
Performance of Cooperative Spectrum Sensing
over Non-Identical Fading Environments

Item Type Article

Authors Rao, Anlei; Alouini, Mohamed-Slim

Citation Rao, A., & Alouini, M.-S. (2011). Performance of Cooperative
Spectrum Sensing over Non-Identical Fading Environments. IEEE
Transactions on Communications, 59(12), 3249–3253. doi:10.1109/
tcomm.2011.082911.100222

Eprint version Publisher's Version/PDF

DOI 10.1109/TCOMM.2011.082911.100222

Publisher Institute of Electrical and Electronics Engineers (IEEE)

Journal IEEE Transactions on Communications

Download date 09/08/2022 06:44:07

Link to Item http://hdl.handle.net/10754/242036

http://dx.doi.org/10.1109/TCOMM.2011.082911.100222
http://hdl.handle.net/10754/242036


1

Performance of Cooperative Spectrum Sensing over
Non-Identical Fading Environments

Anlei Rao, Student Member, IEEE and Mohamed-Slim Alouini, Fellow, IEEE

Abstract—Different from previous works in cooperative spec-
trum sensing that assumed the sensing channels independent
identically distributed (i.i.d.), we investigate in this paper the
independent but not identically distributed (i.n.i.d.) situations. In
particular, we derive the false-alarm probability and the detection
probability of cooperative spectrum sensing with the scheme
of energy fusion over i.n.i.d. Rayleigh, Nakagami, and Rician
fading channels. From the selected numerical results, we can see
that cooperative spectrum sensing still gives considerably better
performance even over i.n.i.d. fading environments.

Index Terms—Cooperative spectrum sensing; Energy detec-
tion; Nakagami fading; Rician fading;

I. INTRODUCTION

The dramatic growth of wireless services over the last
decade explains the great demand for radio spectrum. The
spectrum resource, however, is limited and most of it has
already been allocated. On the other hand, according to the
report of the Federal Communications Commission (FFC)
[1], many portions of the allocated spectrum are not fully
utilized. In order to deal with this conflict between spectrum
scarcity and spectrum under-utilization, cognitive radio has
been proposed as a revolutionary technology for the next
generation of wireless communication networks [2].

To guarantee that the operation of the primary users is
not affected, the secondary users must possess the ability of
sensing the presence of active primary users, and this process
is known as spectrum sensing. In some specific environment,
multi-path fading and shadowing may cause the disability of
secondary users to detect a primary user. In order to solve such
problems, multiple secondary users can cooperate with each
other to conduct the spectrum sensing to achieve an improved
performance [3].

Recently, cooperative sensing has been widely studied
[4][5], and these studies suppose that the sensing channels
are independent identically distributed (i.i.d.). But this is not
always the case in practice. Indeed in many instances, the
received signals by cooperating secondary users may experi-
ence a variety of path loss, shadowing or fading conditions.
As such, a more appropriate and practical assumption is to
consider independent but not identically distributed (i.n.i.d.)
channels. In this paper, we consider cooperative sensing in
such kind of environment and we assume that the reporting
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channels to the fusion center are error-free. In particular,
instead of sending the binary local decision, each secondary
user is assumed to transmit the normalized energy statistic
to the fusion center, which makes a final decision by fusing
these local energy statistics. In this context, we calculate
the false-alarm probability and miss-detection probability over
i.n.i.d. Rayleigh, Nakagami, and Rician fading channels with
a threshold determined by the Neyman-Pearson criterion.

The rest of this paper is organized as follows. In Section II,
the system model is introduced. Next, Section III presents the
performance analysis over i.n.i.d. Rayleigh, Nakagami, and Ri-
cian fading channels. Then the following section shows some
selected numerical results. Finally, conclusions is presented in
Section V.

II. SYSTEM MODEL

We consider a cooperative cognitive radio network with N
secondary users and a fusion center, and assume that each
secondary user performs local energy sensing independently
and report these energy values to the fusion center over error-
free reporting channels. These cooperating secondary users are
uniformly distributed in a cell of radius R centered around the
primary user, and in this case, the average SNR γ̄ for each
sensing channel is assumed to be log-normal distributed with
a shadow standard deviation of θ dB, an average SNR γ̄R
at distance R, and a mean value following an exponentially
decreasing path loss model with an exponent α. In this case,
the probability density function (PDF) of average signal-to-
noise ratio (SNR) γ̄ is given by [6], [7]:

fγ̄(γ̄) =
2

c
exp

{
2θ2 − 2c(γ̄ − γ̄R)

c2

}
Q

(
2θ2 − c(γ̄ − γ̄R)

c · θ

)
,

(1)
where c = 10αlog(e) is the exponential path loss pa-
rameter, Q(·) is the Q-function defined as the tail prob-
ability of the standard normal distribution, i.e. Q(x) =

1√
2π

∫∞
x

exp
(
−u2

2

)
du.

The sensing channels for the secondary users are assumed to
be independent to each other. Different from previous works,
however, these channels may be not identically distributed
but subject to the same kind of fading. With such an i.n.i.d.
assumption, the SNR of the received signal from the primary
user for n-th secondary user can be denoted as γn, with its
mean γ̄n, the distribution of which is subject to (1), and PDF
fγn(γn). The n-th secondary user measures the normalized
energy statistic of the signal it has received as En, which
has a central chi-square distribution under the hypothesis H0

(inactive primary user) and non-central chi-square distribution
with a center parameter 2γn under the hypothesis H1(active
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primary user) [8]:

En ∼
{

χ2
2u H0

χ2
2u (2γn) H1 ,

(2)

where u = TW is the time bandwidth product with T the
observation time interval and W the one-sided bandwidth.

The fusion center collects the normalized energy statistic
from each secondary user using the energy fusion scheme
[4] to make a decision. Under perfect reporting channel
conditions, the fusion energy statistic yields

E =

N∑
n=1

En. (3)

Based on (3), it is not difficult to show that the fusion
energy statistic E is also subject to a central chi-square
distribution under the hypothesis H0 and a non-central chi-
square distribution with a center parameter 2γ under the
hypothesis H1:

E ∼
{

χ2
2Nu H0

χ2
2Nu (2γ) H1 ,

(4)

where γ =
∑N
n=1 γn is the combined SNR with a PDF fγ(γ).

As such, the PDF of E conditioned on γ is given by

fE(x) =


1

2NuΓ(Nu)
xNu−1e−

x
2 H0

1

2

(
x

2γ

)Nu−1
2

e−
2γ+x

2 INu−1

(√
2γx

)
H1 ,

where Γ(·) is the gamma function and IM (·) is the M -th order
modified Bessel function of the first kind.

To make a decision, the fusion center compares the energy
statistic E to a threshold λ, and decide on H0 when E < λ
and on H1 when E > λ. In this conditions, the false-alarm
and detection probability conditioned on γ are given by [8]

Pf =
Γ(Nu, λ/2)

Γ(Nu)
,

Pd = QNu(
√

2γ,
√
λ),

(5)

where Γ(·, ·) is the upper incomplete gamma function,
and QM (a, b) is the generalized Marcum Q-function, i.e.
QM (a, b) = 1

aM−1

∫∞
b
xMexp

(
−x2+a2

2

)
IM−1(ax)dx. The

averaged detection probability can then be computed in dif-
ferent fading environments as

P̄d =

∫ +∞

0

QNu

(√
2γ,
√
λ
)
fγ(γ) dγ, (6)

since the conditional false-alarm probability is independent of
γ, then P̄f = Pf .

The threshold λ can be determined using the Neyman-
Pearson criterion. In particular, given a desired false-alarm
probability Pf = α, the threshold λ can be determined and
can be used in (6) to find the average detection probability.

III. PERFORMANCE ANALYSIS

A. Nakagami Fading Channels

Nakagami fading occurs for multipath scattering with rel-
atively large delay-time spreads and with different clusters
of reflected waves. It represents a wide range of multipath
channels via the fading parameter m [9]. For instance, the
Nakagami fading includes the one-sided Gaussian fading
(m = 1/2, which corresponds to worst-case fading) and the
Rayleigh fading (m = 1) as special cases.

For Nakagami fading channels, the local SNR of secondary
users is subject to a Gamma distribution given by

f(γn) =
1

Γ(mn)

(
mn

γ̄n

)mn
γn

(mn−1)exp

{
−mn

γ̄n
γn

}
,γn > 0,

where mn is the Nakagami parameter for the n-th sensing
channel.

For distinct γ̄n’s, the PDF of the combined SNR γ =∑N
n=1 γn in the case is given by

f(γ) =

N∑
n=1

mn∑
j=1

Anj
Γ(j)

(
mn

γ̄n

)mn
γj−1exp

{
−mn

γ̄n
γ

}
, γ > 0,

(7)
where Anj is determined by

Anj =
(−1)mn−j

(mn − j)!
d(mn−j)

ds(mn−j)

{
Mγ(s)

(
1− γ̄n

mn
s

)mn} ∣∣∣∣
s=mn

γ̄n

with Mγ(·) given in the case by

Mγ(s) =

{ N∏
n=1

(
1− γ̄n

mn
s

)−mn}
.

Inserting (7) in (6), we get the average detection probability
with the help of Eq.(29) in [10] as

P̄d Nak =

N∑
n=1

mn∑
j=1

Anj
2j−1Γ(j)

(
mn

γ̄n

)mn
GNu, (8)

where GNu can be determined recursively as

GM =GM−1 +
Γ(j)λM−1e−

λ
2

2M−j(M − 1)!

(
1 +

mi

γ̄n

)−j
× 1F1

(
j;M ;

λ

2

γ̄n
γ̄n +mn

)
,

with the initial G1 given by

G1 =

∫ ∞
0

x2j−1exp

{
−mn

2γ̄n
x2

}
Q
(
x,
√
λ
)
dx,

and 1F1(·; ·; ·) is the confluent hypergeometric function. G1

can be written in a closed form with the help of [10, 25]:

G1 =
2j−1Γ(j)γ̄j+1

n

(mn + γ̄n)mj
n

exp

{
−λ

2

mn

mn + γ̄n

}
×[ j−2∑

k=0

(
mn

mn + γ̄n

)k
Lk

(
−λ

2

γ̄n
mn + γ̄n

)
+(

1 +
mn

γ̄n

)(
mn

mn + γ̄n

)j−1

Lj−1

(
−λ

2

γ̄n
mn + γ̄n

)]
,
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where Lk(·) is the Laguerre polynomials with degree k.
As a special case, the average detection probability for

Rayleigh fading channels is given by making all mn = 1
in (8) resulting in

P̄d Ray =

N∑
n=1

An

{
Γ(Nu− 1, λ2 )

Γ(Nu− 1)
+ exp

(
− λ

2(1 + γ̄n)

)
× P

(
Nu− 1,

λ

2

γ̄n
(1 + γ̄n)

)(
1 +

1

γ̄n

)Nu−1}
,

(9)

where P (M,x) = γ(M,x)/Γ(M) with γ(M,x) = Γ(M) −
Γ(M,x) as the lower incomplete gamma function, and An is
determined by

An = Mγ(s)(1− γ̄ns)|s=1/γ̄n ,

where Mγ(s) =
{∏N

n=1 (1− γ̄ns)
}−1

.

B. Rician Fading Channels

Rician fading occurs when one of the paths, typically a line
of sight signal, is much stronger than the others. It is described
by two parameters: k, which is the ratio between the power
in the direct path and the power in other scattered paths, and
γ̄, the power in the direct path, which acts as a scaling factor
to its distribution. When there is no line of sight signal, the
Rician fading reduces to Rayleigh fading as its special case
(k = 0).

For Rician fading channels, each secondary user’s local
SNR is subject to a weighted non-central chi-square distri-
bution with two degree of freedom given by

f(γn) =
kn + 1

γ̄n
exp

{
−kn −

(kn + 1)γn
γ̄n

}
× I0

(
2

√
kn(kn + 1)γn

γ̄n

)
, γn > 0,

where kn is the Rician factor for the n-th channel. With
distinct γ̄n, the PDF of the combined SNR γ =

∑N
n=1 γn

is given by [11] as

fγ(γ) =
γN−1

Γ(N)(2β)
N

exp

{
− γ

2β

}
×
∑
n≥0

n! · cn
(N)n

L(N−1)
n

(
Nγ

2βµ0

)
, ∀µ0 > 0,

(10)

where L(α)
n (x) is the generalized Laguerre polynomials given

by L
(α)
n (x) =

∑n
i=1

(
n+α
n−i
)
(−1)ixi/i!, (N)n = N · (N −

1) · · · (N − n + 1), λn = 2kn, βn = γ̄n
2+λn

, β =
∑N
n=1 βn,

and cn = (−µ0)ng(n)(µ0)/n! with

g(µ) = exp

{
−1

2

N∑
n=1

λnβn(N − µ)

βµ+ βn(N − µ)

}
N∏
n=1

Nβ

βµ+ βn(N − µ)
.

In (10), the coefficients cn are computed in a recursive
fashion:

cn =
1

n

n−1∑
j=0

cj · dn−j , n > 0,

c0 =

(
N

µ0

)N
exp

{
−1

2

N∑
n=1

λnβn(N − µ0)

βµ0 + βn(N − µ0)

}

×
n∏
n=1

(
1 +

βn
β

(
N

µ0
− 1

))−1

,

dj =− jβN

2µ0

N∑
n=1

λnβn
(β − βn)2

(
µ0(β − βn)

βµ0 + βn(N − µ0)

)j+1

+

N∑
n=1

(
1− βn/β

1 + (βn/β)(N/µ0 − 1)

)j
, j > 0.

Inserting (10) in (6) and using [10, 29], we get the average
detection probability as

P̄d Ric =
1

Γ(N)(2β)N

∑
n≥0

n! · cn
(N)n

×

n∑
i=0

(−1)i
1

2N+i−1

µi

i!

(
N + n− 1

n− i

)
GNu,

(11)

where µ = N
2βµ0

with µ0 ≥ N , and GNu can be determined
recursively using

GM = GM−1+
Γ(N + i)λM−1e−

λ
2

2M−N−iΓ(M)(p+ 1)N+i

× 1F1

(
N + i;M ;

λ

2(p+ 1)

)
with p = 1

2β , and the initial G1 given by

G1 =

∫ ∞
0

x2(N+i)−1exp
{
−p

2
x2
}
Q
(
x,
√
λ
)
dx

which can be computed in closed-form with the help of [10,
25] as

G1 =
2N+i−1Γ(N + i)

(p+ 1)pN+i
exp

{
−λ

2

p

p+ 1

}
×
[N+i−2∑

k=0

(
p

p+ 1

)k
Lk

(
−λ

2

1

p+ 1

)
+

pN+i−1

(1 + p)N+i−2
LN+i−1

(
−λ

2

1

p+ 1

)]
.

IV. NUMERICAL RESULTS

Performance of the network is often described through its
receive operating characteristic (ROC) curves (Pd versus Pf )
or complementary ROC curves (Pm = 1− Pd versus Pf ) for
different situations of interests. In the following figures, we
sample the set of average SNR {γ̄n, n = 1, 2, · · · , N} from
(1) 1, with the standard deviation θ = 3 dB and the exponent
of the path loss model α = 3, and plot the performance curves
by a Monte Carlo method using the Neyman-Pearson criterion
to calculate the threshold for a decision.

1In this paper, we generate the average SNR {γ̄i}’s as per (1) with the
assumption that the users are uniformly distributed in the cell, and that the
{γ̄i}’s are independent. In reality, the {γ̄i}’s may be dependent because
of correlated shadowing. In this case, the {γ̄i}’s should be sampled from
any available joint distribution of {γ̄i}’s as fγ̄1,,γ̄2,,··· ,γ̄N (γ1, γ2, · · · , γN ),
which will be largely determined by the location of each user.
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Fig. 1: Complementary ROC curves for Nakagami fading
channels for different values of N with a Nakagami

parameter m = 3 (γ̄R = 8 dB and u = 5).

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

False−alarm Probability

M
is
si
n
g
-d

e
te
c
ti
o
n
P
ro

b
a
b
il
it
y

Pm vs. Pf in Rician fading channels with different N

 

 

N=1

N=3

N=6

N=10

Fig. 2: Complementary ROC curves for Rician fading
channel for different values of N with a Rician factor k = 3

(γ̄R = 8 dB and u = 5).

Ignoring the fading and noise of the reporting channels
between the secondary users and the fusion center, we examine
the performance of energy fusion over i.n.i.d. sensing channels
with Nakagami and Rician fading, respectively. In Fig.1 and
Fig.2, we generate the complementary ROC curves for Nak-
agami fading and Rician fading for different numbers N of
cooperative secondary users. Clearly the greater is the number
of cooperative secondary users, the higher performance can
the network achieve. From the figures, we can see that the
miss-detection probability decreases greatly with the number
of secondary users N increasing slightly, which shows that
cooperating improves the performance of sensing.

In Fig.3 and Fig.4, we generate complementary ROC curves
for Nakagami and Rician fading conditions for different aver-
age SNR γ̄R at distance R. From the figures, we notice that
there is a great improvement in the performance with several
dB’s increment in γ̄R. The cooperating secondary users are
distributed in a cell centered around the primary user. A higher
value of γ̄R means better conditions of the sensing channels
between the secondary users and primary user, or means that
these secondary users are distributed in a closer proximity to
the primary user.

In Fig.5, we plot the complementary ROC curves for dif-
ferent values of Nakagami parameters over Nakagami fading
channels. As we can see in the figure, there is an improvement
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Fig. 3: Complementary ROC curves for Nakagami fading
channel for different values of γ̄R with a Nakagami

parameter m = 3 (N = 5 dB and u = 5).

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

False-alarm Probability

M
is
si
n
g
-d

e
te
c
ti
o
n
P
ro

b
a
b
il
it
y

Pm vs. Pf in Rician fading channels with different γ̄R

 

 

γ̄R = −3dB

γ̄R = 3dB

γ̄R = 9dB

γ̄R = 12dB

Fig. 4: Complementary ROC curves for Rician fading
channel for different values of N with a Rician factor k = 3

(N = 5 dB and u = 5).

of roughly one order of magnitude for the miss-detection
probability from m = 1 to m = 2. This improvement
diminishes when m is reduced by half and increases when
m doubled.

In Fig.6, we plot the complementary ROC curves for
different values of Rician factors over Rician fading channels.
The Rician factor k is the ratio between the power in the direct
path and the power in other scattered paths. Clearly the larger
the Rician factor k is, the better performance we can achieve.
As we can find in this figure, the performance improves as the
Rician factor k increases.

V. CONCLUSIONS

In this paper, we analyzed the performance of cooperative
spectrum sensing over the i.n.i.d. environments with Rayleigh,
Nakagami and Rician fading. With the scheme of energy
fusion, closed form of false-alarm probability and detection
probability were derived. It was shown by selected numerical
results that cooperative spectrum sensing still works consider-
ably well in an i.n.i.d. environment.
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