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ABSTRACT In this paper, we study the multiple-user non-orthogonal multiple access (NOMA) scheme in

the hybrid satellite-terrestrial relay networks (HSTRN). The proposed system model takes into account both

the decode-and-forward (DF) and amplify-and-forward (AF) protocols at the relay and the imperfection of

channel state information (CSI) at all nodes. We analyze the outage performance and investigate the power

allocation problem to ensure fairness among users. Specially, we derive the closed-form expressions and the

asymptotic expressions at high signal-to-noise-ratios (SNR) region for the outage probability of each user.

Based on the asymptotic expressions, the considered non-convex power allocation problem is approximated

to a generalized linear fractional programming problem. A low-complexity algorithm is developed to yield an

optimal solution. Simulation results demonstrate the validity of theoretical results. The impacts of the channel

estimation error and channel fading parameters on the outage performance are analyzed. Comparisons

between NOMA and orthogonal multiple access (OMA), as well as between DF and AF protocols are also

shown.

INDEX TERMS Hybrid satellite-terrestrial relay networks (HSTRN), non-orthogonal multiple access

(NOMA), outage probability, fairness, power allocation.

I. INTRODUCTION

Satellite communication system has been considered as an

important element of the future radio access network owing

to its comprehensive coverage. The combination of terres-

trial and satellite networks is an economical and practical

solution to provide global service to users with higher reli-

ability. In this regard, hybrid satellite-terrestrial relay net-

works (HSTRN) have been proposed as an integration of

satellite communication and terrestrial relay transmission to

improve reliability [1], [2].

There are many works focusing on the performance of

HSTRN. In [3], the authors analyzed the performance of

the hybrid satellite-terrestrial system with an amplify-and-

forward (AF) relay. An extension of this work was studied

The associate editor coordinating the review of this manuscript and
approving it for publication was Jafar A. Alzubi.

in [4], in which the authors considered a more general

system model with co-channel interference and multiple

relays. The decode-and-forward (DF) relay in the hybrid

satellite-terrestrial system was also considered in [5] and

the average symbol error rate (SER) was derived. In [6],

the authors investigated the beamforming in the AF-based

hybrid satellite-terrestrial network, where the relay and desti-

nation are equippedwithmultiple antennas. The authors in [7]

also considered multi-antenna techniques with multi-antenna

satellite and multi-antenna users and analyzed performance

in terms of the ergodic capacity, outage probability, and SER.

In [8], the authors investigated the multiuser HSTRN with

opportunistic scheduling and derived the analytical expres-

sions for the ergodic capacity and outage probability. In the

above references, the channel and hardware are considered to

be ideal. A joint channel estimation and detection theme in

HSTRN was proposed in [9] and SER and ergodic capacity
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were derived with imperfect channel state information (CSI).

The effect of hardware impairments on the performance of

two-way satellite multi-terrestrial relay networks was consid-

ered in [10].

Due to the limited resource, e.g. power and spectrum,

the existing communication system will face great chal-

lenges when the data traffic grows more and more rapidly.

Non-orthogonal multiple access (NOMA) has been proposed

and has become an attractive topic recently, which has notable

superiority compared with conventional orthogonal multiple

access (OMA). Unlike OMA, a NOMA scheme permits mul-

tiple users to be multiplexed in the power domain. Superpo-

sition coding (SC) utilized at the transmitter and successive

interference cancellation (SIC) utilized at the receiver make

users share the spectrum simultaneously [11]. Generally,

the user with a poorer channel is allocatedmore power, so that

it can decode its signal directly regarding other signals as

noise. The user that experiences better channel decodes and

cancels stronger signal of the other user before detecting its

own signal.

There have been numerous studies on NOMA because of

the advantages of NOMA in terms of massive connectivity,

low latency and high spectral efficiency [12]. In [13], the per-

formance of the NOMA system was investigated in a cellular

downlink scenario with randomly deployed users, showing

that NOMA can achieve superior performance in terms of

ergodic sum rate. The authors in [14] investigated the out-

age balancing taking into account power allocation, decod-

ing order selection, and user grouping. In [15], the authors

presented that the additional power should be allocated to

the user with best channel condition to maximize the sum

rate of users, while other users allocated with minimum

power to maintain their minimum requirements of service.

The authors in [16] and [17] investigated the fair-NOMA

approach, in which each user’s capacity is always greater than

or equal to the capacity that can be achieved using OMA.

In [18], a joint power and rate allocation was proposed to

minimize the total transmission power with network through-

put constraint. The application of NOMA in device-to-device

(D2D) communication was developed in [19]. The coopera-

tive NOMA scheme was studied in [20] and [21] in which

the user with better channel is regarded as a relay to forward

the messages of other users’ with poorer channels. In [22],

the authors investigated the performance of NOMA-basedAF

relay networks. Outage probability and ergodic sum capacity

were derived in a NOMA system in [23], where only one

of the users is assisted by a DF relay. In [24], unmanned

aerial vehicles (UAVs) were used as a DF relay to improve

the quality of service (QoS) of the ground user with NOMA

scheme.

For relaying communication systems, some recent works

have considered imperfect conditions for practical applica-

tions [25], [26]. These works were expanded to NOMA

scheme in [27]–[29]. The authors in [30] studied the out-

age performance in a underlay cognitive radio NOMA sys-

tem with a DF relay, considering imperfect CSI at receiver.

In [31], the authors considered the impact of imperfect SIC

on the ergodic sum capacity.

Several works have focused on the application of NOMA

in HSTRN. Integrated terrestrial-satellite networks were

researched in [32]–[34], where NOMA is only employed

in terrestrial networks. The performance of the hybrid

terrestrial-satellite networks was analyzed where NOMA is

also utilized in satellite-terrestrial link applying DF [35], [36]

and AF relays [37]. However, only [36] has considered

the impact of imperfect CSI. And all the aforementioned

researches have not mentioned the fairness among users in

NOMA-based HSRTN.

Motivated by the above discussions, we consider a

NOMA-basedHSTRN, inwhich the satellite provides service

for multiple users through a terrestrial relay. We assume that

CSI is imperfect at all nodes. Additionally, both DF and AF

protocols are considered. Themain contributions of this paper

are summarized as follows.

• We propose a practical system model for the dual-hop

downlink HSTRN with a multiple-user NOMA theme.

Perfect CSI is considered to be unavailable at each node.

At the transmitter, only statical CSI is available. A pilot-

based channel estimation is applied for receivers, based

on which the exact expressions for received instanta-

neous signal to interference and noise ratios (SINR) at

the receivers are given.

• The closed-form expression for the outage probability

of each user is derived with both DF and AF proto-

cols. To obtain more insights into the system perfor-

mance, the asymptotical expressions are also provided.

The difference between the DF and AF protocols and

the impairment of the estimation on the performance are

evaluated.

• Considering the fairness among users, the power alloca-

tion is studied to minimize the maximum outage prob-

ability of users. Based on the asymptotical expressions,

a low-complexity iterative algorithm is proposed.

The rest of this paper is organized as follows. In Section II,

the system and channel models are described. Moreover,

applying a pilot-based channel estimation, the analytic

expressions for received SINR at users are derived. The

closed-form expressions of analytic and asymptotic expres-

sions for the outage probability are derived in Section III.

In Section IV, we study the power allocation and propose

an iterative algorithm. Simulation results are presented in

Section V. Finally, Section VI provides a brief conclusion of

the paper.

II. SYSTEM AND CHANNEL MODELS

We consider the dual-hop downlink HSTRN shown in Fig. 1,

where a satellite (S) serves M users with the assistance of a

relay (R) in one spot beam implementing an M-user NOMA

scheme. The direct links are assumed to be unavailable

between S and users due to heavy shadowing, e.g., mobile

terminals locate in buildings or the lines of sight (LoS) are
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FIGURE 1. The system model of the hybrid satellite-terrestrial relay
networks.

shadowed by trees, mountains and other obstacles. The relay

receives and forwards the signals to guarantee the reliability

of communications. The channel fading coefficient hR of S-R

link is modeled as shadowed-Rician fading distribution. The

fading coefficient hk of the channel between R and user k

follows independent distributed Nakagami-m fading. All the

nodes are equipped with a single antenna. We assume that

perfect CSI is unavailable at all nodes.

The communication occurs in two time slots. During the

first time phase, S transmits a superposed signal x to R, which

can be expressed as

x =
M
∑

i=1

√
αixi, (1)

where αi and xi are the power allocation coefficient and

signal transmitted to user i. The signals are normalized as

E
{

|xi|2
}

= 1, i = 1, 2, . . . ,M . Noting that instantaneous

CSI is unknown to S, S needs to allocate the power based

on the statistical CSI. Without loss of generality, we assume

that the users are ordered by their distances between R and

themselves as Fig. 1 and the channel fading of user i is more

serious than that of user j while i < j, i.e., E
{

|h1|2
}

≤
E
{

|h2|2
}

≤ · · · ≤ E
{

|hM |2
}

. Hence the power is allocated

to users in the opposite order with α1 ≥ α2 ≥ · · · ≥ αM .

The received signal at R can be represented as

yR =
√

PShRx + wR, (2)

wherePS devotes the total transmit power at S andwR devotes

the additive white Gaussian noise (AWGN) with the power

density σ 2
R . The probability density function (PDF) of |hR|2

is expressed as [2]

f|hR|2 (x) = αRe
−βRx

1F1(mR; 1; −δRx), (3)

where αR = (2bRmR)
mR/(2bRmR + �R)

mR/(2bR), βR =
1/(2bR), δR = �R/(2bR)/(2bRmR +�R), 2bR and �R are the

average power of the multipath component and line-of-sight

(LoS) component, respectively, and mR (mR > 0) denotes

the Nakagamim parameter of LoS. The function 1F1(·)
is the confluent hypergeometric function [38, Eq.(9.14.1)].

L training symbols si, i = 1, 2, · · · ,L are transmitted to R

with the same power PS for CSI estimation. Received training

symbols at R can also be expressed as

ri =
√

PShRsi + nr,i, (4)

where nr,i ∼ CN (0, σ 2
R). During the second time slot,

R forwards the received signal to all users. In this paper,

we consider both AF and DF protocols.

A. DF RELAY

Assume that DF protocol is adopted at R. R needs to estimate

the channel fading coefficient before decoding. The estima-

tion of hR is expressed as

ĥR = hR + eR = 1

PSL

L
∑

i=1

ris
∗
i = hR + 1

PSL
s∗i ni, (5)

where eR is the estimation error. From (5), we have eR =
1

PSL
s∗i ni ∼ CN (0, σ 2

eR
), where σ 2

eR
= σ 2

R/(PSL). R performs

SIC with estimated channel coefficient ĥR. The decision vari-

able for symbol x1 at R can be expressed as [39]

3R,1 = argmin
x̃1

{

‖yR −
√

PSα1ĥRx̃1‖
2
}

, (6)

where x̃1 is the detected symbol. Substituting (1) and (5)

into (6), we have

3R,1 = argmin
x̃1

{

∥

∥

∥

√

PSα1hR (x1 − x̃1) + wR,1

∥

∥

∥

2
}

, (7)

where

wR,1 =
M
∑

i=2

√

PSαihRxi −
√

PSα1eRx̃1 + wR. (8)

Instantaneous SINR of symbol x1 at R can be written from

(7) and (8) as

γR,1 = ρsα1|hR|2

ρs
∑M

i=n+1 α2|hR|2 + α1
L

+ 1
, (9)

where ρs = PS/σ
2
R devotes the transmitting SNR. Suppose

that xi, i = 1, 2, · · · , n− 1 have been decoded correctly and

been canceled with estimated ĥR. The decision variable for

symbol xn can be expressed as

3R,n = argmin
x̃n







∥

∥

∥

∥

∥

yR−
n−1
∑

i=1

√

PsαiĥRxi−
√

PSαnĥRx̃n

∥

∥

∥

∥

∥

2






= argmin
x̃n

{

∥

∥

∥

√

PSαnhR (xn − x̃n) + wR,n

∥

∥

∥

2
}

, (10)

where

wR,n=
M
∑

i=n+1

√

PSαihRxi−
n−1
∑

i=1

√

PSαieRxi−
√

PSαneRx̃n+wR.

(11)
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Then the SINR of xn is

γR,n = ρsαn|hR|2
∑M

i=n+1 ρsαi|hR|2 +
∑n

i=1
αi
L

+ 1
. (12)

Specially, when n = M , we have

γR,M = ρRαM |hR|2
1
L

+ 1
. (13)

After decoding all the symbols, R broadcasts the superim-

posed signal of detected symbols, as well as L training sym-

bols toM users with power PR and power allocation βi, where

β1 > β2 > · · · > βM and
∑M

i=1 βi = 1. If all the messages

are decoded correctly at R, the received signal at user k is

written as

yk =
M
∑

i=1

√

PRβihkxi + wk , (14)

where wk is AWGN with variance σ 2
k . Here we set σ 2

1 =
σ 2
2 = · · · = σ 2

M = σ 2
R . The PDF of hk is written as

f|hk |2 (x) =
m
mk
k xmk−1

Ŵ(mk )�
mk
k

e−mkx/�k , (15)

where (mk , �k ) is the Nakagami parameter. Only user 1 can

decode its message directly. SIC is performed for user k ,

k > 1 to decode x1, x2, · · · , xk−1 before decoding its own

message. Following the same channel estimation and detector

manner as described above, the received SINR of xn at user k

is expressed as

γk,n = ρrβn|hk |2
∑M

i=n+1 ρrβi|hk |2 +
∑n

i=1
βi
L ′ + 1

, (16)

where 1 ≤ n ≤ k ≤ M and ρr = PR/σ
2
k .

B. AF RELAY

When an AF protocol is used at R, R amplifies and broadcasts

the received signals to all users with constant power PR.

Channel estimation and decoding are unnecessary at R. The

received signal of user k is written as

yAk =
√

PRGhk (
√

PShRx + wR) + wk

=
√

PS
√

PRgkx +
√

PRhkGwR + wk . (17)

where G is the amplifying factor defined as G =
1/

√

Ps |hR|2 + σ 2
wR

and gk = GhkhR. The pilots are also

amplified and sent to users, written as

rk,i =
√

PS
√

PRgksi +
√

PRhkGnR,i + nk,i. (18)

From (18), we can get the estimation of gk as

ĝk = 1√
PSPRL

L
∑

i=1

rk,is
∗
i (19)

= gk + Ghk√
PS

L
∑

i=1

s∗i nR,i +
1√
PSPR

L
∑

i=1

s∗i nk,i

= gk + ek .

SIC is performed with estimated ĝk for receivers except for

user 1. Be similar to (10), the decision variable for symbol xn
at user k can be expressed as

3k,n = argmin
x̃n







∥

∥

∥

∥

∥

yk−
n−1
∑

i=1

√

PsPRαiĝkxi−
√

PsPRαiĝk x̃n

∥

∥

∥

∥

∥

2






= argmin
x̃n

{

∥

∥

∥

√

PSPRαngk (xn − x̃n) + wk,n

∥

∥

∥

2
}

, (20)

where

wk,n =
√

PSPRgk

M
∑

i=n+1

√
αixi +

√

PRhkGwR + wk

−
n−1
∑

i=1

√

PSPRαiekxi −
√

PSPRαnek x̃n. (21)

Substituting (19) and (21) into (20), the received SINR at

user k can be derived as (22) shown at the bottom of this

page

III. OUTAGE ANALYSIS

The outage probability of user k is defined as the probability

that the instantaneous achievable rate falls below the data

rate requirement, which is an important metric of the fading

channel networks. In this paper, we normalize the bandwidth

to 1. Therefore, the requirement of data rate is relative to an

SINR threshold as Rth,i = 1
2
log2 (1 + φi) in dual-hop relay

networks. It’s worth noting that, the outage of user k also

occurs if any xn, n < k is not detected correctly due to the

application of SIC.

A. DF PROTOCOL

When a DF protocol is applied, the outage probability of user

k is written as

PDout,k = 1 − P
[

ER,k ∩ Em
]

= 1 − P
[

ER,k

]

P [Ek ] (23)

where ER,k = EcR,1∩EcR,2∩· · ·∩EcR,k , En = Eck,1∩Eck,2∩· · ·∩
Eck,k , E

c
R,n represents the event γR,n ≥ φn and E

c
k,n represents

γ Ak,n = ρsρr |hr |2|hk |2αn
M
∑

i=n+1

ρsρr |hR|2|hk |2αi +
(

1 + 1
L

n
∑

i=1

α1

)

(ρr |hk |2 + ρs|hR|2 + 1)

(22)
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the event γk,n ≥ φn. The probability of E
c
R,n is derived as

P
[

γR,n ≥ φn
]

= P







ρsαn−φnρs

M
∑

i=n+1

αi



 |hR|2 ≥ φn

(

n
∑

i=1

αi

L1
+ 1

)





=
(a)
P



|hR|2≥
φn

(

∑n
i=1

αi
L1

+ 1
)

ρsαn − φnρs
∑M

i=n+1 αi



 , n<M , (24)

and

P
[

γR,M ≥ φM
]

= P



|hR|2 ≥
φM

(

1
L1

+ 1
)

ρsαM



 . (25)

Step (a) is under the condition with αn > φn
∑M

i=n+1 αi.

In other cases, xn can not be decoded at any node. Let

θn =
φn

(

∑n
i=1

αi
L1

+1
)

αn−φn
∑M

i=n+1 αi
(n < M ), θM =

φM

(

1
L1

+1
)

αM
and θ∗

k =
max {θ1, θ2, · · · , θk}. Then we have

P
[

ER,k

]

= P

[

|hR|2 ≥
θ∗
k

ρs

]

= 1 − F|hR|2

(

θ∗
k

ρs

)

, (26)

where F|hR|2 (·) is the cumulative distribution function (CDF)

of |hR|2 and is given by [7] as

F|hR|2 (x) = αR

∞
∑

k=0

(mR)k δkR

(k!)2 βk+1
R

γ (k + 1, βRx) , (27)

where γ (a, x) =
∫ x
0 e

−t ta−1dt [38, Eq.(8.350.1)]. Similar to

(26), we have

P
[

Ek,k
]

= P

[

|hk |2 ≥
η∗
k

ρr

]

= 1 − F|hk |2

(

η∗
k

ρr

)

, (28)

where ηn =
φn

(

∑n
i=1

βi
L2

+1
)

βn−φn
∑M

i=n+1 βi
(j < M ), ηM =

φM

(

1
L2

+1
)

βM
, η∗

k =
max

{

ηk,1, ηk,2, · · · , ηk,k
}

and βj >
∑M

i=j+1 φiβi. F|hk |2 (·)
devotes the CDF of |hk |2 and is presented as

F|hk |2 (x) =
γ

(

mk ,
mk
�k
x
)

Ŵ (mk)
. (29)

With the help of (26) and (28), (23) can be expressed as

PDout,k =































1 −
(

1 − F|hR|2

(

θ∗
k

ρs

))(

1 − F|hk |2

(

η∗
k

ρr

))

,

αn > φn

M
∑

i=n+1

αi, βn > φn

M
∑

i=n+1

βi, ∀n ≤ k

1, otherwise

(30)

Substituting (27) and (29) into (30), we can get the exact

expression for the outage probability with DF protocol. From

(30), we can see that Pout,k will increase if θ
∗
k or η∗

k increases.

To achieve better performance, θ∗
k and η∗

k should be as small

as possible. Obviously, the minimum values of θ∗
k and η∗

k will

be the same. To facilitate the analysis, we set αk = βk in the

remainder of this paper.

B. AF PROTOCOL

Considering the AF strategy, the outage probability is written

as

PAout,k = 1 − P
[

γ Ak,n ≥ γth,n, ∀n ≤ k
]

. (31)

The probability of the event γ Ak,n ≥ γth,n is derived as

P
[

γ Ak,n ≥ γth,n

]

=P

[

|hk |2≥ θn

ρr
, |hR|2≥ θn(ρR|hk |2 + 1)

ρs(ρr |hk |2−θn)

]

.

(32)

The condition αn > φn
∑M

i=n+1 αi is also necessary here.

When |hk |2 ≥ θn/ρr , θn(ρR|hk |2 + 1)/ρs(ρr |hk |2 − θn) is a

monotonic increasing function of θn. As a result, (31) can be

derived as

PAout,k =1−P
[

|hk |2≥
θ∗
k

ρr
, |hR|2≥

θ∗
k (ρR|hk |2+1)

ρs(ρr |hk |2−θ∗
k )

]

, (33)

where θk and θ∗
k have been defined as (26). Rewrite (33) as

PAout,k

=P

[

|hk |2<
θ∗
k

ρr

]

+P
[

|hk |2≥
θ∗
k

ρr
, |hR|2<

θ∗
k (ρR|hk |2+1)

ρs(ρr |hk |2−θ∗
k )

]

= F|hk |2

(

θ∗
k

ρr

)

+
∫ ∞

θ∗
k

ρr

f|hk |2 (x)F|hR|2

(

θ∗
k (ρrx + 1)

ρs(ρrx − θ∗
k )

)

dx.

(34)

The former term of (34) is defined in (29). The latter one can

be derivedwith the help of [40] and [37] by utilizing the series

representation of γ (n, x) = (n − 1)!
(

1 − e−x
∑n−1

m=0
xm

m!

)

[38, Eq.(8.352.6)]. The exact expression for the outage prob-

ability of user k is shown as (35) at the top of the next page,

where Ŵ (a, x) =
∫∞
x e−t ta−1dt [38, Eq.(8.350.2)] and Kv(·)

is the modified Bessel function [38, Eq.(3.471.9)(8.432.6)].

In the derivation of (35), the fading parameter mk is con-

strained to take integer values.

C. ASYMPTOTIC OUTAGE PROBABILITY

At high SNR region, we have ρs, ρr → ∞ and

θ∗
k /ρs, η

∗
k/ρr → 0. We can obtain that

F|hR|2

(

θ∗
n (ρRx + 1)

ρs(ρrx − θ∗
n )

)

≃ F|hR|2

(

θ∗
n

ρs

)

. (36)

Substituting (36) into (34), the outage probability in AF-relay

networks is written as

PAout,k ≃ F|hk |2

(

θ∗
k

ρr

)

+ F|hR|2

(

θ∗
k

ρs

)[

1 − F|hk |2

(

θ∗
k

ρr

)]

= PDout,k . (37)

(37) shows that the asymptotic outage probability with

AF protocol in the considered networks will have

the same expression as that in DF relay networks

when θk = ηk . Rewriting γ (a, x) as its series representation
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PAout,k =
γ

(

mk ,
mkθ

∗
k

�kρr

)

Ŵ (mk)
+ αR

Ŵ (mk)

∞
∑

l=0

(mR)l δ
l
R

l!β l+1
R

Ŵ

(

mk ,
mkθ

∗
k

�kρr

)

−
2αRm

mk
k

�
mk
k Ŵ (mk)

e
−mk θ∗

k
�kρr

− ρ2r βR
θ∗
k

ρs

∞
∑

l=0

(mR)l δ
l
R

l!β l+1
R

l
∑

n=0

1

n!

×
(

βRρr

θ∗
n ρS

)n n
∑

i=0

(

n

i

)

ρir

mk+i−1
∑

j=0

(

mk+i−1

j

)(

θ∗
n

ρr

)mk+i−1−j
(

�nθ
∗
n (θ

∗
n + 1)

β−1
R ρrρsmn

)

j−n+1
2

Kj−n+1

(

2

√

mnθ∗
n (θ

∗
n + 1)

β−1
R ρrρS�n

)

(35)

[38, Eq.(8.354.1)] and ignoring high order terms, we can

obtain

γ (a, x) =
∞
∑

n=0

(−1)nxa+n

n!(a+ n)
≃ xa

a

∣

∣

∣

∣

x→0

. (38)

Then the approximate expressions of the CDFs of |hR|2 and
|hk |2 are given by

F|hR|2 (x) ≃ αRx, (39)

and

F|hk |2 (x) ≃
m
mk−1
k

�
mk
k Ŵ (mk)

(

θ∗
k

ρr

)mk

. (40)

Substituting (39) and (40) into (30), the asymptotic outage

probability with DF or AF relay is derived as

Pout,k ≃
αRθ

∗
k

ρs
+

m
mk−1
k

�
mk
k Ŵ (mk)

(

θ∗
k

ρr

)mk

−
αRm

mk−1
k θ∗

k
mk+1

�
mk
k Ŵ (mk) ρsρ

mk
r

.

(41)

Furthermore, if we set ρs = ρr = ρ and ignore higher order

items of 1/ρ, the asymptotic expression for the outage prob-

ability of user k with DF or AF relay can be approached as

Pout,k ≃ κkθ
∗
k =











αR

ρ
θ∗
k , mk > 1

(

αR

ρ
+ 1

ρ�k

)

θ∗
k , mk = 1,

(42)

showing that the the diversity order is 1 for all the users.

IV. POWER OPTIMIZATION

Fairness is an important and challenging problemwith practi-

cal interest in a multi-user system. For this purpose, we study

the power allocation problem to minimize the maximum

outage probability of all users. Obviously, the problem can

not be solved directly since the exact expression of PDout,k
or PAout,k is complicated and not convex. For the sake of

simplicity, we use its asymptotic representation at high SNR

region instead of the analytical expression, which is suitable

for both DF and AF relay networks.

The min-max problem is formulated as follows:

min
α

max
k

Pout,k

s.t.

M
∑

k=1

αk = 1

αk > 0, k = 1, 2, · · · ,M . (43)

where Pout,k is given as (42). As discussed above, users

are ordered by their statistical CSI between R and them-

selves. We can assume that κm ≥ κn when m < n.

Setting µn(α) = κnφn
(
∑n

i=1
αi
L

+ 1
)

and νn(α) =
αn − φn

∑M
i=n+1 αi, the problem in (43) can be expressed as

min
α

max
k

µk (α)

νk (α)

s.t.

M
∑

k=1

αk = 1

αk > 0, k = 1, 2, · · · ,M . (44)

Note that µk (α) and νk (α) are both linear functions of α.

Therefore, the optimization problem is transformed into a

generalized linear fractional programming problem, which

can be solved by introducing an additional variable λ as

G(λ) = min
α

max
k

µk (α) − λνk (α). (45)

The optimal solution λ∗ of Problem (44) is also the solution

ofG(λ) = 0, which can be obtained by iterative methods such

as bisection and Dinkelbach [41], [42] algorithms.

Considering the specific characteristics of the functions,

we propose a new algorithm based on bisection procedure

with low complexity. Firstly, we express the problem equiva-

lently as

min
α,λ

λ

s.t.

M
∑

k=1

αk = 1

µk (α)

νk (α)
≤ λ

αk > 0, k = 1, 2, · · · ,M . (46)

Generally, we assume the SINR threshold satisfies φk >

1/L. Then the constraints in (48) can be rewritten as

αk ≥ κkφk

λ

(

1

L
+ 1

)

+ (1 − κk

λL
)φk

M
∑

i=k+1

αi, 1≤k<M

(47)

and

αM ≥ κMφM

λ

(

1

L
+ 1

)

(48)
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in which

κk

λL
≤

αk − φk
∑M

i=k+1 αi

φk

(

∑k
i=1 αi + L

) <
1

φkL
< 1. (49)

We could draw a conclusion from (47) and (48) that the

lower bound of αk will increase if
∑M

i=k+1 αi becomes larger.

Particularly, αM has a constant lower bound as αM ≥
κMφM

λ

(

1
L

+ 1
)

. Towards this direction, we state Theorem 1.

Theorem 1: For any λ ∈ (0, 1), devote α̃ = {α̃1, · · · , α̃M }
defined as (50). If µ1(α̃)/ν1(α̃) < λ, we have λ∗ ∈
[µ1(α̃)/ν1(α̃), λ], otherwise λ∗ ∈ [λ, µ1(α̃)/ν1(α̃), ], where

λ∗ is the optimal solution of (46) and

α̃k =











































κMφM

λ

(

1

L
+ 1

)

, k = M

κkφk

λ

(

1

L
+1

)

+
(

1 − κk

λL

)

φk

M
∑

i=k+1

α̃i, 1<k<M

1 −
M
∑

i=2

α̃i, k = 1.

(50)

Proof: Obviously, α̃k (1 < k ≤ M ) will decrease and

α̃1 will increase with the increase of λ. From the derivation

of (50), we can obtain that µk (α̃)/νk (α̃) = λ when 1 <

k ≤ M and α̃k (1 < k ≤ M ) is the lower bound of

the power allocation coefficient for user k , while α̃1 is the

upper bound of the coefficient for user 1 under the condition

µk (α̃)/νk (α̃) ≤ λ. If µ1(α̃)/ν1(α̃) > λ, there will be no

feasible solution with given λ. Thus, λ is large than the

optimal solution λ∗. In addition,µk (α̃)/νk (α̃) ≤ µ1(α̃)/ν1(α̃)

is satisfied for any k , implying that λ∗ ≤ µ1(α̃)/ν1(α̃). When

µ1(α̃)/ν1(α̃) ≤ λ, α̃ is a feasible solution. Furthermore,

if reset λ = µ1(α̃)/ν1(α̃), α̃k (1 < k ≤ M ) needs to be larger

and α̃1 will be too small to meet the constraint. Therefore,

we have µ1(α̃)/ν1(α̃) ≤ λ∗ ≤ λ. This completes the proof.

With Theorem 1, an improved bisection-based algorithm is

proposed as follows. The proposed algorithm provides a way

to obtain the optimal solution of Problem (46). Since that it is

an equivalent transformation from (43) to (46), the proposed

algorithm could guarantees the fairness among different users

at high SNR region for both AF-relay or DF-relay.

It can be seen that µk (α) is inversely proportional to ρ

in Problem (46). Thus the optimal solution is suitable for

any transmit power, only depending on the SINR threshold

and channel conditions. The algorithm provides a practical

scheme to ensure fairness among users with different channel

conditions. Compared with existing algorithms, the proposed

algorithm also has an advantage in complexity. It has a faster

convergence rate than the bisection algorithm in the outer

loop iterations. And in each iteration, the complexity isO(M ).

The conventional bisection method converges with a com-

plexity of O(log2(1/ǫ)). In each iteration, the same approach

as in Theorem 1 can be used with O(M ). The Dinkelbach

algorithm can guarantee to converge faster than the bisection

Algorithm 1 Optimal Algorithm of Problem (46)

1: Given a feasible initial solution α, initialize the lower

bound λlow = 0 and the upper bound λup =
max

1≤k≤M

{

µk (α)
νk (α)

}

;

2: repeat

3: Set λ = 1
2
(λlow + λup);

4: Obtain α as (50);

5: if α1 satisfies then

6: set λup = λ, λlow = max
{

µ1(α)
ν1(α)

, λlow

}

7: else

8: set λlow = λ, λup = min
{

λup,
µ1(α)
ν1(α)

}

;

9: until |λup − λlow| < ǫ

10: Return the optimal power allocation α∗ = α

method. Whereas, in each iteration of the Dinkelbach algo-

rithm, a linear programming problem needs to be solved by

standard convex optimization techniques with a complexity

of O(M3). In addition, the methodology proposed above can

also be applied for accurate optimization using the exact

expressions. We can rewrite the constraint PDout,k ≤ λ or

PAout,k ≤ λ as θ∗
k ≤ ζk , where ζk is the solution of PDout,k = λ

or PAout,k = λ. Afterward, a similar feasible solution can be

obtained. However, ζk can not be solved directly. Using New-

ton’s or bisection method will bring an additional complexity

of O(M log2(1/ǫ)).

V. NUMERICAL RESULTS

Some numerical results are presented in this section.

The satellite link is subject to different shadowed-Rician

fading, including infrequent light shadowing (ILS) with

(bR,mR, �R) = (0.158, 19.4, 1.29), average shadow-

ing (AS) with (bR,mR, �R) = (0.126, 10.1, 0.835), and

frequent heavy shadowing (FHS) with (bR,mR, �R) =
(0.063, 0.739, 8.97× 10−4) [43]. The terrestrial links follow

independent Nakagami-m distributionwithm1 ≤ m2 ≤ · · · ≤
mM and �1 ≤ �2 ≤ · · · ≤ �M . �k is modeled as �k = d−δ

k

where dk is the distance between R and user k and δ is the

pathloss exponent with δ = 2. Without loss of generality,

we assume that �M is normalized to unity, i.e., �M = 1

and �k = (dk/dM )−δ , and all the users have the same SINR

threshold requirements with φ1 = · · · = φM = φ = 3dB.

Fig. 2 and Fig. 3 show the outage performance of a

two-user NOMA scheme. The satellite link undergoes aver-

age shadowing. The distance between R and users is set as

d1 = 2d2. TheNakagami parameters are given bym1 = 1 and

m2 = 2. The power allocation is set as (α1, α2) = (0.8, 0.2).

Fig. 2 demonstrate the exact and asymptotic outage proba-

bility versus transmitting SNR ρ, in which the length of pilots

is set as L = 10. The two asymptotic curves are obtained

based on (41) and (42), respectively. From Fig. 2, we can see

that the analytical results agree well with the Monte Carlo

simulations, which shows the correctness of our analytical

analysis. The figure also shows that the outage performance
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FIGURE 2. Outage probability of of each user versus SNR ρ with M = 2.

FIGURE 3. Outage probability versus SNR ρ with various L.

for both users with DF protocol outperforms that with AF

protocol. However, the gaps are little at high SNR regime,

owing to their same asymptotic expressions. What’s more,

the asymptotic curves calculated by (41) are closer to exact

curves than those calculated by (42), because that (42) has

ignored the mk -order term of (41) when mk > 1.

Fig. 3 illustrates the impact of estimation error term of

CSI at receiver on outage probability. We consider different

numbers of pilot symbols with L = 1, 2, 5, 10, 15, ∞, where

the case with perfect CSI is demonstrated for reference as

L = ∞. Other illustrations are the same as Fig. 2. When

the length of the pilots increases, the outage performance

becomes better and tends to perfect conditions, e.g., a 3dB

gain can be obtained for user 2 with DF relay if the number

of the pilot symbols increases from 1 to 10 when the outage

probability is 10−2. However, the rate of the performance

benefit will reduce when L is getting larger. In fact, it will

be almost meaningless when L is larger than 10 owing to

the extra redundancy. As a result, we assume L = 10 in the

following simulations.

In Fig. 4, we present the outage performance with dif-

ferent power allocation. It can be observed that the outage

FIGURE 4. Outage probability versus SNR ρ with different power
allocation.

FIGURE 5. The min-max outage probability versus the number of
iterations.

probability of user 1 decreases with larger α1, while the

outage performance with α = (0.8, 0.2) is better than those in

other cases for user 2. This can be explained by the decoding

principle of NOMA. For user 1, larger α1 means more power

for the message and less inference, i.e., smaller θ∗
1 , since it

decodes its symbols directly and regards x2 as inference. For

user 2, the performance depends on the larger one between θ1
and θ2 due to the application of SIC, which is the reason why

too larger or too smaller α2 will decrease the performance.

It is clear that the power allocation is an important factor that

affects the outage performance and the fairness among users

greatly. The optimal power allocation is necessary.

Fig. 5 compares the convergence properties of the proposed

algorithm with those of conventional algorithms. In a 6-user

system with AS, the value of the objective function versus the

number of iterations is plotted. As the number of iterations

increases, the results of the three algorithms tend to con-

verge. Obviously, the bisection algorithm has the slowest con-

vergence speed. The Dinkelbach algorithm converges faster

than bisection algorithm. However, its accuracy increases

slowly when the number of iterations is large. The proposed
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FIGURE 6. The min-max outage probability versus SNR ρ with various mk

and DF relay.

FIGURE 7. The min-max outage probability versus SNR ρ with various mk

and AF relay.

algorithm converges with the least times of iterations. Fur-

thermore, the complexity in each iteration is also less than or

equal to the other two algorithms.

Fig. 6 and Fig. 7 show the performance of each user

with proposed power allocation in a 3-user system with AS

in S-R link and (d1, d2, d3) = (3, 2, 1). Different fading

parameters mk of terrestrial links are considered. Clearly,

the proposed algorithm guarantees fairness among all users

very well with both DF and AF protocol at high SNR regime.

With small ρ, there are still some differences. Greater fairness

is achieved with (m1,m2,m3) = (1, 1, 1) than those in other

cases. Moreover, the proposed power allocation in DF-relay

networks offers better fairness than that in AF-relay networks.

It is because that the optimal solution is obtained based on

the asymptotic expressions for the outage expression at high

SNR region. With DF protocol or (m1,m2,m3) = (1, 1, 1),

the asymptotic expressions are closer to the exact ones. From

the comparison between Fig. 6 and Fig. 7, it is easy to see that

FIGURE 8. The min-max outage probability versus ρ with different S-R
scenarios.

FIGURE 9. The min-max outage probability versus ρ with various M.

a DF relay will bring more benefits than the AF protocol with

larger mk .

Fig. 8 compares the min-max outage probability between

NOMA and OMA with different fading scenarios between

S and R, where TDMA is used as an example of OMA and

is also optimized to guarantee fairness power among users

with similar approaches. We assume M = 3, m1 = m2 =
m3 = 1 and (d1, d2, d3) = (3, 2, 1). It can be seen that better

performance will be achieved if S-R link has a better quality.

NOMA performs OMA in all considered cases. The superi-

ority of NOMA is stronger with IFS/AS than that with FHS.

The outage curves with IFS and AS are quite close due to the

fact that κk changes little in the two scenarios, which impacts

the outage performance in terms of coding gain, although

it is irrelevant to the diversity gain. Moreover, the curves

with DF protocols outperform those with AF protocol in the

considered conditions in line with previous conclusions.

In Fig. 9, we investigate the variation of the system per-

formance with different user numbers. In order to facilitate

the analysis, we assume that the S-R link follows AS. The

fading in R-user satisfies m1 = m2 = · · · = mM =
1 and dk (k < M ) is assumed randomly between 1 and
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20 and sorted in decrease turn. The advantage of NOMA

over OMA increases as the number of users increases. For

example, when outage probability is 1 ×10−4, there is an

about 2dB gain for NOMA compared with OMA. While the

performance gap will increase to be about 10dB forM = 10.

However, the increasing number of users will bring higher

computational complexity. Therefore, a trade-off between

performance and complexity is needed in the practical appli-

cation. Furthermore, the performance gaps between DF and

AF are almost constant for different user numbers.

VI. CONCLUSION

This paper has studied a multiple-user NOMA theme in the

two-hop HSRTN with imperfect CSI. Training symbols are

implanted for channel estimation. Both DF and AF protocols

are considered in this paper. Specially, we have derived the

closed-form expressions for the outage probability, as well

as the asymptotic results at high SNR region. The power

allocation problem has been investigated to ensure fairness

among users. Since that the outage probability is not a con-

cave function of the power factor, we have approximated

the problem to a generalized linear fractional programming

problem based on the asymptotic expressions for the out-

age probability. A low-complexity iterative algorithm has

been developed to solve the problem. Simulation results have

demonstrated the effectiveness of the theoretical results and

the proposed algorithm, and made a comparison between DF

and AF protocols. We also have confirmed that NOMA can

achieve better fairness performance than OMA in terms of

the outage probability with our proposed power allocation

scheme in the considered networks. In this work, we have

mainly investigated one NOMA pair of HSRTN in a spot

beam. For future works, the multi-beam satellite commu-

nication and the combination of NOMA and conventional

OMA will be attractive. The application of multi-antenna in

NOMA-based HSRTN is also deserved to be concerned.
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