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Abstract. Although it is common for automated image processing
techniques to claim subpixel accuracy in the identification of par-
ticles, or centroids of displacements of groups of particles, additional
errors are inevitably introduced when and if these data are re-
interpolated back onto a grid mesh whose nodes lie at different
locations from the original data. Moreover, these errors can be large
compared to the errors introduced in the original image processing
step.

Two different techniques, convolution with an adaptive Gaus-
sian window (AGW), and a two-dimensional thin-shell spline (STS),
have been compared and contrasted for interpolating irregularly
spaced data onto a regular grid. Both techniques are global interpo-
lators; the Gaussian kernel applies an ad hoc choice of smooth
function, while the thin-shell spline minimises a global functional
proportional to the Laplacian of the velocity field. In this way, the
smoothness constraint on the spline coefficients may be thought of
as akin to a viscous smoothing of the fluid flow.

Performance curves are given, enabling the investigator to make
an informed choice of interpolating routine and grid interpolation
parameters to minimise the interpolation errors, given various ex-
ternal constraints. Some illustrative example applications on real
experimental data are described. In general, the importance of
matching the interpolation technique to the characteristics of the
original data is stressed. It is also pointed out that a correct inter-
pretation of grid interpolated data must be based on a basic knowl-
edge of the performance characteristics of that interpolator. Finally,
recommendations are made concerning the development of surface
spline techniques for problems involving large numbers of data
points.

1 Introduction

The design and application of image processing and par-
ticle image velocimetry (PIV) techniques to fluid mechan-
ics problems has been reviewed by Hesselink (1988), and
Adrian (1991). While many new reported techniques ac-
tually involve comparatively straightforward application
of simple and proven image processing algorithms, the
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accuracy, precision and robustness in the presence of noise
of these techniques is quite often unknown and over-
looked. In the absence of such a complete error analysis,
the reliability and utility of PIV methods must be viewed
with some scepticism. Pioneering efforts towards detailing
relevant error analyses were described by Imaichi and
Ohmi (1983) and by Agiii and Jimenez (1987) [AJ87]. The
former concentrated primarily on image digitising errors,
while the latter were the first to give a thoughtful consid-
eration to interpolation errors that arise when irregularly
spaced data reduced to some regular grid.

The progress of quantitative imaging techniques for
velocity field measurements can be monitored in the pages
of Experiments in Fluids, and three broad classes of tech-
niques seem to have gained a foothold in the community.
Methods involving the estimation of velocity from coded
image streaks (e.g. Imaichi and Ohmi, op. cit.; Gharib
et al. 1985, 1986), and those requiring tracking of indi-
vidual particles from frame-to-frame of digitised images
that are closely-spaced in time (e.g. Perkins and Hunt,
1989; Malik et al. 1993), both require at least one interpo-
lation step before results can be represented on a regular
grid, where further analysis usually takes place. By con-
trast, the popular cross-correlation methods (e.g. Adrian,
1988; Willert and Gharib, 1991; Utami et al. 1990, 1991)
result in vectors that apparently are already given on the
regular grid generated by the discrete interrogation steps
(in both analog and digital implementations). This is not
strictly true, however, as the best estimate of the location
of the velocity vector from any particular correlation, is
not at the centre of the correlation window, but at a point
halfway along the computed displacement. Consequently
these DPIV methods should also use an interpolation
scheme, and are in fact obliged to do so to reduce certain
systematic errors that will give spurious divergent flows
where the vorticity is large.

It appears, then, that the issue of avoiding large inter-
polation errors remains pertinent in the majority of PIV
applications. It is also an issue of some importance in
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numerical simulations involving transformation from Eu-
lerian to Lagrangian reference frames in fluid mechanics
(see Yeung and Pope, 1988). This paper is based on more
extensive results in a detailed report on automated image
processing and grid interpolation techniques that has
been available for some time (Rignot and Spedding, 1988
[RS88]). The focus here is on the interpolation part of that
report, where the presentation and discussion of the spline
interpolation methods, in particular, has been consider-
ably refined and updated, following further research into
the literature and four years of practical experience using
these techniques. The original report is available on re-
quest and includes a PC-readable floppy disk with source
code for all the algorithms used here.

2 Interpolation

2.1 Introduction to interpolation techniques

Lancaster and Salkauskas (1986) provide an excellent
introduction to techniques in curve and surface fitting,
and describe a broad array of polynomial, spline and finite
element techniques. Comparisons and brief descriptions
of a large number of interpolating functions on standard
test data sets have been reported by Franke (1979, 1982),
although the results were described in qualitative terms
and the dependence on various of the parameter ranges
was not clearly identified, nor would this have been
feasible on such a range of techniques. In more specific
reference to fluid mechanics applications, Imaichi and
Ohmi (1983) have clearly described the implementation of
a simple linear least squares technique and its application
to two dimensional vortex flows, and a variation on this
scheme was successfully applied by Spedding and
Maxworthy (1986) to 2D unsteady separated flows. In two
most interesting papers concerning polynomial interpola-
tion and particle tracking techniques, Jimenez and Agiii
(1986, [AJ87]) reported small advantages in certain lower
order polynomial interpolators and in kriging techniques
for samples in the presence of noise, but opted for a simple
Gaussian convolution operator in their particle tracking
experiments, on grounds of reduced computational effort
and complexity. Nguyen Duc and Sommeria (1987)
described the use of a 2D spline interpolation on
particle streak data from vortex couple experiments, and
this technique, in turn, was based on the work of
Paihua Montes (1978).

These last two interpolation techniques serve as exam-
ples of two different classes of interpolator. Typically,
those involving convolution with operators, or windows,
of different kinds, will be simple to implement and fast to
compute. There will be some kind of inherent smoothing,
whose exact nature and the particular side effects will vary
according to type. Spline interpolators, on the other hand,

may be forced to reconstruct exactly the original data, and
the condition of continuous second derivatives will
guarantee some minimum degree of smoothness of the
surface fit.

The performance of these different interpolators will
be examined on real and simulated velocity fields, and an
attempt will be made to describe some of the strengths and
weaknesses of each technique, with a view towards offer-
ing practical guidelines concerning the choice of method
for experiments in fluid mechanics.

2.2 Description of interpolators
2.2.1 Inverse-distance weighting methods — (AGW)

One of the simplest interpolation schemes computes the
value of the interpolation function F (x, y) at a point from
the weighted sum of each of the k known data points, f;,

2 wi(x, )i :
F(x, y)=* ; (1)

=1
Z Wk(xa y)
k=1

and it remains to make a suitable choice of weighting
function, w,. Usually w, is a function of the distance dy,
where,

d=/(x—x)* — (v —ye)*

One possible choice for wy is simply,

Wk=dk_ 1
as originally discussed by Shepard (1968). Another is

o=, @

where ¢ is the width of the Gaussian function.
After using (1) and (2) to compute the two components
of velocity (u, v) in the plane (x, y), the vertical component

v Ou . .
——— can be computed using finite

of vorticity, w,=
orticity, @, =~ o

differences:

wz=<v(x+h, y)—v(x—h, y)—ulx, y+h)+ulx, y—-h)>_ 3)

2h

h is a relative displacement, which may or may not equal
the original grid spacing s. The main advantages of this
technique are its simplicity and its speed.

2.2.2 Global Basis Functions — (STS)

The basic idea is very simple in essence. One simply seeks
a function G;(x, y) and determines a set of coefficients, 4,
such that

F(X, y)=zk/lka(xa y)a (4)



interpolates the data. The trick, of course, lies in the
appropriate choice of G,(x, y). A number of possibilities
have been considered, as described quite clearly by
Franke (1982). In the multiquadric (MQ) method of
Hardy (1971) (also Hardy and Gopfert, 1975), for example,

Ge=(di +r%)'7,

where r is a parameter chosen by the user. Alternatively,
a class of spline interpolating functions known as
thin-plate splines, or thin-shell splines (with rotational
symmetry in R?), discussed in rigorous detail by Duchon
{(1977) and Meinguet (1979a, b), requires no such free para-
meter, and can be shown to minimise an energy function,
roughly analogous to the bending energy of a thin plate,
or in this context, the Laplacian of the fluid velocity vector
field. Specifically, one searches for functions that minimise
the functional,

02f 62f 2
+3| -
0x0y Oy

212 62f
0(f)=[al VAP =a| 25 +2 ©)
For Q=%R? Duchon showed that there exists a single
continuous function, o, that minimises (5), written in the
form:

o)=Y MGultns ) +a1x+ 029+, ©)
2
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and Gy(ty, t)=|dk|* log|di/*.

One then obtains the coefficients 4, . .
solving the following system:

e o) Hs) ®

where K is the reproducing kernel matrix,

L Arnals(xb B by

K=Tkijloxn kij=Gilts, 1), i#]
k=0
and
1,...,1
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The bulk of the part of the thesis of Paihua Montes
(1978) dealing with 2D splines concerns the design, evalu-
ation and performance of numerical techniques for solv-
ing (8), based on careful investigation of the properties of
K. Three alternative techniques were proposed. The first
(method A) involved a change of basis function based on
the data themselves, assuming the first three points in the
data to be non-aligned. This is the method that will be
used in the following comparisons, and is the one that is
discussed in further detail, together with FORTRAN
source code, in [RS88]. Montes’ methods, B and C
involve direct solution of the system using a Cholesky
decomposition of a re-ordered form of (8), and an iterative,
gradient descent technique. The original thesis should be
consuited for details. In all cases (including the software
distributed in [RS88]), we actually use a smoothed spline
interpolation, where the functional to be minimised has
the form:

(AN =1l VP40 3 i Ful?, o)

c.f. (5). This expression represents a balance between the
global smoothness and the sum of the squares of the
residuals, weighted by p. The system (8) now becomes,

FH RN

where

K=K+pl,,  p=4an/p.

For p>0, § behaves like a smoothing parameter.

The matrices K (or K) and E are the same for both
components of velocity (substitute u or v for f in the
equations above), and are quite independent of the par-
ticular choice of coordinate system (x, y). A further ad-
vantage of the spline solution is that spatial derivatives of
fin (x, y) are given analytically from differentiation of (6),
so, for example, w,, can be computed directly, since for the
ith grid node, one immediately has

dv; n
a—”=a1+2 S {An. udx. »(log dZ + 1)}
X k=1 (11)
6ui d
a_=a2 +2 Z {)\.Lkdk’y(logd%'i'l)}
y k=1

where the 1, , coefficients are computed from the u, and
v, velocity components respectively.

2.3 Smoothing

The rational choice of smoothing parameter is an entire
topic unto itself and it will not be addressed explicitly
here. A number of internal tests, described more fully in
[RS88], showed that a reasonable choice of smoothing for



420

the AGW technique was to smooth all grid data (velocities
and their spatial derivatives) with an 8-neighbour mean
smoothing filter. For both the test and experimental data,
a fixed value of 5 =1.0 was used in the STS interpolations.
It is not claimed that this is the best choice (see, for
example Wahba (1979, 1982, 1990 pp 45-65) for possible
approaches in computing optimum smoothing in thin-
plate splines), only that it allowed reasonable solutions
to the stystem (10) to be computed that were not greatly
in error, and were not oversmoothed either so that the
effect of changing the other interpolation parameters
could be clearly observed. Subsequently, in practical use,
with real, noisy data, an appropriate and careful choice of
P = Dp(|v|max, | nOise|, L/6), has been found to be essential.

3 Error analysis

3.1 Error functions

Consider, to begin with, the formulation of the Adaptive
Gaussian Window (AGW) interpolation in Eqs. (1-3). The
performance of this scheme depends, a priori, on four
parameters:

L: characteristic length of the flow

0: mean nearest neighbour distance between samples.
h: displacement in the numerical differentiation.

o: Gaussian window width.

If a global measure of the interpolation error is taken,
such as the root mean square of the difference between the
true data field and its interpolated values at the grid
nodes, this quantity will be a function of these four para-
meters. Hence,

RMSE=F (L,$,h,a). (12)

Although, in principle, h may be chosen independent
of the real grid spacing, s, for convenience, we set h=s for
all the results reported here, so the grid spacing and the
differentiation length are equal. A further simplification
can be introduced by using the result of [AJ87], who
concluded that an optimum ratio of H/é was around 1.24,
independent of h/6 and L/6. We have retained this magic
number of H/J, so the RMSE is now a function of three
variables'. This may be expressed in two intuitive forms:

RMSE=f(L/h, h/6) (13a)

and

RMSE =g(L/d, h/$). (13b)
These formulations have quite practical inter-

pretations, which have some influence on how one might

1§ in [AJ87] is defined as the mean particle separation, not the
mean nearest neighbour distance, as used here, which diverges from
the former as the particle distribution becomes less uniform.

view the following performance analysis measurements.
Assume that L is known or can be reasonably approxi-
mated. There are therefore just two alternative scenarios
to be considered. In the first case, suppose the data must
be interpolated on to a grid with fixed, predetermined
dimensions. h and L/h are fixed, and the relation (13a) will
give minimum requirements for & (i.e. the minimum num-
ber of data points to be obtained experimentally) to satisfy
a given degree of accuracy of reconstruction of the field.
Alternatively, in the second case, an image (or any other
source of measurement) has already given a certain
number of particles or data points, J is thus fixed, and
an appropriate choice for the grid spacing, » will be given
by (13b).

Since the window width in AGW, ¢, has been elimi-
nated from the functions f and g, they may equally be
applied to the Thin Shell Spline (STS) interpolation, which
is a function of the same three parameters L, é and h.

3.2 Error analysis procedure — Burgers’ vortex

The interpolation errors committed by AGW and STS
were measured in tests on artificial velocity fields, and also
estimated in real data. For economy of presentation, the
errors are described by single RMS values, computed at
the nodes of the grid and averaged over the whole field.

The artificial velocity was prescribed by Burgers’ vor-
tex, which is a closed-form solution of the Navier-Stokes
equations, providing a simple canonical vorticity distribu-
tion. In a 2D flow, the tangential velocity, v, is:

Dt:if(]_e-ﬂlzv) (14)

where k is the circulation, r the radial distance from the
core centre and v is the core size. The vertical vorticity, w,,
is then
_k _(r¥av)

w,= o e . (15)
Varying numbers of velocity vectors, n, were distributed
about this velocity field, at locations determined by two
independent random number generators. The distribution
of vorticity w,(x, y) and an example of randomly-located
velocity samples in this field are shown in Figs. 1a and 1b,
respectively.

In real data, the true error is always unknown, and is
usually estimated from the variance of resampled data. In
unsteady and/or turbulent flows, this is rarely practicable;
instead, one may estimate the error by resampling the same
data, synthesising new samples with random number gen-
erators. This technique is known as bootstrapping (Efron,
1982), and is discussed more thoroughly by [AJ87] and in
[RS88]. Here the bootstrap techniques were implemented
so as to calculate errors at the grid nodes (rather than at
the data points) for both AGW and STS interpolators.
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Fig. 1. a The analytic function w.(x, y) for Burgers’ vortex. b A
randomly-chosen sample (N =80) of velocity data points in the
flow of a.

4 Performance Analysis of AGW/STS

4.1 AGW Interpolation Errors

Figure 2a shows the mean RMSE function (g in Eq. (13b))
of L/, for different values of h/é, for the velocity field of
the pure vortex of Fig. la, computed from a number of
iterations of AGW on randomly distributed velocity sam-
ples. For this flow there are originally no small scales to be
detected, and the relative grid spacing h/d has little effect
on the results. On the other hand, plotting the same
function, but for the vorticity field (Fig.2b), shows
a strong influence of h/J, which should be greater than
1 and probably less than 2 (for a typical range of L/d), to
keep errors down to acceptable levels. Expressing the
RMSE velocity as a function of h/d, for different L/h (fin
Eq. (13a)) in Fig. 2¢, the rapid increase in the RMSE for
h/d <1 is clear, as is the expected trend for the RMSE to
decrease, for fixed h/d, with increasing L/h. The same effect
is evident in Fig. 2d for the vorticity.
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Some general conclusions and operating principles for
the AGW interpolation may be drawn:

e A single vortex field may be reconstructed with an
average error of around 5% for the velocity, and 10%
for the vorticity, given appropriate choices of h/d=1
and L/h=20 for this case. It is difficult to see how this
error can be reduced below these values in most
foreseeable practical applications.

e In real applications, given L, or an estimate for its likely
value, and constraints on either  or 4, one may exercise
one’s remaining degree of freedom with an appropriate
choice according to the curves in Fig. 2.

4.2 STS Interpolation Errors

A similar performance analysis for STS is displayed in
Fig. 3. Figures 3a and b show the RMSE function (g in
Eg. (13b)) of L/, for different h/5, for the velocity and
vorticity fields, respectively. In both cases, g is quite insen-
sitive to changes in A/, while the importance of achieving
a satisfactory L/d is obvious. STS does not have the same
dependence on h/§ for the vorticity as was observed for
AGW, owing to the different techniques for computing
derivatives of u. Expressing the RMSE as given by f in
Eq. (13a), Figs. 3¢ and d show this function for the velocity
and vorticity fields, varying L/h and h/§, as with AGW in
Fig. 2. The results are similar too, with the relative effects
of L/h and h/§ being quite clear. In general, it is these
curves which will be the most useful for making appropri-
ate choices of parameters and interpolators in practical
applications. To summarize:

e Interpolation errors of approximately 2.5% for the
velocity, and 5% for the vorticity might be expected,
given suitable choices of h/d and L/h.

e STS8 is not especially sensitive to the particular choice of
h, and so for a fixed or known L, one is simply left with
a choice of § in order to interpolate within a certain error.

4.3 AGW vs. STS

In terms of the interpolation error performance on artifi-
cial velocity fields composed of pure vortices, inspection of
Figs. 2 and 3 reveals some differences in the two tech-
niques. STS is much less sensitive to h than AGW and, in
fact, for this type of data, is more or less independent of
the grid spacing, within reasonabie limits. On the other
hand, h has a significant influence in AGW as it governs
the differentiation displacement length. It is true that we
have chosen to couple h and s (h=s) in this analysis, and
similarly the fixed ratio of 6=1.245 determines the
Gaussian window width. There is some degree of flexibi-
lity in AGW, then, which has not been fully utilised, but
the general point remains that this scheme is more sensi-
tive to aspects of the grid spacing and geometry.
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Operating under the same conditions, the RMS errors
in both velocities and their first spatial derivatives were
roughly halved by STS in comparison with AGW, and on
these grounds alone, STS is clearly superior.

Sometimes small differences in RMSE values belie
rather more obvious and dramatic differences in the distri-
bution of errors across the whole data field. To illustrate
this point, isometric surfaces of w(x, y) interpolated from
data of Fig. 1b by STS and AGW appear in Figs. 4a and
b respectively.

Both interpolations in Fig. 4 give acceptably accurate
values for wp,, (the true value of ., =1) and for I, the
circulation {measured by integrating over the surfaces of
Fig. 4), but from a qualitative standpoint one is much
more likely to be satisfied with the STS result. There are
many spurious oscillations in the AGW  field, including
false peaks. On the other hand, AGW does have the
property that o drops to zero where there is no original
data. Compare Fig, 4b with Fig. 1b at the edges of the grid
to see that it will do this regardless of the remainder of the
data field; in short, where the data are sparse, there is no

implicit extrapolation or interpolation from surrounding
areas aside from the Gaussian itself. This point is really
rather obvious, but it is all that is required to explain the
perhaps initially surprising unsmoothness of Fig. 4b. By
contrast, STS displays the classical spline curve character-
istics where the extrapolated end points are dictated by
smoothness conditions of the interior points. If one knows
these end conditions a priori, they may be specified, but in
this case they were not, and the errors are the corners of
the STS interpolation are the resuit.

5 Analysis of Bootstrap Error

The ability to accurately estimate unknown errors in inter-
polated velocity fields would be a valuable asset, and the
bootstrapping algorithms were thoroughly tested on artifi-
cial velocity fields to check the agreement with the true
errors. The solid curves of Figs. 5a and b are reproduced
from Figs.2c and d and show the RMSE function of
velocity and vorticity for AGW with A/$ for four different
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Fig. 3a—d. STS performance analysis. RMS errors in u and w as functions of h/8, L/ and L/h, as for AGW, above

values of L/h. The dashed lines are the bootstrap error
estimates under the same conditions. The trend for the
bootstrap error in the velocity field is always the same as
the true error, with both L/h and h/§, but the absolute
magnitude of the error may itself be in error by up to 100%.
Fig. 5b shows the same general trends for the vorticity field.
Once again, in Fig. 5b the bootstrap error always underesti-
mates the true value. This is because both interpolators
have a nonzero smoothing, so a bootstrap error estimate
computed at the grid nodes will be an underestimate due to
repeated smoothed samples having a lower variance than if
the smoothing were absent. This is quite important in
correctly interpreting the bootstrap result. The absolute
value of the bootstrap error may underestimate the true
error by a factor of two?, but the relative change in boot-
strap error with L/h and h/8 agrees well with the real error
curves, and Fig. 5 suggests it could be a useful measure of
comparative errors across the spatial domain.

2 This factor will depend on the degree of smoothing, and on the
interpolating method.

Bootstrap algorithms were successfully implemented
for both interpolators, but a single example using STS will
suffice to demonstrate. Figure 6a is an isometric surface of
the true error distribution in a,(x, y),

G,=U—U;

where u and u; are the real and interpolated velocities, and
Fig. 6b shows the bootstrap estimate of the same quantity,
computed only from the measured velocities. [In the gen-
eral notation of section 2, g,=f, —F, over the k known
data points.] Note how o, has its greatest magnitude at
the corners, as previously observed (Fig. 4a), and how the
bootstrap estimate recovers this general trend quite satis-
factorily. For o,

O'w=|CO—(DiI

In Fig. 7, both the true error (7a), and its bootstrap
estimate (7b) are confined mostly to the corners and edges
of the grid. The difference in scales in the two figures
exaggerates the apparent extra noise in the bootstrap
error field, which would be further reduced with more
iterations.



Fig. 4a, b. Interpolations of the velocity vectors in Fig. 1b, onto
a 20 x 20 grid by STS a, and AGW b

It appears that a realistic distribution of errors o(x, y)
can be generated from the data, in which case these values
might be used as limiting constraints in smoothing filter
operations ([AJ87], see also Wahba (1990, pp 67-71)).
This was not attempted here though, owing to the con-
siderable uncertainty in the magnitude of the bootstrap
error estimates.

6 Example Applications

It is important to verify the conclusions from numerical
simulations in real experimental data, where sources and
forms of noise are usually less uniform and predictable.
Two examples of unsteady vortex shedding experiments
follow, one in which the flow is close to completely
two-dimensional, and data come from one instantaneous
realisation. The second flow is strongly three-
dimensional, with flow out of the plane of measurement,
and measurements have been phase-averaged from
multiple realisations.

b h/§ ———

Fig. 5a, b. The RMSE functions of «, a and w, b, for AGW (solid
lines) and from the AGW bootstrap estimate (dashed lines). The
RMSE values are shown as functions of L/h and h/é and the solid
curves are those already shown for AGW in Figs. 2c and d

6.1 Oscillating 2D Flap

A two dimensional oscillating flap experiment was con-
ducted by hinging a flat plate at the leading edge of
a horizontal flat plate spanning a water channel. The
streamwise length of the flap, ¢, was 5 cm, the freestream
velocity, U, was 11 cm-s™?, and the flap was oscillated
continuously at a frequency of .33 Hz. The reduced fre-
quency, k, defined by, k=nfc/U, was 0.47. The cross-
stream vorticity thus dominates the local flow field, which
is characterised by the shedding of strong vorticity at the
trailing edge of the flap. At the maximum flap opening
angle of around 70° this vorticity has rolled up into
a single coherent vortex, shown in Fig. 8a. The flow has
been seeded with polystyrene beads, and a modulated
laser light source is directed along a streamwise, vertical
sheet, with a thickness of 2—3 mm. Below this photograph,
Fig. 8b shows the velocity vectors for this flow, computed
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from the digitized image of Fig. 8a. The theoretical accu-
racy of these vectors is approximately 0.3 pixels (see
[RS88] for details). Figure 10 compares the AGW- and
STS-interpolated results. The choices of L/h=14.5 and
h/3=0.8 were determined by the performance curves of
Figs. 2 and 3, given the constraint that the particle density
is a little low. The 15 x 15 grids in the top of Fig. 10 are on
restricted areas over the vortex (the origin of the x, y
coordinate system is at the hinge point of the flap on the
plate) and, qualitatively, the velocity fields look quite
similar. The vorticity distribution (lower figures) is rather
different in the two cases, however, with the peak
Wmax being sharper and higher in the STS interpolation.
The difference in the two interpolations is not so great
when averaged over the whole field so that, while ratio of
Omax, AGW/ Pmax, sts = 0.55, the circulation, I', computed by
integrating @ over all (x,y), is —11.3cm? s~ ! accord-
ing to AGW, and —13.6cm?-s”! from STS, a ratio
I'sow/I'srs=0.83. This reflects the tendency of AGW to
smear out a peak over a broader area. According to
bootstrap error estimates, the RMSE, is 11.1% for AGW
and 6.4% for STS. These values are quite consistent with
the predictions from the performance curves of Fig. 2 and
3 for this range of L/kh and h/d.
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Fig. 7a, b. 5,(x, y), a and its bootstrap estimate, b for STS

In this example where n (=44) is small, and the ve-
locity vectors are known with good accuracy, STS is
clearly the best choice of interpolator. The difference in
CPU time requirements is negligible but the superior
accuracy of STS in determining w(x, y) is quite noticeable.

6.2 3D Separated Flow over a Delta Wing with Flap

The delta wing experiment with a leading-edge flap is
described more fully in Spedding et al (1987), and in
[RS88], and is shown schematically in Fig. 12. The delta
wing has a flap of local span 0.45b, where b is the semi-
span, and the flap oscillates sinusoidally about the leading
edge, through an angle of 70°. A light slice was placed
normal to the freestream, at the wing trailing edge, and
particle trajectories in the (y, z) plane were digitised by
hand and phase-averaged over several frames. Due to the
manual digitising technique and the phase-averaging of
the data, one might expect there to be more errors in the
original velocity vectors, which are distributed very un-
evenly over (y, z). The strong axial flow along the vortex
core meant that few particles remained there in the light
slice during the time of exposure, and the sparse data in
the far field is of somewhat dubious quality. In practice,
some of these problems can be avoided by filtering and
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Fig. 8. a Original particle streak image of the 2D flap, at an open-
ing angle, 8= 76°, close to the maximum. The mean flow is from left
to right b Velocity vectors assigned to the flow above

windowing techniques, but it is of interest to see how
AGW and STS perform with such data.

When the particle distribution is so non-uniform, the
optimum grid spacing for AGW will vary across the field,
and globally-averaged values of 6 may not yield the best
distribution of mesh points. This matter is discussed fur-
ther in [RS88]. A reasonable solution was arrived at with
a value of h/6=1.27, slightly higher than the optimum
value of 1 derived from tests with uniform random particle
distributions. The result is shown in Fig. 13. The circula-
tion for this separation vortex, I'=—34.1 cm?-s™ 1,

The choice of h is not clearly so crucial for STS, and
h/6=1 can be safely used, resulting in a denser distribu-
tion of grid points (and possibly superior spatial resolu-
tion). The velocity and vorticity fields are plotted in
Fig. 14. In contrast to AGW, the velocities do not decay to
zero at the edges of the grid, but instead tend to temain
close to interior neighbouring values. Strictly speaking,
most particle streak detection schemes are incapable of
resolving a zero velocity vector (when the displacement is

zero, unless some constant, uniform offset is added), and
so the STS interpolation cannot be expected, in general, to
correctly reproduce the edges of flow fields where this
occurs. Either some zero velocity data points are inserted
at the appropriate locations in the flow field, or an incor-
rect uniform flow must be tolerated. AGW grid values
decay to zero by default, in the absence of data, but at the
expense of generating artificial and probably erroneous
vorticity data at those grid points.

6.3 Bootstrap error estimates on real data

Detailed results are available in [RS88], and only one
example will be shown here. Figures 13 and 14, show, on
the upper surfaces, the original interpolated data of u? and
o for the STS interpolation, and on the lower surface are
the bootstrap distributions of (¢,)* and ¢,,. The units of
each pair of surfaces are therefore the same in each case,
except the bootstrap error scales have been expanded by
a factor of 100 and 10 for (0,)* and o, respectively.

The curl-up of the error surface (0,)? in Fig. 13 at the
edges close to the vortex is reminiscent of the artificially-
reconstructed Burgers vortex result. Overall, the small
magnitude of these errors is encouraging, and the vorticity
surfaces (Fig. 14) present a similar picture. The shape of
the vorticity distribution in the top of Fig. 14 is quite
likely to be correct, within error bounds given by the
lower surface. The RMS value of the relative error, o),
over all the m x n grid nodes,

;_Oo

Op=—
w

is 2.5%. Noting that this could be an underestimate by
a factor of two, the upper bound on the true interpolation
error is thus unlikely to exceed 5%; this number is consis-
tent with the quantitative predictions of Fig. 3 for this
interpolation scheme.

8 Conclusions

Given the constraints imposed, STS can be expected to
interpolate scattered data with errors about one half of the
magnitude incurred by AGW. Moreover, its comparative
insensitivity to small changes in the grid spacing, h, and
the mean nearest neighbour distance, §, make STS simpler
to use. In both cases, it may be possible to significantly
improve the performance by careful adjustment of local
window width, ¢ (in AGW), and smoothing parameter,
p (in STS), in response to noise and/or spatial non-
uniformity in the data distribution.

The principal justifications for using a scheme of the
AGW type for interpolation are its simplicity and the
convenience of implicit smoothing. However, in almost all
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Fig. 9. Grid velocity vectors and vorticity distributions from the AGW (left), and STS (right) interpolations of the 2D flap data from Fig. 8b

circumstances tested, given an appropriate choice of free
parameters, STS can significantly outperform AGW in
terms of mean and local error in velocity and vorticity.
The report referred to as [RS88] here provides source
code for the spline interpolation algorithm and so
complexity of implementation should no longer be a
hindrance. Furthermore, now that CPU and RAM
limitations are less severe, there seems to be little reason to
use AGW-type routines for all but rough solutions to
problems involving very large n.

In these cases of large n (n>2048 can be considered
large by current workstation limitations) the problem is
essentially the requirement in Eq. (9) of inverting an O(n?),
double precision matrix. This in turn stems from insisting
on a global solution to the spline surface coefficients, and

can be removed if some local, patched spline interpolation
is used instead.

In practical terms, the procedure is to subdivide the
data into smaller domains, where local subrectangles are
spline interpolated, and glued together at common edges
by polynomials that can be computed using information
in the neighbouring spline coefficients themselves. Now,
the choice of numerical solution should reflect the fact
that it is more difficult to track and check on the align-
ment of the first three data points in each subrectangle,
and so the solution of (10) proceeds by a direct solution of
a re-ordered projection of (10) on a basis computed from
all the data. This is Montes’ method B, which is a little
more time consuming than A, and slightly less accurate,
although the differences in accuracy, following a simple
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h/6=1.27 and the grid dimensions are 35x25. L/h=15.4
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correction iteration procedure, are very small. Montes’
original thesis also contains the elements of code to
implement the patched spline procedure. For a typical
medium-sized problem involving, say, 4096 vectors, the
reduction in CPU time and RAM requirements are both
more than an order of magnitude improvement over the
¢lobal solution, and this patched, local, 2D, smoothed,
spline approximation is the current method of choice in all
our current PIV interpolation routines.

Acknowledgements

It is a pleasure to thank Prof. F. K. Browand for his support,
encouragement and assistance. Thanks also to Prof. T. Maxworthy
for helpful and stimulating discussions during various stages. The
financial support and encouragement of the Air Force Office of
Scientific Research (AFOSR #85-0318) and the Office of Naval
Research (ONR # N00014-82-K-0084) have been crucial.



30
20 ‘
] I
E 10 \\\\‘
0 &?& 0‘00‘00

Y%
CIISLSLL
SV
D9SREEIAIL
COSTITTIIREANICE

Fig. 13. Distribution of u?(y, z) (upper surface) compared with the
magnitude of the bootstrap error estimate for (¢,)%(y, z) (lower
surface) for STS. The vertical scale on the lower surface is 100 x that
of the upper surface

References

Adrian, R. J. 1988: Statistical properties of particle image
velocimetry measurements in turbulent flow. In: Laser anemo-
metry in fluid mechanics (eds. Adrian, R. J. ; Asanuma, T. S;
Durao, D. F. G.; Durst, F.; Whitelaw, J. H.), 115-129

Adrian; R. J. 1991: Particle imaging techniques for experimental
fluid mechanics. Ann. Rev. Fluid Mech. 23, 261-304

Agiii, J. C,; Jimenez, J. 1987: On the performance of particle tracking,
J. Fluid Mech. 185, 447-468

Duchon, J. 1977: Splines minimizing rotation invariant norms in
Sobolev spaces. In: Constructive theory of functions of several
variables. (eds. Schempp, W.; Zeller, K.) Lecture Notes in Math.
571, Springer NY, 85-100

Efron, B. 1982: The jackknife, the bootstrap and other resampling
plans, SIAM, Philadelphia, PA.

Franke, R. 1979: A critical comparison of some methods for in-
terpolation of scattered data. Naval Postgraduate school, TR
# NPS-53-79-003, Monterey, California

Franke, R. 1982: Scattered data interpolation: tests of some
methods. Math. Computation 38, 181-200.

Gharib, M.; Hernan, M. A.; Yavrouian, A. H.; Sarohia, V. 1985:
Flow velocity measurement by image processing of optically
activated tracers. ATIAA Paper 85-0172

429

RS
CORSERS
e

SRS
NI 0 0%
el e

Fig. 14. As Fig. 13 but with isometric surfaces of the interpolated
o(y, z) (upper), and its bootstrap error estimate o,,(y, z) (lower). The
scale of o, is 10 x that of the original.

Gharib, M.; Dyne, B.; Thomas, O.; Yap, C. 1986: Flow velocity
measurements by image processing of optically modulated
tracers. AGARD-CPP-413, No. 22

Hardy, R. L. 1971: Multiquadric equations of topography and other
irregular surfaces. J. Geophys. Res. 76, 1905-1915

Hardy, R. L.; Gopfert, W. M. 1975: Least squares predictions of
gravity anomalies, geoidal undulations, and deflections of the
vertical with multiquadric harmonic functions. Geophys. Res.
Lett. 10, 423-426

Hesselink, L. 1988: Digital image processing in flow visualisation.
Ann. Rev. Fluid. Mech. 20, 421485

Imaichi, K.; Ohmi, K. 1983: Numerical processing of flow-visual-
ization pictures — measurement of two-dimensional vortex flow.
J. Fluid. Mech. 129, 283-311

Jimenez, J.; Agiii, L. C. 1986: Approximate reconstruction of ran-
domly sampled signals. Signal Proc 12, 153-168.

Lancaster, P.; Salkauskas, K. 1986: Curve and surface fitting: an
introduction. Academic Press, London

Malik, N. A. 1993: Particle tracking velocimetry in three dimen-
sional flows. Part II.: Particle tracking, Exp. Fluids 4/5, 279-294

Meinguet, J. 1979a: An intrinsic approach to multivariate spline
interpolation at arbitrary points. In Polynomial and Spline Ap-
proximation. (ed. Sahney, B. N.), Reidel, Dordrecht, 163190

Meinguet, J. 1979b: Multivariate interpolation at arbitrary points
made simple. ZAMP 30, 292-304

Nguyen Duc, J. M,; Sommeria, J. 1988: Experimental characteriza-
tion of steady two-dimensional vortex couples. J. Fluid. Mech.
192, 175-192



430

Paihua Montes, L. 1978: Quelques méthodes numériques pour le
calcul de fonctions splines a une et plusieurs variables. Thése de
3e Cycle, Université de Grenoble, France

Perkins, R. L; Hunt, J. C. R. 1989: Particle tracking in turbulent
flows. Department of Trade and Industry, Warren Sprig Tech-
nical Report, LR-706

Rignot E. J. M,; Spedding, G. R. 1988: Performance analysis of
automated image processing and grid interpolation techniques
for fluid flows. University of Southern California, Department of
Aerospace Engineering Report, USCAE 143

Shepard, D. 1968: A two-dimensional interpolation function for
irregularly spaced data. Proc. 23rd Nat. Conf. ACM, 517-523

Spedding, G. R.; Maxworthy, T. 1986: The generation of circulation
and lift in a rigid two-dimensional fling. J. Fluid Mech. 165,
247-272

Spedding, G. R.; Maxworthy, T.; Rignot, E. J. M.; 1987: Unsteady
vortex flows over delta wings. Proc. 2nd AFOSR Workshop on
Unsteady and Separated Flows. Colorado Springs, 283-287

Utami, T.; Ueno, T. 1984: Visualization and picture processing of
turbulent flow. Exp. in Fluids 2, 25-32

Utami, T.; Ueno, T. 1987: Experimental study on the coherent
structure of turbulent open-channel flow using visualization and

picture processing. J. Fluid Mech. 174, 399-440

Utami, T.; Blackwelder, R. F.; Ueno, T. 1990: Flow visualisation and
image processing of three-dimensional features of coherent struc-
tures in an open-channel flow. In Near-Wall Turbulence. (eds.
Kline, S. J.), Hemisphere, NY, 289-305

Utami, T.; Blackwelder, R. F.; Ueno, T. 1991: A cross-correlation
technique for velocity field extraction from particulate visualisa-
tion. Exp. in Fluids 10, 213-223

Wahba, G. 1979: Convergence rates of thin plate smoothing splines
when the data are noisy, University of Wisconsin, Department of
Statistics Technical Report UWIS-DS-TR-557

Wahba, G. 1982: Vector splines on the sphere, with application to
the estimation of vorticity and divergence from discrete, noisy
data. University of Wisconsin, Department of Statistics Tech-
nical Report UWIS-DS-TR-674

Wahba, G. 1990: Spline models for observation data. SIAM,
Philadelphia, PA

Willert, C. E.; Gharib, M. 1991: Digital particle image velocimetry.
Exp. Fluids 10, 181-193

Yeung, P. K.; Pope, S. B. 1988: An algorithm for tracking fluid
particles in numerical simulations of homogeneous turbulence.
J. Comp. Phys. 79, 373416

Announcement
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The 4th International Symposium on Stratified Flows follows the
previous IAHR meetings in Novosibirsk, 1972, Trondheim, 1980,
and Pasadena, 1987. The aim of the meeting is to advance the
understanding of fluid motions and turbulent mixing influenced by
buoyancy forces and combined effects of buoyancy and rotation.
Contributions concerning original experiments, analytical and nu-
merical work on the following general topics are invited:

1. Effects of stratification on turbulent flows, boundary layers,
wakes, jets and plumes.

2. Buoyancy-driven flows, intrusions, gravity currents, thermal con-
vection, doubly diffusive convection.

3. Waves in stratified fluids, wave-turbulence interactions.

4. Dispersion and mixing phenomena in stratified flows.

5. Combined effects of stratification and rotation, frontal phe-
nomena.

6. Applications in problems of hydraulics, oceanography, meteoro-
logy and industrial and environmental engineering.

Prospective authors must submit a one-page abstract before No-
vember 1, 1993. Papers for presentation will be selected from these
abstracts by a scientific committee representing the diverse disci-
plines for which buoyancy-driven or -modified flows are relevant.
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Mail abstracts to:
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B.P. 53X, 38041 Grenoble Cedex, France
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