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1 Introduction

Fractional order differential equations plays an important role in describing many phe-
nomena and processes in various fields of science and engineering such as mechanics,
chemistry, control systems, dynamical processes, viscoelasticity, and so forth. For a de-
tailed account of applications and recent results on initial and boundary value problems
of fractional differential equations, we refer the reader to a series of books and papers
[1-17] and references cited therein.

The definition of the fractional order derivative used is either the Caputo or the
Riemann-Liouville fractional order derivative involving an integral expression and the
gamma function. Recently, Khalil et a/. [18] introduced a new well-behaved definition of a
local fractional derivative, called the conformable fractional derivative, depending just on
the basic limit definition of the derivative. This new theory is improved by Abdeljawad
[19]. For recent results on conformable fractional derivatives we refer the reader to
[20-24].

Impulsive differential equations serve as basic models to study the dynamics of processes
that are subject to sudden changes in their states. Recent development in this field has been
motivated by many applied problems arising in control theory, population dynamics and
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medicines. For some recent work on the theory of impulsive differential equations, we
refer the reader to [25-27].

Due to fact that fractional differential equations and impulsive differential equations
serve effective tools in order to improve the mathematical modeling of several concepts
arising in engineering and various areas of science, many researchers have paid a consid-
erable attention to the subject of impulsive fractional differential equations in the recent
literature [28-30].

In this paper, we consider the following periodic boundary value problem for impulsive

conformable fractional integro-differential equations:

5 D*x() = (&, x(2), (Fx)(2), (Sx)(2)), t€]:=[0,T]¢#t,
Ax(ty) = I(x(t)), k=1,2,...,m, (11)
%(0) = x(T),

where ,D% denotes the conformable fractional derivative of order 0 < o <1 starting from
aci{ty, .oty to=0<ti< <ty <tma=T,feCJ xR3R),

¢ T
(Fx)(t) = /(; I(t, s)x(s) ds, (Sx)(t) = /0 h(t, s)x(s) ds,

le C(D,RY),D={(t,s) €J*:t > s}, he CU%R"), Iy € C(R,R), Ax(ty) = x(t{) — x(t).

The monotone iterative technique coupled with the method of lower and upper solu-
tions provides an effective way to obtain two sequences which approximate the extremal
solutions between lower and upper solutions of nonlinear differential and impulsive dif-
ferential (fractional or non-fractional ordered) equations; see, for instance, [31-35]. To
the best of the authors’ knowledge, this is the first paper establishing the impulsive frac-
tional differential equations via the conformable fractional calculus developed by [19]. By
means of a new maximal principle and new definitions of lower and upper solutions, the
monotone iterative technique will be used in our investigation of the problem (1.1).

The rest of the paper is organized as follows: In Section 2 we recall some definitions
and results from conformable fractional calculus and prove some basic results used in the
sequel. In Section 3 we define the lower and upper solutions, obtain the Green functions
and prove a comparison result. The existence results are contained in Section 4, while an

example illustrating the main result is presented in Section 5.

2 Conformable fractional calculus
In this section, we recall some definitions, notations and results which will be used in our

main results.

Definition 2.1 [19] The conformable fractional derivative starting from a point a of a
function f : [a,00) — R of order 0 < o <1 is defined by

() - i L) fO)

e—0 &

provided that the limit exists.
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If f is differentiable then ,D%f(¢) = (t — a)'%f’(¢). In addition, if the conformable frac-
tional derivative of f of order « exists on [a, 00), then we say that f is a-differentiable on
[a, 00).

It is easy to prove the following results.

Lemma 2.2 Let o € (0,1], ki, ko, p, A € R, and the functions f, g be a-differentiable on
[a, 00). Then:
() oD*(rf +kog) = kiaD?(f) + koaD* (g);
(ii) «D*(t—a)f = p(t —a)™;
(ili) DY\ =0 for all constant functions f(t) = X;
(iv) oD*(fg) =faD"g + &aD"f;
(v) D ({E) = ‘%]’or all functions g(t) #0.

Definition 2.3 [19] Let « € (0,1]. The conformable fractional integral starting from a

point a of a function f : [a,00) — R of order « is defined as

JF (D) = / (s — @) () ds. (2.2)

Remark 2.4 If a = 0, the definitions of the conformable fractional derivative and integral
above will be reduced to the results in [18].

Theorem 2.5 (Rolle’s theorem) Let an interval [c,d] C [a,00) and f : [a,00) — R be a
given function that satisfies:
(i) f is continuous on [c,d],
(ii) f is a-differentiable for some o € (0,1) on [c, d],
(i) f(c) =/(d).
Then there exists a constant e € (¢, d), such that ,D*f(e) = 0.

Proof From (i) f is continuous on [¢,d], and since by (iii) f(c) = f(d), there exists a point
e € (¢,d) such that f(e) is a maximum or minimum value of f on [c,d]. Without loss of
generality, we assume that e is a point of local minimum. Then we have

fle+ele—a)™®) —f(e) - i f(e+s(e—a)1“")—f(e).

£ e—0~ &

o210 = i

Observe that the first limit is nonnegative and also the second limit is non-positive. There-
fore, we obtain ,D*f(e) = 0. O

Theorem 2.6 (Mean value theorem) Let an interval [c,d] C [a,00) and letf : [a,00) - R
be a given function satisfying:

(i) f is continuous on [c,d],

(ii) f is a-differentiable for some o € (0,1).
Then there exists a constant e € (c,d), such that ,D*f(e) = f@d)-1)

Ld-ay-L(c-a)”

Proof Setting the function

gt) =f(t) —f(c) -

fd)-f(c) 1 . 1 ,

o



Asawasamrit et al. Boundary Value Problems (2016) 2016:122 Page 4 of 18

we see that g satisfy all the conditions of the Rolle’s theorem. Therefore, there exists a
constant e € (¢, d), such that ,D%g(e) = 0. Using the fact that aD"‘(é (t—a)¥) =1, we get the
desired result. This completes the proof. d

Remark 2.7 If g = 0, then Theorems 2.5 and 2.6 are reduced to Theorems 2.3 and 2.4 in
[18], respectively.

3 Impulsive results

LetJ- =]\ {t,t2,....tm}, Jo = [to, t1], Jx = (k. txs1] for k =1,2,...,m be sub-intervals of J
and the set PC(J,R) = {x:] — R: x(¢) is continuous everywhere except for some #; at
which x(¢;) and x(¢) exist and x(;) = x(£x), k =1,2,...,m}. Let E = PC(/, R), then E is the
Banach space with the norm ||x| = sup,.; [x(¢)|. A function x € E is called a solution of the
impulsive periodic boundary value problem (1.1) if it satisfies (1.1).

Definition 3.1 A function po € E is called a lower solution of the periodic boundary value
problem (1.1) if it satisfies

5 D% o (2) < f(& o (8), (Fruo)(t), (Spo)(®), tel,
Apo(te) < Ii(po(tr)), k=1,2,...,m, (3.1)
1o(0) < po(T).

Analogously, a function vy € E is called an upper solution of the periodic boundary value
problem (1.1) if the inequalities

5 D% vo(t) = f (£, vo(2), (Fuo)(t), (Svo)(®)), te],
Avg(t) > I(vo(t)), k=1,2,...,m, (3.2)
v9(0) = vo(T),

hold.

Let us introduce the new notations which will be used in this paper. For nonnegative
real numbers a < b and a, b € ], we define

M

eE(h‘“)a, a,be(t,tin],i=0,1,...,m,
M (p_s ) M (4.

e bt . oaltima)® a e (ti,t],b € (6, tial,

M
ea(a,b) = i=1,2,...,m, (3.3)

M (p_s My 4 o M _

e b-td” . Ha<ti71<ti<be“ ti~ti)* . oq (tp=a) , a<tii<ti<b,

i=2;3;"'ym:

where t, = max{t;;a < t; < b}, t, = min{t;;a < & < b} for some k € {1,2,...,m} and
q 2

[T =1
Let f : ] — R be a function given by

fb(t)) te]O:
_Jho. cen

Jn(t), tE€Jm.

f@)
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The impulsive integral notation is defined as

b tp tp+1 b
/f(s);is:/ ];_l(s)ds+/ ];(S)ds+---+/ fa(s8)ds, a,be], (3.5)

wherea <t,<---<t; <b.
Example 3.2 ForJ=(0,6], & =k, k=1,2,3,4,5, we have

e (2,5) = e 6V . g (43 o T (3-2

e% (2.2,3.8) = ew B8 o (3227

’

35 . 1 2 3 35
fls)ds= [ fo(s)ds+ / fi(s)ds + / fa(s)ds + f3(s) ds.
05 05 1 2 3

It is easy to prove the following result.

Property 3.3 Let a < ¢ < b < d be nonnegative real numbers. The following relations
hold:
(i) el (a, c)e% (c,b) = e (a,b),

(i) e% (a,b)e™ (c,d) = e (a,d)e (c, b).

Now, we consider the following boundary value problem of a linear impulsive con-
formable fractional integro-differential equation subject to periodic boundary condition

of the form

5 D x(t) — Mx(t) = H(Fx)(t) + K(Sx)(£) +v(t), O<a<lte],
Ax(te) = Lix(ty) + I (o (&) = Lo (&), k=1,2,...,m, (3.6)
x(0) = x(T),

where M >0, H,K >0,L;>0,k=1,2,...,m, are given constants and functions v,o € E.

Lemma 3.4 The solution x € E of the problem (3.6) can be written as the following impul-

sive integral equation:

T
x(t) = /0 Gl(t,s)P(s)cAis

m

+ 3 Golt t)[Lix(te) + I (0 () - Lo (&)],  t €], (3.7)
k=1

where P(t) = H(Fx)(t) + K(Sx)(£) + v(¢),

M M

(s—tp)* L@ (ty,t)e” @ (t,9) O<s<t<T
M ) = =1,

Gilt,s) = e en, (3.8)
(s=tp)* e (to,t)e @ (t,T)e” @ (ty,) 0<t<s<T

M
1-e (to,T)
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and

M
ed (st)
l-c® (t0,T)
—_ea s
Ga(t,s) = M 0 M
e (to,t)e@ (s,T)
M 7
1-e @ (to,T)

(3.9)

with t;, = max{ty;k =0,1,...,m and t;, <s}.

Proof Let x(¢) be a solution of the problem (3.6). For ¢ € J;, multiplying by e o both
sides of the first equation of the problem (3.6) and using Lemma 2.2(v),

(t=tg)* (t=tg)* (t=t9)*

e M tOD"‘x(t)—e_M a Mx(t):tOD"‘[e_M a x(t)],

we obtain

(t=tg)*

WD [ MR 1(0)] = M EE [HER (1) + K(Sx)(0) + v(0)]. (3.10)

Applying the conformable fractional integral of order « to both sides of (3.10) for ¢ € Jy,

we have
o t tOt SOt
*(6) = X(0)M5 + / @M M p(s) ds
0
t
=x(0)€%w(to,t)+/ s*7le (£, £)e™ 4 (to, 5)P(s) ds.
0

For ¢ € J;, multiplying both sides of the first equation of the problem (3.6) by e — and

using the product rule, we get

(-)% (t=

W D[ 1(0)] = M P, (3.11)

The conformable fractional integration of order « from ¢ to ¢ of (3.11) implies

(£~ (s—

2 t (=) 2
x(0) = x() M / (s — 1) 1M 2" MY (o) ds
5]

= x(8)e® (t,0) + / (5= ) e (e (1, 9)P(s) ds.

4

Since x(t]) = x(t1) + Lix(t1) + (o (t1)) — Lio (t) and
M b M
x(t) =x(0)ew (to, 1) + [ s e (to,lr)e” @ (to,8)P(s) ds,
0
by using Property 3.3(i), we get

#(0) = 2(0)e ™ (10, 1) + / 5=t e (10, e (10, 5)P(s) ds

M
a

+e« (t,1)[Lix(tr) + i (o () — Lo (#) ]

t
+ / (s— )% e (1, t)e @ (41, 5)P(s) ds.
5]
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Repeating the above process, for t € Ji, we have

x() = x(0)e (to, ) + Y e (1, O)[Licx(t) + Ie(o(6)) — Lo (80)]

to<tr<t

+ 2 f (=t e¥ (b, 0¥ (1, 9PLS) ds

to<t<t ¥ tk-1

+ / t(s — )% e (8, t)e % (8, 5)P(s) ds, (3.12)
i

where £; = max{t; k =0,1,...,m and t; < t}.
Putting ¢ = T in (3.12), we obtain

(T) = 2(0)e (to, T) + Y €% (1 T)[Li(ta) + Ie(0(8)) — Leor ()]
k=1

[k M M
[ st el e e 9P ds
k=1 V-1
T 1 M M
+ / (s=tn)* e (ty, T)e « (L, S8)P(s) ds.
tm
From periodic boundary value condition x(0) = x(T), we deduce that

3 e (1, T)[Lix(t) + I (o () — Leor (6]

#(0) = M;{
1-ea(ty, T) k=1

" T L M M
3 [ -t ted e, D P ds
k=1 Y tk-1

T
+ / (s—1,,)% e (t,, T)e™ % (£, 5)P(s) dis \. (3.13)

Substituting (3.13) into (3.12), it follows that

% : ; e(ti, T)[Lix(te) + I (o (1)) — Lo (t)]

x(t) =
N M M
30 [ =t e e e P ds
k=1 Y k-1

T
. f (5 £ X (b T2 (6 5)PLs) s
tm

+ 30 e (1 [ Lix(to) + Ie(o(6)) — Lo (0]

to<t<t

Lk
+ 3 5=t e (e (s, S)P(s) ds

to<ty<t ¥ k-1

t
+ f (s - t)*e™ (D)™ (4, 9)P(s) ds
ty
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= ﬁ :Z e (to, £)e (t, T) [Lix(t) + I (o (8)) — Lio (t) ]
—e« o,

m tk
30 [ o=t e o0 s e e, 0Pl0 ds
k=1

/ (s =) to, t)ea (ty, T)e™ @ (tm,s)P(s) ds

- Z e (to, T)e™ (t, [ Lex(te) + I (0 () — Lio (8]

to<tr<t

S [ e o D (s e P s

to<ty<t lk-1

- / t(s — ) e (ty, T)e™ (&, t)e % (&, 5)P(s) ds

7]

+ 37 e (o D[ Lixt) + L0 (80) — Lio (0]

to<ti<t

+ Z (S—L‘k )Y Lo (tx-1,t)e” @ (L‘k 1,8)P(s) ds

to<ty<t ¥ th-1

/ (s— )% e (&, t)ew (&, 5)P(s) ds \.

Using Property 3.3(ii), we have

x(t) = %{ 3 e (o, 0)e (1 T)[Lux(tr) + I (o () — Leor (8)]
1-e« (l’o, T) t<ty<T

728
. / (5= )" e (o, )™ (61, T)e * (1,5)P(s) ds
t

e X[ a0 o net o De ¥ P ds

tr<t<T L1

M
o

T
. / (5= 1) % (t0, )™ (s T)e™ ™ 6y )P(s) ds

+ 30 e (1 [ Lix(to) + Ie(o(6) — Lio (8]

to<tr<t

f M M
e 3 [ el e 6 d

to<ty<t ¥ th-1

+ f t(s — 1) e (&, £)e % (¢, $)P(s) ds}

‘2\2

(to e (5, T)[ Lix(te) + I (0 (8)) = Lo (8)]

el
= M
l1-ea (t07 T) t<ty<T

T
. / (5= )" e ¥ (to, e ™ (10 T)e ¥ (1,5)P(s) s
t

Page 8 of 18
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+ 30 e (1 [ Lix(to) + Ie(o(6) — Lo (0]

to<tr<t
! w1 M M .
+ | (s—tp)* e (ty,t)e” @ (ty,8)P(s)dst.
to
Therefore, we obtain the integral equation (3.7) as required.

Conversely, it can easily be shown by direct computation that the integral equation (3.7)
satisfies the impulsive periodic boundary value problem (3.6). This completes the proof.

O
Denote a = maxg{txs1 — tx}, K = 0,1,...,m. Now we prove the comparison result.
Lemma 3.5 Let 0 < o <1. Assume that x € E satisfies
5 D x(t) > Mx(t) + H(Fx)(t) + K(Sx)(¢), te],
Ax(tk) = ka(tk)) k= 1,2,...,m, (3'14')

x(0) > x(T),

where M >0,H,K > 0,L; >0,k =1,2,...,m are given constants. Suppose in addition that

m o _ _

3 Lo+ S (m+2)(M + HIT + KhT) <1, (3.15)
o

k=1

where [ = sup{l(t,s) : (t,s) € J*} and h = sup{h(t,s) : (t,s) € J*}. Then x(t) < 0 forall t €.

Proof Suppose, to the contrary, that x(¢) > 0 for some ¢ € J. Then there are two cases:
(i) There exists a point £* € J, such that x(¢*) > 0 and x(¢) > 0 for all £ € /.
(i) There exist two points £*, ¢, € J, such that x(¢*) > 0 and x(¢,) < 0.
Case (i): Setting u(¢) = e‘%(t‘tk)ax(t) for t € J, then we have

5 D*u(t) > Hfot l(t,s)e‘%[(t‘tk)a‘(s‘tk)a]u(s) ds
+ KfOT h(t,s)e‘%/[[(t‘tk)a‘(s‘tk)a]u(s) ds, te],
Au(ty) = Liu(t), k=1,2,...,m,

u(0) > e@ Tt (T,

Obviously, the functions u(¢) and x(¢) have the same sign. According to the above, it fol-
lows that , D“u(t) > 0 for t € J~ and Au(ty) > 0 for k =1,2,...,m. This implies that u(t) is
nondecreasing in J. Therefore, we have u(7) > u(¢*) > 0 and u(7T) > u(0) > e'o (T-tm)® u(T),
which is a contradiction.

Case (ii): Let inf{x(¢) : t € J} = —b. Then we can assume that » > 0 and also there exists a
point ¢, € (¢, %], i €{0,1,...,m}, such that x(t,) = —b or x(¢/) = —b. Now, we only consider
the case x(,) = —b. For the case x(t]') = —b, the proof is similar. It is easy to see that

t T
4D x(t) > —b<M +H/0 I(t,s)ds + K/O h(t,s) ds)

> —b(M + HIT + KhT).
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Suppose that t* € (¢, ¢,1) for some j € {0,1,...,m}. We assume £, < t*, which implies i <j.

For the case t, > t*, the proof is similar and thus we omit it. By Theorem 2.6, we get

2(T) = x(ty) = 2(T) = x(t},) + Link(t) = é(T — ty)® 1,y DY %(F) + Ly (L)
> —b[z—a(M + HIT + KhT) + Lm], o € (b, T),
x(tm) — x(tmr) = X(tm) — 2(t,_1) + Lin-1%(Em-1)
= é(tm — ti1)% 4y, D% 1) + L 1%t 1)

> —b[“—(M + HIT + KiT) + Lm_l}, Fout € (brs ),
o

vey

x(tja) —x(t7) = B@m -5 -

1 . .
(=) | o)
> —b[“—(M + HIT + Kljo):|, e (', 60).
o

Summing up the above inequalities, we get
m e _ _
T)—x(t") > -b| —(M+HIT + KhT)+L
x(T) x()_2< [a( +HIT + )wD

k=j+1

- b[“—(M +HIT + IdzT)]. (3.16)
o
In the same way, we have

x(t,) — x(t;) > —b[“—(M +HIT + KhT) + L,-],
o

cey

o

x(t,) - x(0) > —b[%(M +HIT + Kl_zT)}.

Summing up the above inequalities, it follows that
i -~ . .
a(t)-x(0) =) (—b[—(M + HIT + KhT) + Lk])

o
k=1

- b[Z—Q(M +HIT + 1<ET)]. (3.17)

From (3.16), (3.17), and the third inequality of (3.14), we obtain

x(t)-x(t") = -bY Li- Z b(m +2)(M + HIT + KhT),
o
k=1
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which leads to

0<x(t?) <—b+bY L+ —b(m+2)(M+HIT + KhT).
o
k=1

Thus, we get

3 L+ L (m+ )M + HIT + KhT) 51,
o
k=1

which contradicts (3.15). The proof is completed. d

4 Existence results
In view of Lemma 3.4, we define the operator A : E — E by

T
Ax(t) = / Gi(t,s) [H(Fx)(s) + K(Sx)(s) + V(S)] ds
0

+ Y Golt, t)[Lix(te) + Ik (o (1)) - Leor (1) ], (4.1)
k=1

where the Green functions Gy (¢,s) and G, (¢, s) are defined by (3.8) and (3.9), respectively.
Next, we will prove the existence of a unique solution for the problem (3.6). To accomplish
this, we set

M Ty M+l m
o) [, [1H _
7[ l(jz(tg_tgl)ww) +ZLk].

-1 P =

Lemma 4.1 Assume thata € (0,1, M>0,H,K>0,L;>0,k=1,2,...,m.If

A<l (4.2)
then the periodic boundary value problem (3.6) has a unique solution on J.
Proof Casel.For 0 <s<t<T,we see that

(s = )" e (t )e™ (t1,5) < a7l (to, T)
and

e (s,6) <ea (t, T).

Casell. For 0 <t <s < T, we have

M M M
ex (t()y t)e? (S: T) <e«

(t()y T)
If t < t;, < s, then we obtain

(5 — ) Le% (to, D)e ™ (6, T)e @ (th5) < a® e (to, T). (4.3)
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If t; <t <s, we have e (t, t)e’% (tn,s) < 1, which implies that the above inequality (4.3)
holds. From Cases I and II, it follows that

a-1,M4 M
« (tg, T « (tg, T
sup |G1(t,s)’ < %(0) and  sup |G2(t,s)‘ < %.
(ts)es? [1—ew (to, T)] (t:s)e]? [1-ew (2, T)I

Transform the problem (3.6) into a fixed point problem, x = Ax, where the operator A
is defined by (4.1). For any x,y € E, we have

T A
1 Ax = Ayl < =yl fo 1Gu(6,)|[H(F1)(s) + K(S1)(s)] ds

+ =51 | Galt, )| L

k=1
= Allx—yl.

As A <1, Ais a contraction. Therefore, by the Banach contraction mapping principle, we
deduce that A has a fixed point which is the unique solution of the problem (3.6). The
proof is completed. d

For vy, o € E, we denote
[vo, ol = {x € E:vo(t) <x(t) < po(t),t €]},
and we write vy < g if vo(t) < po(t) forallt €.

Theorem 4.2 Assume that the following conditions hold:

(Ha) the functions o and vy are lower and upper solutions of the periodic boundary value
problem (1.1), respectively, such that vo(t) < puo(t) on J;
(Hy) the function f € C(J x R3,R) satisfies

f(t’xxyfz) —f(tﬁ_@}_”%) EM(x_‘;C) +H(y_5/) +K(Z_2):

Jor vo(2) < x(t) < x(2) < po(), (Fvo)(®) < y(2) < y(2) < (Fruo)(), (Svo)(t) < z(t) <
z(t) < (Spo)(®), t €T
(Hs) the functions I € C(R, R) satisfy

I (%(t0)) = I (v(t0)) < Lie(x(tx) — y(&)),

whenever vo(ty) < y(tx) < x(ty) < po(te), Lk = 0, k=1,2,...,m;
(Hy) the inequalities (3.15) and (4.2) hold.

Then there exist monotone sequences {i,},{v,} C E such that lim,_, n,(t) = x*(t),
limy,—, oo V,(£) = x4(2) uniformly on J and x*, x, are maximal and minimal solutions of the
problem (1.1), respectively, such that

Vo<V <V <<V, Sw <x <t <py <o <o < g < o,
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on J, where x is any solution of the periodic boundary value problem (1.1) such that vy(t) <
x(2) < po(t) onJ.

Proof For any o € [vy, o], we investigate the periodic boundary value problem (3.6) with
v(t) =f (t,0(t), (Fo)(2), (So)(8)) - Mo (£) — H(Fo )(£) — K(So)(2).

Applying Lemma 4.1, the problem (3.6) has a unique solution x(¢) for ¢ € J. Let us define
an operator .4 by x = Ao. Then the operator A is an operator from [vy, f4o] to E and A has
the following properties:

(i) vo < Avg, Apo < po;

(i) for any oy,05 € [vo, ko], 01 < 0y implies Aoy < Aoy.
To prove (i), we set a function ¢ = vy — vy, where v; = Avy. Then from condition (H;) and
(3.6), we have

4D*p(t) = 4, Do (£) — 4 D* 11 (2)
> f (£, vo(2), (Fvo)(2), (Svo)(2)) — [Mun(£) + H(Fv1)(2) + K(Svi)(2)

+£ (& vo(2), (Fro)(2), (Svo)(#)) — My (£) — H(Fuo)(£) = K(Svo)(1)]
= Mo(t) + H(Fo)(t) + K(Sp)(®), te],

and
Ag(tr) = Avoltx) — Avi(t)
> L(vo(tr)) = [Livi (&) + Ik (vo (&) — Livo(8)]
= Lip(t), k=12,...,m,
and

®(0) = vo(0) —v1(0)
> vo(T) —vi(T)
= (7).
Using Lemma 3.5, we deduce that ¢(¢) < 0 for all ¢ € ], i.e., vo < Avy. Similarly, we can
prove that Ay < wo.
To prove (ii), we let uy = Aoy, up = Aoy, where o1 < 03 on J and 01,03 € [vo, (o). Setting
a function ¢ = u; — uy, then for ¢ € J and by (H;), we obtain
tkDa(/’(t) = tkDaul(t) - tkDauz(t)
= Muy(t) + H(Fuy)(2) + K(Su1)(2) + f (£, 01(2), (Fo1)(2), (So1)(2))
— Mo (t) — H(Foy)(t) — K(So1)(¢)
- (Mug(t) + H(Fus)(£) + K(Suy)(t)

+£(t,02(0), (Fo)(t), (S02)(2)) = Mo (£) - H(Fos)(t) - K(S02)(2))
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> M(ur(t) — up(£)) + H(F(uy — 1)) (2) + K (S(u1 — u2)) (2),

= Mo(t) + HFp)() + K(Sp)(t), te],
and by (Hs),

Ap(t) = Au(t) — Aua(t)
= L (t) + I (01(8)) — Lo (&) — [Licua (t) + I (02(8)) — Lo (t) |

> Li[w(t) — u2(8) ] = Lep(t),  k=1,2,...,m.
It is easy to see that

@(0) = u1(0) — u(0)
= u)(T) — ux(T)

> o(T).

Then, from Lemma 3.5, we get ¢(t) < 0, which yields Aoy < Aoy,.
Next, we define the sequences {1}, {v,,} such that u,;; = A, and v,,; = Av,. From (i)
and (ii), we see that the sequences {u,}, {v,} satisfy the following inequality:

Vg Sy e Sy S < < o,
for all n € N. Obviously, the functions u,, v, (n=1,2,...) satisfy

1 D% 1 (8) = Min () + H(F 1) (£) + K(Spen) ()

+f (& 1 (8), (Fpen-1)(@), (Spn-1)(2))

— M1 (8) = H(F 1) () = K(Sppa)(®),  te),
Apn(te) = Lpn () + Ie(pna(t0)) = Lpen-a (&),  k=1,2,...,m,
pn(0) = pwu(T),

and

5 DYV (2) = M, (£) + H(Fv,)(t) + K(Sv,)(t)

+f (& V1 (), (Fvu-1)(£), (Svu1)(2))

— Mvy1(8) = H(Fv,1)(t) = K(Sv,1)(®), te],
Avy(tc) = Liva(te) + (a1 (8) = Livea (), k=1,2,...,m,
V,(0) = vy (7).

Therefore, there exist functions x, and x* on /, such that lim,,_, o, v,, = %, and lim,,_, o0 i, =
x* uniformly on J. Clearly, x,, x* are solutions of the periodic boundary value problem (1.1).

Finally, we are going to show that x,, x* are minimal and maximal solutions of the
problem (1.1). Suppose that x(¢) is any solution of the problem (1.1) for ¢ € J, such that
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x € [vo, 110] and also there exists a positive integer 7 such that v,(£) < (£) < s, (£) on J. Let
¢ = V1 — &, then for £ € J, we have
5D p(t) = 4 D1 (t) = D*x(2)
= My (8) + H(Fvy,)(8) + K(Sv,41)(2)
+f (& va(t), (Fv,)(2), (Sva)(2))
— M, (t) = H(Fv,)(£) = K(Sv,)(2) - f (£, x(2), (Fx)(2), (Sx)(2))
> Mo(t) + H(Fo)(t) + K(Sp)(¢), te],

and

Ap(tc) = Avpa(te) — Ax(tr)
= Livua () + Ie(va(t)) = Licva(t) — I (x(2))

> Li[van (&) — x(t)] = Lego(t),  k=1,2,...,m,

and also
©(0) = v,,1(0) — x(0)
= Vn+1(T) _x(T)
> (7).

Then, by applying Lemma 3.5, we have ¢(¢) < 0, which leads to v,;; <x on J. By similar
method, we can show that x < u,,; on J. Since vy < x < o on J, by mathematical in-
duction, we deduce that v, <x < u, onJ for every n. Hence, by taking # — oo, we have
x4(t) < x(t) < x*(¢t) onJ. The proof is complete. O

5 An example
Example 5.1 Consider the following periodic boundary value problem for impulsive con-
formable fractional integro-differential equation:

1

1 i . 6 ot
uD2x(t) = 5 sinx(t) + £ [§ Ps*x(s) ds

+ % Olcosz(szt)x(s) ds, tel[0,1]\{3}, 5.1)
Ax(3) = L tan'(x(}), k=1,
x(0) = x(1).

1
-5, telo, 7],

Here o =1/2, T =1, m =1, = 1/2. Choosing o = 0, vy = {76 el
. te(,

are lower and upper solutions of the problem (5.1), respectively, and also vy < po. Let

then o and vg

(1. 5 43
ft,u,v,w) = —sinx+ —v+ —w,
12 15 18

then we have

ft,u,v,w)—f(t,u,v,w) < %(x—a_c) + %(v—f/) + %(W—ﬁ/),
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where vo(£) < u(t) < u(t) < po(t), (Fvo)(t) < v(£) < v(t) < (Fro)(), (Svo)(®) < w(t) <
w(t) < (Suo)(2), t € [0,1]. We see that

L) = L (v(8) < — (u(t2) - v(tr)),

—
()

where vo(f1) < v(t1) < u(ty) < po(ty). Setting M =1/12, H =1/15, K =1/18, L1 =1/16, a =
1/2,1=1, and & = 1, it follows that

m o _ B

ZLk + —(m+2)(M + HIT + KhT) = 0.9345983636 < 1
o

k=1

and

M m+1 m
e« (ty, T) IH
A= M40|:u ( 5 (G -ty) +h1<T2> ZL/(}

11-e% (t, T)| —
= 0.8962956459 <1,

where e (t0, T) = ew (-0 L o731 Z1265797376. Therefore, the periodic boundary
value problem (5.1) satisfies all conditions of Theorem 4.2. Then by using the monotone

iterative scheme,

D7 1, (£) = 12un(t) +3 [ t3s4un(S) ds+ & [, cosz(s 1) n(s) ds

+ 5 sinp, () + & [y L5 1 (s)ds + ! c0s2(s28) i (s) ds

5 Jo
lz,un 1) = & [o B35  wua(s) ds

-5 fo cos* (s’ unr(s)ds, te[0,1]\ {3},

Apn(tr) = g pin(t) + je tan ™ (w1 (3)) = e pna (b)), k=1,

1n(0) = p1,(1),

and

tkD% va(£) = 55vn(0) + 55 [y t354vn(s) ds + 1 cosz(s t)vu(s) ds

0
+ 2 i 5 sinv, () + & [ L5, 1 (s) ds + £ [ cos?(s2t)v,_1(s) ds
- ﬁv,,_l(t -+ fo 3s*v,_1(s) ds
— L [T cos? (s t)va(s)ds, te[0,1]\ {1},
Avy(t) = 1¢ Lv,(t) + —tan Y 1( ) - 16 Vea(fh), k=1,

va(0) = vy (1),

180

forn=1,2,3,..., the problem (5.1) has the extremal solution in the segment [vo, 1t0].
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