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Introduction. It is well known that the qualitative properties of solutions of finite
difference approximations of an ordinary differential equation may differ greatly from
the qualitative properties of the solutions of the differential equation. A classic example
is the differential equation

i+ a=0. 1)
If we set y, = 2 and y, = , then the Euler approximation of (1) is
1h
Yo = Ay = (~h‘ ll)yk - &)
The eigenvalues of the matrix A are 1 + hi. Hence all the iterates y, , y., -+, of (2)

spiral away from the origin. On the other hand, every non-trivial solution of (1) is periodic
with period 2.

The essential difficulty with the differential equation (1) is that the equilibrium
solution x = & = 01is a center. Equivalently, the periodic solutions of (1) are not orbitally
asymptotically stable, and thus they may be destroyed under an arbitrary small pertur-

bation. The situation is very different, however, when z = ¢(t) (x = (@, , -+ , 2,))
is an orbitally asymptotically stable (unstable) solution of the differential equation
z = f(2). 3)

Let
Teer = F(x , h) (4)

be a finite difference approximation of (3). While we cannot expect the difference equation
(4) to possess a closed invariant curve of periodic points, we would expect that the differ-
ence equation (4) has a closed invariant curve I near x = ¢(f), and that the solutions
z; of (4) spiral into T as k — o (— = ). This was verified recently for the special case
of the Van der Pol equation

4+ e@® — D +2=0. (5)

It is well known (see Hale [4]) that this equation has a periodic solution z = ¢(t) with
¢’ + ¢° ~ 2, for e sufficiently small, and positive. Using theorems of Halanay [2], [3]
on the existence of periodic solutions of difference equations, and a suitable integral
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manifold method, Hurt [5] was able to show that the central difference analogue

(r(tier) = 2(tc))
2h

e [alten) = 20(0) + 2(t)) + el (8) — 1) +2(t) = 0
to (5) has a closed invariant curve near x = ¢(t) for ¢ > 0 and h sufficiently small.

In this paper we generalize Hurt's result to the case of any orbitally asymptotically
stable (unstable) periodic solution of any autonomous differential equation. In particular,
we prove the following theorem:

THEOREM 1: Let x = ¢(t) be a periodic solution of (3), with characteristic multi-
pliers u; , -,y , #a = 1 and let

Tier = Flap, h) (6)

be a finite difference approximation of (3) which is at least as accurate as Euler’s method.
Assume that either |u;| < 1,7 =1, - ,n — lor|u] >1,5=1,---,n — 1. Then
the difference equation (6) has a closed invariant curve T near @ = ¢(t), for h small.
Furthermore, the iterates z, of x, sprial into I" as k — o, or — o, for x, sufficiently
close to T.

As a corollary to this theorem, we show that the second characteristic multiplier
of the periodic solution x = ¢(t) of the Van der Pol equation (5) has modulus less than
one. Hence, any finite difference approximation of (5) which is at least as accurate as
Euler's method has a closed invariant curve T near 2 = ¢(t), for h small, and all the
iterates x; of x, spiral into T, for x, sufficiently close to T'. This result answers all of the
questions raised in [5].

The mapping M". For simplicity of writing and notational convenience, we will
prove Theorem 1 for the case n = 2, and then show how the proof generalizes to arbitrary
n. Thus we assume that the differential equation

= f(x, v), y = g,y (7

has a periodic solution x = ¢(t), y = ¢(t), with characteristic multipliers u, = 1 and y, »
with |u,| # 1. The functions f and g have three continuous derivatives with respect to
z and y. Then, any finite difference approximation of (7) which is at least as accurate
as Euler’s method can be written in the form

T = ¥ + b,y + h2f(9”k Yk, h) (8)
Yisr = Yo + hglee , yi) + }lvzg(fk y Yy h)

The key step in proving Theorem 1 is to introduce ‘‘normal coordinates’” r, 8 near the
periodic solution x = ¢(t), y = ¢(¢) of (7). Following Hale [4], we transform this periodic
solution to the circle r = 0 by a suitable transformation r = u(x, y), 8 = v(x, y). This can
be done in such a way that

= uf + u,q = a(0)7‘ + f.(r, 6) (9)
=uvf+uvg=14 10,0

6 =

1200, 6) = 1,(0, 6) = (3f,/97)(0, 6) = 0 (10)

where
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and exp (f,"" a(8) db) is the characteristic multiplier u, . Applying this transformation to
the difference equation (8) gives

Pivr = UWTkar s Yaer)
= u(ze + hf(ee , y) + 1, ye + hg(xe , yo) + H°49)
= ulr, yo) + hwf +w,g) + I°F,
=1, + ha(8)r, + hf,(ri, 8) + K°F (o, 6, , h).

Similarly,

v(re + hf(ee, yo) + BF, ye + hgloe, i) + B°4)

0. + h(1 + fo(re , 8)] + R°G,(ri , 6: , h).

Thus, we consider the mapping M

(1 4+ ha(®)}r + hf.(r, 8) + K’F,(r, 8, h)

6+ Wiy, 6) + KG(r, 6, 1), (an

Together with M, we include the Nth iterate M" of M, where N = [2x/h], and we write
M" in the form

01

It

"

6,

M:

ry = N6,r, )r + F(r, 8, h)

anN .
M~ 6+ 2 + GO, 6, h). (12)

We will show that the mapping M" has a closed invariant curve T near the circle r = 0,
and then we will show that T is also invariant under M. It is very natural to consider
the mapping M" and its iterates, because this is the section map that figures very prom-
inently in the proof of the existence and stability of periodic solutions of differential
equations.

Estimates of A\, F and G. We first derive explicit representations for A, F and G.
To this end, set
a. = 1 + ha(6,), b = hfi(ry, 0.) + W'F.(r., 0., h).
Then (see Braun [1]),

N-1
TN = o Gy D e Gy
i=0 Qo+ Q;

] NZ—‘: hf\(r; 01) + thl(ri b5 h)

=TI 11 + haa))r + [NII (A + ha(6) :
H [1 4+ ha(6,)]

i=0

Hence,

Nz_:l hfl(ri ) 01) + thl(ri ) 01’ ) h)
I1 (1 + ha(6,)]

y=0

X0, 7, h) = NH [1 + ha(6,)], F(r, 6, h) = X (13)

Our first step is to estimate the iteratesr; ,7 = 1, --- , N — 1. To this end, choose a
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positive constant ¢ such that the functions a(8), a’(8), f.(r, 6)/7°, f.(r, 8), F.(r, 0, h)
and G,(r, 8, h) are all less than or equal to ¢ in absolute value for 0 < 8 < 2, |r| < 1,
and 0 < h < 1. (If necessary, we can rescale r so that all these functions are defined
for |r| < R, with R > 1.) Then, we have the following lemma:

LemMa 1: Choose r and h sufficiently small that |r] + h < exp (—4wc). Then,
Il < (14 2he)’(Ir] + h) < (exp @re)) (Pl + ), j=1,---,N. (14)
Proof: Trom (11),
o] < (L he) fre] + he [re]* + eb?
< (1 + 2he) || + ¢h® (as long as || < 1).
These inequalities imply that

Il < (4 200 ] + S 1+ 20 — 1)

< (14 2ke)' (] + h) < (exp hej))(|r] + 1)

< (exp (dme))(|r| + k)
as long as |ry| < 1,k = 1, --- | j, and this in turn follows immediately if |#| + h <
exp (—4wc).

Our next step is to show that A(r, 8, k) = [];-o""" (1 + ha(6;)) is approximately
the second characteristic multiplier u, of the periodic solution » = 0 of (9). In particular,
if up < 1,then 0 < \(r, 0, h) < p < 1 uniformly for 0 < 6 < 2, and |r| and A suffi-
ciently small. This is the content of Lemmas 2 and 3.

LEMMa 2:

TI @ + ha(e))

Limit =2 = 1.

0 exp (h NZ_:I a((),-))

i=0

Proof: Observe that
exp (ha(8;)) = 1 + ha(8,) + e;

where
he’
le;| < o5 exp (he).
Hence,
N-1 N-1 N-1
11 (1 4+ ha(8,)) = exp (h Z a(0,)> H 1 — exp ((—ha(8,))e;)
so that
N-1 h2c? J (1 + ha(oi)) N-1 h2e?
H (1 -5 exp (2hc)) <A< H <1 + 5 exp (2110))-
i=0

exp (h E (a0,~)> =

1=0
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Lemma 2 now follows immediately from the trivial observation that

h2c2 {(2x/h)
lim [1 + —— exp (2hc)] = 1.
A0 2

LemMma 3:

Limit AZ—:] hla(8 4+ jh) — a(8,)] = 0

Irl+h—=0 =0

if N = [2x/h].
Proof. From (11),

i—1
0, = 0+ jh + 2 hfs(ri, 8,) + K°Fo(r , 6, , h).
k=0
Therefore,
i—1
a(0,) = a(8 + jh) + a’(¢;) kz hfs(re , 6,) + }?2F2(7’L— , 0, h)
for some ¢, between 6 and 8 + jh. This implies that

|ha(8;) — ha(8 + jh)| < he ’i [he(1 + 2he)(|r| + ) + k]
k=0

sl 4 (LA 20 ]
< h'% []}L + She (Ir] + h)
Hence,
N-1 ) . M 7o 2 N _
S ina(e) — hao + )| < wer Y=L gl g h)[(—““—z",fi———l]

4re

25°c¢’h + 6—4— (Jr] + 4,

IA

and this quantity approaches zero as |r| and h approach zero.
Finally, observe that

N-1 2m
lim & Y a(6 + jh) = f a(6) do.

h—0 i=0

It now follows immediately from Lemmas 2 and 3 that we can find a number p with
0 < p < 1 such that

N8, 7, W) < p
if I[.lzl < 1.

Proof of Theorem 1. Let B be the Banach space of continuous curves r = g(6) with
g0 + 27) = g(8), |lg]l = max |g(6), and |g(6)| < 8, for some appropriate 6. We will
show that the mapping M" takes this space into itself, and is a contraction on this
space. It will then follow immediately that the mapping M" has a closed invariant
curve T near the circle r = 0.

LemMma 4: Let | = 4wpc exp (127c), and let § satisfy the inequality
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_pb_ D
l_hc-i—l(h-i-& + 1°) < %.
Then, both M" and M""" take B into itself.
Proof: Suppose that |r| < 6. Then, from (12) and (13),
& ch® 4 chrf?
I’“\’l S pa + 14 Z (1 _ hC)T:T

(15)

21 pch 27 pc exp (8mc)
(1 — he)*™ " (1 — he)*™""

< pé + (8 + M.

Now, for h small, 1 — he > exp (—2hc). Hence,

N 2mpch | . 2
[ra] < p8 + _———oxp (—4m0) + 2mpc exp (127c)(6 + h)

< pd 4 Uh + 8° + 1.
Thus M" takes B into itself if
ps + IU(h + 8 + 1°) < 6.
However, in proving that A/ also has a closed invariant curve, we will need that M"™'
also takes B into itself. Now it is casily verified that

vl < o 8+ 10+ 8+ 1)

if || < 6. Hence, if § satisfies (15), then B is invariant under both M" and M"~". Finally
we observe that § must lie between é_ and 6. , where

2 1/2
4 4 2
1—1_hci[(1_hc—1) —41(1h+lh):| .

21

6, =

Hence we can find a suitable § if we choose h so small so that

2
2 Y
4Uh 4+ 1h¥) < <1 e 1) .

Lemma 5: The mapping M” is a contraction on the space B, for h and é suitably
small.

Proof: Letr = g(8) be a curve in B. The image of this curve is the curve r = ¢,(8),
where (see Eq. (12))

N8, g(6), h)g(6) + F(g(6), 6, ) = ¢:(8 + G(g(6), 8, h)).
Equivalently,

9:1(8) = NO-~ , g(6-x), W)g(6-v) + F(g(6-x), 0-x , h).
If r = §(0) is a second curve in B, then its image under M" is r = §,(6) where
6:(6) = NB-x , §(8-x), WI(B-v) + FG(B-), b-x , b).
(Notice that 8_y depends on §(6).) We want to show that
llg:(8) — g:(O)I] < o [lg(6) — (O (16)
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for some constant ¢, with 0 < ¢ < 1. To this end we first prove that dr,/9r and 36, /dr
are bounded, for 1 < k < N — 1.

LeEmMMma 6: The partial derivatives dr./9r and 46,/dr, k = 1, --- , N — 1, are uni-
formly bounded for r and A small.
Proof: Observe that

{ o /61‘] _ [61‘k Jore,  Or./0,_ 1] [ark_ , /61']
60/;/07' 60,,/31‘;._, 00k/60k_. 30k_,/37'
so that

=2

o /arJ _ I"I

ar;/or;_, 67',/60,-_1] [67*,/61"' ‘

36,/or 30,/06;_, 36;/968,_,] 36,/
Choose a so large that
|of,/or] < a |r], [0F,/or] < o,  [0f:/0r] < @, 0G,/or| <
{Iaf./«%?l <alP,  [oF./00 <« [8f/00 <all.  10G,/06] < a.
Then,

|or;/dr,_,| < 1 4 he 4 ha exp @me)[|r| + K] + o,

|07,/88;_,] < he exp (4xc)[|r] + h] + ha exp (8xc)[|r] + h]* + ak®,
106;/0r; 11 < ha + ah?,

[00,/06,_,] < 1 + ha exp (dxc)[|r| + h] + oh’.

Consequently,

<

[|8rk/8r| 1+8h B }*—‘ 1+ ﬁh]
|36,/ar| Bh 1+ gh Bh
for some suitable constant 8. Using the fact that ||4’|| < ||4]|" for any matrix 4, and

! (1 +8h  Bh J
we see that

Bh 1+ Bh
max {|dr./dr|, [06:,/9r|} < (1 + 28h)'(1 + Bh)
< (1 + 28h)" < exp (28hk) < exp (4mB)

=1+ 28h.

and this proves Lemma 6.

Lemma 6, together with the estimate |[\(6, r, k)] < p < 1 and the observation that
|6_y — 6_y| is very small compared to |g(6) — §(6)]|, gives us the estimate (16), and this
completes the proof of Lemma 5.

It follows immediately from Lemma 5 that M" has a closed invariant curve I' near
the circle 7 = 0if p, < 1. This in turn implies that the curves MT, M°T, --- , M"'T
are also invariant under M”. As remarked previously, the curve M"'T lies in B. How-
ever, since M" is a contraction on B, the curves T' and M"™'I" must be the same, and
this can only be the case if MT = T. Thus T is also invariant under M. Finally, if p, > 1,
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then we work with M ™' instead of M, and the proof goes through exactly as before.
This completes the proof of Theorem 1 in the special case n = 2.

Remarks: 1. Our proof of Theorem 1 generalizes quite easily to the case n > 2.
Let x = ¢(t) be a periodic solution of # = f(z) with characteristic multipliers u, , - - - , un_y ,
4» = 1. Then, we can find new coordinates r, 8 such that

7= A(O)T + fl(rr 0), 6=1 + j2(r) 0)

and, moreover, the periodic system 7 = A (f)r has characteristic multipliers u, , -« , u,_; .
The only change in the proof of Theorem 1 is in estimating the quantity A = J],.," ' [1 +
hA(6,)]. Here, we must appeal to our knowledge that the solutions of the finite difference
scheme converge to the solutions of the differential equation as h — 0.

2. Using our knowledge that the solutions of the finite difference scheme converge
to the solutions of the differential equations, we can greatly sharpen the estimates in
this proof. Thus, the mapping M has a closed invariant curve for much larger values of h
than our proof implies.

Application to the Van der Pol equation. It is well known (Hale [4]) that the periodic
solution of Van der Pol's equation (5) is orbitally asymptotically stable. This follows
from the Poincaré-Bendixson Theorem. To apply Theorem 1 to this equation, we need
the additional fact that u, < 1. We prove this as follows: Set

=)

Then, the variational equation of (5) about the periodic solution

y=< 200st>+0(6)

—2sin ¢

is

0 1 J(‘ an

—1 — 2er  —e(x® — 1)

To first order in ¢, the determinant of the monodromy matrix @ of (17) is

o[ o552 - )

v o

det Q

exp (—2me + O(¢).

Hence, det @ < 1 for ¢ > 0 sufficiently small, and this implies that u, < 1. Consequently,
every finite difference approximation of the Van der Pol equation which is at least as
accurate as Euler’s method has a closed invariant curve near the circle of radius 2 for
¢ > 0 and h sufficiently small.

The inverse problem. In this section we show that the existence of a closed invariant
curve T of a finite difference approximation implies the existence of a periodic solution
of the differential equation. Indeed, we reverse our steps. Assume that the difference
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approximation
¥ = a + hf(x) + K°F(x, h)

of the differential equation # = f(x) has a closed invariant curve T for some value h,
and that we can find new coordinates », 8 such that r = 0is " and

r 4+ hA(Or + hf,(r, 6, h)
0 + hg(6) + hg\(r, 6, h)

with ¢g(6) > 0 and f, and g, small compared to . If we write the differential equation
in terms of r and 8, we find that

i = A(8)r + hF,(r, 6, h), 6 = ¢g(6) + hG,(r, 6, h).
Define a new time scale r by the relation dt/dr = 1/¢(6). Then,
dr/dr = (A(0)/9()r + hF,/g(6) (18)
de/dr = 1 + hG,/g(8)
If all the characteristic multipliers of the system
§ = (A®/9)¢

have modulus 5 1, then the system (18) has a periodic solution if A is sufficiently small-
This follows immediately from Poincaré’s continuation theroem.

7

6,
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