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PERIODIC SOLUTIONS OF STOCHASTIC DELAY
DIFFERENTIAL EQUATIONS AND APPLICATIONS TO
LOGISTIC EQUATION AND NEURAL NETWORKS

DinagsHI L1 AND DAoOYI XU

ABSTRACT. In this paper, we consider a class of periodic It6 stochastic
delay differential equations by using the properties of periodic Markov
processes, and some sufficient conditions for the existence of periodic so-
lution of the delay equations are given. These existence theorems improve
the results obtained by It6 et al. [6], Bainov et al. [1] and Xu et al. [15].
As applications, we study the existence of periodic solution of periodic
stochastic logistic equation and periodic stochastic neural networks with
infinite delays, respectively. The theorem for the existence of periodic so-
lution of periodic stochastic logistic equation improve the result obtained
by Jiang et al. [7].

1. Introduction

Since It6 introduced his stochastic calculus about 50 years ago, the theory of
stochastic differential equations has been developed very quickly [1-15,17]. Tt
is now being recognized to be not only richer than the corresponding theory of
differential equations without stochastic perturbation but also represent a more
natural framework for mathematical modeling of many real-world phenomena.
Now there also exists a well-developed qualitative theory of stochastic differ-
ential equations [6,10,12]. However, not so much has been developed in the
direction of the periodically stochastic differential equations. Till now only a
few papers have been published on this topic [1,3,4,15,17]. In papers [3,6], the
authors got the conditions for the existence of periodic solution of differential
equations with random right sides. Hasminskii in [4] gave some basic results
on the existence of periodic solution of stochastic differential equations without
delays. But, the above results can not be used to check the existence of peri-
odic solution of general stochastic delay differential equations. In [15], Xu et
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al. showed that stochastic differential equations with finite delay (SFDE) has a
periodic solution if its solutions are uniformly bounded and point dissipativity.
Motivated by the above discussions, we will generalize the existence theorem of
the periodic solution for SFDE to stochastic differential equations with infinite
delay (ISFDE) at phase space BC((—oc, 0]; R™). The obtained results improve
the results obtained by It6 et al. [6], Bainov et al. [1] and Xu et al. [15]. As
applications, we study the existence of periodic solution of periodic stochastic
logistic equation and periodic stochastic neural networks with infinite delays,
respectively. The theorem for the existence of periodic solution of periodic
stochastic logistic equation improve the result obtained by Jiang et al. [7]

2. Preliminaries

For convenience, we introduce several notations and recall some basic defi-
nitions.

C[X,Y] denotes the space of continuous mappings from the topological space
X to the topological space Y. Let Ry = (0,+00) and Ry = [0,+0oc). Espe-
cially, let BC' =Xe; ([-7,0], R™) is the space of all bounded continuous R"-value
functions ¢ defined on [—7,0] with the norm ||@|| = sup_,<<q|¢ (s)|, where
|-| is any norm in R"™ and 7 is a fixed number or 7 = co. When 7 = oo we
mean, of course, that BC' 2c ((—00,0],R™) . Let (Q,.#,{%#}+>0, P) be a com-
plete probability space with a filtration {.%; }+>0 satisfying the usual conditions
(i.e., it is right continuous and .%y contains all P-null sets). If x(t) is an R"-
valued stochastic process on t € [—7,00), we let y =z (t+s) : =7 < s <0,
which is regarded as a BC-valued stochastic process for ¢ > 0. Denote by
BCY% ([—7,0], R") the family of all bounded .#j-measurable, BC-valued ran-
dom variables ¢, satisfying E [||¢]|] < oo, where E [f] mean the mathematical
expectation of f.

Definition 2.1. A stochastic process x:(w) with values in Banach space BC,
defined for ¢ > 0 on a probability space (Q, F#,{#}i1>0, P) is called a Markov
process if, for all A € B, 0 < v < t,

P{x;(w)e A|%,} = P{a; (w) € Az, (w) },

where %, is the o-algebra of events generated by all events of the form {z,, (@)
€ A, u <wv} and A denotes the o-algebra of Borel sets in BC.

Definition 2.2. A stochastic process z;(w) is said to be periodic with period
w if its finite dimensional distributions are periodic with periodic w, i.e., for any
positive integer m and any moments of time ¢4, ..., t,,, the joint distributions
of the random variables ¢, (@),..., % w) are independent of k (k =
+1,42,...).

ke (

Remark 2.1. By the definition of periodicity, if 2(t) is a w-periodic stochastic
process, then its mathematic expectation and variance are w-periodic [4, p. 49].
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The transition function of a Markov process, p (v, ©,,t, A) = P (v € Alx,),
a.s., is called periodic if p (v, 2,,t + v, A) is periodic in v.
Later on we shall often denote a family of Markov processes by xito’d)) (w)

for all to € Ry and x4, = x (to + 5) = ¢ (s) € BCY, ([-7,0],R").

Definition 2.3. The Markov families z§t°’¢) (w) are said to be uniformly
bounded, if for each a > 0, tg € R, there exists a positive constant § = 6 («)
which is independent of ¢y such that E ||a¢, || < a implies E [||z¢ (to, x4, )||] < 6,
t > tp. In a general way, the Markov families $§t°’¢) (w) are said to be p-
uniformly bounded if F [||-]|] is replaced by E [||-||"].

Denote U, = {¢ € BC : ||¢| <r} by U, = {¢p € BC : ||¢|| > r}.

Lemma 2.1. A sufficient condition for the existence of an w-periodic Markov
process with a given w-periodic transition function p (v, x,,t, A) is that for some

to, ¢, xﬁt"’“”) (w) are uniformly stochastically continuous and

to+T o

(1) lim h_m _/ p(t05¢ata UT)dtZOa
T—00 T—00 to

provided the transition function p (v,x,,t, A) satisfies the following not very

restrictive assumption that

(2) a(r) = sup D (to, (b,t,UT) =0 as r— o0,
¢€U5(T),O<t0,t7to<w

for some function B(r) which tends to infinity as r — co.

The proof of Lemma 2.1 is essentially the same as that of Lemma 2.3 in [15],
Theorem 2.1 including Remark 2.1 in [1] and [9, Theorem 2.1, p. 491] except
one chooses ¢ € BC{I’@0 ([-7,0],R™). But, in fact, the conditions of Lemma
2.1 are of little use for stochastic differential equations, since the properties of
transition functions of such processes are usually not expressible in terms of
the coefficients of the equation. So, in the following, we will give some new
useful sufficient conditions.

Lemma 2.2. If Markov families xﬁt"’“”) (w) with w-periodic transition functions
are uniformly bounded and uniformly stochastically continuous, then there is an
w-periodic Markov process.

Proof. Using Markov inequality, Xu et al. [15, p. 1009] gave that

p(to, ¢, 1,Ur) < e

1
rP (:Cto - ¢)
From the definition of uniform boundedness, for each a > 0, there exists a
positive constant 8 = 6 («) such that F ||¢|| < « implies E (|| (to, x4, )||] < 6,
t > to.
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So, we get

1 to+T .
lim h_m T/ p(t0a¢ata UT)dt

=00 T o0 to
1 1 [lotT
< lim —— lim — / E [||x]||dt
=00 1P (¢) T5eo T to (11
0 (o)
< I =
= S rP(¢)
that is, (1) is true. The proof of (2) is similar to the remainder of the proof of
Theorem 2.4 in [15], so we omit it. O

Lemma 2.3 ([16]). If
(A1) u: Ry — R™ is uniformly continuous,
(A2) g: R™ — R is continuous and g (x) = 0 if and only if x =0,
(A3) h: Ry — R4 satisfies %Eg ftHé h(s)ds >0 for any 6 >0,

(Aq) Jim fot h(s)g(u(s))ds exists and is finite.
Then tli}m u(t) = 0.

3. Periodic solution of ISFDE

In this section, we consider the following periodic ISFDE

(3) { dz(t):f(t,:ct)dt+g(t,zt)dW(t), tZtoZO,
Ty, =z (to +5) =¢(s), s € [—7,0],

on the probability space (£2,.%,{%}i>0, P). The equation (3) has a Borel
measurable w-periodic drift coefficient function f : [tg, 00) x BC — R™ and a
Borel measurable w-periodic diffusion coefficient function g : [tg,0) x BC' —
R™ ™ driven by m-dimensional Brownian motion W. We assume that .%; is
the completion of the o-algebra o {W (u) : to < u <t} for each t > tg. The
initial condition ¢(s) € BCY%, ([-7,0], R") is independent of W (t), t > to, and
B4l < oo.

In this section, we always assume that system (3) has a unique global solution
(see [13,14]).

Theorem 3.1. Assume that the solutions of periodic system (3) are p-uniform-
ly bounded for p > 2 and f (t,xt) and g (t,2:) satisfy

(4) [f )" +1g (8 z)l” <o (laell”), p>2,
where @ is a concave non-decreasing function, then there is an w-periodic
Markov process.

Proof. As the proof of Lemma 3.2 in [15], we have that the unique solution
x¢ of (3) is a Markov process with its transition function p (v,z,,t, A) =
P (x: € Alz,). Moreover, the transition function p(v,z,,t, A) of (3) is w-
periodic since the coefficients of (3) are w-periodic in t.
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Since ¢ is a concave non-decreasing function, we get
Ep ([lzell”) < o (Ellze]l”) -

From the p-boundedness of xz; and the condition (4), we can get that there
exists a constant g > 0 such that

E|f (t,z)[" + Elg (t, )" <p, p>2.

By Lemma 3.4 in [15], the solutions of periodic system (3) are uniformly
stochastically continuous.

In the view of above, all conditions of Lemma 2.2 are satisfied. The proof is
complete. (I

Suppose (3) is the autonomous system, that is, f (¢,2:) and g (¢,2:) do not
depend on t. We have the following corollary:

Corollary 3.1. Assume that the solutions of autonomous system (3) are p-
uniformly bounded for p > 2 and f (x) and g (x:) satisfy Condition (4), then
there is a stationary Markov process.

Remark 3.1. Tto et al. [6, Theorem 2, p. 19] (Bainov et al. [1, Theorem 5.3,
p. 23]) gave that there is a stationary (periodic) Markov process of autonomous
(periodic) system (3) if the uniformly bounded in 4-th moment and

{Iﬂwmfém+ﬁWMGW%M@
g (tx)|* < ao+ [0 |2 (s)[*dhs (s)

where ¢1,¢2 are some positive constants and k; (s), ¢ = 1,2, are scalar non-
decreasing bounded functions on (—oo,0]. Clearly, Conditions (5) is a special
case of Conditions (4) by taking p = 4 and ¢ to be linear. Therefore, Corollary
3.1 and Theorem 3.1 is a generation of Th.2 in [6] and Th.5.3 in [1], respectively.

(5)

Let V € C'2([-7,+00) x BC, Ry ) denote the family of all non-negative
real-value functions V (¢, ;) on [—7, +00) x BC which are continuously twice dif-
ferentiable in the first term and once in the second term. If V € C12 ([—7, +0)
xBC, R+), define an operator LV from [—7,4+00) x BC to R by

LV (60) = Vi (1) + Ve (820 f (600)+ trace [g7 (6,0) Ve (t,0) (1 20)]

where V; (t,7,) = 2550V, (,2,) = (Wa(i’ft)a---a ava(;’m)a Via (t,2¢) =
62V(t,$t)
61-;an an'

Theorem 3.2. Assume that the solutions of (3) are uniformly stochastically
continuous. Let V € C12? ([—7,400) x BC, Ry) and satisfy that there exists a
constant M such that

(6) LV (t,z:) <0, l[ze]| > M,
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(7) inf V(t,x;) > 00 as R— oc.
[lze||€U R

Then Eq.(3) has a w-periodic solution.

Proof. Without loss of generality, fix the initial value x;, € U s arbitrarily. We

write zy = x¢ (to, ¥1,) and set V. =inf 5 V (¢, 2¢), where r > M. Let 7 be

the first enter time of x; into Ujy, that is
T=inf{t >ty:x € Up}.
By It6’s formula, for any t > ¢,

TAL
V(r At,xrpat) =V (o, xt,) —|—/ LV (s,24)ds

to
TAL
—|—/ Ve (s,25) g (s, 25) dW (s).
to

Taking the expectation on both sides and making use of the condition (6), we
obtain that

(8) EV (T At,xrnt) <V (to, ) -
Using this and Cebysev’s inequality, we get

EV (1T ANt,xrnt)
Vi

< 14 (th zto).

- Vi

P ([lzell =)

IN

This yields

p(to,d,t,U,) = P (z, € Uy |y, = ¢)
= P{(lzell > ) 0 (e, = 9)}

P(‘Tto :¢)
Pzl =)
< P (20, = ) —0 — 00.

Clearly, the condition (1) of Lemma (2.1) holds.

Further, it follows from the condition (6) that LV (t,z:) < K, 2 € BC,
where K is a sufficiently large constant. Using this inequality and It6’s formula,
we easily obtain that

EV (t,xy) <V (to,x1,) + K(t — to).
Together with Cebysev’s inequality, this implies

K(t — to) + Vv (to,xto)

infi V(t, ZCt)
|z¢[|EUR

p (th Tty t; UR) S



PERIODIC SOLUTIONS OF STOCHASTIC DELAY DIFFERENTIAL EQUATIONS1171

Thus the condition (2) of Lemma 2.1 will hold if B(R) is chosen so that

sup V(¢ x¢)
lz¢|€Us(R)
0 R .
inf V(¢ ) TUoas e
||z:]|€EUR
This is possible because (7) holds. The proof is completed. O

Remark 3.2. The uniform stochastic continuity is required to guarantee the
compactness of stochastic sequences defined a infinite dimensional space BC'.
For the stochastic ODE defined the finite dimensional space R™, the uniform
stochastic continuity is not required. Therefore, we have the following corollary.

Corollary 3.2. Assume that system (3) without delays exists the global solu-
tions. Let V € C1»2 (EJF X R",EJF) and satisfy that there exists a constant M
such that

(9) LV (t,x) <0, |z| > M,
(10) inf V(t,x) > 00 as R— oo.
|z|>R

Then Eq.(3) without delays has a w-periodic solution.

4. Periodic solution of nonautonomous stochastic logistic equation

In this section, we consider the following nonautonomous stochastic logistic
equation [7]

(11) AN (t) = N (t) [a (t) — b(t) N (t)] dt + o (t) N (£)dB (t),

ont > 0 with initial value N(0) = Ny > 0, and a(t), b(t) and o(t) are continuous
functions. B(t) is a Brownian motion defined on (Q, %, {%# }i>0, P).

As N(t) in Eq.(11) is population size at time t, it should be nonnegative.
Moreover, in order for a stochastic differential equation to have a unique global
(i.e., no explosion in a finite time) solution for any given initial data, the
coefficients of the equation are generally required to satisfy the linear growth
condition and local Lipschitz condition. However, the coefficients of Eq.(11)
do not satisfy the linear growth condition, though they are locally Lipschitz
continuous, so the solution of Eq.(11) may explode at a finite time. In this
section we shall show that under simple hypothesis the solution of Eq.(11) is
not only positive but will also not explode at any finite time by using the global
existence theorem in [13,14].

Theorem 4.1. Assume
(H1) There exist constants o1, o2, a1, az, by > 0, ba > 0 and continuous
bounded function h(t) > 0 such that

0‘1h (t) S 0’2 (t) S UQh (t), alh(t) S a(t) S agh (t), blh(t) S b(t) S bgh (t)
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Then for any initial conditions Ny > 0, there is a unique solution x(t) to
Eq.(11) ont > 0, and the solution will remain in Ry almost surely, i.e., x(t) €
Ry for any t > 0 with probability 1.

Proof. First consider the equation
1
(12) du (t) = (a (t) —b(t)e"® — 502 (t)) dt + o (t) dB (t)

on t > 0 with initial value u (0) = In N (0). Obviously, the coefficients of
Eq.(12) satisfy the local Lipschitz condition, then there is a unique non-continu-
able solution u (t) on t € [0, ), where 7, is the right endpoint of the maximum
existing interval of u(t) (see [13,14]). Therefore, by It6’s formula, it is easy to
see N (t) = e*(") is the unique positive solution to Eq.(11) with initial value
N(0) € Ry.

Next, we will show this non-continuable solution is global, i.e., 7. = o0, a.s.
To show this statement, let us define a C12-function V : Ry — R, by

V(N) = [VN =1-05l0g(N)].
The nonnegativity of this function can be seen from
Vu—1-05log(u) >0, u>0.
Note that
(13) lim V (N) = oc.

N —o00

Moreover, we estimate operator LV. Since
LV (N) = —0.5b(t) N** 4 0.5b (t) N + 0.5a (t) N°° — 0.5a (t)
+0.2502 () — 0.12502 (t) N°-®,
by hypothesis (H1), we obtain
LV (N)
< (=0.5b1 N5 4+ 0.5boN + 0.5 N5 — 0.5a; — 0.12501 N + 0.2503) (1) .

Since the coefficient of highest-degree term of the right side is negative and h(t)
is bounded, there is a constant K > 0 such that

ELV (z) < K.
It follows from Theorem 5.1 in [14] that 7, = 00, a.s. The proof is complete. [

Theorem 4.2. Assume that a(t), b(t) and o(t) are continuous T -periodic func-
tions, (H1) and

(H2) B= fOT[a (s) — 202 (s)]ds >0

hold. Then Eq.(11) has a positive T-periodic solution. Moreover, if

(H3) %Eg f:” h(s)ds >0, for any 6 >0
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hold. Then Fq.(11) has a unique positive T-periodic solution, which attracts all
other positive solutions of Eq.(11).

Proof. From Theorem 4.1, we know that for any initial conditions Ny € Ry,
there is a unique positive solution N(¢) to Eq.(11) on ¢ > 0 under Condition
(H1). Taking the transformation of the form

u=InN.

By It6’s formula, we have
1
(14) du (t) = (a (t) — b (t) e"® — 502 (t)) dt + o (t) dB (t)

on t > 0 with initial value v (0) = In N (0).
For any initial value u (0) € R, we denote by u (t) = u (¢,0, v (0)) the solution
of (14). Define

p(t) = - / t ( (5) ~ 50°(s) - Bh(s>> s,

where B is defined in (H2). It is to see that p(¢) is T-periodic continuous
functions. Set

v(t)=u(t)+p(t).
By Ito’s formula, we have

(15) v (t) = (Bh(t) —b(t) ev<t>—P<t>) Yo (t)dB(t).
For (15), we define a Lyapunov function
V(v) = [l

which satisfies (10).
Then we have

LV (v) = sgnv {Bh(t) —b(t) ev<t>*p<t>}
Condition (H1) implies that
(16) LV (v) < h(t)(B — b1e?@PH) <0 as v — oco.

We consider the case v — —oo. For the above B > 0, there exists [ > 0 such
that

(17) bye? W20 < . o< L
Thus,
(18) LV (v) = {*Bh(t) +b(t) e”@*f’(t)}
<h(t)(=B + bye*®=PM) < 0.
From (16) and (18), we get that there exists a positive constant M such that
(19) LV <0,  |o|>M.
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Thus, the condition (9) of Corollary 3.2 is satisfied, and there is a periodic
solution of (14) or (15). From N(t) = ¢*® Eq.(11) has a positive periodic
solution.

In order to prove the uniqueness of periodic solution N*(¢) of Eq.(11), we
will prove the global attractivity of N*(¢) by Lemma 2.3. To this end, we need
that sample path of the solution N(t) of Eq.(11) is uniformly continuous. This
conclusion has been proved by Lemma 3.2 in [8] under b(t) > 0 = ENP(t) < co.
So, we only need prove that b(t) > 0 with (H1) = ENP(t) < co. Define

V(N(1) = o "N (1),

where p > 0. By It6’s formula, we have that
¢ 1
dV (N (t)) = elo Mo)ds NP () [h(t) + pa(t) + 3P (p—1)o*(t)—pb(t) N (t)] dt

(20) + pelo MNP (1) dB (¢) .

Integrating (20) from 0 to ¢ and taking expectation on both sides, we obtain
from (H1) that

ef(f h(s)dsENp (t)

= NP (0)+E/O eJo h(w)du prp (s){h(s)era(s)Jr%p (p—1) o2 (s)—pb(s) N (s)} ds
< N°? (0)+E/tefos h(uw)du prp (s)h(s){l + pas + %p |p— 1| o2 — pb1 N (s)} ds
0

t
< NP (0)+K/ elo Mwdup gy s
0

— NP (0)+K(eﬁf h(s)ds _ 1) :

where K is the maximum of the function N? [1 + pas + %p lp— 1] o2 — pblN}.
Then we have
ENP?(t) < NP(0)+ K < 0.
Following Lemma 3.2 in [8], this yields that almost every sample path of the
solution N(t) of Eq.(11) is uniformly continuous on ¢ > 0.
In order to apply Lemma 2.3, we consider a Lyapunov function V(t) defined
by
V(t) = |logN (t) —log N* (t)], ¢>0.
By Ito’s formula, we have that
d(log N (t) —log N* (t)) = =b(t) (N (t) — N* (¢)) dt.
Thus, a direct calculation of the right differential d*V () of V(t) along the
solutions leads to
d*V (t) =sgu (N (t) = N* (1)) d(N (t) = N* (1))
(21) = —sgn (N () = N (£)) [b(t) (N (t) — N (¢))] dt
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= —b(t)|N (t) — N* ()] dt.

Integrating (21) from 0 to ¢, we have
t
V(t) +/ b(s)|N(s) — N*(s)|ds <V (0) < oo.
0
which leads to
(22) | )N () = N ()]ds <V (),
0

Therefore from Lemma 2.3 and (H3), we obtain

lim |N(s)—N*"(s)]=0 for almost all w € €,

t— o0

which shows that N*(t) attracts all other positive solutions of Eq.(11). This
implies that Eq.(11) has a unique positive T-periodic solution. O

Remark 4.1. In [7], the authors showed that E[1/N (¢)] has a unique positive
T-periodic solution E [1/N, (t)] provided the condition (H2), a(t) > 0 and
b(t) > 0. From Theorem 4.2, Eq.(11) has a unique positive T-periodic solution.
So is 1/Np(t) or E[1/Np(t)] with periodic T by Remark 2.1. But, under the
condition (H2) we need not a(t) > 0 and admit b(t) > 0 with (H1) and (H3).
The improvement is in effect since the usual periodic functions sint, cost etc.
are admitted. However, a benefit of the results in [7] is to get the representation
of global solution.

5. Application in the stochastic neural networks with infinite
delays

For convenience, we introduce several notations and recall some basic defi-
nitions. Let I denote an n X n unit matrix. For A, B € R™*™ or A, B € R",
the notation A > B (A > B) means that each pair of corresponding elements
of A and B satisfies the inequality “ > (>)”. Especially, A € R™*"™ is called a
nonnegative matrix if A > 0, and z € R" is called a positive vector if z > 0.

© :{w(t) : Ry — R| 9(t) is continuous and / P(s)ds < oo}.
0
For ¢ € C[J C R, R"], we define

[(p(t)]r = {[901(t)]73 R [(pn(t)]r}a [(pi(t)]‘r = sup {(pi(t + 9)}

—7<6<0
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In this section, the periodic stochastic neural networks with infinite delays
is described by the following model
(23)

n it

dx; (t) = |—ai(®)z; (t) + Z aij (£) £ (2 (£) + D bij (t)/ Pij (t—s)g; (x; (s))ds + I; (t) | dt

Jj=1 >

+ 2 0ij (@i () dw; (t), T =10 >0,
j=1
x; (to+38) =i (s), se€(—0,0, i=12,...,n,

where n corresponds to the number of units in a neural network; x;(t) cor-
responds to the state of the i¢th unit at time ¢; f;(z;(¢)) and g;(z;(t)) de-
note the activation functions of the jth unit at time t; a;(¢) > 0 repre-
sents the rate with which the ith unit will reset its potential to the rest-
ing state in isolation when disconnected from the network and external in-
puts; (aij(t))nxn and (b;;(t))nxn are connection matrices; the delay kernel
pi;(t) € p; I;(t) is the external bias on the ith unit; We assume that func-
tions a;(t), a;;(t), bi; () and I;(t) are periodic continuous functions with periodic
w>0fort>tg,i,5=1,...,n;0(,")=(01(,"),.-y0n (")) : [to,00) x R™ —
R™ ™ is the w-periodic diffusion coefficient matrix; w(t) = (wy(t),...,w,(t))T
is an n-dimensional Brownian motion defined on (2, .%#,{%#;}:>0, P). The ini-
tial condition ¢(s) € BCY, ((—o0,0], R™).

For convenience, we will introduce the following assumptions.

(A1) All f; and g, satisfy the Lipschitz condition, that is, there exist I; > 0
and k; > 0 such that

|fi (W)= f; )] < i lu—vl, |gj (w)—g; (V)] < kj|lu—v|, Vu,vER, j=1,...,n.
(A2)
1,...,n,
(0 (t,u1) — 07 (t,u2)) (07 (t,ur) — 0 (t,u2))" | < il (t) [ug — uaf”.
where h(t) > 0 and supg<; ., h(t) < oo.
(As) There exist constants a;, a;; > 0, b;; >0, I; > 0 such that

ai (t) > aih (t), lai; (H)] < aih(t), |bij ()| <bijh(t),
L (0| < Lh(t), Vij=1,2...,n.

(A4) There exists an integral p > 2 such that S = —(P+Q) is an M-matrix,
where P = (pij)nxna Q = (Qij)an,

pi = —pai+ Y agli(p—1)+ Y bijk; (p— 1)/ Ipij (s)|ds+ (p—1)
j=1 j=1 0

There exist constants ¢; > 0, d; > 0 such that for ui,us, € R, i =

1
+ SCiP (p—1) + auli,

pij = aily, 1F G, qy = bz‘jk’j/ Ipij ()] ds.
0
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For the sake of simplicity, we use x(¢) to denote the solutions x(tg, ¢)(t) of
(23). In order to obtain the boundedness of the stochastic system (23), we first
show the following theorem.

Theorem 5.1. Let P = (pij)nxn with p;; > 0(i 7é J) and Q(t) = (¢ij () nxn

with 0 < ¢;j(t) € p. Denote Q = (¢ij)nxn 2 (fo qij(t dt) pand I =
(Ii,...,I,) >0. Let D = —(P + Q) be an M-matriz, and u(t) = (ui(t), u2(t),

S un(t)T a nonnegative continuous vector function satisfies the following
differential inequality

(24) Du(t) < / Q(s)u(t —s)ds + I], > to,

with the initial condition u(to + s) = ¢(s) € BCH,s € (—00,0], where BCT =
{p € BC'|¢p >0} and h(t) > 0, then all solutions of the inequality (24) are
uniformly bounded.

Proof. Since D = —(P + Q) is an M-matrix, from the properties of M-matrix
[16, Lemma 2.1], D=1 > 0. For any given initial function ¢ € BC™T, there is
a d > 0 such that ¢ < —d(P + Q)~'I. We will prove that

(25) u(t) < —d(P+Q)7',  t>to,

that is, all solutions of the inequality (24) are uniformly bounded.
We set that —(P + Q)fll = N. So, we have (P+ Q)N + 1 =0, or,

(26) Zpiij+ZQiij+Ii:0, i=1,2,....n

If (25) is not true, then there must exist a positive constant ¢; > ¢¢ and some
integer m such that

(27) Um, (tl) = dN,y,, D+um (tl) > 0,

(28) U (t)SdNi, te(—oo,tl], 1=1,2,....n

By using (24), (25), (26), (28) and p;; > 0(i # j), gi; > 0, noting d > 1, we
have

DTy, (1) < mejuj <t1>+2qmj[uj (t)] + I | (1)

< Zng‘i‘Qm] dN +1I; h()

= (1 —d)fmh()_

which contradicts the inequality in (25). That implies that w(¢) is uniformly
bounded. O
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Theorem 5.2. Suppose that (A1)-(A4) hold, then the system (23) must have
a w-periodic Markov process.

Proof. Let Vi(x(t)) = |x;(t)|P, i = 1,...,n, where z(t) = (x1(t), ..., 2, (t))T is
the solution of Eq.(23). By the conditions (A;)-(A4), we obtain

LV (z () < pla (t)|p_1 {—al ) |zi ()] + Z lai; ()] 1f5 (x5 ()]

+Z |bij (2)] /_ Ipij (t = 8)l g (x5 () ds + |1 (t)|}

+ 50— 1)l (OF 27 (620 (0) 0 (1, (1)

(—pailwi OF + " ailiple: ) |2, (1))

j=1

IN

+ D bigkgples ()7 /0 [pij (s)] |aj (¢ = 5)| ds + Liplei (1)

j=1

e <t>|“cz-x§) a0

IN

(pai|1'z |p + Zaz] |1'] + (p - 1) |£L'1 (t>|p)
+ Zbuk | s @ = 57+ 0= 1 s 0 s

2
= ({paiJrZaijlj (p—1)+Zbijkj (pl)/ooo Ipi; (s)| ds

1
=1+ Jen (-1} o |P+Zauz o

- (OF I+ Lep(p— 1) (t)lp) h(t)

+wak / Ipij ()] |25 <ts>|pds+ff) h(t)
(29) = (ipij +Z/ qij ( ts))ds+lf>h(t), t>to.
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By Itd’s formula, we obtain

LoV, (x (5))

Vi(z(t) =Vi(z (to))+/ LV; (x (S))d8+/ aij (8,2 (s)) dw (s) .

t to ox
Then we have
(30) BV (x (1) = Vi (x (to)) + / ELV; (z (s))ds,

and for small enough At > 0,

t+AL
(31) EV; (xz(t+ At)) = V; (z (to)) + / ELV; (x(s))ds,

to
Thus, from (29), (30) and (31), we have
(32)

EV; (z(t+ At)) — EV; (x (t))

t+At
= /t ELV; (z(s))ds

n

t+At n 00
[ BV @+ X [ @BV, (s =) dut 17 | ntyas

j=1

IN

Then from (32), we obtain that

DTEV; (2 (t)) < ZpijE‘/} (x(t))—I—Z/Oooqij (s) EV; (2 (t—s))ds+IF | h(t).

Since —(P + Q) is an M-matrix, then from Theorem 5.1, the solutions of (23)
are uniformly bounded. By simply computing, Condition (4) is satisfied by
Condition (A;)-(As). From Theorem 3.1, then there must exist an w-periodic
Markov process. The proof is complete.

[l

6. Conclusion

In this paper, we discuss a class of periodic Ité stochastic delay differential
equations by using the properties of periodic Markov processes, and some suffi-
cient conditions for the existence of periodic solution of the delay equations are
given. As applications, we study the existence of periodic solution of periodic
stochastic logistic equation and periodic stochastic neural networks with infi-
nite delays, respectively. In our following papers, we will apply the existence
theorem of periodic solution obtained in this paper to study the existence of
periodic solution of periodic stochastic population system.
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