matrix P = (pji)nxn leads to a random walk on G.

For every vertex j we assign an element of the computational basis of n dimensional vector space H,, say |j),
where |j) = [0,0, ... 1(j-th position)...0]". Corresponding to a directed edge (j, k) from j to k we assign a vector
l7k) = |j) ® |k) where |jk) € H,, ® H,. A superposition of the vectors representing the edges outgoing from the
vertex j is

) = 3 VB lik) = i) @ (Z M|k>> . )
kev kev

We can establish that the vectors in ¥ = {[¢;) : j € V(G)} are orthonormal because (1;]1;) = 1 and (¢;|¢x) =0
for j # k. Therefore, the vectors in ¥ are linearly independent. The number of vectors in ¥ is n, which is the
dimension of H,,. Thus, the vector subspace L£(¥) spanned by ¥ is isomorphic to H,,. It leads to to define a linear
transformation T : £L(¥) — H,, such that T |¢;) = |j) for j € V(G). It can be represented by a matrix 7', such
that, T'= 3",y (@) 17) (¥5]. Also, Tt = > jev(c) [¥5) (il such that T7|7) = |¢;). Therefore, any walk on £(V) is
equivalent to a walk on H,,. It allows us to restrict our discussion on the quantum walk and state transfer on the
space L(¥) only.

Corresponding to vertex j € V(G) we now assign a basis state |¢p;) € U. The unitary matrix leading the
Markovian quantum walk acting on £(¥) is defined by

U = S(21 - I). (3)

Here, Il = 3. ;) (1;] denotes the linear sum of all orthogonal projectors on V. Also, S'= 3,y > ycy |7k) (kj]

is a SWAP operator, and I is the identity matrix of order n?

characteristics of U. Proof of them are mentioned in appendix.

. The following three lemmas demonstrate crucial



Lemma 1. Given any vertex j on a cycle or a path graph we have S(2I1 — I) ;) = == (|(5 + 1)j) + |G — 1)7)),

2
where |¢;) = J515(j + 1)) +1j(j — 1)). Here, j #0 and j # (n—1).

Lemma 2. Given any vertex j on a cycle or a path graph with j # (n — 1) we have S(2I1 — I)|(j +1)j) =
1(G+2)G+1))

Lemma 3. Given any vertex j on a cycle or a path graph with j # 0 we have S2II-1)|(j — 1)) = | — 2)(5 — 1)).

Suppose the walker starts at vertex j at time t = 0. After times ¢ probability of getting the walker at vertex k is
given by Py(k) = (¢x|U"[¢;). We say that there is a PST between vertices j and k at time ¢ if |¢),) = U" [¢);), that
is, P;(k) = 1. We define a vertex j € V is a periodic vertex at time ¢ if |¢);) = U’ |¢);). Now, we are in a position
to investigate PST in different graphs.

3 State transfer on cycle graph
A cycle graph C,, with n vertices is given by a vertex set V(C,) = {0,1,2,...(n — 1)} and an edges set E(C),) =

{(G-1),5):5=12,...(n—1)} U{((n —1),0)}. In other words, two vertices j and k are connected in C,, if and
only if j — k= 1( mod n). Therefore, for every vertex j we can define

L ifj—k=1( modn)
) if 7 A
Pik { 0  otherwise. )
Using equation (2) we can write
1(01) + [0(n — 1)) it j = 0;
i) =4 5130 +1) +15( - 1) ifj=12,...(n-2); (5)
Z((n=1)0) +|(n=1)(n—-2))) ifj=(n—1)
for any cycle C,, with n vertices. The above equation can be written more precisely
1
V= (iGe1) +iGe1)), 6
) \/Q(IJ(J ) +1i(Ge 1)) (6)

where @ and © denote addition modulo n and subtraction modulo n, respectively, throughout the text. Now, we
demonstrate the following characteristics of the operator U = S(2II — I) for C,,, which will play a crucial role in
PST.

1. Lemma 1 suggests that for any vertex j in C, we have S(2II — I) [¢);) = % (1G+1)7) +1(j —1)j)), when
j#0and (n—1). For j =0 we have S(2II — I) |¢)o) = % (]10) + |(n — 1)0)). Also, for j = n — 1 we can
verify that S(2I1 — I) [¢,—1) = % (0(n —1)) + |(n — 2)(n — 1))). Combining all these, we have

S(2IT = 1) [4;) :\%(I(j@l)ﬁﬂ(j@l)j))- (7)

2. From Lemma 2 we state that for any vertex j # 0 and j # (n — 1) in C,, we have SQ2II - I)|(j + 1)j) =
|(+2)(j+1)). Also, for j =n — 1 we have

S - 1) [0(n — 1)) = S (2 [0(n — 1)) — [0(n — 1))) = & (2% o) — [0(n — 1>>) — 5[01) = [10). (&)

For j = 0 we have S(2II — I) |10) = |21). Combining we get
SEI-DGels)=[Ge2)(el). 9)

3. Using Lemma 3 we can justify that S(2II — I)|(j —1)j) = |(j —2)(j — 1)), when j # 0 and j # (n — 1).
Considering the cases for j =0 and j = (n — 1) we can prove in general

SRI-NiGe i) =I1Ge2)iel)). (10)



Now we are in a position to apply S(2II — I) multiple times on [¢);) with help of equations (7), (9) and (10).
Note that,

(S = D)* |v;) =

SI-N(Gen+lGebi) =—2(e2@e)+IGe@el)). 11

Sl

1
V2
Similarly,

(S0 = D)) [o;) = \}i (20T — I)(I(j®2)(j®1)>+|(j@2)(j@1)>):\%(I(j@3)(j€92)>+I(j@3)(j@2)>)~

(12)
Applying the principle of mathematical induction we can write the following theorem in general.

Theorem 1. In a cycle graph C,, with n vertices applying U = S(2I1 — I) on state |¢);) for t times we have

[S(201 = D) ;) = % (GeDG®E—1)+1GenGo -1,

where j =0,1,2,...(n—1).

This theorem leads us to the idea of PST on a cycle graph with an even number of vertices. Consider the
following corollaries.

Corollary 1. In a cycle graph Ca,, there is a PST between any two vertices j and j + m at time t = m for
j=0,1,...(m—1).

Proof. Applying Theorem 1 we have

[SCI = D" [¢;) = —=[lGem) (G e (m=-1))+[Gem) (e (m-1))]. (13)

1
V2
Since 0<j<2m—1, wehave j&@m=j6mand j®&me1=j6 (m—1). Now, applying equation (6) we find
that [S(2II — I)]™ |¢;) = |¥j@m) Therefore, if the cycle graph has n = 2m vertices then there is PST between j
and j & m at time t = m. O

Applying the superposition principle of quantum states, we conclude that, given any two distinct vertices j and
k in Cy,y,, there are PSTs between j and j & n as well as k and k & n simultaneously at time ¢ = m

Corollary 2. All the vertices in C,, are periodic at time t = n for any n.

Proof. Applying Theorem 1 we have
1 . ) . ) .. o
[SCI-D]" ;) = —7=[Gen) (e n-1) +lien)(ie n-)=—7I[1iG+1)+ 50— 1) =lv), (14)
V2 V2
since j®@n=j6n=jj®Mn—-1)=j—1,and j© (n — 1) = j + 1. Therefore, the vertex j is a periodic vertex
for all j at time t = n. O
4 State transfer on a path graph
Recall that a path graph P, with n vertices 0,1,...(n — 1) has edges (j,(j + 1)) for j =0,1,...(n — 2). Now, the

out-degree of 0 and (n — 1) is 1. Also, the out-degree of each of the remaining vertices is 2. Applying equation (1)
we have

1 if(5,k)=(0,1) or ((n—1),(n—2));
Pjk % if (]a k) ( )’ (ja k) 7& (Ov 1) or (j’ k) 7é ((n - 1)a (TL - 2)); (15)
0 if (4,k) ¢ E(G).

For every vertex j we generate p; , such that ZkeV(G) pjx = 1. Applying equation (2) we have

01) if j =0
W) =9 UG+ +1iG-1) ifj=12,...(n—2); (16)
|(n—1)(n —2)) ifj=(n-1).



The sum of projection operators on L(V) for path graph P, is given by

(n—2)
IT = |01) <01|+% ST UG +D) 16— D) GG+ DI+ GG = DD +[(n—1)(n=2) ((n—1)(n-2)]. (17)

j=1
In the theorem below, we demonstrate PST between the two extreme vertices of any path graph P,.
Theorem 2. There is a PST between the vertices 0 and (n—1) in a path graph P, with n vertices at timet = (n—1).

Proof. Note that, [S(2II — I)]|#o) = |10). Applying Lemma 2 repeatedly on |10) we can prove that [S(2IT —
D]t |ibo) = |t(t — 1)). Putting t = n — 1 we have [S(2IT — I)]™=Y |¢po) = [(n — 1)(n — 2)) = [th,_1). Also, [S(2IT —
D]|Yn-1) = |(n —2)(n —1)). Applying Lemma 3 on |(n —2)(n — 1)) repeatedly, we have [S(2IT — I)]* |1,—1) =
|(n—t—1)(n—t)). When t = (n — 1) observe that [S(2IT — I)]®~1 |¢h,,_;) = |01) = |thy). Therefore, we can
conclude that there is a PST between 0 and (n — 1) in P, at time ¢t = (n — 1). O

Now, we prove that there is PST between other pairs of vertices in P,.

Theorem 3. Let 1 < j <n—j—1 represents a vertex of a path graph P,, then

LG+ +t= 1) +|G =00 - (¢ =) when 0 < 1 < j;
(I = DI fy) = 5 (G+DG +t=1) 1 - )t -5~ 1) when j+1<t<n—j— 1
L@ —t—j=2@n—j—t—1)+[(t-Ht—j—1)) whenn—j<t<n-1)

Proof. This result holds trivially when ¢ = 0. Lemma 1 indicates the proof for ¢ = 1. For other values of ¢ with
2 <t < j, the proof is similar to Theorem 1. When ¢ = j we have [S(2II — 1)}’ |¢);) = % (1(25)(2 — 1)) + |01)).
Now, consider the range j+1<t<n—j—1,thatis1 <t; =t—j <n—2j—1. Applying Lemma 2, we have

(S(2IT - L [y;) = % (S(201 = 1)[(27)(2) — 1)) + S(211 — 1) [01)) = % 1@+ D@ +10).  (18)
Applying Lemma 2 repeatedly we have
[S(2IT — D Jyy) = \i@ (125 + 1) (2 4+ t1 — 1)) + |12 (11 — 1)) »
or [S(2IT — D)) [i) = % (G+8G+t— 1)+t — )t —j— 1))
When ¢ = (n— j — 1) we get [S(2I— 1)]"=5=D [y;) = 2 (|(n = 1)(n — 2)) + |(n — 2 — 1)(n — 2 — 2)}).

Now, consider the range n —j <t < (n—1), that is 0 <ty =t+j—n < j+ 1. When t = n — j, equivalently,
to = 0 we have

(S — D" ;) = —= (SCIL = 1) |(n — 1)(n — 2)) + SQI — )| (n - 2j — 1)(n — 25 — 2)))
v2 (20)
=% (Itn=2)(n = 1)) +|(n = 2j)(n—2j - 1))) .
Applying Lemma 2 and 3 repeatedly we have
(ST = DI ) = = ([ = 3)(n = 2)) + I(n = 2] + D = 29))) (21)
In general we can write
[S(2I1 = D"+ [y) = —— (I(n — (t2 +2)(n — (t2 + 1)) + |(n — 2 + t2)(n — 2 + £ — 1)))
G (22)
or [S(2IT = I)]* |4);) = 7 (I2n—t=j=2)2n—j—t-1) +|(t—-j)t—Jj—1))).
Combining all we observe the result. O



We mention the following corollaries to discuss PST and periodic vertices in a path graph.
Corollary 3. There is PST between the vertices j and n—j—1 in line graph P, for1 < j < an at timet =n—1.

Proof. Let the initial state be |1;). Applying Theorem 3 we have the state at time ¢ = (n — 1), which is

1
[T = D"~ ;) = 7 (In=d =D =0))+|n—-j-1n—-7=2))=[¢Ynj1). (23)
Therefore there is PST between the vertices j and (n —j — 1). O

Corollary 4. In a path graph Ps,,11 the vertex m is periodic at time t = (n — 1).

Proof. Applyingn =2m+1, j=m, and t =n — 1 = 2m in Theorem 3 we have

m 1
[S2IL — D)™ [4hy) = 7 (Im(m +1)) + [m(m = 1)) = [¢m) - (24)
Therefore, the vertex "T_l is periodic at time t = n — 1, when n is an odd number. O

As there is PST s between j and n — j — 1 all the vertices in P, are periodic at time ¢ = 2(n — 1).

We can visualize the movement of the quantum walker in terms of probability. Suppose the walker starts at
vertex j at time ¢t = 0 with the initial state [¢;). Probability of getting it at vertex k at time ¢ is P;(j, k) =
(Y|[S(2I — I)]*|¢;). Theorem 3 indicates when 0 < ¢ < j we have

1 when k£ = j and t = 0;
Pi(j,k) = % when k=j+tork=j—tandt=0<j<j—1; (25)
1

7 when k=0 and t = j.

When j+1<t<n—j—1 we have

% when k=j+tork=t—jand j+1<t<n—j5—1,;
P(jk)=4 3 whenk=n—-2j—landt=n—j—1; (26)
% whenk=n—1landt=n—j5—1.

Also for n — j <t <n—1 we have

whenk=2n—t—j—2ork=t—jandn—j<t<n-—1;

R = { : @)

whenk=n—j—1landt=n—1.

Other than these values of ¢,7 and k we have P;(j, k) = 0. For example, we consider a path graph with 6 vertices
with a walker who initiates walking at vertex j = 1. There is a PST between vertex 1 and 4. We plot P;(j, k) with
bar diagrams for different values of ¢ in figure 1.

5 Conclusion

In this article, we study PST in the path graphs and the cycle graphs with an arbitrary number of vertices. We
consider an alternative approach to PST which is based on the Markovian quantum walk. The idea of the Markovian
quantum walk is a variant of the Szegedy quantum walk. In case of the continuous-time quantum walk, we consider
exp(itA(G)) as the evolution operator. PST based on the continuous-time quantum walk is limited in path graph
with at most 3 vertices and cycle graph with at most 4 vertices. Considering the evolution operator S(2IT — I) of
Markovian quantum walk we overcome this limitation. We investigate the propagation of a quantum walker on path
and cycle graphs. In a cycle graph with 2m vertices, we establish PST between any pair of vertices j and j 4+ m at
time t = m for j =0,1,...m—1. Also, in case of path graphs P,, we observe PST between any pair of vertices j and
n—j—lattimet=n—1for0<j< ”51. When n is odd the vertex ”T_l is a periodic vertex. Therefore, this work
opens up a new direction to investigate PST in graphs which might be more efficient in quantum communication.
The idea of PST based on Markovian quantum walk is new and different from the other proposals of PST. It
is well-known that the antipodal vertices of a hypercube graph allow PST based on the continuous-time quantum
walk. In our case, only a two-dimensional hypercube graph which is a cycle graph with four vertices allows PST.
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Figure 1: The probability of getting the walker at the vertex k € P at different time instance t = 0,1,...5. Suppose
the walker started at vertex 1 at ¢ = 0. At t = 5, it reaches vertex 4. Therefore, the probability of getting the
walker at time ¢t = 0 at vertex 1 is 1. Similarly, the probability of getting the walker at time ¢t = 5 at vertex 4 is 1.
There is a PST between vertices 1 and 4 at time ¢ = 5.

Hypercube graphs do not allow PST based on Markovian quantum walk in them when their dimension is more
than two. Interestingly, all the vertices in the hypercube graph of dimension 4 are periodic at time ¢ = 12. The
central vertex of the star graphs is periodic at time ¢t = 2. The non-central vertices of the star graphs are periodic
at time ¢ = 4. Tensor product of two path graphs P; ® P; allows PST when ¢ 4 j < 7. Computer programs identify
these graphs supporting PST or having periodic vertices in them. Here, we mention them without proof, which an
interested reader may attempt.
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Appendix
Proof of Lemma 1:
Proof.
(20— 1) [¢5) = 21L[45) — [95) = 2[5) (Pjlhs) = |bg) = 2eb5) — [4by) = [by)
or @M= 1)) = 1) = =836+ D) +1iG - D) = G+ +1G -0 Y
O
Proof of Lemma 2:

Proof.

a0~ DIG+ 17 = G+ 07 =11+ 00 =2 BsnlG + DA I+ D)

:zéiwwﬂn—uj+nﬁ7



since (V(j41)|(J +1)j) = % Applying equation (2) we have

S@IT— 1)+ 1)j) = ( G+ 10 +2)+1G+D3) — G+ 1)j>)

77 (30)
SUG+DG+2)+G+1)7) =G+ =S|+ +2)=10+2)G+1)).
O
Proof of Lemma 3:
Proof.
@I =1)|(j — 1)) =201|(7 — 1)j) — (G — 1)) = 2[¥g-1)) Wu-0|(G = 1)5) — (G = 1)])
= 2= o) = | = 1)), oy
since (¢_1)|(j — 1)j) = % Applying equation (2) we have
SRII-1)|(j —1)j S L 1) ) —1)(y — 2 ) —1)7
= 1)1~ 13) = 5 (25 25(1 = 10) + 16 - DG - 2) - G- 1)) )
=S -DG -2+ -1 - 1G-D)=SIG-D0-2)=1G-2)0{—-1)).
O
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