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Perfectly Matched Layer Behavior in Negative
Refractive Index Materials
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Abstract—The perfectly matched layer (PML) absorbing
boundary condition is shown to be analytically unstable for a
material with a bandwidth of negative refractive index. Physically,
this is a consequence of the reversed phase and group velocities in
such a medium. The instability is inherent in the PML and is not
implementation-specific. We derive a modified PML (NIMPML)
that is analytically stable in a negative index material (NIM), and
we demonstrate its numerical stability in a specific NIMPML
implementation.

Index Terms—Absorbing boundary condition, negative index
material, perfectly matched layer.

I. INTRODUCTION

EGATIVE refractive index materials (NIMs) have many
Nunusual and potentially useful properties [1]. Moreover,
they are constructable at microwave frequencies using simple
resonant metallic inclusions in a uniform dielectric [2], [3]. Fi-
nite difference simulations of wave propagation in these mate-
rials have proven useful in investigating some of these unusual
properties [4]-[6], and should prove similarly useful in realistic
simulations of potential applications.

Simulations of NIM properties and applications may require
absorbing boundary conditions (ABCs) to truncate the compu-
tational domain at the edges of a negative index material. These
materials are necessarily highly dispersive [7] and thus not every
ABC is easily adaptable to solve unbounded NIM simulations.
The perfectly matched layer is a versatile ABC that has been
adapted to linear dispersive materials in a variety of slightly dif-
ferent formulations [8]-[11] and can, in theory, be adapted to
NIM simulations. However, we show analytically that standard
versions of the perfectly matched layer (PML) are inherently
unstable in materials with a bandwidth of frequencies with neg-
ative refractive index. This conclusion is confirmed by simple
simulations.

We also present and demonstrate a modified PML that
is analytically stable for unbounded NIMs. We call this the
NIMPML, and it is only slightly more complicated to imple-
ment than the regular PML. The NIMPML requires coupling
a finite difference approximation of a second-order ordinary
differential equation to the discretized Maxwell equations,
and we show that there is at least one implementation that is
numerically stable when coupled to the Maxwell equations.
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II. PML INSTABILITY IN NEGATIVE INDEX MATERIALS

We use the exp(jwt) time convention. Gedney [8], straight-
forwardly extending the results of Sacks et al. [12], showed
that the permittivity and permeability of an absorbing PML in
an isostropic linear dispersive medium can be written as € =
eoer-(w)§ and p = pop,(w)s with
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where p,.(w) and €, (w) are the frequency-dependent relative
permeability and permittivity, respectively, of the dispersive
medium. The parameter o is the standard PML loss parameter
[13] that controls the wave attenuation rate in the PML. We
consider two-dimensional (2-D) fields (0/dy = 0) of either
polarization in a z-absorbing PML to demonstrate the insta-
bility. Assuming a plane wave solution with fields varying as
exp(—j(kzz + k.z)), it is straightforward from (1) to show
that the fields in the PML obey the dispersion relation
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Letting k. = k./(1 + o/jw), the fields become spatially de-
pendent on the factor

exp(—jl_czz) exp(—jk.z)exp (— szZ) 3)
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where k. and k, satisfy the non-PML dispersion relation k% +
k2 = (w/c)?ure,.

Equation (3) shows that the PML fields decay in the direction
of the z component of the wavenumber k.. In other words, the
fields decay in the direction of the phase velocity of the wave.
In an ordinary positive index medium, the directions of power
flow and phase velocity are commonly parallel and at least not
anti-parallel. Thus, the field energy leaves the computational
domain in the same direction as the phase velocity, and the field
amplitude consequently decays as it should in an ABC.

In an isotropic NIM, phase velocity and power flow are an-
tiparallel, and energy leaves the computational domain in waves
with a phase velocity pointing back into the domain. According
to (3), this energy must also decay in the direction of its phase
velocity. However, in this case, this implies exponential field
growth as the energy leaves the domain. Consequently, the stan-
dard PML is unstable in a negative index material. This result
applies in one, two, or three dimensions, and also applies to any
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medium in which the components of energy flow and phase ve-
locity in the direction of PML absorption are antiparallel. In the
final section, we demonstrate this instability numerically.

III. STABLE PML FOR NEGATIVE INDEX MATERIALS

The factor 1 4+ o/jw in (1), which we from here on refer to
as s following the notation in the stretched coordinate deriva-
tion of the PML [14], can be replaced with any other function
and it will still act as a perfectly matched layer [12] (though it
may not be absorbing). If s is a rational function of jw, then its
time domain equivalent is a linear ordinary differential equation
that can be coupled to the Maxwell equations in a finite differ-
ence approximation. For a stable NIMPML, we thus require an
s that is rational in jw and, most importantly, changes sign in
the frequency band where the material has a negative index. For
a material where ¢, = p,, = 1 — wg / w?, the refractive index
n < 0 for w < w), (this material was considered by [4]) and a
good choice for s is

g

jo (1- %)
It is straightforward to show through (2) and (3) that this mod-
ification, when applied to this medium, results in a PML where

the fields decay as exp(—oz/c) independent of frequency and
refractive index. In general, the choice

s=1+ )

g

s=1+ R )
ensures that the PML decay direction is not phase velocity de-
pendent. The sign of the square root should correspond to the
fields that carry power out of the computational domain. A PML
for a NIM realization with resonant material responses, namely
€ = pir = 1 + w2 /(w§ — w?), can be derived in the same way.
A limitation of the NIMPML as outlined before is that in a
NIM in which ¢, # p,. (for example, the electric cutoff and
magnetic resonance achieved through a wire/split ring resonator
medium [2]), //i,€, is not a rational function of jw. Equation
(5) would not be equivalent to a time domain ordinary differen-
tial equation and could not be directly coupled to the Maxwell
equations as we describe below. This limitation does not inhibit
use of the NIMPML in simulations of basic NIM properties and
behavior. Many interesting NIM phenomena and applications
depend only on the existence of a negative index and are not
strongly dependent on the specific functional form of the permit-
tivity and permeability. Either the two cutoff or two resonance
form can thus be used in many cases to simulate realistically the
behavior of more general NIMs. We also suggest without further
investigation that it may be possible to stabilize a PML in such
a NIM by using an s with electric and magnetic resonances that
give a negative index in the same frequency band (though with

a different functional form) as the non-PML medium.

IV. NIMPML IMPLEMENTATION

With the function s (which can be thought of as either a uni-
axial permittivity/permeability element or a complex coordinate
stretch) defined, the NIMPML can be implemented in many
different ways. However, because (4) is equivalent to a second
order time domain ordinary differential equation, a split field

173

free space electric and magnetic

cutoff NIM

mp=21'l:x22.6 GHz
) field sample
position

standard PML

-0.1 s b 1 H
unstable'-
o 1L NIMPML 3 o ]
| ‘ stable |
0 .
—0.1F - - ‘ ‘ : : : 1
800 1000 1200 1400 1600 1800 2000
time steps
Fig. 1. (Top) Schematic of the numerical simulation. A broadband pulse is

incident on a NIM halfspace truncated with a standard PML or NIMPML.
(Middle) Time domain field recorded adjacent to the standard PML is clearly
unstable. (Bottom) Time domain field recorded adjacent to the NIMPML is
stable.

implementation would require multiple time derivatives of field
curls and thus would be rather complicated. We derive a straight-
forward implementation below and numerically demonstrate its
stability.

Following [11], the fields in the NIMPML can be written
as the Maxwell equations containing modified fields £ and H
where ' = F/s (F is either E or H). Note that F here is called
F in [11]; we have changed the nomenclature to avoid confu-
sion with a different variable change denoted by * in some PML
literature.

From (4), and converting to the time domain

2 2
<%+a%+w§>F: <% +w§) F. (6)
This ordinary differential equation for £ and H can be coupled
to the Maxwell equations containing instances of the fields E
and H. In a leapfrog finite difference approximation, we thus
have the following iterative steps: E from H from the Maxwell
equations, E from E from (6), H from E from the Maxwell
equations, and H from H from (6).
We implement a centered second-order finite difference ap-
proximation of (6) as
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Fig. 2. Fields from time harmonic line source simulation with NIM slab. (Top) Standard PML is used to terminate the NIM slab. After 12 source periods a strong
instability is evident in the PML edges of the NIM slab. (Bottom) Using the NIMPML, the same simulation is stable for at least 54 source periods and is able to

produce the desired steady state solution.

and numerically demonstrate later that it is sufficiently stable at
the Courant condition cAt/Az < 1/4/(dim) (dim is the di-
mensionality of the problem) to give good results. Note that this
form approximates the F' termin (6) as (F" 14+ 2F"+Fn—1) /4
rather than F'. We find the latter approximation unstable when
linked to the discrete Maxwell equations despite being centered,
second order accurate, and stable as an ordinary differential
equation approximation.

We have considered only lossless NIMs previously. To
simulate some NIM phenomena, for instance subwavelength
focusing, loss must be included to ensure that a steady state is
reached [5], [15]. A simulation of physically realizable NIMs
will normally include at least some loss. Including loss is
straightforward with the lossy cutoff and resonant forms e,,
pr = 1—w?/(w? —jwrv) and €, pir = 14w} /(Wi +jwr —w?),
respectively, where v is a loss parameter. These lossy forms
can be used to derive slightly more complicated versions of (6)
so that (5) is satisfied. However, in practice we find that the
lossless (7) can be used with a lossy NIM without significant
impact on performance.

V. SIMULATIONS

To demonstrate both the instability of the standard PML and
stability of the NIMPML, we implemented a one-dimensional
(1-D) leapfrog finite difference approximation of a material with

a magnetic and electric plasma response: i, = €, = 1 —w? /w?,
with w, = 27 x 22.6 GHz. A narrow, broadband, plane wave
pulse (0-30 GHz) is incident from free space on a half space of
this negative index material. The NIM is truncated 0.26 m from
the material interface with a standard PML and the NIMPML,
each 50-cells long with a 5/2-power polynomial increase of o
with distance and with o, = 0.2/At. Fig. 1 shows the elec-
tric field waveform recorded adjacent to the PML in each case.
The signal after 0.26 m propagation through this very disper-
sive medium is spread broadly in time. Most importantly, the
standard PML simulation is unstable, while the NIMPML sim-
ulation is stable enough to compute a solution for at least 4000
time steps. Moreover (not shown but easily seen in the simula-
tions), the standard PML is stable until the energy contained in
the negative index band (which travels at a group velocity signif-
icantly less than c) arrives at the PML. This explains the delayed
instability onset in Fig. 1 and confirms our analysis that showed
the instability of the standard PML is only in the negative index
frequency band.

For lossless and very-low loss NIMs in the above simula-
tion, we find a slowly developing, narrow bandwidth instability
in the NIMPML at the n = 0 frequency (in this case, 22.6
GHz) that can eventually swamp the desired solution after long
times (in this case, about 10* time steps). Unusual behavior at
n = 0 is not especially surprising in light of the division by
n = /1€ in (5). We find empirically that this instability can
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be reduced in practice by adding some loss to the Maxwell equa-
tions in the NIMPML. This creates a slight mismatch between
the NIMPML and the NIM, but in practice we find that reflec-
tions are still very small and the 1-D simulation can be made
stable until at least 107 timesteps (the simulation was not run any
longer). It is also possible that adding some loss to the NIMPML
through (6), as discussed in the above section, may also elimi-
nate this slowly developing n = 0 instability.

To demonstrate the performance and value of the NIMPML
in a more interesting, two-dimensional problem, we compare
the NIMPML and the standard PML in Fig. 2. A harmonic
(20-GHz) line current source in free space is next to a slab
of slightly lossy electric and magnetic cutoff NIM with
n(20 GHz) = —1.0 + 0.0001j. In this configuration, the
source radiation will be focused on the far edge of the NIM
slab [16]. To simulate a transversely infinite NIM slab, we
used a standard PML and the NIMPML derived above as
absorbing boundary conditions, each ten cells long with a cubic
polynomial increase of o with distance and with o, = 3/At.

In both simulations, the early time fields show identical ini-
tial focusing of the source radiation. After 12 source periods,
the standard PML is unstable in the NIM and the solution is
very nearly swamped. The NIMPML simulation, in constrast,
exhibits no instability after 54 source periods and has essentially
reached the desired steady state.

VI. CONCLUSION

Applying the standard perfectly matched layer to a disper-
sive negative refractive index material results in analytical in-
stability in the negative index band due to the antiparallel phase
velocity and power flow in such a medium. A modified PML is
derived that corrects for this fact and results in a stable absorbing
boundary condition that we call the NIMPML. The NIMPML
can be implemented in any of the common PML forms and
is only slightly more complicated than the standard PML. 1-D
and 2-D simulations confirm both the instability of the standard
PML and the stability of the NIMPML. The NIMPML thus en-
ables finite difference simulations of unbounded negative index
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materials so that the fundamental properties of NIMs, and their
performance in applications, can be explored and quantified.
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