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Sunto. - Iq~ questo lavoro si dimostra u# teorema astratto di punt i  eritiei per ]unzionali ]orte- 
mente indefiniti. S i  applica poi tale teorema alla rieerea di soluzioni T-s con 2~e. 
riodo T pre]issato, del sistema Hamiltoniano 

i~ = - -  H~(p, q),  q = ~ ( p ,  q) 

dove p, q ~ R% e l'Hamiltoniano H ~ CI(R~% R) b del tipo 

H(p,  q) = ~ ai,j(q)p~p~ + ~ b~(q)pi + V(q) 
i , j  i 

con V(q)/[ql ~ -+ + ~ per [qi ~ + co. 

O. - Introduct ion  and s ta tements  o f  the  m a i n  results .  

Consider the ttamiltonian system of 2n ordinary differential equations 

(0.1) ~ = -- ~o(t ,p,  q), ~ = :~ ( t ,p ,  q), p, q e R  ~, t e R ,  

where H e CI(R 2~+1, R),. denotes d/dt, H~ = ~H/3q~ 1t~ = 3H/~p. The system (0.1) 

can be represented more concisely as 

(0.2) - J~ = ~ ( t ,  z) ,  

where z = (p, q), . H =  8H/~z and J is the simplectie matrix in R ~, i.e. 

Id being the identity matrix in R ~. 

(*) E n t r a t a  in l~edazione fl 17 dicembre  1984. 

(**) Sponsored by  Ministero della l~ubblica Is t ruzione (60% = (( P rob lemi  differenziMi 

non l ineari  e teor ia  dei pun t i  eritici >); 40% = (~ Equaz ion i  differenziali  e cMcolo delle varia-  

zioni >)) and  by  G.N.A.F .A.  of C.N.I~. 

Indi r izzo  degli  AA. : D i p a r t i m e n t o  di Matem. ,  Univers i t s  di Bari ,  Via Nicolai  2, 70122 Bari .  
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There are m a n y  types  of questions, both  local and global, in the s tudy  of periodic 

solutions of (0.2) (cf. e.g. the review article of l~]~I~ow~Tz [35] and its references). 

We suppose in the  sequel t ha t  H(t, z) is T-periodic in t. 

Here we are concerned about  the  existence of T-periodic solutions of (0.2). RA- 

BI~owI~z, i~ a pioneering work [34], has proved tha t  if H(t, p, q) is (( superquadra- 

tic ~) in both  the variables p and g, i.e. 

(0.3) there exist r > 0 and # > 2 such tha t  

(H~(t, z)lz)R~o>~R(t, z) > 0 for ]z] > r and t e [o, T] 

and it satisfies other assumptions, then (0.2) has a T-periodic solution. I f  3H/dt -~ 0 

and H(t, z) satisfies (0.3), then  RAm~owI~z has proved tha t  (0.2) has a noneonstant  

T-periodic solution for every prescribed period Y [36]. Later  many  other papers 

appeared dealing with (0.2) when H(t, z) is <~ snperquadratic ~)([4], [6], [11], [17], 

[19], [~5], [26]). 
Unfor tunate ly  the above results on supcrquadrat ic  Hamil tonians  do not  cover 

the classical mechanical problems. In  fact,  consider a mechanical system with 

holonomons constraints imbedded in a conservative field of forces. The Hamil tonian  

of such a system has the form 

0 . 4 )  ~ i n(t ,  p, q) = ~ ,~i~(t, q)p~p, + b~(t, q)p, + v(t ,  q) ,  
i,J=l i=i 

where {a~j(t, q)} is a positive definite m~o:trix for every t and q. 

(0.4) is quadrat ic  in p, then  it does not  satisfy (0.3). 

I f  

The gami l t on i an  

{ a~j do not  depend on q ( i , j  ~ 1, . . . ,n)  

(0.5) b~ = 0 (i = 1, ..., n) 

(0.1) can be reduced to a second order system of n equations of the form 

~U 
(0.6) ~ -- 

~x ' 
U - U ( t ,  x ) ,  x E R ~ 

which is more easy to s tudy  then  (0.1) (cf. discussion in [18]). In  this case, for 

example, it  is known tha t  if ~U/~t ~ 0 and U grows more t han  quadrat ical ly s t  

infinity, in the sense of (0.3), then  (0.6) has a non-constant  T-periodic solution for 

each fixed T >  0 (cf. [16], [33] and references in [35]). 

In  this paper we consider t t am iltonians with the  form (0.4) wi thout  the restric- 

t ions (0.5) and with <~ snperquadratie ~> growth in q. We make the following assump- 

tions on the  Hamil tonian  (0.4): 
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Assumptions (Ho): 

(V1) There  exist  constants  R > O, ~ > 2 such t h a t  

O<a:V(t,q)<~(V~(q,t),q) for ] q ] > R  and every  t e R .  

(gp) There  exist  cons.anus C1, C.., s, R >  0 such t h a t  

[V~(q,t)]<CiV(q,t)<~Cpiq] ~ for l q I > R  and every  t e R .  

(A~) There exists a real,  continuous funct ion ~(q)> 0 such t h a t  

~a~j(q,t)p~pj>~(q)ipt 2 for eve ry  p, q ~ R  ~ and t ~ R .  
iJ 

(A~) There  exist  constants  f l e  ]0~ ~ - -  2[ and # > 0 such tha t  

~ M~(q,t)p~pj>#[p] ~ where {M~j(q, t)}= f l a ~ §  7 ~ q ~  . 

(A3) There  exists a constant  C8 > 0 s~tch t h a t  

(q, < Cs .. a~(q, t)p~pj for every k = 1, ..., n; q ~/?% t ~ / ~ .  

(A~) There  exists a constant  C4 > 0 such float 

Iai~(q,t)l<~C~V(q,t) for Iq[ large and every t e R .  

.. hi(q, t) 2 
(B~) nm - - - -  - - 0  for every i = l , . . . , n  

,~[_~ ~(q) V(q, t) 

(B~) lira ]~b~/3q~(q, t)q~I ~ = 0 for every i, k ---- 1, ..., n .  
I~I-~ ~(q) V(q, t) 

Assumption (V~) implies tha t  V grows more  than  [q[~ at  infinity. I t  replaces 

assumption (0.3) of o ther  papers.  

(A~) is a physical  assumption which depends on the  fact  t ha t  the  (( kinetic 

energy ~ is posit ive.  Observe tha~ i t  is allowed t h a t  v(q) -+ 0 as ]q]-+ ~ .  

(A~) is a technical  assumption which is deeply related to the  na ture  of our 

results. P robab ly  it  has some mea~aing which we have not  fully understood.  

(V~), (A,), (A~), (B1), (B~) are growth conditions on the  coefficients of (0A). 

P robab ly  t hey  can be weakened using a cut-off technique  as in [33], [19] or [36]. 

We have the  following results for Kamil tonians  o~ the form (0A). 



4 V. BE~c~ - A. CA~'ozz~ - D. FOnTU~ATO: Periodic solutions, etc. 

T~ no~ E~  0.1. - Suppose that H satis]ies the assumptions (tto) and 

(H~) the system is autonomous i.e. ~H/~t = O. 

Then (0.2) has infinitely many noneonstant T-periodic solutions for every prescribed 

period T. 

THE0~E)~ 0.2. - Suppose that H satis]ies the assumptions (Ho) and 

(tt3) H(t, z) is T-periodic in t 

(Hs) z -~O is the minimum point o] H /or every t e R 

(H~) H is twice di]]erentiable ]or z : 0 

(Hs) there exists a constant ~ ~ ]0~ 1[ such that 

~ ( t ,  o) 
~ 3 z ~ z m ~ j <  yl~t ~ for every t e R  ~nd ~ e R  2~ . 

Then (0.2) has at least a noneonstant T-periodic solution. 

RE~AI~K 0.3. -- Theorem 0.1 just  s ta tes  the  existence of periodic solutions bu t  

not  of p r ime  periodic solutions, i.e. solutions for which T is the  min ima l  period.  

RE~ARK 0.4. -- I f  H does not  depend on t and  it  is twice differenti~ble for z = 0, 

T h e o r e m  0.1 can be deduced f rom Theorem 0.2. I n  fact  b y  v i r tue  of the  assump-  

t ion (Ho), H has a m i n i m u m  in R ~'. I t  is not  res t r ic t ive  to  suppose t h a t  the  mini- 

m u m  point  is z = 0. Given any  period T, the re  is a per iod T~ = T/k~ (k~e N) such 

t h a t  (Hs) is s~tisfied. Since a T~-periodic solution is also a T-per iodic  solution, we 

c~n deduce f rom Theorem 0.2 t h a t  for any  per iod T > 0 we have  a noncons t an t  

T-per iodic  solution z~(t). Also there  exists  a n u m b e r  h~ such t h a t  z~ h~s the  min ima l  

per iod equal  to  T/h~k~. I f  we t~ke  k s >  h~k~ we can find, using T h e o r e m  0.2 

(T/k~)-periodic solution z~ which is of course ~ T-per iodic  solution and  z2:/: z~. I n  

this way  we can find infinitely m ~ n y  noneonst~nt  T-per iodic  solutions. We  finally 

observe t h a t ,  if b~---- 0 (i = 1, ..., n), and  3H/~t = 0, va r i an t s  of Theorem 0.1 can 

be found in [12], [29]. 

This p a p e r  consists of five sections and  two appendices .  Sections 1-2-3 and  A~, 

A~ are devoted  to  some ~bs t rac t  cri t ical  point  theorems.  Sections 4-5 contain  the  

proofs of Theorems  0.1-0.2. 

I .  S O ~ E  ABSTRACT C R I T I C A L  P O I N T S  T H E O R E ) [ S  

l .  - S ta t ement s  o f  the  abstract  resul ts ,  

Before s ta t ing  the  ma in  resul ts  of this section we shM1 introduce some nota t ions  

and  definitions. We denote b y  E a real  Hi lbe r t  space, b y  ( . , - )  the  scalar p roduc t  

in E,  b y  I['[[ the  norm in E.  By  CI(E, R) we denote  the space of Freeh6t  differen- 
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t i ab le  m a p s  f r o m  E to R and~ if ] 6 C~(E, R), b y  f (u )  its de r iva t ive  at  u 6 E.  We 

shall  ident i fy  E wi th  its dual  E '  so t h a t  f 6  Co(E, ~).  t~or u e E  and /~ > 0 we 

set B(u,  R) -~ {v e E:  {Iv -- u l I<  17}, B~ ---- B(O, R),  S~ = 8B~. Let  G be a compac t  

Lie group and  let  r: ~ -~ U(E) be a represen ta t ion  of ~ on the  group of the  un i t a ry  

l inear  t r a n s f o r m a t i o n s  on E.  We  set 9 -~ r(G). 

I)E~I~ITIOBT 1.1. - A func t iona l  ] on E is called 9-invariant if l o t  = ] for eve ry  

T6~. 

DEFI~ITI01~ 1.2. - A m a p  h f rom E to E is called 9-equivariant if h o t  .= Toh 

for eve ry  T e 9. 

DE~I~ITIo~ 1.3. - A subset  A c E is called 9-invariant if T ( A ) =  A for eve ry  

2 6 9 .  

Somet imes,  when no a m b i g u i t y  is possible,  we will wri te  (( G- invar iant  ~), and  

(< ~-eqnivariant)) ,  etc. ins tead  of ((9-invariant ~), etc. We  set  F ix  G -~ {u e E :  T(u) = u 

for every  T e G}. I f  u e E the  <( orbi t  >) of u is the  set {T(u): T e G}. I n  the  sequel 

we shall  consider G = S~= R/2uZ.  5ioreovcr  if L is a l inear  opera to r  on E we 

denote  b y  a(L) the  spec t rum of L. 

I n  the  seqnel we will be concerned with  fuuetionMs f e C~(E, R) sat isfying the  

following assumpt ions :  

(/1) /(u) 

(i) 

(ii) 

(/.) (i) 

= �89 u) -- y~(u), where 

L is a cont inuous self-adjoint  opera tor  oil E,  

e C*(E, R), ~ ( 0 ) =  0 and  y/ is a compac t  opera tor .  

E = ~)M~ where the  M'~s are eigenspaees of L (which migh t  be 

infinite dimensional) ,  

(ii) 0 is a regular  value for L oi' i t  is an  isolated eigenvMue of finite 

mul t ip l ic i ty  of L ;  

g iven c e ]0, ~- ~ [ ,  every  sequence (u.}, for which {/(u~)} -~ e and  I]fl(u~)i/- 

�9 !lu~ll-+ o~ possesses a bounded  subseqnence.  

(/.) 

We set 

E + = @ M~, E -  ~- @ Ma, E ~ = ker  L 
t t>0 ~.<0 

and let P+~ P _  and  P~ be the  re la t ive  or thogonal  project ions.  Then 

(i.~) E = E + G E O + E  - .  

I n  the  case in which E + (reap. E - )  is f ini te-dimensional ,  I is bounded  f rom above  

(reap. f rom below) modulo we~k]y contim~ous per turba t ions .  I n  fact  we can ~ i t e  
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1(u) = {(.sP+u, P+u) + �89 P u) -- y~(u) and if, for example,  dim E - <  -4- c~ 

then  #(u)  = l ( .sP_u,  P_u) -- ~p(u) has compact  derivative.  We shall consider the  

case in which ] can be (( strongly indefinite ~): i.e. E + and E -  are bo th  infinite-dimen- 

sional, as it occurs in the  s tudy  of periodic solutions of Hamil tonian  systems. 

TEEOI~E~ 1.4. - .set I ~ C1( E, R) be a junctional satislying (]1), (I~) and (In). More- 

over we suppose that a unitary representation o1 ~he group S 1 acts on E such that 

(14) .5 and ~' are S~-equivariant; 

(I5) there exist two closed linear subspaees V, W c E such that 

(i) V and W are S ~ invariant, 

(if) dim (VN W) < q- ~ ,  codim (V + W) < + 0% 

(iii) F ix  (S 1) c V and~or Fix  (S ~) c W, 

(iv) there exist positive constants Co and @ such that 

](u) > Co ]or every u ~ V (3 S q , 

(v) there exist Cr R sueh that l(u) < Cr for every u ~ W, 

(vi) l(u) < Co lot u E :Fix (S 1) such that It(u) ~ O. Under the above assump- 

tions there exist at least 

�89 (Vt3 W ) -  codim (V + W)) 

orbits o] critieat points, with critical values in [Co, C~]. 

I~EIA~K 1.5. - In  the  Theorem 1.4 the  assumptions (]2) and (is) replace the  well 

known conditions of Palais  and Smale (P.S.) used in similar theorems. They  do 

not  imply (P.S.), bu t  a weaker  condit ion (i.e. (i) and (if) of Lemma 1 of App. 1, which 

has been int roduced b y  G. C~I~A~aI (cf. [22]; cf. also [8]). The conditions (]5) are 

geometrical  assumptions,  which allow us to give a lower bound to the  number  of 

orbits  of critical points of the  functional  ]. 

RE~RIC 1.6. - Theorem 1.4 generalizes Theorem 4.1 of [11] in two points. The 

assumptions (f~) and (]~) are easier to verify than  (P.S.). This fact  allows to t rea t  

Halnil tonians of the  form (0.4). ~o reove r  in [11] the  assumption (]5) (iii) is replaced 

by  the  stronger assumpt ion  

Fix  S i c  W .  

This generalization permits  us to obtain the  mult ipl ici ty results for asymptot ica l ly  

quadrat ic  Hamil tonian systems contained in [14] (for the proof we refer to [15]). 
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I n  the  ca, se in which the  funct ional  ] does not  exibi t  any  s y m m e t r y ,  we have  

the  following theo rem:  

T~OlCE~ 1.7. - Let ] ~ C~(E, R) be a junctional satis]ying (]~), (]~) and (]3). More- 

over suppose that there exist a L-invariant subspace V c E, an eigenvector e ~ V o] L, 

and positive constants R~, R~, C~, Co, o~ with 0 < Co < C~ and ~ < R~ such tha~ 

(i) sup ](Q) = C~, 

(ii) inf ](S n V ) =  Co, 

(iii) sup ](~Q) < 0, 

where Q = {m + v: m e v~c~ B ~ ,  v e ~}, T = {te: t e [0, R1]}. 

Under the above assumptions ] has at least one critical value c ~ [Co, Coo]. 

l~E~Al~K 1.8. - Theorem 1.7 generalizes Theo rem 0.1 of B]~cI-R.A~LwowI~z [19], 

because (]~), (]~) and  (]~) are weaker  assumpt ions  t h a n  the  respect ive  assumpt ions-  

in [19]. This fact  allows us to  ob ta in  the  Theorem 0.2, which applies to  Hami l -  

ton ians  of the  fo rm (0.4). 

I~E~ARK 1.9. - Using the  techniques  developed in this  pape r  i t  is possible to 

generalize also Theorems of [19] (el. [20], [21]). 

I~E~A~K 1.10. - The assumpt ion  (]2) (i) is not  necessary.  I n  fact ,  if i t  does not  

hold, we can replace the  inner  p roduc t  of E wi th  a new inner  p roduc t  such t h a t  

(]2) (i) is satisfied. 

The  new inner  p roduc t  is defined as follows 

(u, v)~ = (LP+u, v) -- ( L P - u ,  v) + (t'oU, v ) .  

We observe t h a t  every  T e G is ~ un i t a ry  t r ans fo rma t ion  also wi th  respect  to 

the  new inner  product .  I f  we define ~ 1incur opera to r  L : / ~  -+ E as follows: 

Lu  = u if u ~ E + 

/~u : - -  u if u e E -  

/~u ---- 0 if u e E ~ 

then we have 

and  

(Lu, v)~ = (Lu, v) 

i(~) = �89 u ) . ~ -  ~(u) . 
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So the  funct ion J satisfies (]1), (]~) and (f,) in E equipped wi th  the  new inner 

product .  Since (/8) and (f~) essentially are topological propert ies ,  t h e y  arc as well 

satisfied (of course minor  changes are necessary),  Then Theorem 1.4 holds wi thout  

assumptions (/2) (ii). A similar remark  can be done about  Theorem 1.7. t~owever, 

in the  applications which we consider ia this paper,  assumption (]~) (ii) is satisfied. 

t~E3~AaK 1.11. -- An analogous version of Theorem 1.4 can be ob ta ined  if ] is 

even, i.e. i t  is Z~-invariant. Then if V (respectively W) is finite-dimensional,  we 

get a var ian t  of a theorem of CLA~K [23] (respectively A~OS~TTI - t~m~OWI~Z [5]). 

I~EYis 1.12. - Applications of Theorem 1.4 are contained in [9], [32], [37]. 

2. - Index and pseudoindex theory. 

We recall some notions (aS the not ion of index theory)  and some theorems which 

are often used in the crit ical point  theory .  

l~irst, some nota t ion  is necessary. We set 

N~(A) = { ~ e E :  dist (u, A )<6 }  

where dist (u, A) denotes the distance f rom u to A. For  ] ~ CI(E, B) and c ~ R, 

we set 

Ko- -  {u s S :  i'(~) = 0, t(~) = e} 

Ao = { ~ e E : / ( u ) < c } .  

DEFnqlTI0~" 2.1. - Le t  E be a Hi lber t  space on which a representa t ion  r:  G -+ 

---> r(G) c U(E) of a compact  Lie group G acts. All index theory  is a t r ip le t  {H, H,  i} 

where 

H is the  family  of G-invariant  closed subsets of E ;  

H is the  set of G-equivariant  continuous mappings;  

i: H -+ N u  {+  cr is a mapping,  which satisfies the  following proper t ies :  

(a) i(A) = 0 if and only if A -= 0; 

(b) if A c B  t h en  i(A)<i(B) for all A, B EH; 

(2.1) (c) i(A tJ B)<i(A)  q- i(B) for all A, B eH;  

(d) if A ~ H  is a compact  set, t hen  there  exists 6 > 0 such tha t  

i(~%(A)) = ~(A); 

(e) i(A)<i(h(A)) for every  A ~ H  and for every  h ~ H .  
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DEFINITION 2 . 2 .  - -  We say tha t  an index theory  s~tisfies the  d-dimensional prop- 

e r ty  (d~ N) if 

dim V 
(2.2) i ( ~  (~ V) --  d 

where V is a finite dimensional,  G- inwr ian t  subspace of E such tha t  V (~ F ix  (G) = 

= {0} and /2 is a bounded invar iant  neighborhood of the  origin. 

The Definit ion 2.2 makes sense, because, in the  examples which we know, if V 

is as before,  t hen  the  dimension of V is a mult iple  of some integer  number  d. 

RE)IAICK 2.3. - Since in the  sequel we shall consider the  case in which G = S 5 

t hen  we shall consider the  homologica] index defined in [28] or the  geometrical  

index defined in [10]. These index theories satisfy the  2-dimension p rope r ty  for 

any  representa t ion  r: ~ -+ U(E). 

We refer  to [7] for an abs t rac t  construct ion of an index theory .  

In  the  following theorem we shall list some p rope r ty  of the  index which will be 

used in this paper.  

T~EOUE~ 2 4 -- Let (II, H, i} be an index theory which satis/ies the dimension 

property. Then we have 

(i) i / [ F i x  (G)] • is in]inite dimensional, and A n Fix (G) ~= 0, then i(A) = -- ~ ;  

(ii) i /  V e i l  is a /inite dimensiona~ space and A c V - - F i x  (G) then i ( A ) <  

< dim V/d; 

(iii) i/  A ~  Fix(G)--~ 0 and i(A)~>2 then A contains in/initely many distinct 

G-orbits; 

(iv) i /  h e H  is a homeomorphism, then i(h(A)) ~ i(A). 

For  the proof of this theorem we refer  to [10] and [11]. 

DEFINITION 2.5. -- Given an index theory  (II, H, i} and a group of homeomor-  

phisms H * c H ,  for eve ry  A, B e l l  we set 

i*(A, B, H*) -= rain i(h(A) n B) . 
h~H* 

The t r ip le t  ( / / ,  H*, i*} will  be called pseudoindex theory  (cf. [11] or [8]). When 

no ambigu i ty  is possible we shall write i*( . , . )  instead of i*( . , . ,  H*). 

DEFINITION 2.6. -- Given a G-invariant funct ional  / ~  CI(E, R) and a group of 
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G-equivariant homeomorphism t t* ,  we say tha t  ] satisfies the condition (B) in 

]:t, fl[(-- oo < ~ < fi < -4- co) with respect to H* if for every c e ]~,/~[ 

(i) Ko is compact;  

(ii) for every N = N~(K~) ~here exists ~ e H* and a constant  e > 0 such tha t  

(a) [ e -  ~, e § e] c 3~, ~[, 

(b) ~(A~+~-- ~) c Ao_..  

The  concept of pseudoindex and the proper ty  (B) are related to the critical point 

theory  by  means of the following theorem. 

THEO~E~ 2.7. - Let ] e C~(E, R) be a G-invariant junctional satis]ying the con- 

dit ion (B) in  ]~, fi[ with respect to H*. Given D, F e I I ,  we suppose that 

(i) sup/(D) ~- e~<  fl ; 

(2.3) (ii) inf ](F) = Co > ~ ; 

(iii) i*(D, ~ ,  H*) = ~ .  

I ]  we set 

r~= {A elf: i*(A, ~, H*)>k} 

then, ]or t~ = 1, ..., It, the numbers 

c~ = inf sup ](u) 
A el"~ u eA 

are well de]ined, are critical values o ] ]  and 

e o ~ e ~  ... ~e~ .~e~ .  

Moreover i f  e -~ ek . . . . .  c~:+, (k>~l, k -~- r < k ) ,  then i ( K ~ ) > r  ~- 1. 

The proof of this theorem follows s tandard arguments of the critical point 

theory und it will not be given here (see e.g. [8]). 

I:~EI~AI~K 2.8. - -  If Theorem 2.7 holds we cannot  deduce tha t  ] has at  least Tc 

dist inct  orbits of critical points. In  fact it  might  happen tha t  

~I----- .-" ~ ~T~----- e 

and K~ = (~} where ~ ~ l~ix (G). 

Then in this ease, by  Theorem 2.4 (i), we have i(K~) = ~- no, but  we ]lave only 

one orbit of critical points i.e. {~}. However if i(Ko)>2 and K~(~ Fix  (G)--~ 0, by  
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Theorem 2.4 (iii) deduce t ha t  K~ contains infinitely m a n y  dist inct  orbits. Therefore  

if the  assumptions of Theorem 2.7 hold, we can deduce t h a t  one of the  following 

al ternat ives  follows 

(a) there  exists a t  least one cri t ical  point  ~ e F ix  (G); 

(b) there  exist  at  least ~ dist inct  orbits of crit ical points.  

Now we shall enounce the  analogous of Theorem 2.7 in the  case in which the  

funct ional  has no symmetry .  In  this ease we can suppose t h a t  the  functiona~l is 

~- invar iant  with respect  to  the  t r iv ia l  group ~ = {Id}. Then  the p rope r ty  (B) 

makes  sense (cf. def. 2.6). 

DEFINITION 2.9. -- Given two sets D ~nd F and a group of homeomorphisms  K 

we say t ha t  (( D and F K-in tersec t  )~ if 

h(D) n E V= 0 for eve ry  h e K .  

THE0tCE~[ 2.10. -- Let f e CI(E, R) be a functional satisfying the property (B) in 

]~, fi[ with respect to K and let Co, Co~ e R be two constants such that 

(i) sup ](D) = C~< fl; 

(if) inf ](~)---- C o > ~ ;  

(iii) F and D K-intersect. 

Then ] has at least a critical value c e [Co, C~]. 

The proof follows s tandard  arguments  and it  will not  be given here  (cf. e.g. [8]). 

3. - Pro o f  o f  the  abstract  theorems .  

P~ooP oF T~m0~E~ 1.4. - In  order  to prove  Theorem 1.4 w e  want  to  use Theo- 

rem 2.7. The crucial point  is to determine a class of equivar iant  homeomorphisms 

H* such that 

(i) if (/1), (]~)~ (]3) and (]~) hold, f satisfies the  p rope r ty  (B) with respect  to H*i  

(if) if (f~) holds, t hen  

the  pseudoindex i ( . , . ,  H*) can be es t imated  by  means of dim (V(~ W) 

and  eodim (V -~ W). 

In  order  to  define H* we need the  following lemma:  

L E n A  3.1. - Suppose that _5 satisfies (/2). Moreover suppose that I~ is G-inva- 
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riant~ where (I is a unitary representation of a compact Lie group G. Then 

(3.1) E ---- @ E~. 

where the E~s are G-invariant and L-invariant /inite dimensional subspaces, orthogonal 

with each other. 

P~ooF. - I f  u e  M ~  then  L T u  = T L u  = T~u = ).Tu for eve ry  T e  G. So every  

eigenspace oi L is G-invariant .  

Then  by  Pe te r -Weyl  theorem M~ can be decomposed in finite dimensional  G-in- 

var ian t  subspaces or thogonal  with each o ther  

M~ : @ E,. 

Of course, the  spaces E / s  const ructed in this way, are L- invar iant  because they  

are subspaces of an eigenspace of Z. [~ 

Now we define the  class t1" as follows: 

DE~INITIO~ 3.25 - Le t  ~L be a class oi continuous maps U: E -* E such t h a t  

(VJ U is bounded;  

(V~) U(u) = exp [~(u)L][u] where g: E -* R is a ~- invar iant  functional .  

Clearly every  U e ~ is G-equivariant .  

Le t  ~ be a class of continuous maps b: E -~ E such t h a t  

(bJ b is G-equivariant  and bounded;  

(b2) for every  R > 0, there  exists a finite set of indexes I ( R ) c  Z such t h a t  

b(BJ c @ ~ .  
~ez(R) 

Final ly  we define 11" as the  class of all maps h such t h a t  

(11") h is a homeomorphism;  

(11") h = Uo@ bo where Uoe~L, boe ~ ;  

(H*) h - ~ =  U~@ b~ where U~e~L, b~e ~ ;  

(11") h(0)  = 0. 

Obviously H* is a nonempty  class of bounded G-equivariant  homeomorphisms.  

I t  is not  difficult to  prove t ha t  H* is a group (cL [13]). 
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F r o m  now on H* will denote  the class of homeomorphisms just  defined and 

i*(.," ) = i*( ' , ' ,  it*). 

The following (( deformat ion theorem )) holds: 

THEOI~E~'~ 3.3. -- Suppose that f e C~(E, R) satisfies (]~), (f2) and (f3) and that it 

is G-invariant. Given c > 0 and a neighborhood N of K~, there exist constants g > s > 0 

(with ~ < c) and an operator ~: E---> E such that 

(a) ~(A~+~-- N) c A~_~; 

(b) ~ U + b~11*; 

(c) U(u) = u, b(u) -~ 0 for every u ~ ]-1([c-- ~, c + g]). 

I n  particular f satisfies the condition (]3) in ]0, + c~[ with respect to t t*  (cf. Defini- 

tion 2.6). 

The proof of this theorem is quite technical and it will be given in Appendix  1. 

The following theorem permits  us to es t imate  the  pseudoindex of suitable sets 

of E :  

Tn-~Ol~E~ 3.4. - Consider two G-invariant closed linear subspaces, V, W r E and a 

bounded G-invariant neighborhood of the origin [2. Suppose that 

(i) F ix  G c  W (or Fix  G c  V); 

(if) d i m ( V r ~ W ) < + o % e o d i m ( V + W ) < + o o ;  

(iii) the index theory i satisfies the d-dimo~io~ property (el. D3fi~tio~ 2.2). 

Then 

i*(.C2 n V, W ) >  
dim (V(~ W) - -  codim (V ~- W) 

d 

Also the  proof of this theorem is quite technical  and it  will be given in Appendix  2. 

Now we are r eady  to prove Theorem 1.4. The proof is based on Theorem 2.7. 

We have  to  check t ha t  all the  assumptions of Theorem 2.7 are fulfilled. 

We choose G = S ~ and G = r(G) where r is a un i t a ry  representa t ion  of S ~. By  

v i r tue  of Theorem 3.3, f satisfies the  condit ion (B) in ]0, + oo[. We set D ---- W 

and • ---- S e n V. Then  (2.7) (i) and (if) follow f rom (fs) (iv) and (v). 

By  v i r tue  of (f~) (i), (if), (iii), the  ~ssumptions of Theorem 3.4 are satisfied. 

moreover ,  G ~ r(S ~) satisfies the  2-dimension p rope r ty  (cf. [10]). Then 

= �89 [dim (V (~ W) -- codim (V + W)] .  

Therefore  cl, ...,ok are crit ical values of f. 
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B y  (fs) (vi), i t  follows t h a t  K , ( 3  F ix  (S ~) = 0; t hen  the  second a l t e rna t ive  of 

l~emark  2.8 (b) holds. [] 

1)ROOF 0~' TI-IEOI~E~ 1.7. - I n  order  to  p rove  Theorem 1.7, we shall  app ly  Theo- 

r e m  2.10. 

Fi rs t ,  we define the  class of h o m e o m o r p h i s m  K as follows: Set 

(3.2) K = {h = ~ + b e ~ * :  h(u) = ~ for  e v e r y  u e ]-~(]--  ~ ,  0 [ ) ) .  

I n  this  case H* is g iven b y  the  Defini t ion 3.2 wi th  G = {Id}, i.e. no inv~r iancy 

p r o p e r t y  is required  for h e H*.  

5Tow we need a l e m m a  which is a va r i an t  of o ther  s imilar  resul ts  (cf. e.g. [19], [8]). 

LE~VL~ 3.5. - Q and S o n V, as definec~ in Theorem 1.7, K-intersect (c[. Defini- 

tion 2.9). 

PI~OOF. - We  have  to  show t h a t  

h(Q) n (S~ n V) # O, Vh e K .  

The above  fo rmula  holds p rov ided  t h a t  for  each h ~ K the  following equat ions  have  

a t  least  one solution: 

(3.3) 

s e [ O , R  1]; ucBg~  

lIPv'h(~ + se)l] = e 

Pv~. �9 h(~ + se) = 0 

n V • 

where P v  and  Pv" denote  the  pro jec t ion  on V and  V ~ respect ively .  :Let h = U + 

+ b e K ,  U = exp [a( . )L][ . ] ,  the~l the  second equa t ion  in (3.3) can be  wr i t t en  

(3.4) Pv.~[exp [:r + se)L](u + se)] + t'v~b(u + se)  -= O . 

Since se ~ V~ we have  

exp [ .(u + se)L](se) ~ V.  

The~  (3.4) c~n be wr i t t e~  as follows 

(3.5) Pv~[exp [~(~ + se)L](~)l + Pv,,.b(u + se) = 0 .  

3[oreover~ since u e V• we have  

exp [~(~ + se)L](u) c F .  
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Then (3.5) can be wr i t ten  

(3.6) exp [~(~ 37 se)L]u ~ Pv~b(u 37 so) = 0 .  

(3.6) is equivalent  to the  following equation 

(3.7) u 37 exp [-- ~(~ 37 se)L][Pv~b(u 37 se)] -~ 0 .  

Then (3.3) can be wr i t ten  as follows 

s e [ 0 ,  R~], u ~ = B ~ V  ~ 

(ms) lIP~h(~ 37 se))t = e 

u 37 exp [-- ~(u 37 se)L][Pr• 37 so)] -~ 0 . 

Using a Leray-Sehauder  degree ~rgument  as in [19] (el. ~lso [8] and [16]) i t  can 

be proved tha t  equat ion (3.8) has at  least one solution. []] 

P~OOF OF TKE0~EM 1.7. -- I f  K is the class of homeomorphisms (3.2), then  by 

vir tue of Theorem 3.3~ / Satisfies the proper ty  (B) in ]0, 37 co[. We now set D -~ Q 

and /v ___ S~(~ V. Then by  vir tue of Lemma 3.5~ Lm and D K-intersect .  

Therefore the  conclusion follows from Theorem 2.10. 

II. APPLICATIONS TO ~[A~ILTONIAN SYSTEMS 

4. - Some estimates for the action functional. 

We init ial ly introduce some funct ional  spaces we shall need in the following. 

I f  m52V ~nd t > l  we set 

I f  s~/% we set 

L~-~ L~(SI, R~) . 

k = l , . . . , 2 n  

where uj~ (j e Z~ k----:[~ ..., 2n) are the  Fourier  components of u with respect to 

the basis (in /~(S 1 , / ~ ) )  

(4:.1) ~ -  exp [jtJ] r cos (jt)~k 37 J sen ( j t ) ~  

2 - A n r ~ a ~ i  ~ i  Matematica 
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where (~5~} (k ~- 1, ...~ 2n) is the s tundard basis in R 2~. W , equipped with the  inner  

p roduc t  

~9 8 
(4.2) ( < ~ ) ~ =  Z (~ + IJl) u ~  

~',t~ 

is a t I i lber t  space. We recall  t ha t  the  embedding W ~-> Z t is compact  if l i t  > �89 s. 

So in par t icular  W~ is compact ly  embedded  in Z t for any  t > l .  

Now we consider the  Kami l ton ian  system (0.2) where H(t ,  z) is T-periodic in t. 

Making the  change of variable t -+ 2u t /T ,  (0.2) becomes 

T 
(4.3) - -  J2 = e~H~((ot, z) where o~ ~- 2~ 

Obviously the  2~-periodic solutions of (r correspond to the  T-periodic solutions 

of (02). 
In  order  to construct  the  action funct ional  whose cri t ical  points  are the  2~- 

periodic solutions of (4.3) we introduce the  following bil inear form 

2n 

a(u, v) = ~, ~ juj~v~7~, u, v e W~ 
~ Z  k = l  

where uj~, vj~ are the  Four ier -components  of u, v with respect  to the  basis (4.1). 

The bil inear form a ( . , . )  is symmetr ic  and continuous in W~. Le t  Z:  W t - +  W �89 be 

the  self-adjoint,  cont inuous opera tor  defined b y  

(4.4) (LulV)w~= a(u, v), u, v e W~. 

Observe t ha t  if u, v e C~(S ~, R ~) 

2z  

0 

Suppose now tha t  there  are posi t ive constants  c~ c~, s such tha t  

(4.5) IHo( t , z )1<cl-?  c~Iz] ~ for any ~ and z .  

S tandard  arguments  show tha t  the  funct ional  

2~ 

0 

z~  W "~ 

is l?reeh6t-differentiable and t h a t  its cri t ical  points correspond to  the  2z-periodic 

solutions of (4.3). For  s implici ty in the  sequel we shall t ake  co ~ 1 and suppose 
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H(t, z) 2z-periodic in t, so (4.6) becomes 

(4.7) 

2~z 

where ~?(z) =f~( t ,  z) dt. 
0 

Since W~ is compact ly  embedded in Zt for any  t > l ,  by  (4.5) we have t h a t  the  

map z-+H.(t~ z) is compact  f rom Wt on W-~, t hen  ~p' is compact .  

Now it  is easy to ver i fy  (cf. [17], sec. 3) t h a t  the  spect rum of L consists of the  

l imit  points - - 1 ,  1 and of the eigenvalues 

~ - -  J 
(1 +j~)~ ' j e Z ,  

and t ha t  each eigenvalue ~j has mult ipl ic i ty  2n. Then  the  funct ional  (4.7) is (~ strong- 

ly indefinite ~) in the  sense used in Section 1~ moreover  it  satisfies the  assumptions 

(]~) and (f~) of w 1, because we can suppose H(t~ 0) = 0. 

Le t  M;.~ denote  the  eigeaspace corresponding to the  eigenvalue 2j. We set 

W + = @) Maj,  W -  = @ M~j, W ~ = K e r / , .  
J>O ~<0 

E v e r y  z ~ W ~ can be decomposed as follows 

z = z + +  z - +  z ~ wi th  z+eW+, z - e W - ,  z ~  ~ 

So we have 

(4.s) 

(a) <Zz, z> = <Zz+, z+> + <Zz-, z-> 

(b) 0 /~ /~) i [~+i i~<<~z  +, z+>_< Iz+ 

(c) O lv '~ ) I l z - I I~<<  - <Zz - ,  z - > < l l z - l I  ~ 

Now our a im is to find conditions on the  Hami l ton ian  H which guarantee  tha t  

also the  assumption (]8) is satisfied. We consider a sequence {z~,} c W~, zn---- (p~, q~) 

such t h a t  

(~.9) /(z.) ~ o e ]o, + o~[ 

(~.10) jl/'(z~DIf" I[~.1] -~ 0 .  

Let  as ini t ial ly prove the  following lemm~. 
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LE~ ~.1. - Let {z~} c W ~, z ~ =  (p~, q~), be a sequence satis]ying (4.9) and (4.10), 

then the ]ollowing sequences 

2~ 

(4:.11) f (lt(t,z~)-- (H,~(t,z,Jlp~) ) dt 
0 
2~ 

f (.(,, < - (.o(t, < l < )  dt 
0 

(4.12) 

are bounded. 

(~.~a) 

PnOOF. - Easy  computat ions show tha t  

2az 

0 
2g  

(b) <i'(~o), (o, q~)> =f((~olP~)- (~o(t, ~)lq~)) dt 
0 

2ze 

(~) I(~o)=f((~l~o)- H(t, < ) d t  
0 

By (4.9) and (4.10) the  sequences 

</'(z~), (p~, o)>, <t'(z~), (o, q~)>, i(z.) 

are bounded. Then a]so right hand  sides of the (4.13)~s are bounded. Subtracting 

(r (c) from (4.13) (a) we get t ha t  (4.11) is bounded. Subtract ing (4.13) (c) from 

(4.13) (b) we get t ha t  (4.12) is bounded. [] 

Now we consider the case in which H has the form (0.4) with a~;, b~ and V of 

class C ~. 

In  the sequel we sh~ll use the following shortened notat ion:  

(4.14:) a(q), A(q), a~(q) (k = 1, ..., n) will denote respectively the matrices 

f~a~; } 
{-~- ( t ,q )  , (k = l ,  ... , n)  . {a,( t ,  q)}, {(grad a,j(t, q)iq)}, [vq~ 

~Ioreover 

(4.15) b(q), B(q), b~(q) (k = ! ,  ...~ n) will denote respectively the vectors in /~"  

pb, 
(t,q)/ ( k =  1, n) {b~(t, q)}, {(grad bdt, q)]q)}, [ ~  1 ' "" '  " 

)s if v is a vector in R ~ or R 2~, Iv] wilt 4enote its norm. 
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L]~cr_A 4.2. - Assume that the Hamiltonian H has the form (0.4) with a~j, b, 
( i , j  = 1, ..., n) and V of crass eL Assume moreover that (V~), (A~), (A2), (B1), (B~) 

hold. Then, if {z~} ( z . =  (p. ,  q.)) is a sequence in Wt satisfying (4.9) and (4.10), 

the following sequences 

2~ 2~  

fv(t, q.)dr, f(a(q.)p.lpo) dt 
0 0 

are bounded. 

PlZooP. - Let  6 > 0 be a constant such that 

(4.16) ~ -  f i -  2~ = 2 .  

(~ and fi are the  constants of assumptions (V0 and (A2)). 

By  Lemma 4.1 we have tha t  the  sequences 

(4.17) 

and 

(4.18) 

(1 + ~ § a)fE(~(q~)p~lp~)- v(t, q.)] dt 
0 

f[(A(q~Op~Ip.) . (B(q.)Jp.) § (V,(t, q~)[q=)- H(t, z=)] dt 

0 

are bounded. 

Adding (4.17) to (4.18) we obtain t ha t  the  sequence 

2~z 

(4.1o) fp(a(q.)p.lp.) + (A(q.)p.]p.) § ~(a(q~)p~lp.) + 
0 

§ (V~(t, q~)lq.)+ ( - - 8 - - 2 -  ~)V(t, q~)§ (B(q~)lp~) -- (b(q~)Ip.)] dt 

is bounded. 

By  (V1), (A~), (4.16) and (4.19) there exists M I >  0 such tha t  

2az 

(4.20) M~>f[O(a(q.)p.lp~ ) + ~V(t, q~) + (B(q~)lp~) -- (b(q.)[p.)] dt 
0 

for every n ~ _hr. 

Now, by  (B~) and (B~) 

(4.21) ]B(q)l~ + ]b(q)] ~ 6 V(t, q )+ Ms for every t ~ R  and q e R n 
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where M~ is a positive constant .  Then~ using (4.21), we get 

2 ~  2 ~  

(4.2u) f[(B(qo)lp~) -(b(q~)lpo)] dt<~ f [IB(q~)]]p. l ~- Ib(%)]]p~l] dt< 
0 0 

2~z 

<~ f [ ]B(q~)]~ (~  ~ ]b(q~)]~ 

9 

2 ~  

d ~ 

0 

+~ 

for every n e iV 

where Ms is a posit ive constant .  By  (4.20), (4.22) and (A~) we deduce tha t  

2 ~  

M,~>f[a(~(qo)p~Ipo) + aV(t, qo)--5 V(t, qo) ~ 
0 2 n  

> (a(q,,)p~Ip,~) + -2 V(t, %) dt -- M~ for every  n ~ N .  

0 

F r o m  the  above inequality~ the  conclusion follows. [] 

Lv, lW2~A 4.3. - Let the assumptions of Lemma 4.2 hold. Moreover assume that (V~), 
(A~) and (Ad) hold. Then, i] {z~}, (z~---- (p~, q~)), is a sequenve in W~ satis]ying (4.9) 

and (4.10), the sequence 

2zz 

flHo(t, ~)1 dt 
0 

is bounded. 

P~oor .  - Jus t  comput ing  H~(t, z), we get 

(4.23) 

+ Z ](b~(q.)]P,)] -~ ]V~(t, q~)l 
k 

Observe that 

for every  n e iV. 

(4.24) for  e v e r y  q, p ~ R ~ , Ia(q)pI< ]~,a(q)i[ + (a(q)PlP) �9 

By (4.24), (A~) and Lemma  4.2, it  follows t h a t  

2 ~  2 ~  

(4.25) fo~ every n ~ N ,  fla(q.)poldt<f[lla(q~)Ik ~- (a(q~)p~]p~)] dt•M4 
0 0 
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where M,  is a posi t ive constant .  By  (A1), we get t ha t  

(4.26) iI a(q)]i > u(q) for every  q e R ~' . 

Then,  f rom (B~), the  above formula  and (A~) we get:  

2= 2"z 2z; 2= 

f f (f ) Ib(q.)ldt< v(q.)~.IV(t,q,,)]'~dt + M~< v(q.)dt �9 ]V(t,q.)l}dt +Ms< 
0 2= 0 ~ 0 2= 0 

(; f < Na(q~)i[ dt Iv(t, q.)ldt -~- 3/I5<M6 IV(t,q.)l dt + M7 for every hEN.  
0 0 o 

Then,  by  Lemma  4.2 and the  above inequali ty,  it  follows t h a t  

2=  

0 

Now, by  (Aa) and Lemma  4.2, we have 

(4.28) Vn ~ 2/ 

2 g  2xc 

0 0 

Moreover,  using (B=) and (4.26), we have 

2 =  2 ~  2 =  

Vne_?( ~ f  ,(b~(g=)]p.,ldt< ~ ( f  bT~(q')z~ .] (f,.(q~,Jp~[~dt)~<. 
0 0 0 

2 ~  2= 

0 0 

Then,  f rom Lemma  4.2, we get 

(4.29) gn ~ N 

2=  

f I(>(q.)lp~)I ~Zt<M,~. 
0 

At last we observe t ha t  by  Lem m a  4.2 and (V~) 

(4.30) Vn ~ N ,  

2= 

fly(t, . 

0 

So~ by  (4.23), (4.25), (4.27), (4.28), (4.29) and (4.30), we deduce tha t  the  sequence 
2=  

f rH~it, z.)t at is bounded.  [] 
0 
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L E n A  4.4. - Zet the assumption o] Lemma 4.3 hoht. .Let {zn} c W�89 be a sequence 
which satisfies (4.9) and (4.10). Then we can select from {zn} a subsequenee which is 
bounded in Wi.  

P~oo~. - Suppose tha t  {z.} c W t satisfies (4.9) and (4.10). Then  b y  L e m m a  4.3 

{H~(t, z~)} is bounded  in Z ~. L 1 is cont inuously  embedded  into W -~- ' /2,  for any  

> 0. Then  

(4:.31) ][H~(t, z,)llw_~_,i~ is b o u n d e d .  

B y  (4.10) we have:  

(4.32) Lz~-- Ho(t, z~) -+ 0 in W -~ . 

So b y  (4.31) and (4.32) we have 

(4.33) Lz~ is bounded  in W -~ - 'm  . 

By  the  definition of the  space W ~ and easy computa t ion ,  we get 

(4.34) for each z e W ~ , ][5]1~_~1~< const llLZ[[m_~_,l~ 

where 5-~  z - -  z ~  z + + z-. By  (4.33) and (4.34) we have t h a t  

(4.35) llb, llw~-,l~ is b o u n d e d .  

Then,  since ~ > 0 is a rb i t rary ,  by  the  Sobolev embedding theorems,  

(4.36) [I~,/IL' is bounded for any  t>~l .  

Then  nex t  step is to  prove  that 

(z~} is bounded  in Z ~ . (4.37) 

We set 

B y  (V0 we have  

o Vne  N q~ = 

2~Z 2 ~  

(4.38) fIq~l ~ dt<elfv(t,q~ dt -~ c~, V n e N  
0 0 

where el, e~ are posi t ive constants.  
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Then,  b y  (4.38) and L e m m a  4.2, 

(4.39) {qO} is bounded  in L ~ and t hen  in L ~ . 

Now we have  to show that also {pO} is bounded  in L 1. 

To this  end we ini t ia l ly show t h a t  there  exists  # > 0 s.t. 

2 ~  

0 

By (4.36) and  (4.39) the re  exists  M > 0 s.t. 

(4.4z) Vn e y ,  []q,/]v<M. 

We now set 

Then 

% =  inf v(q) and 9n---- (re [o, 2~]llq:(t)l<Mlz} �9 
i~l <.MI~ 

Yn E N, M> ]i~J]~> ~lq.l dr> M/~(2~-- meas ~.) .  

From which we get 

Vn ~ N ,  meas  Q~ > z~. 

Therefore  we have  

V n e N ,  

2J~ 

f~(q.,) at> f~(q.)at> ~o meas  9 . >  ~o~.  
0 -Qn 

Then  (4.40) holds wi th  #----VoZ. 

Now, b y  L e m m ~  4.2 and  (A1) the re  exists  e > 0 s.t. 

(4.42) V n ~ N ,  

~Tow 

(4.43) 

2xr 2 ~  2 ~  

o> f (o(q~176 a,> f~(qn)jvop= f~(q.)lv o + ~ol 2 at> 
0 0 0 

2r~ 2r~ 2z~ 

= ip.l~ a t -  2lp~ at + f~(q~)I~~ ~ d t>  
0 0 0 

2 ~  2 ~  

, o ~ v [polfv(q.)l/~.l at > ~]p.[I f (q.) a t -  2 
0 0 

2 ~  

0 
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B y (Ad) and (V~) we get 

2z~ 2 ~  

(4.44) VneN,  !]v(q~)H~.<clfV(t,q,)2dt+c~<~esflq, l~'dt+et 
0 0 

where c~ e~ ~ c3 ~ v4 ure posit ive cons~unts. 

Moreover~ because ker  L is finite dimensional,  f rom (4.39) ~nd (4.36) we deduce 

t ha t  

(4.45) ]lq, il~ is b o u n d e d .  

Then f rom (4.43), (4.44), (4.45) it  follows t h a t  

2 z  

,J 

O 

Using (4.36) and (4.46) we get 

(4.47) Vn ~ N ,  

O 

where e6 is a posit ive constant .  So f rom (4.42)~ (4.40) and (4.47) we get 

(4.4s) ~Ip.[ V ~ E N ,  c>~jp~ ~ - c  ~ . 

Then 

(4.49) [p~ is b o u n d e d .  

Finally~ becuuse dim ker L < ~- 0% from (4.39), (4.49) ~nd (4.36) we deduce t h a t  

(4.50) for ~ny t > 1 ,  i[z~]lL~ is b o u n d e d .  

Le t  us now show tha t  ][z~llwi is bounded.  

By  (4.10) we have 

2~z 

'L + 2 [ + d t  t 
J 

0 

where e7 is u posi t ive constant .  

By  (4.23) und the  assumptions (8o) there  exists ~ > 0 s.t. 

vz e R~,  vt ~ R ,  I~(v, z) i<const (1 + tzl~), 
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Then from (4.51) we get 

(~.52) Vn ~ y ,  Ilz:il~<con~t (1 + i[z, il:/~, llz:iiw~). 

Then f rom (4.50) and (4.52) it follows tha t  

, + 
]lz~ ]L is b o u n d e d .  

Auulogously it can be proved tha t  

l]z: []w~ is b o u n d e d .  

Finally,  because ker L is finite dime~lsional, we deduce tha t  ulso 

'1 0 JlZ~[Iw~ is b o u n d e d .  [] 

We conclude this section with the  following lemma. 

L E ~ L ~  ~.5. - I] (He) hold, the ]unetiona~ (4.7) satis]ies (]~), (/~) and (f~) in the 
space W ~. 

PtcooF. - (/~) (i) and (f2) ~ollow from the construct ion of /5. 

B y  ussumptioas (V2), (A3), (A~), (B~), (B~) and s tandard majorizations, it follows 

tha t  H satisfies (4.5). Then (]~) (if) is s~tisfied. (]~) follows from Lemma 4.4. .~ 

5. - Proof  of  theorems 0.1 and 0.2. 

In  this section we shall prove Theorem 0.1 and 0.2. I t  will be useful  to introduce 

the  following nota t ion  

(5.1) w ? =  | M~, W; = | M~ . 
k > i  k < j  

I f  j > 0, then  W+c W + so tha t ,  for every z e W +, (4.8) (b) holds. The following 

Iemmas provide est imates which shall be used in the  proof of the  theorems. 

LE~J:~A 5.1. - -per every Co > 0, there exist j e Z and R ~ 0 such that 

/ ( z )>e0  ~or every zeW?, ilzH = R 

where ] is the functional de]ined by (4,7). 
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PR00F. - Since H grows polynomially,  there are constants r, c~, c~ > 0 such tha t  

I~(t, z)[< c~ + c~Iz[~. 

Then 

(5.2) I~(z) l< 2~cl + cdz]lb �9 

Now, by the  Sobolev embedding theorem, there are constants e3, s > 0 such tha t  

(5.3) l]z!l~ < c~[IzI[~,:~-,. 

If  z e W { , j > l ,  we have 

l[z[l~_, = ~ (1 + kz)~-slzkt2< (1 _r j2)-~ ~ (1 + U)~lzkl2 = (1 + j ~ ) - 2 1 z l l ~ < j - ~ ' l i z i l  ~ . 

Then by the above formula,  (5.2) and (5.3) we get 

lw(~)I<cJ-~II~V+ c~ for every z z W  + 

where c~ and c5 are suitable positive constants and ~o = sr > O. 

Then, by  (4.8) and the above formula,  for z e W +, ][z[] = ~ we have 

](z) =- �89 z> -- ~ ( z ) > ~ R  2 -  c , j - ~  " -  c5 = [ l _  c,j-Q_R,-2]R~_ c5 

The above formula proves She lemm% in fact~ it is sufficieut to choose R s~ch tha t  

{R 2>  c5 + co and  j such t h a t  

I ~ l  5.2. - Suppose that H satisfies assumptions (1to). Then there exist constants 

a~ and a~> 0 such that 

(5.4) H(z, t) > a~Iq[ ~ -  a~ 

and 

(5.5) fill(z, t) + (~o(z, t)Iz ) > a~lqia + #IPI"-- a~ 

where z = (p, q) and # is the constant in (A~). 

P ~ o o F . -  We prove (5.5): 

We shall use the  notations introduced in Section ~ (eL (4.14), (4.15)), moreover 

c~, ... will denote positive constants. 
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(5.6) 

By (A~), (A~) and (V~) we have 

fill(z, t) + (ll,(z, t)[z) = ([#a(q) + 2a(q) + ~t(q)]plp ) + 

4- ((13 + 1)b(q) + B(q)lp) + flV(q, t) + (Vq(q, t)Iq)>~ 

> #lpf~ + 2v(q)Ip{2- [(/3 + l)b(q) + B(q){Ip } + #V(q, t ) -  c~. 

Using (B~), (B~) we have 

(5.7) !(fl 4- 1)b(q) 4- B(q)]]p] < I(fl -~ 1)b(q) + B(q)I~ v(qo) 
2~,(q) + _ _  ]P]~< 

< ~ V(q, t) 4- v(q)Ip] 2 4- e~. 

Then, by  (5.6), (5.7) we have 

fill(z, t) 4- (ll~(z, t)Iz ) >#]p]~ 4- v(q)IpI ~ 4- ~ V(q, t) - c~ . 

Then, using again assumption (171), we get (5.5). Similar arguments  can be used 

to prove (5.4). [] 

LEZV~A 5.3. - I~et q~ a ~reehdt differentiable functional on a Hilbert space E, with 

~(0) -~ O. Suppose that 9 satisfies lhe following assumption: there exist R, M, 2 > 0 

such that 

M if [[xlI<R 
(5.8) , ~ (x )  + <qJ(x), x> < - 1 i~ ][x]l > ~ .  

Then there exist R > 0 such that 

~(x) < 9 ~or llxll > ~.  

P ~ o o ~ .  - l~et v~el l ,  [[roll = 1 and se~ 

g(t) = 2~(tvo), t > 0 .  

We shall initially prove tha t  

(5.9) g(t) < M for any  t > 0 .  

~Te argue by contradiction ~nd suppose that there  exists t~ > O s.t. 

g(tl) > M .  
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Then,  since g(0) = 0, there  exists to< tl such t h a t  

g(t) > M,  Vt ~ ]to, t1[ and 

Obviously there  is i e  ]to, tx[ s.t. 

Then 

which means that 

and this contradicts  (5.8). 

Now consider 

Let us now show that 

g(to) -= M.  

g'(i) > 0.  

i g(b + ~ g'(b > 

~(ivo) -4- <~'(ivo), ~vo> > 

.~ > 0 s.t. M -- X In _~/R < O. 

(5.10) there  exists 

B y  (5.8) we have 

(5.11) 

t ~ e [ R , ~ ]  s.t. g(t~)<o. 

! g(t) § -~ g (t). t <~-- 1 

Then,  since g(R)<<.M (cf. 5.9), we have:  

g(~)< f g'(s) + M<~--f ! d s - - f  g(s s ) ds ~- 
It tt It 

if t > R .  

M -= M -- 2 ln R/R - - f  g(-~) ds<~--f g(s) ds 
It ~t 

F r o m  this  inequal i ty  i t  is easy to  dednce tha t  (5.10) holds. 

l~ow we prove  t h a t  

~(x) < o ~or !lxll > R .  

Obviously it  is sufficient to  show th a t  

(5.12) g(t) < 0 for t > t2 �9 
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Arguing by  contradic t ion suppose tha t  there  exists t4 > t~ s.t. g(t4) > O. Then ob- 

viously there  exists tdG (t~, t4) such t h a t  

(5.13) g(td) = 0 and g'(t~)>O. 

Since t s >  R, by  (5.8) we get 

(5.1~) 
g'(t3).  

g(t~) + ---if- :s <~-- 1 .  

Obviously (5.14) contradicts  (5.13). [] 

LElV~[A 5A. - Suppose that H satisfies (Hot then tot any j G Z, there exists R > 0 
such that 

t(z) < 0 for lizi[ > R ,  z G W~: = G M~.~. 

P~oor .  - The interest ing case occurs when j > 0, otherwise it is tr ivial .  

By  v i r tue  of Lemma  5.3 it  is euough to prove  t h a t  

(5.15) fit(z) + ( t ' (z) ,  z} ~ -  ~ as [[z[] -~ oo .  

In  the  following at, ...,c6 will dellote posi t ive constants.  

Le t  z : { P ~ G w  7 and set 

z ---- z * +  Zo+ 

where 

q, ~ M~_~Q M~_,, 0 . . .  G M~_, G M~: Q ... | M:~ 

(1 z 0 =  Po G K e r L ,  ~ =  GWV_j_:= @ M ~ .  

Then,  by  using Lemma  (5.2), it  is easy to see tha t  

(5.:6) 
\ 

fit(z) + ( f (z) ,  

< + 1 <Lz*, z * ) - - 2  +---j 

- ~ I I p * l ! i . -  c~llq*liz~- c([l~ll, ~, + []~oll,i,) § ~<h(~* )  - -  c~(ll~l!~ + llZoLiO + c. 
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where 

h(z*) ---- (~ § 1)<Lz*, z*> - #l Ip*i lb-  c~i[q*][b . 

The  a b o v e  fo rm u l a  shows t h a t  (5.15) is ver i f ied once we p r o v e  t h a t  

(5.17) h(z*) - + - -  ~ as l lz*l i . -+ + ~ .  

I n  order  t o  p rove  (5.17) we need  to  find a more  (( expl ic i t  )) f o r m  of <Lz*, z*>, 

l ip%,,  IIq*ll~. W e  set  
~ m 

z*= ] ~ ( z , + z , ) ,  z,= M~, 
~= 1 \ q d  

I t  is no t  difficult to  ve r i fy  t h u t  ~or a n y  t we have  

p~ = ~ a~  COS lte~-- bzT: si]2 lteT: 

q~ ----- ~ a,~ sin lte~-F b~ cos lteT~ 
/r 

where  e~ (k ~ 1, . . .~n) is t h e  s t ~ a d a r d  b~sis in R ~ a n d  a ~  b~0 nre re~l coefficients. 

B y  s t r a igh t  c o m p u t a t i o n s  we o b t a i n  

J 

Z=I  l = l  7c=1 

m o r e o v e r  

(5.19) 

a n d  

(5.20) 

Then 

Z=I k = l  

J 

/ = 1  k = l  

h(z*) < q(z*) 

where 

Z=I k = l  

tb~ b ~ ~ b 2 . 
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Since e > 2 it  can be verified t h a t  

q ( ~ * ) - ~ - ~  as  ] l ~ * l [ ~ =  2:  4 ~  ~ 
l = l  l c = l  

Then  (5.17) easily follows. [] 

PROOF 0F T~oEOI~E~ 0.1. - We will apply  Theorem 1.4. We consider the  mf i ta ry  

representa t ion  of S 1 on W} given by  the  t ime-translat ions  (i.e. if g ~ ~1, r(g) is t he  

un i t a ry  map in W} defined by  z(t) -+ z(t @ g)). 

By L e m m a  4.5, (]1), (]~) and (In) follow. Since the  I Iami l tonian  H does not  de- 

pend  on t, also (fd) is satisfied. I t  remain  to ver i fy  the  geometr ical  assumptions (]5). 

We set 

eo = m a x  {1,  - 2 ~ . i n f  H ( z ) }  + 1 .  
z~l~2n 

The  constant  Co is well defined because by  5 e m m a  5.2, H is bounded f rom below. 

:By v i r tue  of I~emma 5.1, i t  is possible to choose /? > 0 and j e Z such t h a t  

Now set 

/(z)>eo 

and,  chosen n arbi t rar i ly ,  set 

for every  z e W+; [[z[] = R .  

v =  W? 

W W L . =  + ~- = (Wj+. )  . 

With  such a choice of V and W, the  assumptions (]5) (i), (if), (iii) and (iv) are t r ivial ly  

satisfied. Moreover  (]5) (v) is satisfied by  v i r tue  of L c m m a  5.4 and (fs) (vi) is satisfied 

by  our  choice of co. 

Then  the  conclusion of Theorem 1.4 applies and we get the  existence of at  least 

�89 (VC~ W) -- codim (V + W)) -~ n 

cri t ical  values with cri t ical  points zl, . . . , z .  such t h a t  

(5.21) ] ( zk ) )  co. 

I t  remains to show t h a t  the  corresponding crit ical points arc not  constants.  

Suppose t h a t  one of t h e m  is a constant  funct ion 5. Then  we have 

](5) = - 2 ~ / / ( z )  < co .  

This contradic ts  (5.21). 

By  the  arbi t rar iness  of n the  conclusion follows. [] 

3 - A n n a ~ t  d i  M a t e m a t i c a  
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P~oo~ oF Tm~oBE~s 0.2. - We shall apply Theorem 1.7. 

We c~n assume without  loss of generali ty t ha t  

t t ( t ,  0) --~ 0 for every t e / ~ .  

I t  is not  difficult to prove tha t  f is twice Fr4chet differcntiuble for z = 0. Then by 

(Hs), we have:  

(5.22) i(z) = t(0) @ <l'(0), z> + ~ f,(0)[z, z] @ o(iLz,~l ~) = 

2= 

co f (H.(cot, o)zl~) at + o(llzll ~) = 21 <Lz, z> - -  -~ 
0 

where co = ~TI2zc, and z e W ~. By  (Hs), it follows that 

2xt 2~ 

0 0 

Then by  the above inequal i ty  and (5.22) 

1 Y ~. 
(5.23) / (~)> ~ <z~, ~> - ~  l l<t. + o(lizil ~) �9 

By the definition of (Zz ,  z>, we have tha t  

<Zz, z>> II~ll~- for every z e W+. 

Then by  the above inequality,  (5.23) and (4.8) (b) we get 

1 (1 - -  y) <Lz, z> + y <Lz, z> 7 ] (z )>  ~ ~ -~ lizll5 + o([Izil ~) > 

1 
> ~ (1 - ;,)11~]12 + o(H<l ~) for every z e W + . 

So there  exist ~o, vo> 0 such tha t  

(5.24) /(z)>Co for every  z e  W +, Ilzit -~ e " 

:Now let e e W + be the  eigenfunction corresponding to the  first positive eigenvalue 

~1 of L and let R1, ~ be two positive constants.  We set 

z =  {~e: s~[O, Rd} ,  Q = { ~ + ~ :  ~ e W - |  Itujl<R~ and v e T } .  
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Observe tha t  Q r W~-. Then by  I~emma 5.4 

sup/(z) < + co.  
zeQ 

~Ioreover, by  Lemma 5.4, if R1 and R3 are large enough, we get t ha t  

/(z) < 0 for every z e ~Q. 

Thus all the assumptions of Theorem 1.7 are satisfied with V : W +. Then ] has a 

critical value o 

(5.25) c>~vo > 0 .  

The corresponding critical point 5 ~ W~ cannot be constant  because in this case 

we would have 
8~ 

c = ?(~) = - t H ( ~ t ,  z ) < O  

0 

and this inequali ty contradicts (5.25). [] 

Appendix 1. 

The proof of Theorem 3.3 is based on the following lemmas:  

LE~I~IA 1. - I] ] satisfies (]1), (]3) and (]3) then we have: 

(i) every bounded sequence (u~} r ]-1(]0, co[) such that ]'(u~)-+0, admits a 

convergent subsequence ; 

(if) /or every c > O, there exist constants g, R,  b, # > 0 such that 

(a) [o - ~, c + ~] c [0, + oo[, 

(b) l]]'(~)ll'[I~ll~>~/or every u ~ / -1 ( [ c -  ~, c + ~])n  ( E -  B~); 

(iii) /or every c > 0, K~ is compact; 

(iv) /or every e and R > 0 and ]or every neighborhood iV of K~, there exist positive 

constants g, b such that 

]If(u)lI > b ]or every u e (A~+~-- Ac_-~) (~ (B~-- iV) . 

PRoo~. - (i) We pu t  
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where )~r 0 and Po is the  or thogonal  projec tor  on ker  L. Clearly S is a bounded 

invert ible  operator .  Now let u~ be a bounded sequence such t h a t  f(u~) -+ 0. 

Then  we can write 

Lug--  {(u~) = v~ 

wi th  v~-* 0. Then  we have  

S u ~ -  }~Pou~:- {(u~) = v~ 

o r  

i 
Since P ,  and ~0' are compact  operators,  there  is a subsequence u' k such t h a t  Pu~ 

l / ! f 
and ~0 (uk) converge. Thus Su~ converges. Since S is invert ible  u k converges. 

(ii), (iii) and (iv) follow by  using s tandard  arguments .  [] 

The condit ion (i) and (ii) of the  above lemma can be considered as a weakened 

version of the  well known condit ion of Palais and Smale (d.  l~emark 1.5). 

LE~nvm 2. - Let k: E - .  E be a compact operator. ~or every e > 0 there exists a 

compact operator k: E - +  ~ such that: 

(a) k is locally Lipschitz continuous; 

(b) Ilk(u)--k(u)l[ .(1 + IIu]l)<e ]or every u e E .  

Moreover, i ] k  is G-equivariant, Ic can be chosen G-equivariant. 

P~ooF. - The proof follows the  same argument  as Lem m a  3.2 in /11] .  

LEnA 3. - Let it: E -+ E be a locally Lipschitz continuous, G-equivariant, compact 

operator. 2~or every t~ > 0 and e > 0 there exists an operator l) ~ B (el. DeJinition 3.2) 

such that 

(a) lilt(u)--b(u)l I < e  ]or every u ~ B ~ ;  

(b) l) is locally Zipschitz continuous. 

PlCOOF. - Since k(Bg) is relat ively compact ,  for every  e > 0 there  exists a finite 

set of points Yl, ..., Y~ such t ha t  k(B~)c U B(y~, e/2). Let  n ~  N and set P~ the  
i = 1  

projector  on E~. I f  n is big enough, we have 

l iY i - -  P I e < , v i e  { 1 ,  . . . ,  s }  . 
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Collsider now the operator 

~ffi(U) P~Yi 

i = 1  

where #r = dist (it(u), E - -  (B(y~, e/2)) .  I t  is easy to cheek tha t  b is a bounded, 

Lip. continuous operator and that for every u e B b ,  []/c(u)--b(u)]! < e. To prove 

tha t  b can be chosen @-equivariant it  is sufficient to repeat the arguments  of Lem- 

ma 3.2 in [11]. 

Ln~[5~ 4. - Let [c: E -~ E be as in Lemma 3.6; given s > 0 there exists an operator 

b ~ B  such that 

(a) /l~(~) - b(~)[] .(1 + II~][) < ~ for every  ~ e ~; 

(b) b is locally Zipsehitz continuous. 

PROOF. - Given e >  0, by  Lemm-~ 3 for every n ~ N  there exists a locally 

Lipschitz continuous operator b,~: B,~+~-> V~+~ such tha t  

(ALl) V,,+, = @ .E~ for a finite set I ( n ) c  Z 
ieZ(n) 

(al.2) ]l;(u) - ~(u)j l  < 2(n + 1) 
for every u ~Bn+~. 

For every n ~ N we consider a non-increasing map X~(t) ~ C~(R~ [0, 1]) such tha t  

1 if t~ [O,n]  

X J t ) =  o if te[n +�89 + ~ ] .  

we set 

{ b.(u) if u a B . + l  

b.(u) = 0 if u r B.+I .  

We define a sequence of operators On: E - +  E aS follows: 

el(u)  = b~(u) 

c~(u) = X,(]E~l[)c~(u) + (1 - X~(Elulj )) bo(u) (al.3) 

cn+l(~) = xo(i l~]E)c.(u)  + (~ - X~(li~]l)) b.+~(u) .  
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We observe that if u e B b ,  c,~(u) = c.+~(u) . . . . .  We set for u ~ E 

(A1.4) b(u) = lira e,~(u). 
~ - >  r  

Clearly b e B and satisfies (b). Le t  us prove (a). I f  u e B~+I we have 

(A1.5) l i b ( u ) -  ~(u)ll = [ l ~ + ~ ( u ) -  ~(u)]l = 

- -  l iX~( t lu i l )~ (u)  + (1 - x~( l lu] l ) )  bo§ - ~(u)ll ---- 

= ! iX . ( l [u l l ) (o~ (u ) -  i / (u)) + ( 1 -  X~ ( ] lu i i ) ) (b~+~(u ) -  ~(u))il < 

<X . ( l lu l l ) [ l~ . (u )  - -  ~(u)/I + (1 - -  X.( l lul l ) ) i lb=§ - ~(u))l[ �9 

Since if u ~ B~+~, b~+l(u) = b~+~(u), t hen  by  (A1.2) we have 

(A1.6) !1 b.+~(u) --/~(u)[] < 2(n -k 2~ if u e B.+~. 

To prove (a) it is sufficient to prove tha t ,  for every  n e N, if u e B .  

(A1.7) ~:1 b (~) - -  ~(u)[I < 
1 + Ilull " 

In  order  to  prove (A1.7) we urgue by  induct ion:  if n = 1 by  (A1.3), (• and 

(2kl.6) we get  

E 

l ib(u) - -  $(u)l! = Ilc~(u) - -  k ( u ) i / =  I lbdu) - -  ,~(u)LI < ~ <  - -  

Now suppose that 

1 § [ I<I"  

(A1.8) ]!b(u)--k(u)[l< 
1 + II~II 

for every u e B ~ .  

We have to  ver i fy  (A1.8) for u e B ~ + I - - B ~ .  

We observe t ha t  for u E Bn+~-- B~, c~(u) = b~(u). Then b y  (A1.2) 

(A1.9) I]c~(u} - $ ( u ) i / =  !lb.(u} - -  $(u)li = II~;~(u} - -  ~(u)ll < 
2 (n  + 1 ) "  

Then for u e B ~ + I - - B .  by  (A1.5), (A1.6) and (A1.9) we get 

(A1.10) Lib(u) -- ~(u)il <X411uil) 2(~ + ~ + 

9(n -F- 1) 1 + (n + 1) < 1 + !lu[-------~ " 
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Final ly  by (A1.8) and (AI.10) we have tha t  

( A I . l l )  I[b(u) - -  #(u)ii < 
1 + I[u!! 

for every u e B.+~ and (A1.7) is proved.  [] 

By Lemma 2 and 4, we get the following lemma: 

LE~5~A 5. - .Let k: E --* E be a G-equivariant, compact operator. Given e > 0 there 

exists a boundeg operator b ~ B such that 

(a) ]!k(u)-- b(u)] 1.(1 Jr Huli)< s ]or every u s E ;  

(b) b is locally .Lipschitz continuous. 

Now we can prove 6he Theorem 3.3. 

PROOF. - Given e e ]e, fi[, by  Lemma 1 (iii), K~ is compact, hence there exists 

8 > 0  such tha t  2gDMeDK~,  where M~=2go(K~). Moreover, by  Lemma 1 (iv) 

there exist g >  0, and b > 0 such tha t  

(A1.12) ll/'(u)ll > b, Vu e (A=+-~-- A~_-~) n (B~-- M~,~). 

We can assume tha t  _~ is big enough such that B~ D M e. Also we can assume 

that 

~b 
(Al.13)  g < 1- -2  " 

Let 7 > 0 be such that 

(A1.14) y < m i n i 4 ,  ~ ] . 

By Lemma 5 there exists a locally Lipschitz continuous operator b ~ B such tha t  

(A1.15)  I[~(u) - -  b(u)l[ < - -  
1 + !lull 

for every u e E .  

We set S = (A~+;-- Ao_;)\Mals, $ 1 =  S n Bn,  S 2 = S - -  B~,  By (A1.14) and (A1.12) 
we have 

y b i[]'(u)] I for every u ~ $1, (A1.16) 1 + Ilurl < ~ < ~  

.%nd by (AI.14) and Lernma 1 (ii) we have 

v I/'(u)i! (A1 .17)  1 + ]ju]r < for every uE  $2. 
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Thus, by  (AI.10), (3_.1.16) and (A!.17), 

( t1.18)  [!k(u) - b(u)ll < }  ll]'(u)lI for every  u e ,~. 

We observe t h a t  if u a S 

!lZ~ + b(u)l[ = Hf(u)-  (k(u)-  b(u))l[> llY(u)]l- I lk(u)- b(u)]l, 

Then by  the  above inequal i ty  ancl (ik1.18) 

IIZu -t- b(u)ll>~]l]'(u)l[ > 0 for every  u ~ N .  (2k1.19) 

Now we set 

(A1.20) 

B y  (A.l.19) we have 

(A1.21) 

v(u)  = 2 
Lu 4- b(u) 

l]-Lu 4- b(u)]] ~ 
for every  u ~ 8 .  

8 1 

IIf(u) LI 
IlV(u)lt<~ 3 for every u E S ,  

t hen  by  Lemma  1 (ii)~ (&1.12) ~Jn4 (&1.21) 

(• [iV(u)H < K1 + K~ilull for every u e S ,  

where K1 ~nd K~ are posit ive constants.  

Now we observe tha t  if u e S, b y  v i r tue  of (A1.18) 

i lk(u)- b(u)ll <& ilY(u)i[ = & ilZu + ~(u)lt < }  llZu + b(u)ll + } Ilk(u)- b(u)II, 

t h en  . 

llk(u) - b(u)ll <�89 HLu + b(u)li �9 

F r om the  above inequali ty,  we get 

(AI.23) 
�9 ( Lu + b(u) } 

(V(u) ,  ]'(u)> 2 [ ] ~ - +  b(u)l[~, Lu + k(n) -= 

2 
- [lLu + b(u~ ~ (Lu -§ b(u), Lu + b(u) - -  b(u) 4.  k ( u ) }  = 

2 
- - l lZu  + b(u)[i ~[HZu + b(u)H~+ ( i n  + b(u), k ( u ) - - b ( u ) } ] >  

>2 2 IILu 4. b(u)l]" Ilk(u) - -  b(u)l[ 2 - -  2 - - ~ > 1  for every u ~ S  
IiLu 4- b(u)]l 2 - -  >~ 
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Now we consider a Lipschitz continuous fnnctionM ~s: E - + R  such t h a t  

(A1.24) 
0 if  u r  c d- g]) or u ~  Mojs 

?(u) = 1 if u ~ ]-~([c - -  e, c d- el) - -  M~ a 

where s-=-g/2. We can assume th a t  ~ is G-invariant.  We set 

{ --~(u) V(u) if ue  
(A:t.25) F(u) = 0 if u ~ ~ .  

Consider now the  following init ial  value problem 

(A1.26) ~- = V(~]) u e E .  

~ ( 0 )  = u 

Since V is loc. Lipschitz continuous, by  (A1.22) and s tandard  arguments  (cf.: 

also [11]~ [8], [13]) it can be proved  (a). 

In  order  to  prove (b), we set 

- 2 ~ ( u )  

~(u) - I [Lu + b(u)!]~ 

so the  equat ion (A1.26) becomes 

(A:t.27) d~ d-~ = ~(~)[Z~ ~- b(~)], 7(0) = u .  

Following an idea of H0rE~  [30] we set: 

(s s, u) + 8, u)) nt. 
9 

I t  can be proved  t h a t  the  Cauchy problem (A1.27) is equivalent  to the  following 

integral  equat ion:  

v(t, u) = exp [~(t, 0, ~)5][~] +f~(~,~,~)L[~(v(s, ~)b(n(s, u))] as .  
0 

and i t  is not  difficult (el. [13]) to ver i fy  t h a t  (b) and (e) are satisfied with 

U(u) = exp [=(t; O, u)L][~] 

t 

b(~) =fc~p [~(t, 8, u)L[r u))b(~2(t, ~))] ds. 

0 



40 V.  ] ]ENCI  - .~. CAPOZZI - D .  FORTUNATO: Periodic solutions, etc. 

Appendix 2. 

The proof of Theorem 3.4 is based on two lemmas. 

LE~IA 1. - Let V, W~ Z c E be G-invariant, ]inite dimensiona~ subspaees (V, 

W c  Z), and [2 be a bounded G-invariant neighborhood o] O. Given a G-equivariant 

bounded continuous map h: E - ~  E, we suppose that 

(i) F i x G c W ;  

(ii) the index theory i satis]ies the d-dimension property; 

(iii) h(~Y2 n V) c Z 

then 

i ( h ( ~  n V) n W) >~ (A2.1) 
dim (V (~ W) - -  eodimz ( V + W) 

d 

PI~OOF. - We set S---  ~Q. We distinguish two eases 

Case I V n F ix  G ~ {0} 

Case I I  V n  F ix  G = {0} . 

In  the  Case I we have that 

V n  S n  F ix  ~ =  0 .  

Since h(Fix G) c F ix  G, 

h(S(~ F) n F ix  O~ h ( g n  S(~ Fix  G) (~ F ix  G ~  0 .  

Using assumption (i) and the  above formul~ we have 

h(S n V) n F ix  G n W =/= 0 .  

Then by  Theorenl  2.4 (i)~ it follows t h a t  

i(h ( V n  S) n W) = + ~ .  

Therefore,  in the  Case I, (A2.1) holds. 

We now consider the  Case II .  Since W is finite dimension'd,  h(S n V) n W ~)7  

is compact .  Then~ by  (2.1) (d), there  exisCs N = N~(h(S (~ V) ~ W) such t h a t  

(A2.2) i(~) = i(h(S n V) n W).  
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We set 

(A2.3) A1 = h(S n V) (3 N ,  

Obviously A1, As e H and 

(A2.4) 

Since V n F ix  (G) = {0}, then  

dim V 
(A2.5) d --  i (S  n V) 

<~ i (h (S  n V)) 

= i(A1 k) A,z) 

<~i(A1) + i(A~) 

A~ - -  h(S  n V) - -  N . 

h(S  n V) = A I U  A2 �9 

(by the dimension property, cf. Definition 2.2) 

(by (2.1)(e)) 

(by (A2.4)) 

(by (2.1) (o)). 

By (A2.3), (2.1) (b) and (A2.2) we have 

(A2.6) i(A1) <~ i ( ~ )  = i (h (S  n V)c3 W )  . 

Let  W z denote the  orthogonal complement of W is Z and let P$ denote the  relative 

orthogonal projection. Pw ~ is a G-equiva.riant map, then,  by  (2.1) (c) 

(A2.7) i(A~) <~ i(P~wA2) . 

By the construction of iY, (Pw~A2)c W •  {0}, then  since Fix  G c W, 

(P~wA~) c W •  {0} = W ' - -  F ix  (G). 

Therefore, by  Theorem 2.4 (ii) 

dim W • 
(A2.8) i (P$A2)  < T 

By (_4.2.5), (A2.6), (A2.7) and (_4.2.8), we get 

dim V 
a <i(h(~nV) n W ) + - -  

By the above formula we have:  

i(h(s n v) n w) > 

dim W" 

d 

dim V -  dim W ~- dim V -  codz W 
= [] 

d d 
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LE1R~A 2. - Let the hypotheses o/Lemma 4.2 be satis]ied with (i) and (iii) replaced by 

(i') :Fix G c V(~ Z• 

(iii') (a) h is a bounded homeomorphism, . . . .  

(b) h(~2 n Z) c z ,  

(c) h(O) = o . 

Then 

4ira (V n W) - -  codimz (V + W) 
(A2.9) i ( h ( ~  n V) n W) ~ d " 

PlcooF. - To shor ten the  aot~t ion,  we set S---- ~Q. Since h(S n V ) n  W ~ 17 

is compact ,  b y  (2.1) (d) there  exists 2V ~ N~I(h(S n V) n W) such t h a t  

(x2.10) i(iv) = i(h(S n V) n W) . 

There  exis t  constants  e~, es~ e > 0 such t h a t  

(A2.11) N ~ N~..(h(S n V) n W) D h(~Lo(S n V)) n W~ h(S n V~) n 

n W~ h(S n V) 5~ W 

where V~ = 27~(V)n Z. By  the  above  formul~ a.nd (2.1) (b) it  follows that. 

i ( N ) > i ( h ( S n  V~) (~ W ) > i ( h ( S n  V) 5~ W) .  

Then,  b y  (A2.10), 

(A2.12) 

We now set 

Then  Z = V~U R und 

i(h(S n V~) n W) = i(h(S n V) n W ) .  

R = Z - -  V~. 

h(~ n Z) n W = Eh(S (~ V~) (~ W] w [h(S r~ R) n W]. 

By the  above  formula  ~nd (2.1) (e), we h~ve:  

i(h(~ n Z) n W) < i(h(S n V~) n W) + ilh(S n R) n W). 
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Comparing this inequality with (A2.12), we get 

(A2.13) i(h(~ n V)n W)>i(h(~n Z ) n  W ) -  i(h,(S n/~) n w). 

Now we shall give an estimate to the terms on the right hand side of (A2.13). Let 

V • denote the orthogon~l complement of V in Z and P~ the relative projection. 

Obviously P~ is equivariant. ~oreover,  by  (i'), P~R c V •  Fix (G). Then by 

(2.1) (e) and Theorem 2.4 (ii), we have 

dim V • 
(A2.14) i(R) < i(P#R) < d 

Now 

(A2.15) i(h(S n R) n W) <i(h(S ('1 R)) 

= i(s n R) 

<i(R) 

dim V • 

d 

(by (2.1) (b)) 

(by Theorem 2.~ (iv) and (iii') (a)) 

(by (2.1) (b)) 

(by (A2.14:)). 

By (iii') (b) and (c), h(~2 n Z) is a bounded neighborhood of 0 in Z. 

is a neighborhood of 0 in E. I t  is easy to cheek that  

Then 

Then the set 

h(~9 n Z) = ~D n z .  

h ( S n Z )  n W = h ( ~ n Z ) n W = ~ L ) n Z n W = ~ D n W .  

So, by  the above inequality and the dimension property it follows that 

(A2.16) 
dim W 

i (h(S n Z) n W) =/(~.Q n W)> d 

(In the ~bove formula we have to use the inequality because it might happen that  

3 ~ n  W n  Fix Gva 0; cf. Theorem 2.4 (ii).) 

l~inally, by  (A2.13), (A2.16) and (A2.15) we conclude the proof: 

d i m W  d i m V  • d imW eodzV [] 
i(h(S n V) n W) > d d -- ~ d 
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PRO0S oF T n - E O ~ r  3.t .  - We  set S = aY2 and 

(A2.17) 

E ~ =  Vch W 

E1-= orthogona.1 complemen t  of E~ in V 

Ea = or thogonal  complemen t  of E2 in W 

E~ = or thogonal  complemen t  of Y~ Q E2 (D E3 in E .  

We  have,  obviously,  t h a t  V : E ~ Q E 2 ,  W ~ E2~)Es ,  E = E ~ G E ~ @ E s O E  ~. We 

observe,  also, t h a t  the  subspaces E~, E~, E3, E~, defined b y  (A2.17) are G-invuriant .  

Le t  h -~ U -4- b a H* and  Z c E be a G-invariant ,  f ini te-dimensional  subspace such 

t h a t  

E2c Z , E~C Z , b(Q) c Z . 

Then  

(A2.1S) h(~2 n Z) c Z .  

I f  we set Z1 ~ E1 r Z, Z3 = E~ ~ Z, we have  t h a t  

(A2.19) h ( S n  V ) n  W ~ h ( S n  V n  Z) n W n  Z = h ( ~ n  ( Z I @ E : ) )  n ( E ~ O Z , ) .  

I f  we set  17 ~ Z~QE2~ l~ = E ~ G Z 3 ,  we have  t h a t  I ~ and  l~ sat isfy t he  assump-  

t ion of L e m m a  1 or L e m m a  2 depending on the  fact  t h a t  F ix  G c V or F ix  G c W. 

Then b y  (A2.18), (&2.19), L e m m a  I and  L e m m a  2 we have  t h a t  

i(h(S ~ V) c3 W) > dim E~--  dim E~ _-- d im (V n W) - -  codim (V d- W) 

d d 

By  the  above  formula  i t  easily follows that 

dim (V n W) - -  codim (V + W) 
**(Sn  V, W ) >  ~ [] 
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