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Abstract— Maximal ratio transmission (MRT) is designed
— assuming the availability of perfect channel state information
S (CSD) at both the transmitter and the receiver. However, perfect
- CSI is not available in practice. This paper investigates the
~4 impact of Gaussian estimation errors on the MRT performance
2in independently and identically distributed (i.i.d.) Rayleigh
. fading channels. We derive the cumulative distribution function
2 (cdf), the probability density function (pdf) and the moment
© generating function (mgf) of the MRT output signal-to-noise
.S ratio (SNR) with imperfect CSI, enabling the evaluation of some
~< useful performance metrics such as the average error rate and
© the outage performance. Numerical and simulation results are
-, provided to show the impact of imperfect CSI on the MRT

= performance.
S

st be obtained from the IEEE."

Index Terms— Channel state information, diversity, Gaussian
estimation error, maximal ratio transmission, MIMO systems.

I. INTRODUCTION

NTENNA diversity has long been employed to combat
the impact of multi-path fading on wireless communica-
-2tion systems. While classical research in this area has focused
Zon single-input and multiple-output (SIMO) antenna systems,
S multiple-input and multiple-output (MIMO) antenna systems
ghave captured considerable attention recently. In MRT [1], the
B signal is transmitted along the strongest eigenmode and the
7 received signals are combined using maximal ratio combining.
- The performance of MIMO MRT has been studied for various
gfading channels [2]-[5]. However, most analytical results are
derived under the assumption that perfect CSI is available at
Eboth the transmitter and the receiver, an assumption that is
snot true in practice. For example, when pilot symbols are
%used for channel estimation, Gaussian errors can arise due
zto time or frequency separation between the pilot and the
2 signal [6]. Thus, from a theoretical and practical viewpoint, it
Eis important to quantify how the MRT performance degrades
©due to imperfect CSIL.

We denote a MIMO system by the pair (N, N;) where N,
‘Eand N, denote the number of receive and transmit antennas,
'—grespectively. The MRT performance with imperfect CSI for
E (1, Ny) systems (i.e., multiple-input and single-output (MISO)
gantenna systems) has been analyzed in the literature [7], [8].
s However, no analytical results have been published for general
& (N, Ny) MIMO MRT systems with imperfect CSI. This letter

S analyzes the performance of such systems with imperfect CSI
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in i.i.d. Rayleigh fading channels. We derive the cdf, the pdf
and the mgf of the MIMO MRT output SNR, enabling the
evaluation of the MRT performance as a function of the quality
of CSL

This letter is organized as follows. Section II describes the
system and channel models. Section III derives the output
SNR of MRT with Gaussian channel estimation errors in i.i.d.
Rayleigh fading. Section IV derives statistical distributions
of the MRT output SNR with Gaussian estimation errors.
Section V presents several numerical and simulation results
and concludes this letter. The following notations are used.
All the matrices and the vectors are denoted by boldfaced
capital letters and boldfaced small letters, respectively. The
determinant, conjugate transpose, transpose, conjugate of X
are denoted by det(X), X, X7 and X*, respectively. The
(i,7)-th element of the matrix X is denoted by the corre-
sponding small letter with subscripts x;;. The average and the
absolute value of x are denoted by F(z) and |z|, respectively.
The n xn identity matrix is I,,. The Kronecker delta is defined
as d;; = 1 and d;; = 0 for ¢ # j.

II. SYSTEM AND CHANNEL MODELS

Consider a (N, N;) MIMO MRT system. The channel
experiences slow and frequency non-selective Rayleigh fading,
which is characterized by an N, x N; matrix H = [h;;] of
ii.d. complex Gaussian random variables (CGRVs) with zero-
mean and unit variance, i.e., E(|h;j|?) = 1, where h;; denotes
the channel gain from the j-th transmit antenna to the ¢-th
receive antenna. Thus, the V,. x 1 received signal vector r can
be written as

r=Hvis+n

ey

where s is the transmitted data symbol with energy F(|s|?) =
E, v¢ denotes the IV; x 1 normalized transmit weighting vec-
tor and n is an N,. x 1 additive white Gaussian noise (AWGN)
vector with zero-mean and covariance F(nn*?) = 021y . The
SNR of data symbols is fz . In practice, the transmit weighting
factor vy is calculated at the receiver and sent to the transmitter
through a feedback channel. This feedback channel is assumed
to be perfect. Hence, the transmitter uses exactly the same
weighting factor as calculated at the receiver.

Assuming the use of orthogonal pilot sequences, the pilot
symbol assisted channel estimate H differs from the actual
channel H by an independent complex Gaussian error AH
which is an N,. x N; matrix of i.i.d. CGRVs with zero-mean
and variance ag, ie., H = H + AH. The variance of the
Gaussian estimation errorslag depends on the SNR of the
pilot symbols o2 o (ﬁ—g) [9] where E, is the pilot symbol
energy. In general, £, is not always equal to the data symbol

energy E. Thus, the estimate H is an N, x N; matrix of i.i.d.
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CGRVs with zero-mean and variance 62 = 1 + o2. It can be

shown that h;; and h;; are joint complex Gaussian distributed

with the normalized correlation coefficient \/114__2 The actual
0'55

channel matrix H can be written in terms of H as [10],

H=pH+H )
H = [h] and hy;’s are iid. CGRVs
~ 0_2
e ° E(‘hij|2) 1+Z—2
E(hi;jhj;,) =0, E(hijn}) =0 for any 1, j, k, .

1
where p = TFo2>
e

and

with zero-mean and variance 02 =

III. THE MRT OUTPUT SNR WITH
GAUSSIAN ESTIMATION ERROR

When perfect CSI is available at both the transmitter and
the receiver, in order to maximize the SNR at the receiver, the
transmit weighting vector vy is selected to be the eigenvector
u of the largest eigenvalue \,,,, of the Wishart matrix HZ H.
Thus, the coherently combined received signal is given by
5 = u"H" (Hus +n). The output SNR of MRT with perfect
CSI is then given by [2]

Es
TYmrt = )\mam_Q- 3)
UTL
However, when the channel estimate H differs from the true
channel H, the combined received signal is given by

§ =aHY (His +n) 4)

where 1 is the eigenvector of the largest eigenvalue Amagz OF
the Wishart matrix FHI7 H.

Substituting (2) into (4), we obtain the output of the
combiner as

s = oA Haps + o AP Has + afHn.  (5)

Given the estimate H and the transmitted signal s, the second
term in (5) is i.i.d. Gaussian distributed. Hence, s is a complex
Gaussian distributed RV with mean E(3) = a”H” Hips =
Mo ps and variance VAR($) = S\maz(ES&2+a,21). Therefore,
the effective output SNR can be written as

)\maar
AroDo2 (1 toR)o/E] O

As expected, when o2 = 0, (6) reduces to (3) for the perfect
CSI case.

Ymrt =

IV. OUTPUT STATISTICS

To derive the statistics of the MRT output with Gaussian
estimation errors (6), we require the statistical distribution of
S\mw. Fortunately, the distribution of the largest eigenvalue
of a Wishart matrix has have already been developed in the
mathematics community [11], [12]. In this section, we apply
the available results to derive the cdf, the pdf and the mgf of
the MRT output SNR with Gaussian estimation errors. These
results can be readily used to evaluate the MRT performance.

Using Khatri’s results [12, Eq. (6)], we can readily obtain
the cdf of the MRT output SNR as

det[S(gx)]

Fnrele) = [T (@ — K)o — )

Pr(Ymr < ) =

@)

where a = min(N,., Ny), b = max(N,, Ny), g = 02 + (1 +
0%)02 /E, and S(7) is an a x a Hankel matrix with elements
given by s;;(z) = v(b —a+ i+ j — 1,z) where v(a,x)
is the incomplete gamma function defined as [13, 8.350.1].
These notations will be used throughout this letter. Note that
the output cdf (7) only depends on the minimum and the
maximum values of NV, and ;. Thus, when the signal energy
E is fixed, the performance of (L, M) MRT system is the
same as that of (M, L) MRT system with Gaussian estimation
errors. The same fact has been observed for MRT performance
with perfect CSI [2], [4].

Applying (7) and [13, 8.352.1], we can readily obtain the
pdf and the mgf of the MRT output SNR with imperfect CSI
respectively as [2]

dF,ri(x d
pmrt(z) = 7d;( ) = Ddf det[S(ga:)]
a (atb)i— 242 (8)
=gD Z Z cije "9 (gz)’ and
i=1 j=b—a
Srre(s) = B(e*)
a (a+b)i—2i? j+1
. g €))
= DZ Z gt cij [ - }
i=1 j=b—a s+ tg
where D = [[];_(a —k)!(b—k)! 1 Cij is the coefficient

of the term e~ "2 in the expansion of L det[S(z)]. The co-
efficients c;;’s can be readily determlned using mathematical
softwares such as MAPLE.

Let us consider two special cases of the mgf (9). For MISO
or SIMO systems (a = 1), the Hankel matrix S(gx) only
has one element (b, gz). Noticing that %v(b, r) = 2¥te?,
we can readily obgain c1,p—1 = 1 and the mgf (9) reduces to
Omrt(8) = (g—j_b) , which is equivalent to the previous result
for SIMO MRT systems [8].

For two receive antennas and more transmit antennas (or

two transmit antennas and more receive antennas) system (a =
2), the Hankel matrix S(gx) is given by

b—1,gz) ~(b, gx) ]
S(ap) — |70~ 19 : _ 10
(92) [ 1(b,gz) b+ 1,g0) (1
Thus, the mgf (9) can be reduced to closed-form
b
g bg , blg+s) ]
b5 (gﬂ) [0 M) gy
(b+ k) bt+k+1 b (b+ k — 2)lpb+k-—1
_Z k'bfl Z k! (b —2)!
k=0
(b+k —1)Inbtk
-2 Z —k' Y (11)

where n = 54— +g Applying the mgf approach with (9), we can
obtain the average BER of a wide class of digital modulations.

V. NUMERICAL RESULTS

Numerical results are provided to show how Gaussian esti-
mation errors impact the MRT performance in i.i.d. Rayleigh
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Fig. 1. The BER of BPSK with imperfect MRT and Alamouti’s scheme in
iid. Rayleigh fading channel. N, = 3, Ny = 2.

fading channels. Simulation results are provided as an inde-
pendent check of our analytical results. For brevity, we provide
only BPSK results.

Fig. 1 compares the average BERs of MRT(3,2) and
Alamouti (3, 2) [15] employing BPSK modulation versus SNR
(Es/ U%) for different levels of estimation error variance ag.
For a fair comparison, we allocate b; to each symbol in
Alamouti’s scheme so that the total power from two transmit
antennas is E;, which is the same as that in the MRT system.
Alamouti’s scheme does not require CSI at the transmitter
while MRT requires the feedback of CSI from the receiver to
the transmitter. However, Alamouti’s scheme performs worse
than MRT. As 03 increases, both MRT and Alamouti’s scheme
perform worse and the performance loss of Alamouti’s scheme
compared to MRT increases. For example, to achieve an
average BER of 1073, the performance loss of Alamouti’s
scheme to MRT is 2dB when o2 = 0 and more than 3dB
when 02 = 0.2. Observe that the imperfect CSI results in
degradation of the diversity order (the negative slope of the
average BER curves) and the coding gain (the gap between
the imperfect curves and the perfect curves) of both MRT and
Alamouti’s scheme. Error floors can be clearly seen when o2
E.

No ’
i.e., the variance of the Gaussian estimation errors decreases
as the SNR of the data symbols increases (the pilot symbols

have the same energy as the data symbols).

Fig. 2 compares the BER performance of MRT with
BPSK versus the variance of Gaussian estimation error o2
at E/o2 = 5dB. We consider three MRT systems each with
a total of six antennas. The MRT(3, 3) system outperforms
the MRT(2,4) and the MRT(1,5) systems. Hence, for a
fixed number of antennas, better performance is obtained by
evenly distributing the antennas between the transmitter and
the receiver. This observation agrees with those in [2], [4].
However, as o2 increases, the performance gain of MRT(3, 3)

system over the other two systems diminishes. The MRT(3, 3)
system is more sensitive to the estimation error.

is fixed. Observe that no error floor exist when 02 = (

In conclusion, this letter analyzed the general (NV,, N;)
MIMO MRT performance with Gaussian channel estimation
errors in i.i.d. Rayleigh fading channels. We derived the effec-
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Fig. 2. Comparison of effects of imperfect CSI on different MRT systems
in i.i.d Rayleigh fading channel. N, + N; = 6, Es/afl = 5dB.

tive output SNR and the related statistics. It is instructive to
compare the performance of MRT and that of the Alamouti’s
scheme, which is optimal when CSI is not available at the
transmitter. The performance gain of MRT over Alamouti’s
scheme increases as channel estimation becomes worse. Al-
though the MRT system with evenly distributed transmitter
antennas and receiver antennas provides better performance,
such a system is more sensitive to imperfect CSI.
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