
Periodic  solutions of a nonl inear  ~t-th order vector  
differential  equation. 

ROLF REISSIC~ (Saarbriicken) (*) 

Summary. - l, Ve investigate a non-autonomous n-th order differential equation for a function 
x(t) e R "~ supposing that the eq~ation contai~s one nonlinear term only depending on ~. 
Our aim is to prove the exiMe~ce of at least one periodic solution (with the same period 
as the external forcing). The conditions developed for the nonlinear term are rather 
general and do not imply the global boundedness of the solutions. 

1. I n t r o d u c t i o n  

Le t  us cons ider  the n - t h  order  d i f fe ren t ia l  equa t ion  (n_-->2) 

{1) x (~) -Jr A l x  (~-1) ~- ... ~ A n - i x '  ~ f (x)  - -  p(t) 

where  x e R "~ {/~ denotes  the m - d i m e n s i o n a l  Euc l idean  space  wi th  norm Ix I), 
the r e ,m-ma t r i ce s  As are  cons tan t  and the func t ions  f(x}~ p(t) are  con t inuous  
for all x ~ R  ~ r e spec t ive ly  t e R .  Sedziwy [5] proves  the fo l lowing theorem 
conce rn ing  wi th  the a sympto t i c  behav io r  of solut ions  of equa t ion  (1}: 

These so lu t ions  are  global ly  bounded i f  

a) the p o l y n o m i a l  

p{),) ---- Det  ()~-~ E~ d- k'-~ A~ d- ... -{- A,_~) 

(E~ - -  m, m - u n i t  ma t r i x )  

has  on ly  roots w i th  negat ive real p a r t s ;  

b) A~_I is a s y m m e t r i c  a n d  pos i l i ve -de f in i t e  m a t r i x ;  

f 

c) lp(l)l <--_ Mo, ] P ( t ) ! - - I I [ p ( z ) d z [ < =  MI for t >= 0; 
. ]  

0 

d) [f(x)] <= F for  all x ;  

e) l im (f(x). x)-- q - ~ .  

(*) :Entrata in Redazione il 21 luglio 1970. 
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Applying the Brouwer  F ixed  Point  Theorem in the special case 

(2) v(~ + +) -= p(t) 

Sedziwy still establishes the existence of at least one ~o-periodio solution. 
But  for this an addit ional  assumpt ion is needed:  uniqueness  of the solution 
of the initial  value problem and cont inuous dependence  of the solutions on 
the initial  conditions. 

Omit t ing the lat ter  restr ict ions and replacing condit ions d}, e} by weaker  
ones we prove an existence theorem for periodic solutions with the aid of 
the L e r a y - S c h a u d e r  fixed point  technique  (see [2], [3]). 

THEOnElU 1. - Equation (1) with a ~-periodic forcing term admits  at least 
one o~-periodic solution i f  apart  {rom a ) -  c) the following conditions are ful. 
filled: 

d) l im If(x) l 
[xl - ,~  I x] = 0 ;  

e) either fdx) x~ >=0 for t vc~ l > h~ (1 -< i --< m) 

or f ~ ( x ) x ~ O  for [~x,l>h~ (l--<i--<m). 

REMAtlK- Defining 

~¢[ax if(x)[ : F ( R )  (monotonely increasing) 
Ixl--<R 

we can easily show: 

(4) tim 0. 
R ~ c o  R - -  

Equat ion (4) is evident  if if(x)i is bounded .  
Now let ]f(x) l be unbounded;  hence we have 

lira F(R) -- oc. 
R-~co 

Supposing that  equat ion (4) is not t rue we choose a divergent  set {B~} 
with the propert ies  

F(R~) :> 
Rn----~l 

From 

(for a certain positive value ~), ~(R.+I) > F(R~). 

F(R~+I) = i f(x~+l) l 
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for a vector xn+l(R~ < ]xn+l] ~ R~+I) we conclude 

F(Ro+I) lf(x°+')l txn+'l < ff(x°+l)l~o ( n ~ )  

on the contrary to (4). 

2. - Equivalent  system of f i rs t  order, characterist ic  equation 

Denoting 

- - ' y l ,  y l '  " -y2 ,  ... , yn--2' "-" y~-I 

we obtain according to (1) the n - th  differential equation 

y n - l '  - "  - -  A ~ - l y l  - -  . . .  - -  A 1  y ~ - ~  - -  [ f ( x )  - -  pit)]. 

Introducing the r e ( n - - 1 ) ,  re(n--1)-matr ix  

O 

0 

A =  
0 , 

An-1, 

the r e ( n - - 1 ) ,  m-matr ices  

0 , E= , . . . ,  

o , o  

0 , 0 , . . . ,  

- - A ~ - 2 ,  - - A n - 3 ,  ..., 

l ° ] S - -  
0 

- - E =  

and the m(n--1)-voctor  of derivatives 

Y ~  ~ 

we deduce the differential system (see [5]) 

(5) 

C__ 

0 

0 

E~ 

E= 

0 

! 

0 

y '  --" A y  -'1- B[f(x) - -  p(t)], x '  - -  C r y .  

A n n a I i  d i  M a t e m a t i c a  15 
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Regard ing  x -  x(t) as a known cont inuous  func t ion  of t and the differen- 
t ial  equat ion  for 3" as a non -homogeneous  l inear  one we de te rmine  the cor- 
responding  charac ter i s t ic  equat ion  (of degree re(n--l)) 

~E,~, --E,~, 0 , ..., 0 

0 , ~ E ~ , - - E ~ ,  ..., 0 
p()~) --  Det ()~E,~(~_~)- A) = 

, , ,  

An-l,  fin-2, An-3, ..., ).E,~2rA1 

--  Det {)n-~ E.~ -}- k~-2 A1 -{- ... --}- kA~-~ -t- An-~) = 0. 

The real  par ts  of the roots ) . - - ~ ,  l - -< i - -<m(n- -1 )  are assumed to be 
negat ive;  consequen t ly  

(6) R e ~ < - - z < O  for l <=i<=m(n--1). 

F u r t h e r m o r e  we s tudy  the homogeneous  l inear  sys tem 

(7) x' = C,3", y '  - -  A y  -}- h Bx  

(h an adequa te  real  constant)  

o r  

(7') 

D =  

()x o )X 
y 3' 

0 , E,~, 0 ,  ..., 0 

A 
0 

--hE,~ 

a nm,nm-matrix.  
The cor responding  charac te r i s t ic  polynomial  (of degree nm) is 

where  

q~(Z) = p e t  (),Eo,~ - -  D)  = Det()~°E,~ A- ~n-1 A~ --}- ... + ) ,Ao-1 + h E~) ,  

qo(~) = ;~p[) ,}  = o 
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possesses m roots X--O and the above-ment ioned m ( n - - 1 )  roots ), =),~ with 
negative real par ts .  

Choosing h ~ 0 we find 

qh(o) = h ~ # O, 

all roots of qhO,):  0 are different from zero. 
In order to investigate these roots for a positive but  sufficiently small 

l hl we consider the matr ix 

(s) (~E~ + A,~_~) + tR + i S), 

~ - - a + i ~  a complex constant ,  R and S real re, m-mat r ices .  We look for 
conditions on which the determinant  of this matrix is unequal  zero. Hence  
we establish the equation (z : u + i v  being a complex m-vector)  

(9) (~E~ + An-~ + R + i S) z = O , 

that is 

(9'~ 
I z a  - -  ~v + A~-I a + R u  - -  S v  = 0 

I ~ u + z v + A ~ _ I v + S a + R v = O .  

Forming the inner product  with u respectively v and summing up we 
obtain 

• (a, v) ~- ~(lu i 2 + Iv 12) + (u'A~-~ u + v'A~_~ v) 

+ (u' R a  + v' Rv) + (v' Su  - -  a' Sv) = O. 

Because  An-1 is a symmetric posi t ive-defini te  matrix we can estimate 

WA~_~u + v'A~_~v >= e(lal2 + Ivl~t 

(~ > 0 being the smallest eigenvalue of An-l).  
Provided that 

(10~ ~ _ > - - ~ ,  I R I -  < :~, [S]-<_ 

the following inequali t ies are valid: 

• (u, zt - lutlvl 
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____ ~ [ z I ~ > o  (if z # o ) .  

For  this reason equat ion (9) does not admit  a non-zero solut ion,  mat r ix  

(11) (~E~A-An-1)-f-(R+iS);  Re~>_--~,~ IRI___ :~, ~ tSI__<~P 

is non - s ingu la r .  
Let  ), be a complex number  and 

R.3LiS-.-~-~E,~-}-k~-2A1 -~- ....3t. ~A~_2; 

the restr ict ions contained in (11) are real ised if 

P +4(1E~I+4AII  + ... + IAo-21)" 

The algebraic equat ion q~().)--0 (h:4:0) being satisfied by a value ). 
Ikt<--l, can be rewri t ten as 

h 
Det (~ E,,-4- A~_I.4-[)~-l E,~-4-... .-~ )~A~_2])--O, ~ : 2 ; 

an immedia te  consequence of the above s ta tement  [see (1I)] is 

Re ~ _ h  Re). 
i~i~ < - ~ ,  

that  is 

(13) R e ) , < 0  for h > 0 ,  R e ) . > 0  for h < 0 .  

The roots of equat ion qh(),~-~0 are cont inuously  depending  on the para- 
meter  h. Let  s > 0  be a prescr ibed number;  then there exists a number  $(s)>0 
such that  ]h I-- < ~(s) implies 

1)'{-- k~t --< s for m(n--~l) roots ~ ' ,  

IV't-< ~ ~or m roots V'. 
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Choosing 

we obtain 

and by virtue of (13) 

z - < s * = M i n  l,  2 , 0<lhl~ : 

REX-'< ~, iX/' ~ = - -  l<l= 

Re (hV') < 0. 

Therefore system (7) admits no (o-periodic solution apart  from the trivial one. 

REMARK - Condition b) can be replaced by the weaker  one 

b') An-1 has no purely imaginary eigenvalue.  

Denoting the eigenvalues of A~-I by ~ ,  ..., ~,~ and the eigenvalues of 
the (< per turbed ~ matr ix  An-1-1- (R + i S )  by (~1, , , , ,  Zra We conclude from 

tRe ~ i 1 ~ > 0  (l~j_--_m) 

by vir tue of continuity:  

if ] R + iS  t < ~ (sman enough). 

Ident i fying (like above) 

h 
R + i S = X " - ~ E ~ A  - ... + XAn_2, z j : - - ~ / ~ ,  

we satisfy the restriction for the <<perturbation matr ix  >> by the choice IX [~l.  
Then we obtain 

1~te X/'l > 
Ix/'i 2 = 2 [ h i "  

Hence  the l inear  system (7) does not permit  any free oscillation. 

8,  - B o u n d e d n e s s  o f  derivatives 

Let (x(t),y(t)) be a solution of system (5) the x -component  of which is 
bounded for l>O.  We determine 

F =  sup tf(x(t))t. 
t~--0 
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The di[ferential  equation for the y -componen t  

(14) y'--  A y  -I- B[f(x(t))- p(t) ] 

may be considered as a nonhomogeneous l inear system the general  solution 
of which is 

e ta yo + Ie (~-~)a B[f(x(z)) - -  p(~)] 4% t >_-- 0. y(t) 
0 

Matrix A being stable the following estimation is possible: 

With regard to this we obtain 

Lye i e-~' + ~ l B t(F + ~o) (15) ~y(t) l -  < 

~k(F-i-Mo) for t>---to 

4. - Uniform boundedness of  periodic solutions 

Following to the Leray-Schauder  procedure we replace system (5) by a 
more general  system depending on a parameter  t~: 

(16) x ' - -  C'y, y ' - -  h Bx -{- A y  --]- ~ B [ f ( x ) - - h x  --p( t)]  

( 0 ~ 1 ~ < 1 ,  O < i h l ~ 8 *  1. 

For ~ - - 1  systems (5)and  (16) are identical, for I~--0 systems (7)and  
(16) are identical;  in the lat ter  case the zero solution is the only (o-periodic 
o n e .  

If the possible co-periodic solutions of system (16) are a priori bounded 
for 0 < I~ < 1 then the existence of at least one +-periodic solution for ~ = 1 
is ensured (see [4]). 

Let (x(t), y(t)) be such a co-periodic solution of (16), 0 < t~ < 15 and let be 

R = Max [ x(t~[ > O. 
[o, ~] 
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(17~ 

and 

Equations (16) are equivalent to the n - th  order equation 

d 
d~ (x(°-~)(O ÷ A~x(~-~)(O ÷ "" + A~-~x(O - -  ~ P ( 0 )  

= - -  ~(x(tt) ,  

~(x) = ~f(x) + (1 - -  ~t) hx .  

Let us suppose 

h > 0 if f~(x) x, ~ 0 ( I x~ I >- h~) 

h < 0 if fi(x) xi <-- 0 (l xl I >= hi). 

Then it results for 0 ~ t ~ < l  , l < - - i < m ,  Ix~l~h~ 

(18) ~(x) x~ > 0 [ respectively ~(x) xi < 0]. 

Apparently we have for all t 

t ¢~(x(t)) I < Fo = F(R) + [h tR  [ see (3)1; 

hence the vector y(t) of derivatives can be estimated like in section 3 .  

(19) ty(t)]<=k (Fo + Me) for sufficiently large values t 

(that is for all t because of periodicity).  
Let  be a~(t)> h~ on an interval (t', t"); then we conclude from (17): 

~tt  

(xcn- , (O + ... + . 4 o _ 1  x(t)  - - -  ~,(xIO) at  

t t 

< 0  (respectively > 0). 

The left hand member  vanishes for t " - - t ' =  ~; consequently the length 
of the considered interval is smaller  then to. There  must  exist a value • 
such that 

x,(~) = < hl. 

Applying (19) we obtain on the interval ~ =< t = < ": + 

xi(t) =< h~ + ~ok (Fo + Me). 



120 R. REISSm: Periodic solutions o] a nonlinear n-th order vector, etc. 

The component  w~(t) being o~-periodic the der ived es t imat ion is true for 
all t .  

An analogous result  can be deduced for --x~(t). From 

we conclude that  

ix,(t) t <= h~ + ¢ok(Fo -{- Me), 1 <--_ i <~ m 

L x(t) ] -  H +  m cOkFo 

----- H -{- m (ok (F(R) -~- I h I R) 

( H - -  hi -{- ... -~- h~ + mo)kMo); 

par t icular ly  the ampl i tude  R can be bounded  by the last quanti ty.  Choosing 
the amount  of paramete r  h suff icient ly small ,  

1 
thi < = 2m~ok ' 

we can solve the inequali ty 

and hence  

(20) 

when 

R <- H - ~  mo)k (F(R) + I h I R): 

1 <: 2H F ~ }  _ ~ -  + 2meek 

R < - 4 H + R o  

F(R] 1 
R <4mto~  for R ~  Re [compare  (4)]. 

F rom (20) we see that  the ~o-periodic solutions of the system (16), 0<:  
it < 1, are un i formly  bounded.  This  completes  our proof. 

5. - Special case n - - 1  

At last we turn  to the simple equat ion 

(21) x '  -}- f(x) = p(t), p(t -{- o)) ~-- p(t), 
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x a m-vector ,  fix) and p(t) continuous for all x e R ~ respectively t e R.  

Tt[EOR]~M 2. - The co~ditions 

5)  

a) Ip ( t )d t  --  0; 
i , /  
0 

b) for each index  i(1--- < i ~ m) 
either [~(x ) x~ ~ O or f ~(x )x~ < O ( l x~ I >-- h~) 

ensure the existence of  at least one o~-periodic solution. 

This solution can be established by the Leray-Schauder  techniqu e like 
above. 

Let  /_, be a nonsingular  real  re, m-ma t r ix  of diagonal form,  

L = I  )'~ 0 

[ • 0 

then we introduce the auxi l iary system 

(22) x' + Lx : ~[-- £(x) .-}- L x  "4- p(tj ] 

(0 -<_ 

containing the original system (21) for t~--1 .  
The characteris t ic  equation corresponding to 

system (~ : 0) is 
the homogeneous l inear 

Det ()~Em + L) --  (), -b )~t) . . . . .  (), q-- ~ )  -- 0; 

the roots are 

k= - -Z~(1  <-i<--m).  

Let us choose 

(23') ).~ > 0 if f~(x)x~ ~ 0 (] x~ I >- h~) 

and 

(23"1 

Annall di Matematlca t6 
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In  order  to prove the a priori  boundedi :ess  of to-periodic solut ions of 
(22) for 0 <  t~ < 1 we consider  such  a solut ion x(l) and wri te  ins tead of (22} 

d 
(24) d~t [x(t) - -  t~ P(t)] --  - -  ~(x) , 

~(x) = ,~f(x) + (1 - -  ~) L x .  

Eviden t ly  we have for I °c~l ~=hl 

¢¢~(x)x~ ~> 0 respect ive ly  ~(x)x~ ~. O. 

By vir tue  of this condi t ion we conclmle l ike above that  

zi(x') < h, and x,(~")=>. - -  h, 

for cer ta in  values  ":', ~". 
At f irst  we s tudy  the case (23'I. Let  t' be a moment  when  x~(t')> h~, and  

let be 

• ' = s u p  {~ < t ' :  x,(~) = hi  } 

( t ' - -  ~' < to). 

component  of equa t ion  (24) f rom z' to t' we After  in tegra t ing  the i - t h  
obtain 

(25) 

t t 

' P~(~')]--f~,(x(t}) dt xi(t'~ = xi(~') + t~[Pi(t)  - 
T t 

consequen t ly  the es t imat ion  

< h~ + 2M1 ; 

xi(t) <= hi + 2M~ 

is val id for all  t. This  resul t  can be deduced  too for - - x i ( t ) .  
Now we turn  to the case (23"~. Le t  t' be a moment  when x i ( t ' )~  hl, and let be 

• ' "- inf ( z > t' : ~ ( ~ )  = h~ }. 

Because  of 

: ~ v t v ,~t  ~i(x(t)) < 0 for t' < t < ~, < 
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we h a v e  a g a i n  

a n d  t h e r e f o r e  

t t 

f ~(x(t)) dt > 0 
f f l  

x~(t') ~ h~ + 2M~.  

As a c o n s e q u e n c e  of the  m i n e q u a l i t i e s  

I x~(t) [<--h~ + 2M~ (for al l  l) 

we o b t a i n  the  b o u n d e d n e s s  r e s u l t  

[x(t) l <= H +  2mM~, H =  h~ + ... + ho 

w h i c h  c o m p l e t e s  the  p r o o f .  
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