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Cellular automata are a new approach that has been rapidly used in many area of
science. In this paper, we introduce a notion of periodic one-dimensional cellular
automata. In addition, we calculate entropy of some periodic cellular automata of

2015 period-3 and present the simulation for some fractal type periodic cellular
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INTRODUCTION

Cellular automata were originally introduced by
John von Neumann in 1940 as a model of self-
reproducing biological system. After that, cellular
automata have been developed by the followers
including John H. Coway in his ‘Game of Life’
project and Stephen Wolfram in his book entitled ‘A
New Kind of Science’. Cellular automaton is a self-
organizing behavior system which depends on
previous state under the effect of the specific local
rule. It is a model of system which contains a grid of
cells. Each cell has finite state and neighbourhood.

Periodic Cellular Automata of Period-3:
Let A= {0,1,2,- o r —1} be an alphabet. Let

X:"'X—kx—k+1"'x—1- XOXl...Xk...

An elementary cellular automaton is the simplest
type of cellular automaton (Wolfram, 1983). It has
two possible states (0 or 1) and simplest
neighbourhood where the cell itself, left and right
neighbourhood. Martinez (2013) mentioned that
Wolfram classified it into four classes of behavior
which are Class | (uniform), Class Il (periodic),
Class Il (chaotic) and Class IV (complex).

In this paper, we introduce periodic one-
dimensional cellular automata of period three. We
include the example of entropy of some periodic of
period — 3 and present some simulation of that kind
cellular automata.

a bi-sequence over A. A full shift space A” :{X =(Xi )iEz X, € AVi EZ} is a set of all bi-

sequences. Let

K] = Ko Xowar Xy Xo Xy Xy X, be a

central block and

sz+1(A):{b:b-kb-k+1"'b-1bobl'"bk—lbk . b, eA} be a set of all central blocks. The shift space

A7 is a Cantor space with respect to the following metric

jZ X Yo
d (X, y) =y2* Xk = Yikk)
1 0 x=y

Let & : AZ —» A” be a shift mapping [o(x)] =%, forany ieZz.

Definition 1.1:
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A mapping F : A” > A%is called a cellular automata if one has that Foo=0ooF, ie.,
F (O'(X)) = O'(F (X)) forany X € A”. (Hedlund, 1969 and Lind and Marcus, 1995)
In this paper, we aim to define periodic cellular automata of period — 3.

Definition 1.2:
A mapping g:a*a° is called periodic cellular automata of periodic — 3 if one has that

@ _ 06 ;
FooV/=0"0oF ie, F(o(o(o(x)))=o(o(o(F (x) forany X € A”.

Let us define the following mapping F,,, : A* — A” by local rules £ 1, 1,:B,  (A)—>A

o (XX g Xy Xo Xy oo Xy X ) i=0mod (3) (1)
[Fou(x)], = (XX XXX X%, ) i=1mod(3)
(XX Xy Xo Xy oo Xy X, ) i=2mod (3)

Proposition 1.1:
A mapping F_, : A* - A” is a continuous periodic cellular automata of period — 3.

Proof. Let us first show that . az _, o+ is continuous. Let xe a*and Fy,, (X) =y € A”. Let £>0 and

012

o<

1
m, € N such that 2T° < &. We choose & >0 such that 1 and let Ue A”pe any element such that

21+k+m0

Let F

d(u,x)<5. This means that X 1o

( ) v e A”. We then get that

—k—mg k+my | = l'l[—k—mo,ker I

[sz ][ Mo M) [sz (U)}[fmo mo]’ ie, d (sz (u) v Foo (X)) <g. This means that

Foo - A% — A” is continuous.

Let us show that Fy, (a(a(a(x)))) = G(G(G(Fm (X)))) forany X € A”. In fact, we have that
]

£ (Xtia ™ Xia ' Xyi) i =1mod (3)
By (Xt Xis  Xiing)  1=2mo0d (3)

|f0(x ke+i+ 3”'X|73"'Xk+\+3) iEOmOd(?’)

fo(x k+|+3"'x'+3"'xk+|+3) i =0mod (3)

[ 012 } [ 012 ] { L SORTELALD TP Xk+i+3) i =1mod (3)

f (X k+i+3"'xi+3"'xk+i+3) i =2mod (3)

Therefore, Fy,, : A” — A” is a continuous periodic cellular automata of period — 3.

1. Entropy of Periodic Cellular Automata: Example:
An entropy of a periodic cellular automata F 1 A” — A” s defined by the following formula

h(F):lim!imM )
where R(W,t) is the number of distinct rectangles of width w and height t occurring in space-time

diagram (for more details see [Cattaneo et al. (2000), Hurd et al. (1992), Blancard et al. (1997)]. In this section,
we shall provide a few examples for periodic cellular automata of period-3 in which their entropy might or
might nor be zeros.

Let A = {0,1,2} and Bs(Aa) z{b =bbb,: b e As} be a set of all 3-blocks. Let
f, 1 By(A)) = A, bealocal rule f (bbb,)=Db, for ke A,.

Let us define the following periodic cellular automata
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fo(XiXi1X;,,) 1=0mod(3) [x;  i=0mod(3)

[Fm(x)]i =1 (XX .X,,) i=1mod(3) ={x, i=1mod(3) 3)
f,(XX.X.,) i=2mod(3) |[x,, i=2mod(3)
f(XX.X.,) i=0mod(3) ([x, i=0mod(3)

[Fo(X)]. =1 fo(XX.1X.,) i=1mod(3) ={ X, i=Imod(3) )
fo(XiXu1X,2) 1=2mod(3) | x, i=2mod(3)
f,(XXu1X,,) 1=0mod(3) [x,, i=0mod(3)

[Fau(¥)]. = fo(X X1 X;,2) 1=1mod(3) =¢ x; i=1mod(3) (5)
f.(XX.1X,,) i=2mod(3) | X, i=2mod(3)
fo(XiXi1X;,,) 1=0mod(3) [x  i=0mod(3)

[Foan(X)]. =3 F(XiXaXi,) 1=1mod(3) =4 x,, i=1mod(3) (6)
f(XXX.,) i=2mod(3) |x,, i=2mod(3)
f.(XX.X,,) i=0mod(3) [x, i=0mod(3)

[Foe(¥)] =1 fo(XX.1X;,,) T=1mod(3) ={ x; i=1mod(3) )
f,(XX.1X,,) 1=2mod(3) | X, i=2mod(3)
f,(XX.1X,,) 1=0mod(3) |[x,, i=0mod(3)

[Fuo(¥)] =1 fi(XiXiaX;,) i=1mod(3) =4 X, i=Imod(3) ©)
fo(XiX,1X;,2) 1=2mod(3) | % i=2mod(3)

Theorem 2.1:

The entropies of periodic cellular automatas given by even permutation (3) — (5) are log 3.
Proof. In order to calculate the entropy, we have to calculate the number of distinct rectangles R(w,t) of

width W and height t occurring in space-time diagram. Let us show how to calculate R(w,t).

w

xo = e [ o o [ X s [ e -
w

(R Y Y S N Y S B ) B
w

@ () —

Foi2 () = - pea e s o o o [ [ oxa [ s [ Xa e -+
w

@) (y) =

e O R O Y ) PN [ 8 B B B R
w

A () —

R (x)= e N % Y A 0 % X SRS
w

e Y S Y 8 Y ) A R
w

L R o o Y % N 8 [ Y Y B SRS
w

@ (y) =

O R O % O ¥ X XA ) A B R t
w

@ (x) =

R ()= oo Y S N 8 ) Y R B A
w

@) (y) =

Rl (x)= o % £ Y 8 Y R E £ B B B EM R
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e 9\ W (9 EH ER PRI YA EA A EA A
R 3 £ 9 9 W Y| A EA D EA EA A
T B 3 £ W A A [ D A C A EA A
200~ B R
I RS 3 £ A FA R EA A EN A EA CA CHE

In all cases, R(W,t)=3""". Therefore, the entropies of periodic cellular automatas given by even
permutation (3) — (5) are log 3.

Theorem 2.2:
The entropies of periodic cellular automatas given by odd permutation (6)-(8) are zero.
Proof. In order to calculate the entropy, we have to calculate the number of distinct rectangles R(w,t) of

width W and height t occurring in space-time diagram. Let us show how to calculate R(w,t) .

e L [ L9\ L9 L L A LA LA CA A A A
SRS s 3 3 23 3 2 2 A A A A A
LT T s s o o 2 3 3 3 A 2 A O
T T s o o o 3 £ A EA EA A A A
O B % 9 O E EA A A CA LA EA AL
e 9 [ 9 L LA LA (LA A A LA LA
R e o 38 3 8 9 2 Y A A A A A
ST IS s o £ o R AN A A A A O
S TC TR s 3 0 8 £ AN A A A EA O
IR 3 9 0 o 9 3| 3 A 3 E EA A

x =l 33 E9 £33 O Y N A A A S M A A
CS R 9 ) 9 £ 3 90 3 3 2 2 A
Y00 O s o 3 0 0 0 A A EO A A
T TR 9 £ 94 5390 2 3 2 2 A
YO0 O s o 3 3 2 2 A A EO A A A

In all cases, R(W, 1) is free of t and may take a value in the set {3",3""}. Therefore, the entropies of
periodic cellular automatas given by odd permutation (6) — (8) are zero.
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2. Fractal Structure Periodic Cellular Automata:
Example 3.1:
Let us consider the following local rules that have same fractal structures.

fis@11) = f3(1,10) = f;g(L0,1) = f,3(0,1,1) = f,5(0,1,0) = f,5(0,0,0)=0 and f;4(1,0,0) = f,5(0,0,1) =1
fre(LL1) = f,5(L,1,0) = fy5(1,0,2) = f,5(0,1,0) = f,5(0,0,0) =0 and f,5(0,1,1) = f,5(1,0,0) = f5(0,0,1) =1

foo(LL1) = fo0(1,0,2) = f40(0,1,0) = f4,(0,0,0) =0 and fyy(1,1,0) = foy(1,0,0) = foo(0,1,1) = f4y(0,0,1) =1
We define periodic cellular automata of period-3

fo (XX X;,) i=0mod(3)
[Foa(¥)], =1 fas (X 1XiX.) T =1mod(3)
foo (XX X,,1) 1=2mod(3)

fo(X1X X)) 1=0mod(
[F021(X)]i = 1:ZG(Xi—lXiXiﬂ) I Eszd(S)
f

90(Xi—1xixi+1) i= lmOd(3)

fo(XuXX,) 1=1mod(3)

[FlOZ(X)]i = fze(xuxixm) i=0mod (3)
f90(xi4xi Xi+1) i=2mod (3)
flS(XHXi Xi+1) i =1mod (3)
[Flzo(x)]i = 26(Xi4xixi+1) i EZmod(S)

f
f

o0 (XX X,,) 1=0mod(3)

fis (Xi—lxi Xi+1) i =2mod (3)
[Fzm(x)]i = fZG(Xi—lxiXi+1) I = 0m0d(3)
foo (X 1% X,;) 1=1mod(3)

flo(X1XX,,) i=2mod(3)
26(Xi—lxi Xi+l) i =1mod (3)
QO(Xi—lxiXHl) i =0mod (3)

[FZlU(X)]i =

f
f

Fig. 1: Simulation of periodic cellular automata Fy,,(X).

This figure implies for Fy,,(X), Fip,(X), Fr(X), Fyp(X) and F, (X) . They have exactly the same
fractal structures.

Example 3.2:
Let us consider the following local rules that have two different fractal structures.

feo(LLD) = f5,(1,0,1) = f5,(0,1,1) = f5,(0,1,0) = f3,(0,0,0) =0 and fg,(L,1,0) = f3,(1,0,0) = f3,(0,0,1) =1
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f(L11) = f»(1L10) = f5,(1,0.1) = f»(0,11) = f,,(0,0,0) =0 and f,(1,0,0) = f,,(0,1,0) = f5,(0,0,1) =1
We define periodic cellular automata of period-3
o (X1X X)) 1=0mod(3)
[sz(x)]i =1 f,(X,XX,) i=1mod(3)
f (XX X,)  1=2mod(3)

f 17N N4
[Fou(x)]i = fZZ(Xi—lxiXi+1) i=2mod 3)
fsz(xmxixm) i ElmOd(S)

52 (XX X,,)  1=0mod(3)
(

f82(X|—1X|X|+l) i= lmOd(3)
fo (X 1% X,.1) 1=0mod(3)
foo (X 1% %) i=2mod(3)

[sz(x)]i =

fy (X1XX;,,) 1=1mod(3)
22(Xi—lxi Xi+1) i Eszd(3)
Ez(xi—lxiXHl) i EOmod(S)

[FIZO(X)]i =

|
|
[Faus (X)) |
|

f (XXX, ) i=2mod(3)
£, (XX X;,,) i=0mod(3)
fo (X 2% X;,,) 1=1mod(3)

f (XX, Xiy)  1=2mod(3)
£ (X% X;,,) i=1mod(3)
fi (X 1% X, ) 1=0mod(3)

[Fzm(x)]i =

Fig. 2:  Simulation of periodic cellular automata Fy;,(X) and F,;(X).

Fig. 3: Simulation of periodic cellular automata F,,(X)and F,,(X).

Fig. 4: Simulation of periodic cellular automata F;g,(X)and F,,(X).
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In these three figures show different structures and none of them are fractal.

Example 3.3:
Let us consider the following local rules that have three different fractal structures.

f126(L11) = f156(0,0,0) =0and f;55(1,1,0) = f56(1,0,1) = f156(1,0,0) = ,56(0,1,1) = f156(0,1,0) = f,5(0,0,1) =1

fla6(11.0) = f146(1,0,1) = f145(0,1,2) = f146(0,1,0) = f146(0,0,0) =0and fy45(1,1,1) = f145(1,0,0) = 145(0,0,2) =1

f161(110) = 161(1,0,0) = 16, (0,1,1) = £36,(0,1,0) = £161(0,0,)) =0and 7 (1,1,1) = f11(1,0,1) = f3(0,0,0) =1
We define periodic cellular automata of period-3

flos (X uX; X, ) i=0mod(3)
[Fu(¥)], = fu (XiaXXi.y) 1=1mod(3)

fio(XiaX X)) 1=2mod(3)

fos(Xi2X X,.) i=0mod(3)
[Fou(¥)], = flus (XX X;,)  i=2mod(3)
flo (XuX X)) =1mod(3)

fios (X1 X X;,,) i =1mod(3)
146(Xi—1XiXi+l) [ EomOd(?’)
16 (XX Xig)  1=2mod(3)

[Floz(x)]i =< f
f [N

fos(Xi1XX,,;) 1=1mod(3)
[Fm(x)]i = f146(xi—1xixi+1) i=2mod (3)
fie (X 1% X;,,) 1 =0mod(3)

fos (XX X,) i=2mod(3)
[Fau(¥)] = flus (X 1% X;,,) 1=0mod(3)
fio (XX X;,,) i=1mod(3)

flos (XiuXiXi,)  i=2mod(3)
[Fzm(x)]i = flAG(Xi—lXiXi+1) i= lmOd(S)
fio(Xi1X X)) 1=0mod(3)

Fig. 5: Simulation of periodic cellular automata F,;,(X) and Fy,, (X).

Fig. 6: Simulation of periodic cellular automata F,y,(X)and F,,,(X).
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Fig. 7: Simulation of periodic cellular automata F,,, (X)and F,,,(X) .
It is clear that all figures do not have fractal structure.

3. Conclusion:

It is shown that the behavior of periodic cellular
automata essentially depends on order of
components. It is presented examples where for even
permutations corresponding entropy is positive and
for odd permutations the corresponding entropy is
zero.

Since this paper had investigated periodic
cellular automata of period — 3 with two states, it is
expected that further studies will be carried out on
using more states and higher period to see whether
there are more interesting cases in the findings.
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