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Abstract—In this paper, a two-hop cooperative multi-relay
communication network is considered. Selection relaying schemes
are attracting considerable attention due to their prudent band-
width utilization and ability to provide full diversity. The recent
developments in selection relaying (SR) have largely focused
on information theoretic analyses such as outage performance.
Some of these analyses are accurate only in high SNR regimes.
This paper provides exact outage and capacity performance
expressions for selection relaying and tight approximation over a
sufficiently wide range of SNR regimes for selection cooperative
relaying. The 𝜖-outage capacity for SR is also provided. The
motivation for this work is that practical systems operate at
far lower SNR values than those supported by the high SNR
analysis. Therefore, designers should be able to evaluate system
performance to a reasonable degree of accuracy over practical
SNR values. Simulations are used to corroborate the analytical
results and close agreement is observed.

Index Terms—Cooperative diversity, relay selection, outage
probability and capacity.

I. INTRODUCTION AND MOTIVATION

INTEREST in various forms of cooperative schemes has
been growing steadily since the seminal work in cooper-

ation diversity in [1]. This work re-examines the manner in
which nodes relate to each other to provide a cost-effective
way of harnessing the diversity advantages of multi-antenna
systems without necessarily putting these antennas in one
location. The literature has described this paradigm shift as
cooperative relaying or user cooperation diversity, and it is
particularly attractive for small-size, antenna-limited wireless
devices. Infrastructure (fixed) relays are particularly appealing
to wireless network service providers due to the challenges
facing terminal cooperation.

Parallel relay cooperation can provide full diversity order
by adopting protocols such as selective repetition relaying.
In a repetition protocol-based two-hop multi-relay scheme,
all relays retransmit the same (source) signal in round robin
fashion. This is not bandwidth efficient since relays require
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separate channels in the form of orthogonal time or frequency
slots. The bandwidth inefficiency of such schemes could make
these schemes unattractive, especially for a large number
of relays. Selection relaying, on the other hand, provides
full diversity without the excessive demand on bandwidth,
provided the relay selection is performed carefully [2]-[5].

The present paper considers selection relaying that involves
upper layers of the communication protocol in selecting a relay
among multiple relays to assist the source. In other words,
the selection diversity is an inherent feature in the routing
opportunities offered by the relays. We provide performance
analyses that are sufficiently accurate in both low and high
SNR regions for such multi-relay networks. The outage prob-
ability and capacity expressions are exact for selection relaying
and tight approximations for selection cooperative relaying.
An important earlier work [3] has not considered outage
and ergodic capacities, and bit error rate (BER). Another
recent and relevant contribution to the topic of this paper
can be found in [6]. The motivation for accurate performance
estimation at low or medium SNR levels is the following. It is
noted that high SNR analysis has theoretical merits; however,
practical systems often operate at lower SNR values. Thus, it
is desirable to be able to evaluate system performance to a
reasonable degree of accuracy in the low SNR region for the
purpose of network design and deployment.

II. SYSTEM AND CHANNEL MODELS

The system investigated in this paper is shown in Fig. 1.
The nodes - source, destination, and relays - are denoted as
S, D, and R, respectively. There are 𝑁 fixed single-antenna
relays in the network. In the half-duplex two-hop protocol,
the best relay assists S-D communication. The treatment
in this paper assumes that the destination uses the signal
received through the relay according to the following methods:
selection relaying (SR), where the S-D path is not usable at the
destination and selection cooperative relaying (SCR), where
the S-D link is used at the destination.

Both slow and fast fading channels are considered. Inde-
pendent and identically distributed Rayleigh fading is assumed
across all links. The received signal at node 𝑗 transmitted from
node 𝑖 is written as 𝑦𝑖𝑗 = 𝛼𝑖𝑗𝜒𝑖 + 𝑛𝑗 , where 𝜒𝑖 is the signal
transmitted from node 𝑖, 𝛼𝑖𝑗 is the channel gain between 𝑖 and
𝑗, and 𝑛𝑗 is additive white Gaussian noise (AWGN) at 𝑗. The
instantaneous SNR for the link 𝑖 and 𝑗 is 𝛾𝑖𝑗 = 𝛼2

𝑖𝑗𝐸𝑠/𝑁0,
where 𝐸𝑠 is the transmit energy per symbol, and 𝑁0 is the
AWGN power spectral density. Therefore, the average SNR is
given by 𝛾𝑖𝑗 = 𝐸[𝛾𝑖𝑗 ].

The first hop transmission can be characterized by the
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Fig. 1. A multi-relay network with best relay selection.

following relation:

𝑦S𝑗 = 𝛼S𝑗𝜒S + 𝑛𝑗 , 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑁. (1)

If the destination can hear the source, the direct signal can be
expressed as

𝑦SD = 𝛼SD𝜒S + 𝑛D. (2)

The best relay forwards to the destination in the second hop,
which can be expressed as

𝑦𝑗∗D = 𝛼𝑗∗D𝜒S + 𝑛, (3)

where 𝜒S is the regenerated signal at the relay and 𝑗∗ stands
for the selected best relay.

The relay selection, which is essentially a routing problem,
is based on backward and forward channels of relays, and this
is performed jointly as follows:

∙ For each relay link, select across the hops:

Ω𝑗 = min{𝛾𝑠𝑗 , 𝛾𝑗𝐷} for 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑁,

∙ Select across the relays:

𝛾𝑗∗ = max
𝑗=1,2,...,𝑁

{Ω𝑗}.
We refer to the minimum SNR of the best relay as 𝛾1,

i.e., 𝛾1 = 𝛾𝑗∗ . Similarly, we denote the instantaneous SNR
of the S-D link as 𝛾0. For Rayleigh fading channels, 𝛾0 is an
exponential random variable, and its expected value is denoted
by 𝛾0. The statistics of 𝛾1 are discussed below.

It should be mentioned that in fast fading channels, relay
selection will incur higher complexity compared to slowly
varying channels due to frequent switching and signaling to
facilitate the selection.

III. PERFORMANCE ANALYSIS

The notion of capacity is valid in ergodic (fast fading)
channels where no constraints are imposed on the decoding
delay at the receiver. However, in slow fading channels, outage
capacity or outage probability is the relevant performance
measure. In this section we provide analytical expressions for
calculating the ergodic capacity (valid for fast fading channels)
and outage probability (valid for slow fading channels) for
SCR and SR schemes. In addition, the outage capacity is given
for SR. While these performance measures are exact for SR
they are tight approximations for SCR. Finally, approximate
BER expressions are provided for the two schemes.

A. Selection Relaying (SR)

The selection of the best relay requires knowledge of order
statistics. The first step is to obtain the weaker link between
the first hop and second hop of each relay node. These weak
links are ordered and the one with the highest SNR is selected
as the candidate to relay the message to the destination
as explained above. Given a probability density function
(PDF)1, 𝑓(𝛾), and cumulative density function (CDF), 𝐹 (𝛾),
for the individual channel gains the PDF of such ordered
random variables can be derived [8] [9] and is given as
𝑝(𝛾) = 2𝑁 𝑓(𝛾) [1− 𝐹 (𝛾))]

[
2𝐹 (𝛾)− (𝐹 (𝛾))2)

]𝑁−1
. For

the underlying Rayleigh distributed random variable with
𝑓(𝛾) = 1

𝛾 exp
(

−𝛾
𝛾

)
, and 𝐹 (𝛾) = 1 − exp

(
−𝛾
𝛾

)
, the PDF

of 𝛾1 can be obtained as

𝑝(𝛾1) = 𝑁
exp(− 𝛾1

𝛾1/2
)

𝛾1/2

(
1− exp

(
− 𝛾1

𝛾1/2

))𝑁−1

=

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
2 𝑖

𝛾1
exp

(
−𝑖

2𝛾1
𝛾1

)
. (4)

The second part of (4) is obtained through binomial expansion.
1) Outage probability for SR: An outage is defined as the

event in which the communication channel does not support
a target data rate. Using the PDF in (4) the exact outage
performance for SR can be evaluated as follows (see Appendix
I):

𝑝out, SR =

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

) (
1− exp

[
−2𝑖(22ℛ − 1)

𝛾

])
,

(5)
where ℛ is the target rate. An alternative performance measure
to characterize slow fading channels is the 𝜖-outage capacity
(𝐶𝜖). This is the largest (realizable) transmission rate such that
the outage is less than a certain 𝜖. This metric is derived in
Appendix III and given as

𝐶𝜖 =
1

2
log2

(
1 +

𝛾

2
log

(
1

1− 𝜖
1
𝑁

))
bits/s/Hz. (6)

2) Ergodic capacity for SR: This quantity can be shown
(see Appendix II) to be given by

𝐶 =

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
1

ln 2
exp

(
2𝑖

𝛾

)
𝐸1

(
2 𝑖

𝛾

)
bits/s/Hz,

(7)
where 𝐸1[⋅] is the exponential integral [10].

3) Probability of bit error calculation for SR: In SR
relaying the direct path is unusable due to deep fade instances
or heavy shadowing. Hence, the BER performance can be
derived from the expression given in Appendix III by letting
𝛾0 → −∞ in (15). After some manipulation, the BER for
binary phase shift keying (BPSK) signaling can be obtained
as

𝐵𝐸𝑅SR ≈ 1

4

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
𝐵𝑧1 [1,

1

2
], (8)

where 𝐵𝑎[⋅, ⋅] is the incomplete beta function [10]. It can
be observed that (8) is a strikingly simple and compact
expression.

1𝑓 denotes the PDF of 𝛾𝑖𝑗 and 𝑝 denotes that of 𝛾1 = 𝛾𝑗∗ .
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B. Selection Cooperation Relaying (SCR)

SCR assumes that the best relay is not in outage. Therefore,
the maximal ratio combining (MRC) receiver combines the
direct and the relay link SNRs. The relay link SNR is approx-
imated as the weaker of the first and second hop instantaneous
SNR of the selected relay. The relay cooperation is effective
only when the achieved rate on the source-best relay link
is greater than that on the source-destination link [11], a
condition that can easily be satisfied in an asymmetric relay
network, where relays can be placed strategically to maintain a
strong link to the source. Since MRC is adopted, the combined
SNR can be written as 𝛽 = 𝛾0 + 𝛾1. Due to the independence
of 𝛾0 and 𝛾1, the PDF of 𝛽 can be obtained through the
convolution of the PDFs of 𝛾1 and 𝛾0, i.e.,

𝑝(𝛽) =

∫ 𝛽

0

𝑝𝛾0(𝜏) 𝑝𝛾1(𝛽 − 𝜏) 𝑑𝜏. (9)

Using (4) and the PDF of 𝛾0 (i.e., 1
𝛾0

exp(− 𝛾0

𝛾0
)), we have

𝑝(𝛽) =

∫ 𝛽

0

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
2 𝑖

𝛾1𝛾0

× exp

(
− 𝑖 𝜏

𝛾1/2

)
exp

(
−𝛽 − 𝜏

𝛾0

)
𝑑𝜏. (10)

By interchanging the integral and summation, (10) can be
expressed as

𝑝(𝛽) =

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
2 𝑖

𝛾1𝛾0

× exp

(
− 𝛽

𝛾0

)∫ 𝛽

0

exp

(
−
[

𝑖 𝜏

𝛾1/2
− 𝜏

𝛾0

])
𝑑𝜏.

(11)

Finally, evaluating the integral and tidying up, (11) simplifies
to

𝑝(𝛽) =

𝑁∑
𝑖=1

(−1)𝑖−1

(
𝑁
𝑖

)
2 𝑖

2𝑖𝛾0 − 𝛾1

×
(
exp

[
− 𝛽

𝛾0

]
− exp

[
− 2 𝑖 𝛽

𝛾1

])
. (12)

The PDF obtained in (12) characterizes the SCR scheme and
thus can be employed for deriving the expression for outage,
average capacity, and probability of error. Again, these are
approximate measures as the decoding error at the best relay
is ignored.

1) Outage probability for SCR: The outage probability is
bounded by the following expression (see Appendix I for the
derivation):

𝑝out, SCR ≥
𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)(
1 +

1

2 𝑖𝛾0 − 𝛾1

×
[
𝛾1 exp

(
−2 𝑖 𝑎

𝛾1

)
− 2𝑖 𝛾0 exp

(
− 𝑎

𝛾0

)])
,

(13)

where ℛ is the target rate, and 𝑎 = 22ℛ − 1.

2) Ergodic capacity for the SCR: Since ergodic channels
are assumed, averaging the instantaneous channel capacity
over the fading distribution has operational meaning. The
ergodic capacity of the SCR scheme, in bits/s/Hz, can be
bounded as

𝐶 ≤
∫ ∞

0

1

2
log2(1 + 𝛽)𝑝(𝛽)𝑑𝛽

=

𝑁∑
𝑖=1

(−1)𝑖−1

(
𝑁
𝑖

)

×
(

2

(2 𝛾1 − 4 𝑖𝛾0) ln 2

)[
2 𝑖𝛾0 exp

(
1

𝛾0

)(
𝐸1

[−1

𝛾0

])

− 𝛾1 exp

(
2 𝑖

𝛾1

)(
𝐸1

[−2 𝑖

𝛾1

])]

=

𝑁∑
𝑖=1

(
𝑁
𝑖

)
(−1)𝑖−1

(𝛾1 − 2 𝑖𝛾0) ln 2

×
[
− 2 𝑖𝛾0 exp

(
1

𝛾0

)
𝐸1

[
1

𝛾0

]
+ 𝛾1 exp

(
2 𝑖

𝛾1

)
𝐸1

[
2 𝑖

𝛾1

]]
.

(14)

3) BER calculation for SCR: The BER of BPSK is given
(that of other modulation techniques can similarly be derived)
using the PDF given above as

𝐵𝐸𝑅SCR ≈ 1

2

∫ ∞

0

erfc
(√

𝛽
)
𝑝(𝛽)𝑑𝛽,

=
1

2

∫ ∞

0

erfc
(√

𝛽
) 𝑁∑

𝑖=1

(−1)𝑖−1

(
𝑁
𝑖

)

× 2 𝑖

2𝑖𝛾0 − 𝛾1

(
exp

[
− 𝛽

𝛾0

]
− exp

[
− 2 𝑖 𝛽

𝛾1

])
𝑑𝛽

=
𝑁∑
𝑖=1

(−1)𝑖−1

(
𝑁
𝑖

)

× 𝑖

2 (2𝑖𝛾0 − 𝛾1)

[
𝛾0𝐵𝑧0 [1,

1

2
]− 𝛾1

2 𝑖
𝐵𝑧1 [1,

1

2
]

]
,

(15)

where 𝑧0 = 1
𝛾0+1 , 𝑧1 = 2 𝑖

𝛾1+2 𝑖 , and again 𝐵𝑥[𝑎, 𝑏] is the
incomplete beta function.

IV. NUMERICAL EXAMPLES

To explore the derived expressions numerically, we consider
a semi-asymmetric network, in which all relay links have the
same average SNR, which is different from that of the S-D
link. The scenario in which the S-D path strength is weaker
than those of the R-D or S-R paths represents an interesting
situation because it exposes the path-loss reduction benefit of
relays. In fact, this path-loss reduction benefit can be viewed
as the primary objective of the use of relays. That is, in this
scenario, relays act as intermediate nodes between the source
and destination. The model and linear relay placement used
in [13] and a path-loss exponent 𝜅 = 3 are adopted.

The outage performance for the SCR and SR schemes is
plotted for a semi-asymmetric network in which the relays
are mid-way between the source and destination. It can be
observed (by calculating the slope of the curves in Fig. 2)
that full diversity is obtained. Figure 3 shows the outage
performance of the SCR scheme for the balanced network
(the S-D, S-R, and R-D links all have the same average
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Fig. 2. Outage performance of the selection relaying (SR) and selection
cooperative relaying (SCR) schemes in Rayleigh fading; the solid curves and
asterisks represent SCR for 𝑁 = 1, 2, and 3 relays, 𝛾𝑠𝑟 = 𝛾𝑟𝑑 = 8 𝛾𝑠𝑑 .
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Fig. 3. Probability of outage of selection cooperative relaying (SCR) in
Rayleigh fading.

channel gains). The solid curves represent the analytical results
while the symbols represent the simulations; a close match is
observed between the two. It is also observed that full diversity
is achieved for the SCR scheme, i.e., the diversity order is
equal to the number of relays plus one is obtained.

Fig. 4 shows the bit error rate of SR schemes for BPSK
modulation. In this demonstration, a balanced relay network
is adopted. The single-hop performance is also shown in this
graph. In Fig 4, simulation results, indicated with symbols,
match closely with the analytical ones shown as solid curves.
In general, a diversity order equal to 𝑁 + 1 (for SCR)
and 𝑁 (for SR) can be obtained for the 𝑁 -relay network.
This diversity order can be determined from the performance
curves.

Figure 5 presents the ergodic capacity of the SCR and SR
schemes. The capacity curves for SCR are shown with solid
lines and for SR with dashed curves. The impact of using the
direct path and cooperation is also obvious from this figure;
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Fig. 4. BER performance of selection relaying (SR) scheme in Rayleigh
fading, 𝛾𝑠𝑑 = 𝛾𝑠𝑟 = 𝛾𝑟𝑑 (dB).
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Fig. 5. Average capacity of selection relaying (SR) and selection cooperative
relaying (SCR) in Rayleigh fading for different values of single-hop average
SNR.

the capacity of the SCR is 11% greater than that of the SR
scheme. A general observation is that the capacity saturates
quickly with an increasing number of relays. This means that
in reality not many relays are required to exploit the available
system capacity.

The outage capacity behavior for the SR is shown in Fig. 6
for a fixed outage probability of 𝜖 = 10−2 (solid curves) and
10−3 (dash curves) for a selected number of relays, 𝑁 = 1, 3,
and 5. Fig. 6 (a) shows the outage as a fraction of that of
an AWGN channel. Presenting the figure this way helps to
emphasis the diversity gain as well as to expose the impact
of fading. Fig. 6 (b) on the other hand, shows the raw outage
capacity and the effect of outage on capacity is clearly seen.
The gain derived from the relays is also evident, by comparing
the network of a single relay with that of two relays. From
Fig. 6 (a), at 20 dB, the capacity is increased from 6% of
AWGN to 31% for an outage of 10−2, while an increase from
0.7% to 23.2% is recorded for an outage of 10−3.
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V. CONCLUSION

Most of the recent work on selection relaying has been
focused on information theoretic analyses. High-SNR analyses
are presented in most of these studies. In contrast, this
paper has provided error rate analyses that are reasonably
accurate over a large range of SNRs, most importantly in
the low/medium SNR region. In addition, we have provided
expressions for calculating the outage probability and ergodic
capacity of the schemes. The outage capacity of the selection
relaying technique has also been provided. It is worth noting
that practical systems operate at considerably lower SNR
values in comparison to the range where the high SNR analysis
is accurate. The presented results may help network designers
to make performance evaluations with a reasonable degree of
accuracy in SNR regions of practical interest.

APPENDIX I

This appendix presents the derivation of the outage prob-
ability of the SCR scheme. The instantaneous rate can be
expressed as 𝐼 = 1

2 log2 (1 + 𝛽) and therefore, the outage
probability is

𝑝out, SCR = Pr (𝐼 < ℛ) = Pr
(
log2 (1 + 𝛽) < 2ℛ)

=

∫ 𝑎

−∞

𝑁∑
𝑖=1

(−1)𝑖−1

(
𝑁
𝑖

)

× 2 𝑖

2𝑖𝛾0 − 𝛾1

(
exp

[
− 𝛽

𝛾0

]
− exp

[
− 2 𝑖 𝛽

𝛾1

])
𝑑 𝛽,

(16)

where 𝑎 = 22ℛ−1. Interchanging the integral and summation
operations, the integration can be performed as

=

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
2 𝑖

2𝑖𝛾0 − 𝛾1

×
∫ 𝑎

0

(
exp

[
− 𝛽

𝛾0

]
− exp

[
− 2 𝑖 𝛽

𝛾1

])
𝑑 𝛽

=

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)
2 𝑖

2𝑖𝛾0 − 𝛾1

(
𝛾0 − 𝛾1

2 𝑖

+
1

2 𝑖

[
𝛾1 exp

[
−2 𝑖𝑎

𝛾1

]
− 2𝑖𝛾0 exp

[−𝑎

𝛾0

]])
.

Finally,

𝑝out, SCR =

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

)(
1 +

1

2 𝑖𝛾0 − 𝛾1

×
[
𝛾1 exp

(
−2 𝑖𝑎

𝛾1

)
− 2𝑖𝛾0 exp

(−𝑎

𝛾0

)])
,

(17)

completing the derivation. Note that the factor 1/2 is due to
the half-duplex nature of the relaying schemes. For the SR,
the outage probability is derived as follows:

𝑝out, SR(ℛ) = Pr (𝐼 < ℛ)

= Pr (
1

2
log2 (1 + min(𝛾𝑠,𝑟∗ , 𝛾𝑟∗,𝑑)) < ℛ)

= Pr (min(𝛾𝑠,𝑟∗ , 𝛾𝑟∗,𝑑) < 22ℛ − 1)

= Pr (𝛾1 < 22ℛ − 1);

𝑝𝑜𝑢𝑡,𝑆𝑅 =

∫ 22ℛ−1

−∞
𝑝(𝛾1) 𝑑𝛾1

=

𝑁∑
𝑖=1

(−1)
𝑖−1

(
𝑁
𝑖

) (
1− exp

[
−2𝑖𝑎

𝛾

])
.

(18)

APPENDIX II

The capacity of SR can be obtained by taking 𝛾0 to −∞
(in dB) in (14). Re-arranging the resulting expression produces
(7).

APPENDIX III

After performing a number of manipulations, (5) can be
expressed in the following form:

𝑃out, SR =

𝑁∑
𝑡=1

(
𝑁
𝑖

)
(−𝑝)𝑡 + 1, (19)

where 𝑝 = 𝑒−𝑘 and 𝑘 = 2(22ℛ − 1)/𝛾. For an outage 𝜖,
the maximum supportable rate 𝐶𝜖 is obtained by solving the

polynomial
∑𝑁

𝑡=1

(
𝑁
𝑡

)
(−𝑝)𝑡 + 1− 𝜖 = 0 to obtain

𝐶𝜖 =
1

2
log2

(
1 +

𝛾

2
log

(
1

1− 𝜖
1
𝑁

))
. (20)
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