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ABSTRACT Performance analysis is presented for a decode-and-forward protocol based mixed radio-

frequency (RF) and free-space optical (FSO) dual-hop transmission system with digital coherent detection.

The RF path is modeled by Beaulieu-Xie fading, while the FSO hop is characterised by the Málaga (M)

distributed turbulence with pointing errors. We first derive novel and exact analytical expressions for the

cumulative distribution function (CDF), the probability density function and the moment generating function

(MGF) of the overall signal-to-noise ratio by means of Meijer’s G function, followed by the accurate infinite

series expressions of the performance criterions, such as the outage probability, the average bit-error rate

(BER) and the ergodic capacity (average channel capacity). Asymptotic analysis for the CDF, the MGF,

the outage probability, the average BER, and the ergodic capacity is also provided. Monte Carlo simulations

are performed to verify these derived expressions.

INDEX TERMS Mixed RF/FSO systems, digital coherent detection, Beaulieu-Xie fading, Málaga

turbulence, decode-and-forward relaying.

I. INTRODUCTION

Free-space optical (FSO) communication, referring to optical

signals transmission through the free space, has caught con-

tinuous attention owing to lower cost, better security, wider

yet license-free bandwidth compared with radio-frequency

(RF) solutions [1]. However, FSO communication systems

are impaired by atmospheric effects, including attenuation,

turbulence induced fading and pointing errors, which limit

the transmission distance.

Cooperative relaying, which has been extensively used

in RF wireless communication systems (e.g., the unmanned

aerial vehicle relaying [2]), is one of efficient solu-

tions proposed to broaden the coverage and mitigate the

The associate editor coordinating the review of this manuscript and

approving it for publication was Jiayi Zhang .

turbulence induced fading for FSO systems [3]. The amplify-

and-forward (AF) and decode-and-forward (DF) relay, also

known as nonregenerative and regenerative relay, are the

two main relaying strategies used in the relay-assisted sys-

tems [4]. The relay in AF systems just amplifies and for-

wards the arriving signals, while the relay in DF systems

fully decodes the received signals and retransmits the re-

encoded version to the next hop [4]. Although the operation

for the AF relay is simpler than that of the DF relay, its

transceivers need expensive RF chains [5] and the additive

noise is amplified as well. Besides, due to cost considerations,

components with lower quality are often employed in relay

nodes, e.g., the use of low power low-resolution analog-to-

digital converters (ADCs) and digital-to-analog converters in

massive multiple-input multiple-output relaying systems [6],

but these components may be prone to impairments and

VOLUME 7, 2019
This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ 138757

https://orcid.org/0000-0003-0779-116X
https://orcid.org/0000-0003-4301-8713
https://orcid.org/0000-0002-4199-9645
https://orcid.org/0000-0001-9054-0155
https://orcid.org/0000-0003-2434-4329


J. Hu et al.: Performance of DF Relaying in Mixed Beaulieu-Xie and M Dual-Hop Transmission Systems

cause distortion [7]. The DF protocol has been proven to be

more robust to hardware impairments in one-way relaying

systems [8].

Considerable efforts have been devoted to evaluate

the performance of AF and DF relaying strategies over

FSO links [9]–[15]. Most of those studies focus on the

symmetric relay systems, in which every relay link expe-

riences the same channel fading. Nevertheless, the signals

on each hop may be transmitted by various communication

systems or go through different physical links in practi-

cal scenarios [16]. A mixed RF/FSO dual-hop transmission

system was proposed in [16]. The system, combining the

characteristics of RF and FSO, is considered to be more

effective and adaptive in real communications networks [16],

[17]. It also offers a promising solution to overcome the

connectivity gap between the last-mile access and the optical

backbone networks because many RF subscribers can be

multiplexed through the FSO link [18]. Therefore, the per-

formance of mixed RF/FSO systems have been extensively

investigated [17]–[28].

In [16], the outage probability of the mixed Rayleigh

and Gamma-Gamma dual-hop system with a fixed gain

AF relay as well as the subcarrier intensity modulation (SIM)

scheme was derived for the first time. Later, the average

symbol error rate of the mixed Rayleigh and M dual-hop

system employing both fixed gain and channel-dependent

(variable gain) AF relay schemes was investigated in [21].

Particularly, by assuming the channel state information of

the RF path was outdated, the authors in [18] analyzed the

outage probability and the average bit-error rate (BER) of

a mixed RF/FSO system with variable gain AF relaying,

whose RF path was Rayleigh distributed and FSO link experi-

encedGamma-Gamma turbulence with pointing errors. How-

ever, the Rayleigh distribution cannot be used to represent

the RF path consisting of a line-of-sight (LOS) component.

In [20], the RF path was assumed to follow the Nakagami-m

distribution, while the FSO link is assumed to experience

Gamma-Gamma turbulence with pointing errors. The perfor-

mance analysis was carried out with both intensity modula-

tion with direct detection (IM/DD) and heterodyne detection

schemes. Recently, the performance of a mixed millimeter-

wave (mmWave) RF/FSO system has been studied in [26].

The mmWave RF channel was modeled by the Rician dis-

tribution and the FSO channel was modeled by M turbu-

lence with pointing errors. However, the RF paths in these

studies are described to follow the Rayleigh, Nakagami-m,

and Ricean distributions. Besides the inconsistency between

the tail and the experimental data [24], the Nakagami-m and

Rayleigh distributions may fail to catch the fading statis-

tics of future femtocell channels with diffusing multipath

components and many direct LOS components [29], [30].

The generalized Ricean distribution is able to describe a

LOS component and diffuse scatter components, but its

fading severity parameter is simple and less flexible [29].

A novel fading model (which is referred to as Beaulieu-

Xie fading model [31]), representing both diffuse scatter and

LOS components, has been proposed by introducing a

special scale to non-central chi-distribution distributed

variables [29]. The new model uses the same definition of

the fading figure m as the Nakagami-m distribution, which

makes the model has the flexibility in adjusting the severity

of the fading [29]. Moreover, it provides a unified framework

for generalized Ricean, non-central chi and κ − µ distribu-

tions [29]. There are many atmospheric turbulence models

in the current literature as well. The M turbulence, which is

also a generalized statistical model, unifies most of widely

accepted atmospheric turbulence models, e.g., the Gamma-

Gamma, the lognormal, and the K models [32]. Furthermore,

it is in good agreement with published simulation data under

varying turbulence conditions [32].

Owing to low cost and easy implementation, on-off keying

(OOK) with IM/DD is usually the first modulation/detection

choice for FSO systems. However, it is very difficult for an

OOK IM/DD system to obtain the optimal error rate perfor-

mance with a fixed detection threshold because of the atmo-

spheric turbulence fading [33]. Coherent detection (CD) and

subcarrier phase-shift keying (PSK) have been introduced to

solve the threshold problem in OOK IM/DD systems [33].

Comparedwith the SIM system, the coherent FSO system can

further achieve 24-30 dB improvements in sensitivity [34].

Coherent systems can be classified into carrier-phase sensi-

tive and carrier-phase insensitive systems based on whether

carrier-phase recovery must be done at the optical stage [35].

Carrier-phase sensitive systems, also known as optical phase-

locked loop (OPLL)-based homodyne detection systems, can

get the baseband signal directly [35]. However, it is diffi-

cult to lock the carrier phase drift stably [35]. Carrier-phase

insensitive systems can be further divided into heterodyne

detection and phase-diversity homodyne detection systems

according to the receivers that they used [35]. The heterodyne

receiver needs to deal with an intermediate frequency (IF) to

obtain the baseband signal, and the IF should be much higher

than the bit rate of the system [35]. Recent developments

in high-speed and real-time digital signal processing (DSP)

made the carrier phase could be estimated via simple and effi-

cient DSP algorithms after phase-diversity homodyne detec-

tion [35]. Therefore, digital coherent detection, i.e., phase-

diversity homodyne detection in combination with DSP,

has recently become very attractive in FSO communication

systems [36]–[39]. However, as far as we know, almost all

the existing mixed RF and coherent FSO systems focus on

heterodyne detection [20], [25], and digital coherent detec-

tion has never been considered.

In this work, we examine some performance criterions,

i.e., the outage probability, the average BER as well as the

ergodic capacity (average channel capacity), of a DF-based

mixed RF/FSO transmission system with digital coherent

detection, whose RF and FSO paths experience the Beaulieu-

Xie and the M fading, respectively. Our main contributions

are: (i)We present an end-to-end performance analysis for the

DF-based mixed Beaulieu-Xie and M transmission system.

Novel and exact analytical expressions for the cumulative
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FIGURE 1. System model of the mixed RF/FSO system with digital coherent detection.

distribution function (CDF), the probability density function

(PDF) and the moment generating function (MGF) of the

overall signal-to-noise ratio (SNR) are derived by means

of Meijer’s G function [40, eq.(9.301)]. We then derive the

outage probability, average BERs of M -ary PSK (MPSK)

and M -ary quadrature amplitude modulation (MQAM) with

Meijer’s G function, and the ergodic capacity with Meijer’s

G function as well as extended generalized bivariate Meijer’s

G function (EGBMGF) [41, eq.(1)]. The accurate asymptotic

results for the CDF, theMGF, the outage probability, the aver-

age BERs, and the ergodic capacity are also given; (ii) As a

special case, the exact infinite series expressions are derived

for the mixed Beaulieu-Xie and Gamma-Gamma dual-hop

transmission system as well; (iii) In order to avoid using

the complicated PLL and dealing with high IF, we introduce

the digital coherent detection for the FSO hop rather than

heterodyne detection.

The rest of the work is organized as follows. We intro-

duce the system and channel models (both RF and FSO) in

Section 2. In Section 3, statistical characteristics, such as

the CDF, the PDF and the MGF, are derived for the mixed

RF/FSO transmission system by means of Meijer’s G func-

tion. In Section 4, the performance criterions, i.e., the outage

probability, the average BERs as well as the ergodic capacity

of the system are derived in detail. Section 5 presents some

numerical results and discussion. In Section 6, we conclude

the work.

II. SYSTEM AND CHANNEL MODELS

A. SYSTEM MODEL

It is assumed that there is no available direct link between

the source node (S) and the destination node (D). S needs

to communicate with D by means of the intermediate relay

node (R), where the DF relaying scheme is employed. The

S-R link is an RF link, which subjects to the Beaulieu-

Xie fading. The R-D link is an FSO link, and follows M

distribution with zero boresight pointing errors. We employ

MPSK and MQAM modulation formats at S. The received

RF signal at R is written as

y1 = rs+ n1, (1)

where r is the Beaulieu-Xie distributed channel gain of the

RF link, s represents the RF signal comes from S, and

n1 indicates the additive white Gaussian noise (AWGN),

whose power spectral density (PSD) is N01. The instanta-

neous SNR per symbol at R is γ1 = r2Es/N01. The average

SNR per symbol is γ 1 = r2Es/N01 = AEs/N01, where

Es denotes the energy per symbol, and A = r2.

The relay nodeR decodes the receivedRF signals andmod-

ulates the decoded RF signals over a continuous wave laser

beam via an electro-opticMach-Zehnder in-phase/quadrature

(I/Q) modulator. The optical signals from the modulator then

propagate along a point-to-point FSO path, which is modeled

by M turbulence with zero boresight pointing errors. At the

destination node D, we employ a narrow linewidth local

oscillator (LO) and a phase-diversity homodyne receiver [42],

which includes a 2 × 4 90◦ optical hybrid and two balanced

photodiodes, to retrieve the I and Q components of the opti-

cal complex amplitude. High-speed ADCs are then used to

sample the detected electrical signals, which are processed

and recovered by DSP algorithms at last [35]. Figure 1 shows

the mixed RF/FSO system, including the schematic diagrams

of R and D.
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The restored electrical signal at D is written as [35, eq.(24)]

i (t) = R
√

PsPLO exp {j (θs (t) + θn (t))} + n2 (t) , (2)

where Ps denotes the optical power of the instantaneous

received signal, and PLO denotes the LO power; R is pho-

todiodes’ responsivity; θs (t) and θn (t) are the modulation

phase and the total phase noise, respectively; n2 (t) is a zero-

mean AWGN process owing to LO induced shot noise [43].

The LO shot noise is expressed as i2shot = 2eRPLO
2

B
2
[42],

where B/2 denotes the noise bandwidth and e denotes the

electron charge. The shot-noise limited SNR per symbol is

then derived as [42], [43]

γ2 = |i (t)|2
σ 2
n

= |i (t)|2

2i2shot

= RPs

eB
= ηPs

h̄fB
= ηAr

h̄fB
I , (3)

where σ 2
n is the variance of the total noise, η denotes pho-

todiodes’ quantum efficiency, h̄ denotes Planck’s constant,

f denotes the optical frequency, Ar is the detector area, and

I denotes the instant optical irradiance. The average SNR

per symbol is defined as γ 2 = E [γ2] = ηAr
h̄fB

E [I ], where

E [·] denotes the expectation operator.

B. BEAULIEU-XIE FADING MODEL

TheBeaulieu-Xie fadingmodel can be derived by introducing

a special scale to the non-central chi-distribution distributed

variables [29]. The relationship between the Beaulieu-Xie

distribution and the Ricean distribution is the same as that

between the Nakagami-m model and the Rayleigh distribu-

tion; The relationship between the Beaulieu-Xie distribution

and the Nakagami-m model is the same as that between the

Ricean distribution and the Rayleigh distribution [29]. The

PDF of this model is given as [29, eq.(4)]

f (r;m, λ,�) =
exp

[

−m
�

(

r2 + λ2
)]

rm
(
2m
�

)

λm−1

× Im−1

(
2m

�
λr

)

, (4)

where In (·) is modified Bessel function of the first kind

with nth order; The parameters m and � control the shape

and the spread of the mode of the Beaulieu-Xie distribution,

respectively [29]. The parameter λ exerts an influence on the

location and a small impact on the height of the mode [29].

More specifically, m is the fading figure and decides the

severity of the fading. λ2 indicates the power of the LOS com-

ponents. The K -factor of this model has the same definition

as the Ricean model and is expressed as λ2/�. The PDF of

the SNR γ1 is derived by introducing a change of variables

in (4) and is expressed as

fγ1 (γ1) = m

�

(
A

γ 1

)m+1
2 J

λm−1
γ

m−1
2

1 exp (−9γ1)

× Im−1

(

2mλ

�

√

Aγ1

γ 1

)

, (5)

FIGURE 2. The exact expression (5) and the infinite series form (7) with
finite summation terms for the PDFs.

where J = exp
(

−mλ2

�

)

and 9 = mA
�γ 1

. The CDF of γ1 is

derived as

Fγ1 (γ1) = 1 − Qm

(√

2m

�
λ,
√

29γ1

)

, (6)

where Qv (x, y) denotes the generalized Marcum

Q-function [44]. By applying the infinite series forms of In (·)
[45, eq.(9.6.10)] and Qv (x, y) [44, eq.(4.74)], fγ1 (γ1) and

Fγ1 (γ1) can be rewitten as (7) and (8) when m is an integer.

fγ1 (γ1) = J exp (−9γ1)

∞
∑

i=0

(m

�

)i9 i+mλ2iγ i+m−1
1

i!Ŵ (i+ m)
, (7)

Fγ1 (γ1) = 1−J exp (−9γ1)

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i9 jλ2iγ
j
1

i!j! , (8)

where Ŵ (·) denotes the Gamma function.

The exact expressions ((5) and (6)) and the infinite

series representations ((7) and (8)) with finite terms for the

PDFs and CDFs of the Beaulieu-Xie model are compared

in Figure 2 and Figure 3, respectively. Monte Carlo (MC)

simulations are also provided in the figures. Table 1 shows

the needed summation terms Nt for the representations (8)

under different fading parameters to achieve the required

accuracy (e.g., < 10−5). The truncation error ǫt is defined

as ǫt
1= Fγ1 (∞) − F̂γ1 (∞), where F̂γ1 (∞) denotes the

truncated Fγ1 (∞) with i = Nt [46]. It can be seen from the

table that, if one of the fading parameters (K or m) is fixed,

the other parameter increases, or both parameters increase

simultaneously, the number of the required summation terms

Nt increases. Througth these results, we can draw the conclu-

sion that the infinite series representations for the PDFs and

CDFs are convergent with a few summation terms (Nt ≤ 20)

under all considered fading parameters.

C. FSO CHANNEL MODEL

In FSO links, the instantaneous received optical irradiance I

is a function of atmospheric turbulence Ia, pointing errors Ip,

138760 VOLUME 7, 2019
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TABLE 1. The needed summation terms Nt for the required truncation
error ǫt under different fading parameters.

FIGURE 3. The exact expression (6) and the infinite series form (8) with
finite summation terms for the CDFs.

and path loss Il . In this work, we choose the M sta-

tistical model for the atmospheric turbulence, i.e., Ia ∼
M
(

α, β, g, ρm, �′), where α, β (β is a natural number),

g, ρm and �′ indicate the fading parameters associated with

the turbulence conditions [32]. It should be noted that the

distributionwe choose is a particularization of the generalized

expression. Owing to its high degree of freedom, the particu-

larization can be utilized to recreate every possible turbulence

condition [47]. Since the path loss Il is deterministic, the PDF

of I = IlIaIp can be obtained by using the previous PDFs

for Ia [32, eq.(24)] and zero boresight pointing errors Ip
[48, eq.(11)] as [49, eq.(5)]

fI (I )= ξ2Am

2I

β
∑

k=1

bkG
3,0
1,3

(
αβ

gβ + �′
I

A0Il

∣
∣
∣
∣

ξ2 + 1

ξ2, α, k

)

, (9)

where ξ = ωzeq/ (2σs), and ωzeq denotes the equivalent

width of the laser beam; ωzeq is calculated by ω2
zeq

=
ω2
z

√
πerf (ν)/2ν exp

(

−ν2
)

, where ωz denotes the beam

waist of the Gaussian laser beam at distance z and erf (·)
denotes the error function; ν = √

πa/
√
2ωz, where a

denotes the detection aperture radius; σs is the jitter vari-

ance at the destination node D, and A0 defines the pointing

loss. Moreover in (9), α belongs to a positive number and

related to large-scale irradiance fluctuations; β indicates the

amount of fading; g = 2b0 (1 − ρm) (0 ≤ ρm ≤ 1),

where 2b0 indicates the average power of the whole scat-

ter terms, and ρm reveals the amount of optical scattering

power coupled into the LOS term; �′ = �m + ρm2b0 +
2
√
2b0�ρm cos (φA − φB), where �m denotes the average

power of the LOS component, φA and φB are deterministic,

representing the phases of the LOS term and the scatter

components coupled into the LOS term, respectively; Am =
2α

α
2

g
1+ α

2 Ŵ(α)

(
gβ

gβ+�′

) α
2 +β

, and bk = ak
(

αβ/
(

gβ + �′))− α+k
2 ,

where ak =
(

β − 1

k − 1

)

1
(k−1)!

(
�′
g

)k−1(
α
β

) k
2 (

gβ + �′)1− k
2

and

(

·
·

)

is the binomial coefficient; G
−,−
−,− (·) denotes the

Meijer’s G function. By using [32, eq.(27)], γ2 is derived

as γ2 = Iγ 2/E [I ] = Iγ 2

(

ξ2 + 1
)

/
[

Ilξ
2A0

(

g+ �′)].
Therefore, we can get the PDF of γ2 with the help of (9)

as [49, eq.(6)]

fγ2 (γ2) = ξ2Am

2γ2

β
∑

k=1

bkG
3,0
1,3

(
Cγ2

γ 2

∣
∣
∣
∣

κ1
κ2

)

, (10)

whereC=αβξ2
(

g+ �′)/
[(

gβ + �′) (1 + ξ2
)]

, κ1=ξ2+1,

and κ2 = ξ2, α, k . The CDF of γ2 is derived as [49, eq.(11)]

Fγ2 (γ2) = ξ2Am

2

β
∑

k=1

bkG
3,1
2,4

(
Cγ2

γ 2

∣
∣
∣
∣

1, κ1
κ2, 0

)

. (11)

We can get the PDF for the Gamma-Gamma model by

setting ρm = 1 and �′ = 1 in (10) as [49, eq.(10)]

fγ2 (γ2) = Bg

γ2
G
3,0
1,3

(
Dγ2

γ 2

∣
∣
∣
∣

κ1
κ3

)

, (12)

where Bg = ξ2/ (Ŵ (α) Ŵ (β)), D = αβξ2/
(

ξ2 + 1
)

and

κ3 = ξ2, α, β. The CDF for the Gamma-Gamma model

is [49, eq.(12)]

Fγ2 (γ2) = BgG
3,1
2,4

(
Dγ2

γ 2

∣
∣
∣
∣

1, κ1
κ3, 0

)

. (13)

III. STATISTICAL CHARACTERISTICS

A. CUMULATIVE DISTRIBUTION FUNCTION

As for DF transmission, the relay need to fully decode the

source message. The overall SNR for a DF-based mixed

RF/FSO transmission system can be written as [50]

γ = min (γ1, γ2) . (14)

Therefore, the CDF of γ is expressed as [50]

Fγ (γ ) = Pr (min (γ1, γ2) < γ )

= Fγ1 (γ ) + Fγ2 (γ ) − Fγ1 (γ )Fγ2 (γ )

= 1 + Qm

(√

2m

�
λ,
√

29γ

)

×




ξ2Am

2

β
∑

k=1

bkG
3,1
2,4

(
Cγ

γ 2

∣
∣
∣
∣

1, κ1
κ2, 0

)

−1



 . (15)
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When the FSO link follows Gamma-Gamma distribution,

we can get the CDF as

Fγ (γ ) = 1 + Qm

(√

2m

�
λ,
√

29γ

)

×
[

BgG
3,1
2,4

(
Dγ

γ 2

∣
∣
∣
∣

1, κ1
κ3, 0

)

− 1

]

. (16)

Asymptotic Analysis: When γ 2 → ∞,
Cγ
γ 2

→ 0, with the

aid of [51, eq.(07.34.06.0006.01)], we can get the asymptotoc

expression for the CDF in (15) as

Fγ (γ ) ≈ 1 + Qm

(√

2m

�
λ,
√

29γ

)

×









ξ2Am

2

β
∑

k=1

bk

3
∑

ε=1

(
Cγ

γ 2

)κ2,ε

×

3∏

τ=1,τ 6=ε

Ŵ
(

κ2,τ − κ2,ε
)

κ2,εŴ
(

ξ2 + 1 − κ2,ε
) − 1









. (17)

When γ 2 → ∞,
Dγ
γ 2

→ 0, we can also get the asymp-

totoc expression of CDF for the mixed Beaulieu-Xie and

Gamma-Gamma system as

Fγ (γ ) ≈ 1 + Qm

(√

2m

�
λ,
√

29γ

)

×









Bg

3
∑

ε=1

(
Dγ

γ 2

)κ3,ε

3∏

τ=1,τ 6=ε

Ŵ
(

κ3,τ −κ3,ε
)

κ3,εŴ
(

ξ2 + 1−κ3,ε
) −1









.

(18)

B. PROBABILITY DENSITY FUNCTION

We can get the PDF by taking the derivative of (15) in respect

to γ as (19), as shown at the top of the next page. When the

FSO link is Gamma-Gamma model, the PDF is expressed

as (20), as shown at the top of the next page.

C. MOMENT GENERATING FUNCTION

The MGF of γ is defined by Mγ (s) = E
[

e−γ s
]

[20]. With

the help of integration by parts and (15), we can get the MGF

of γ as

Mγ (s) = s

∫ ∞

0

e−γ sFγ (γ ) dγ

= 1 + sJ

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i9 jλ2i

i!J j+1
s

×




ξ2Am

2

β
∑

k=1

bk

j! G
3,2
3,4

(
C

γ 2Js

∣
∣
∣
∣

−j, 1, κ1
κ2, 0

)

−1



 ,

(21)

where Js = 9 + s. When the FSO path experiences

Gamma-Gamma fading, the MGF is derived as

Mγ (s) = 1 + sJ

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i9 jλ2i

i!J j+1
s

×
[
Bg

j! G
3,2
3,4

(
D

γ 2Js

∣
∣
∣
∣

−j, 1, κ1
κ3, 0

)

− 1

]

. (22)

Asymptotic Analysis: When γ 2 → ∞, C
γ 2 Js

→ 0, with

the help of the asymptotic series of Meijer’s G function

[51, eq.(07.34.06.0006.01)], the asymptotoc expression

for (21) is expressed as

Mγ (s) ≈ 1 + sJ

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i9 jλ2i

i!J j+1
s

×









ξ2Am

2

β
∑

k=1

bk

j!

3
∑

ε=1

(
C

γ 2Js

)κ2,ε

×

3∏

τ=1,τ 6=ε

Ŵ
(

κ2,τ − κ2,ε
)

Ŵ
(

j+ 1 + κ2,ε
)

κ2,εŴ
(

ξ2 + 1 − κ2,ε
) − 1









.

(23)

When γ 2 → ∞, D
γ 2 Js

→ 0, the asymptotoc expression

for (22) is expressed as (24), as shown at the top of the next

page.

IV. PERFORMANCE ANALYSIS

A. OUTAGE PROBABILITY

As an important performance criterion for digital commu-

nication systems subjecting to fading channels [44], outage

probability is defined by the probability that the equivalent

SNR γ falls below a given threshold γth [44], and it is

obtained by setting γ = γth in (15) and (16) as

Pout (γth) = Fγ (γth) . (25)

Asymptotic Analysis: We can get the asymptotic expres-

sions for (25) by replacing γ in (17) and (18) with γth, respec-

tively. The diversity order of the mixed RF/FSO transmission

system isGd = min
{

m,min
{

ξ2, α, k
}}

. When the FSO path

follows Gamma-Gamma distribution, the diversity order is

Gd = min
{

m,min
{

ξ2, α, β
}}

. The detailed derivation is

presented in Appendix A.

B. AVERAGE BER

Besides improving the receiver sensitivity, higher-order mod-

ulation formats, such as MPSK and MQAM, are often used

to further increase spectral efficiency for the coherent optical

communication systems. As for the coherentMPSK scheme,
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fγ (γ ) = fγ1 (γ ) + fγ2 (γ ) − fγ1 (γ )Fγ2 (γ ) − Fγ1 (γ ) fγ2 (γ )

= m

�

(
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γ 1
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)

.

fγ (γ ) = m
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2 exp (−9γ ) Im−1

(

2mλ

�

√

Aγ

γ 1

)
[

1 − BgG
3,1
2,4
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Dγ
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∣
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1, κ1
κ3, 0
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+ Bg
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∣
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(√
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. (20)

Mγ (s) ≈ 1 + sJ

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i9 jλ2i

i!J j+1
s
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(
D
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3∏

τ=1,τ 6=ε
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(

κ3,τ − κ3,ε
)

Ŵ
(
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. (24)

Pb (e) =
max(M/4,1)
∑

p=1

K1 + JK1√
π

max(M/4,1)
∑

p=1

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i up9
jλ2i

i!j!U j+ 1
2

p

×




ξ2Am

2

β
∑

k=1

bkG
3,2
3,4

(
C

γ 2Up

∣
∣
∣
∣

1
2

− j, 1, κ1
κ2, 0

)

− Ŵ

(

j+ 1

2

)


 , (28)

the conditional BER is expressed as [22, eq.(27)]

Pb,MPSK (e |γ ) ∼=
2

max
(

log2M , 2
)

max(M/4,1)
∑

p=1

Q
(

up
√

2γ
)

,

(26)

where up = sin
(2p−1)π

M
, and Q (x) denotes the Q-function.

The average BER is expressed as [22, eq.(28)]

Pb (e) =
∫ ∞

0

Pb,MPSK (e| γ ) fγ (γ ) dγ

= −
∫ ∞

0

Fγ (γ ) dPb,MPSK (e| γ ) . (27)

With the aid of [51, eq.(07.34.21.0088.01)] and

[40, eq.(3.381.4)], the average BER is derived as (28), as

shown at the top of this page, where K1 = 1/max
(

log2M , 2
)

andUp = 9+u2p. When the FSO link subjects to the Gamma-

Gamma fading, the average BER can be derived as

Pb (e) =
max(M/4,1)
∑

p=1

K1 + JK1√
π

max(M/4,1)
∑

p=1

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i

× up9
jλ2i
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2
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BgG
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1
2

− j, 1, κ1

κ3, 0

)

−Ŵ

(

j+ 1

2

)]

. (29)

As for MQAM, the conditional BER is expressed

as [22, eq.(32)]

Pb,MQAM (e |γ ) ∼= 4K2

√
M/2
∑

p=1

Q
(

vp
√

γ
)

, (30)

where K2 = 1
log2M

(

1 − 1√
M

)

, and vp = (2p− 1)

√

3
M−1

.

The average BER is derived as

Pb (e) =

√
M/2
∑

p=1

2K2 + JK2√
2π

√
M/2
∑

p=1
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∑
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)


 , (31)

where Vp = 9 + v2p
2
. The average BER for the cooperative

system in the presence of Gamma-Gamma fading can be

expressed as

Pb (e) =

√
M/2
∑

p=1

2K2 +
√
2JK2√

π

√
M/2
∑

p=1

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i

× vp9
jλ2i

i!j!V j+ 1
2

p

[

BgG
3,2
3,4

(
D

γ 2Vp

∣
∣
∣
∣

1
2

− j, 1, κ1
κ3, 0

)

−Ŵ

(
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. (32)

VOLUME 7, 2019 138763



J. Hu et al.: Performance of DF Relaying in Mixed Beaulieu-Xie and M Dual-Hop Transmission Systems

Asymptotic Analysis: As for MPSK, when γ 2 → ∞,
C

γ 2 Up
→ 0, the asymptotoc expression for (28) is expressed

as (33), as shown at the bottom of the next page. When

γ 2 → ∞, D
γ 2 Up

→ 0, the asymptotoc expression for (29)

is expressed as (34), as shown at the bottom of the next page.

As for MQAM, when γ 2 → ∞, C
γ 2 Vp

→ 0, the asymp-

totoc expression for (31) is expressed as (35), as shown at

the bottom of the next page. When γ 2 → ∞, D
γ 2 Vp

→ 0,

the asymptotoc expression for (32) is expressed as (36), as

shown at the bottom of the next page.

C. ERGODIC CAPACITY

Since the atmospheric turbulence is varying on the order of

several milliseconds, the FSO fading has minor change over

the duration of millions of consecutive bits [49]. The ergodic

channel capacity represents the best achievable capacity for

the FSO link [49], and it can be written by means of the

complementary CDF (CCDF) as [20, eq.(26)]

Cec = 1

ln (2)

∫ ∞

0

Fcγ (γ )

1 + γ
dγ, (37)

where Fcγ (γ ) = 1 − Fγ (γ ). With the aid of the Mei-

jer’s G function representations for (1 + x)α [52, eq.(10)]

and e−x [52, eq.(11)], we can calculate the integral (37)

as (38), as shown at the bottom of the next page, where

G
−,−:−,−:−,−
−,−:−,−:−,− (·) is EGBMGF. When the dual-hop system

operates over Gamma-Gamma fading, the ergodic capacity

is derived as

Cec = J

ln (2)

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i λ2i

i!j!9

[
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1,2
2,1
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−j, 0
0
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∣
∣

0

0
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D

9γ 2

,
1

9

)]

.

(39)

Asymptotic Analysis: In the case of γ 1 6= γ 2, when

γ 2 → ∞, we get C
9γ 2

→ 0, and the asymptotic expression

for (38) is derived as (40), as shown at the bottom of the

10th page, where κ2,ϑ = min
{

ξ2, α, k
}

. When D
9γ 2

→ 0,

the asymptotic expression for (39) is derived as (41), as shown

at the bottom of the 10th page, where κ3,ϑ = min
{

ξ2, α, β
}

.

As for γ 1 = γ 2, when γ 2 → ∞, we get C
9γ 2

= C�
mA

,

which is a constant, and 1
9

→ ∞. The asymptotic expression

for (38) is derived as

Cec ≈ J

ln (2)

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i λ2i

i!j!



Ŵ (j)

− ξ2Am

2

β
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bkG
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1 − j, 1, κ1
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)


 . (42)

FIGURE 4. Outage probability versus average SNR per hop under weak,
moderate and strong turbulence conditions with fixed pointing error
effect σs/a = 1.

When D
9γ 2

is a constant and 1
9

→ ∞, the asymptotic

expression for (39) is derived as

Cec ≈ J

ln (2)

∞
∑

i=0

i+m−1
∑

j=0

(m

�

)i λ2i

i!j!

[

Ŵ (j)

− BgG
3,2
3,4

(
D

9γ 2

∣
∣
∣
∣

1 − j, 1, κ1
κ3, 0

)]

. (43)

The detailed derivation is given in Appendix B.

V. NUMERICAL RESULTS AND DISCUSSION

In this part, numerical results for the derived expressions

above of the outage probability, average BERs and the

ergodic capacity are presented. MC simulations are also car-

ried out to confirm the analytical results. For the RF link,

the parameters K = −8 dB, m = 2, 3 are used as in [29].

For the FSO path, the weak, moderate, and strong turbulence

scenarios are reproduced by employing (8, 4), (4.2, 3), and

(2.296, 2) for the parameters (α, β) as in [26], [49]. The

impact of the pointing error is described by the normalized

beamwidthωz/a and the normalized jitter σs/a. Whenωz/a is

fixed, the lower value of σs/a, the weaker effect of the point-

ing error. Other parameters are as follows: �m = 1.3265,

b0 = 0.1079, ρm = 0.596, and φA − φB = π/2; The FSO

link distance L is 1 km, the optical wavelength λ is 785 nm,

and the detection aperture radius a is 5 cm. Note that Meijer’s

G function is a built-in function of some computing soft-

ware, e.g., MATLAB andMATHEMATICA, and the detailed

MATLAB and MATHEMATICA code for the EGBMGF can

be found in [53] and [54], respectively.

Figure 4 and 5 show the outage probability of the proposed

dual-hop system versus the average SNR per link (γ 1 = γ 2)

under weak, moderate and strong turbulence scenarios with

varying pointing error effects (σs/a = 1 and σs/a = 5). γth
is fixed at 0 dB. According to the figures, it is noticeable

that the analytical results (25) matches very well with the
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FIGURE 5. Outage probability versus average SNR per hop under weak,
moderate and strong turbulence conditions with fixed pointing error
effect σs/a = 5.

MC simulation results. The simulation results of the M

turbulence (by setting ρm → 1) are in good agreement

with the numerical results of Gamma-Gamma fading (16).

FIGURE 6. Average BER versus average SNR per hop for QPSK under
weak, moderate and strong turbulence conditions with varying pointing
error effects.

As expected, the severer the effect of turbulence conditions

and zero boresight pointing errors, the poorer the outage per-

formance of the dual-hop system. In addition, the asymptotic
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FIGURE 7. Average BER versus average SNR per hop for different
modulation formats under the strong turbulence condition with fixed
pointing error effect σs/a = 5.

results ((17) and (18)) are also given in the figures. We can

find that the asymptotic results converge fast to the exact

results when the SNR is high.

The average BERs versus the average SNR per link are

presented in Figure 6 and 7. It can be found from the fig-

ures that the analytical results are consistent with the MC

simulation results as well. Figure 6 plots the average BERs

of QPSK experiencing weak, moderate and strong turbulence

conditions with varying pointing error effects (σs/a = 1

and σs/a = 5). As shown in the figure, when the M turbu-

lence gets strong and the value of the normalized jitter σs/a

increases (the normalized beamwidth ωz/a is fixed at 10),

the BER performance deteriorates. Expectedly, the analytical

FIGURE 8. Ergodic capacity versus average SNR per hop under weak,
moderate and strong turbulence conditions with fixed pointing error
effect σs/a = 1.

results of theM distribution (28) are accordant with those for

the Gamma-Gamma distribution (29). The average BERs of

QPSK, 8PSK, 16PSK, 16QAM and 64QAM subjecting to the

strong turbulence with fixed pointing error effect σs/a = 5

are displayed in Figure 7. By comparing the BER curves for

QPSK propagating through the strong turbulence with fixed

pointing error effect σs/a = 5 in Figure 6 and 7, we can

get the similar conclusion to [50] that the FSO path acts the

dominant role between the two hops, since the stronger effect

of RF fading (m = 2) has little influence on the average BER

performance. Furthermore, the asymptotic results in these

figures are in an excellent agreement with the exact results

in the high SNR regime.
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FIGURE 9. Ergodic capacity versus average SNR per hop under weak,
moderate and strong turbulence conditions with fixed pointing error
effect σs/a = 5.

Figure 8 and 9 illustrate the ergodic capacity of the dual-

hop system versus the average SNR per hop under weak,

moderate and strong turbulence conditions with varying

pointing error effects (σs/a = 1 and σs/a = 5). It is notice-

able that when the turbulence strength decreases, the ergodic

capacity increases. Moreover, as the pointing error effect

increases, the ergodic capacity decreases. When the SNR is

large, the asymptotic results are consistent with the exact

results as well.

VI. CONCLUSION

In this work, we evaluated the outage probability, the average

BERs and the ergodic capacity of themixed Beaulieu-Xie and

M dual-hop transmission system with digital coherent detec-

tion. Novel and exact expressions for the CDF, the PDF and

the MGF of the overall SNR were derived by means of Mei-

jer’s G function. Capitalizing on these novel results, we fur-

ther derived the outage probability, average BERs of MPSK

andMQAMbymeans ofMeijer’s G function, and the ergodic

capacity with Meijer’s G function as well as EGBMGF. As a

special case, the accurate expressions above were derived for

the mixed Beaulieu-Xie and Gamma-Gamma dual-hop trans-

mission system as well. Besides, the asymptotic expressions

of the CDF, the MGF, the outage probability, the average

BERs, and the ergodic capacity were also provided.

Analytical results were presented and verified by MC sim-

ulation results. From these results, we find that the turbulence

induced fading and zero boresight pointing errors have a

strong influence on the system performance. Additionally,

the FSO path is dominant between the two hops of the mixed

Beaulieu-Xie and M transmission system.

APPENDIX A

DERIVATION OF THE DIVERSITY ORDER

When the average SNR γ is large enough, the outage proba-

bility can be approximated by [55]

Pout ≈ (Ocγ )−Od , (44)

where Oc indicates the coding gain, Od indicates the outage

diversity, and Od = Gd .

For the mixed RF/FSO transmission system, the outage

probability can be approximated as [27, eq.(58)]

Pout (γth) = Fγ1 (γth) + Fγ2 (γth) − Fγ1 (γth)Fγ2 (γth)

≈ Fγ1 (γth) + Fγ2 (γth) . (45)

With the help of [44, eq.(4.63)], Fγ1 (γth) can be rewritten as

Fγ1 (γth) = J exp (−9γ1)

∞
∑

i=m

∞
∑

j=0

(m

�

)j 9 i+jλ2jγ i+jth

j!Ŵ (i+ j+ 1)

= J exp

(

−mAγth

�γ 1

) ∞
∑

i=m

∞
∑

j=0

(m

�

)i+2j

× λ2jAi+j

j!Ŵ (i+ j+ 1)

(
γth

γ 1

)i+j
. (46)

When γ 1 → ∞, exp
(

−mAγth
�γ 1

)

≈ 1− mAγth
�γ 1

, Fγ1 (γth) can be

further rewritten as

Fγ1 (γth)=41

(
γth

γ 1

)i+j
+ 42

(
γth

γ 1

)i+j+1

, i≥m, j≥0,

(47)

where 41 and 42 are constants.

When γ 2 → ∞, with the help of (11) and [51,

eq.(07.34.06.0006.01)], Fγ2 (γth) can be rewritten as

Fγ2 (γth) = 31

(
γth

γ 2

)ξ2

+ 32

(
γth

γ 2

)α

+ 33

(
γth

γ 2

)k

, (48)

where 31, 32 and 33 are constants.

Combining (47) and (48), we can find that the diversity

order of the mixed RF/FSO transmission system is relevant to

both of the RF path and the FSO path. If γ 1 = γ 2, the diver-

sity order is min
{

m,min
{

ξ2, α, k
}}

. Similarly, when the

FSO link subjects to Gamma-Gamma distributed turbulence,

the diversity order can be derived as min
{

m,min
{

ξ2, α, β
}}

.

APPENDIX B

DERIVATION OF ASYMPTOTIC EXPRESSIONS FOR THE

ERGODIC CAPACITY

According to [54, Representation 2], the EGBMGF in (38) is

expressed in terms of the double Mellin-Barnes integral as

G
1,0:3,1:1,1
1,0:2,4:1,1

(

j+ 1

−

∣
∣
∣
∣

1, κ1
κ2, 0

∣
∣
∣
∣

0

0

∣
∣
∣
∣

C

9γ 2

,
1

9

)

= 1

(2π i)2

∫

L1

∫

L2

Ŵ (j+ 1 + s+ t) Ŵ (s) Ŵ
(

ξ2 − s
)

× Ŵ (α − s) Ŵ (k − s) Ŵ (1 + t) Ŵ (−t)

×

(
C

9γ 2

)s(
1
9

)t

Ŵ
(

ξ2 + 1 − s
)

Ŵ (1 + s)
dsdt, (49)

where L1 and L2 are integration contours. Equation (49) can

be further derived by calculating the residue of the related

integrands at the nearest pole to the integration contour [53].
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If γ 1 6= γ 2, when γ 2 → ∞, we have C
9γ 2

→ 0. The Mellin-

Barnes integral over L1 can be calculated approximately by

evaluating the residue at the minimum pole on the right as

[56, Theorem 1.11]

1

2π i

∫

L1

Ŵ (j+ 1 + s+ t) Ŵ (s)

Ŵ
(

ξ2 + 1 − s
)

Ŵ (1 + s)

×Ŵ
(

ξ2 − s
)

Ŵ (α − s) Ŵ (k − s)
︸ ︷︷ ︸

υ1(s)

(
C

9γ 2

)s

ds

≈ −Res
[

υ1 (s) , κ2,ϑ
]

= − lim
s→κ2,ϑ

(

s− κ2,ϑ
)

υ1 (s)

=
Ŵ
(

j+ 1 + κ2,ϑ + t
)

Ŵ
(

κ2,ϑ
) 3∏

τ=1,τ 6=ϑ

Ŵ
(

κ2,τ − κ2,ϑ
)

Ŵ
(

ξ2 + 1 − κ2,ϑ
)

Ŵ
(

1 + κ2,ϑ
)

×
(

C

9γ 2

)κ2,ϑ

, (50)

where κ2,ϑ = min
{

ξ2, α, k
}

, and the residue is multiplied

by −1 due to a clockwise contour [53]. After substituting the

term Ŵ
(

j+ 1 + κ2,ϑ + t
)

in (50) into (49), we get

1

2π i

∫

L2

Ŵ
(

j+ 1 + κ2,ϑ + t
)

Ŵ (1 + t) Ŵ (−t)
(
1

9

)t

dt

= G
1,2
2,1

(
1

9

∣
∣
∣
∣

−j− κ2,ϑ , 0

0

)

. (51)

Therefore, we can get (40) by substituting the results of (50)

and (51) into (38).

In the case of γ 1 = γ 2, when γ 2 → ∞, we have 1
9

→ ∞,

and C
9γ 2

is a constant. The Mellin-Barnes integral over L2 is

approximated by evaluating the residue at the maximum pole

on the left (t = −1) as [56, Theorem 1.7]

1

2π i

∫

L2

Ŵ (j+ 1 + s+ t) Ŵ (1 + t) Ŵ (−t)
︸ ︷︷ ︸

υ2(t)

(
1

9

)t

dt

≈ Res [υ2 (t) , −1]

= lim
t→−1

(t + 1) υ2 (t)

= 9Ŵ (j+ s) . (52)

Substituting (52) into (49) and employing the definition of

Meijer’s G function [40, eq.(9.301)], we get

1

2π i

∫

L1

9Ŵ (j+ s) Ŵ (s) Ŵ
(

ξ2 − s
)

Ŵ (α − s)

Ŵ
(

ξ2 + 1 − s
)

Ŵ (1 + s)

× Ŵ (k − s)

(
C

9γ 2

)s

ds

= 9G
3,2
3,4

(
C

9γ 2

∣
∣
∣
∣

1 − j, 1, κ1
κ2, 0

)

. (53)

When 1
9

→ ∞, G
1,2
2,1

(

1
9

∣
∣
∣
∣

−j, 0
0

)

in (38) can also be

approximated by evaluating the residue at the maximum pole

on the left (s = −1) as

G
1,2
2,1

(
1

9

∣
∣
∣
∣

−j, 0
0

)

= 1

2π i

∫

L3

Ŵ (−s) Ŵ (1 + j+ s) Ŵ (1 + s)
︸ ︷︷ ︸

υ3(s)

(
1

9

)s

ds

≈ Res [υ3 (s) , −1]

= lim
s→−1

(s+ 1) υ3 (s)

= 9Ŵ (j) , (54)

where L3 indicates the integration contour. By substituting

(53) and (54) into (38), equation (42) is derived.

Equation (41) and (43) can be derived by using the same

method.
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