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Periodic structures with higher symmetries and their
applications in electromagnetic devices

O. Quevedo-Teruel, Senior Member, IEEE, G. Valerio, Senior Member, IEEE, Z. Sipus, Senior Member, IEEE,

and E. Rajo-Iglesias, Senior Member, IEEE,

H
IGHER SYMMETRIES frequently amaze human beings because of the illusions and incredible landscapes that they

can produce. For example, imagine the unearthly pictures of the Dutch graphic artist Maurits Cornelis (M. C.) Escher.

He made use of glide symmetry and reflection to produce unbelievable transitions and transformations of objects and beings,

as illustrated in Fig. 1 (a). However, the history of higher symmetries started much earlier in time. M. C. Escher was partially

inspired by the Moorish tessellations in the Alhambra in Granada, Spain, like the ones illustrated in Fig. 1 (b). Higher symmetries

can be employed not only to create artistic creations, but also as tools for a better description of space (e.g., in connection

with numerical problems in space tessellation and meshing [1] or for enhancing the performance of electromagnetic devices).

Here, we explain the importance of the recently discovered electromagnetic properties of higher symmetries, as well as their

implications and opportunities for microwave and antenna engineers.

I. HIGHER SYMMETRIES IN THE ELECTROMAGNETIC HISTORY: BACK TO THE 60S

Narrowing our scope to physics, higher symmetries were very popular in the 60s. For example, George L. Trigg wrote in

1965 that "in the last few months, scarcely an issue of Physical Review Letters has failed to contain at least one paper on

the topic" [2], demonstrating the volume of studies at the time. If we are even more specific, and we focus our attention on

electromagnetic engineering, the first studies of higher symmetries, mostly on periodically loaded waveguide structures, arrived

in the middle of the 60s [3], [4], and they were popular for one decade, until the middle of the 70s [5], [6]. However, in the

70s, the electromagnetic engineering community was not ready to further develop scientific studies on higher symmetries and

to understand their full potential. First, computers were very basic and there was no commercial software that could be used

to simulate these complex structures. Second, our understanding of periodic structures achieved maturity in the 2000s with

the arrival of the concepts of metamaterials [7], [8] and metasurfaces [9], [10]. Finally, at the end of the 70s and beginning

of the 80s, electromagnetic engineers focused their attention on making wireless systems affordable for everybody, so printed

and planar technology were the selected solutions for low-cost communications at low frequencies [11].

It is in the second decade of the 21st century, when powerful computers are easily accessible, commercial software for

simulation is commonly available, and periodic structures are broadly understood thanks to studies on metamaterials and

metasurfaces, when the opportunity for higher symmetries has arrived. This opportunity first arrived when the industry demanded
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Fig. 1. Glide symmetries in art: a) Explanation of glide reflection at the museum of M. C. Escher in The Hague, The Netherlands. b) Moorish tessellations
in the Alhambra, Granada, Spain. c) Compositions made of translations and glide reflection.

electromagnetic systems operating at higher frequencies [12]. At these frequency ranges, there is a need for low-loss structures

that can only be achieved with fully metallic devices and integrated systems such as antennas and circuits [13].

In this situation, antennas based on leaky waves and lenses are gaining converts for communication designs in the new bands

of 5G and satellite communications [14]. Although the design of these antennas is more complicated than arrays, they present

a simpler feeding network. On the other hand, filters were traditionally designed as an independent unit that was connected to

the rest of the system. Due to insertion loss, and to losses in the interconnections [15], for high-frequency designs, they must

be integrated with other components. Finally, due to these large losses, future components, such as filters, must be reduced in

length. Therefore, design techniques which are not based on isolated elements, but on coupled elements, are required to reduce

overall losses.

II. DEFINITION OF PERIODIC STRUCTURES WITH HIGHER SYMMETRIES

A periodic unit cell possesses higher symmetries when it is invariant after a translation and a second geometrical variation.

For example, a glide-symmetric unit cell is invariant after a translation and a mirroring [16]. A twist-symmetric unit cell is

invariant after a translation and a rotation (or angular movement) [17].

A. Glide symmetries

In Fig. 1 (c), we present the creation of a periodic structure through a glide reflection. A unit cell, represented in blue, is

filled with a triangle and a rectangle. One could repeat this unit cell with a simple translation, but also, create a reflected unit

cell that is alternated together with the translation.

Glide symmetries can be one-dimensional or two-dimensional. In Fig. 2 (a,b), we represent two examples of one-dimensional

glide-symmetric structures: corrugations [18], [19], [20] and transversal slots [21], [22]. These two structures have glide

symmetry with respect to the x direction; however, their mirroring planes are different. In the corrugations, this plane is

horizontal, but in the slots, it is vertical. In these cases, the glide operation is x → x + p/2, and either z → −z in the

corrugations, or y → −y in the slot, with p as the periodicity in both cases.
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Fig. 2. Electromagnetic configurations of higher symmetries: a) Glide-symmetric corrugations. b) Slot with glide-symmetric transversal loads. c) Two-
dimensional glide-symmetric holey structure. d) Twist-symmetric holey configuration.

A new particular case of glide symmetry was recently reported as polar glide symmetry [17], [23]. It refers to the case in

which the mirroring plane is not defined with Cartesian coordinates, but with polar ones. Therefore, the mirroring plane is

orthogonal to a vector in the ρ direction [23], [24].

Two-dimensional glide-symmetric structures were first studied in [25], and they require translation in two orthogonal

directions that are opposite the vector of the mirroring plane. For example, a common glide operation can be (x, y) →

(x + px/2, y + py/2) and z → −z [26], [27], with px and py as the periods in x and y, respectively. One example of

two-dimensional glide symmetry is illustrated in Fig. 2 (c) for conical holes inserted in two parallel plates.

B. Twist symmetries

Twist-symmetric structures are those that are invariant under a translation in one direction. For example, in Fig. 2 (d), a

holey metallic wire oriented in the z direction is illustrated. This direction is the propagation direction. The wire has holes

that rotate through the z direction. A periodic structure possesses m-fold twist symmetry, m being an integer, if it is invariant

under a p/m translation along and a 2π/m rotation around the twist direction, where p is the periodicity of the structure [23].

The particular case shown in Fig. 2 (d) is 3-fold. We must note that helices are a particular case of twist symmetry with m =

∞. Helices were studied in terms of dispersion properties in the 50s [28]. For this reason, twist symmetry is also known as

helical symmetry or screw symmetry [6].

III. SUB-PERIODICITIES IN HIGHER SYMMETRIES

Introducing higher symmetries in periodic structures may drastically change the dispersion properties of those structures

(i.e., how passbands and stopbands are distributed in the frequency domain). The basic property of higher-symmetric periodic

structures is the possibility to close selected bandgaps. This was already discussed by Hessel et al. [6] in the early 70s, with

reference to 1-D structures. Specifically, the presence of a glide symmetry with period p closes the first stopband at the edge

of a Brillouin zone (β = π/p, β being the phase constant of a Bloch mode), and an m-fold twist symmetry closes the first

m− 1 stopbands, alternatively at β = π/p and β = 0. The same spectral properties have been more recently observed in 2-D

structures [26], [27].
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Fig. 3. a) Structure with glide-symmetric corrugations along one direction. b) Associated non-glide-symmetric structure with corrugations along one direction.
(c) Brillouin diagram of glide and non-glide structures with h = 1 mm, w = 0.5 mm, p = 3 mm, and t = 0.25 mm. d) Brillouin diagram of glide and
non-glide structures with h = 1 mm, w = 0.5 mm, p = 1.5 mm, and t = 0.75 mm.

For example, in a glide-symmetric structure, the absence of a stopband at β = π/p can be easily explained if the effect of

the periodic scatterers on the two sides of the glide plane is the same. This means that these scatterers can be moved on the

same side of the plane, thus transforming the glide structure into an equivalent purely periodic structure with a halved spatial

period p/2. An example of such as one-dimensional glide structure and its associated non-glide are depicted in Figs. 3 (a) and

(b). The Brillouin diagram of this new non-glide periodic structure presents a first stopband edge at β = π/(p/2) = 2π/p,

which is equivalent to the β = 0 point in the diagram of the glide structure. In other words, the glide structure is equivalent

to a structure with a shorter period, so that its first stopband is found at higher frequencies.

However, the equivalence between scatterers on the two sides of the glide plane is not necessarily verified in all glide

structures. In order to explain this phenomenon, let us decompose the Bloch mode supported by the glide structure into the

modes of the uniform background structure. These modes are coupled together by the periodic scatterers. In the glide structure

in Fig. 3 (a), these scatterers are placed alternately on the two sides of the glide plane, while in the periodic structure of Fig.

3 (b) they are all on the same side.

On the one hand, if in both structures the scatterers are weakly interacting among one another, only one dominant mode is

relevant in the coupling between adjacent scatterers. This happens if each scatterer mainly excites only one dominant background

mode, or if all the background modes excited by one scatterer are strongly attenuated when they reach the adjacent ones. In this

case, the mutual position of two adjacent scatterers does not impact the coupling, which is the same whether both scatterers

lie on the same side of the glide plane or on opposite sides of it. The glide structure is then reducible to the non-glide periodic

structure with halved spatial period [29]. An example of a reducible glide structure can be seen in Fig. 3 (c), where the glide

line and the non-glide line have the same dispersion diagram, if their phase constants are normalized with respect to the same

distance p (the period of the glide line). On the other hand, if in at least one of the two structures in Figs. 3 (a) and (b) the

scatterers are strongly interacting, several background modes will be relevant for their coupling [30]. These modes will have,

in general, different parity with respect to the glide plane; the odd and the even modes will experience a different scattering
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according to the position of the scatterer with respect to the glide plane. This richer modal coupling in strongly coupled

structures makes the glide-symmetric structure irreducible to the non-glide periodic one with reduced spatial period [29]. An

example of an irreducible glide structure can be seen in Fig. 3 (d), where the glide and non-glide periodic structures have

different dispersion diagrams. The same phenomena can be found in twisted structures, where the scatterers lie along a spiral,

rather than on different sides of a plane [31].

IV. CIRCUIT MODELS TO ANALYZE GLIDE-SYMMETRIC STRUCTURES

Despite the recent interest in higher-symmetric structures, simplified models for the efficient design of these structures are

not yet available. Specific models of higher-symmetric structures are needed because the application of full-wave numerical

methods to this class of structures is difficult. Interesting dispersive behaviors, such as wideband response and strong bandgap

rejection, require extreme values of geometrical parameters (e.g., very close glide surfaces in order to enhance their mutual

interaction). In these cases, numerical methods encounter difficulties: for example, thin gaps between surfaces require a very

dense localized meshing in finite-element and finite-difference methods, or cause slow convergence in Green’s functions in the

method of moments. Furthermore, the study of finite structures made by a non-uniform array of thousands of sub-wavelength

cells is a multiscale problem that requires ad-hoc computation techniques.

A. Circuit models

The availability of equivalent circuits for the unit cells of higher-symmetric structures would considerably simplify their

preliminary design. Based on the previous analysis, if a higher-symmetric structure is reducible to a non-higher-symmetric

periodic structure, a mono-modal equivalent circuit is sufficiently accurate to calculate its dispersion behavior. Furthermore,

the model can be performed on only one sub-unit cell, and its non-higher-symmetric structure can be analyzed instead of

the higher-symmetric structure. This was done in [19], where a one-dimensional glide-symmetric corrugated structure (as

illustrated in Fig. 2(a)) was analyzed by means of an equivalent circuit derived from the T-junction discontinuity [32]. In fact,

the central horizontal waveguide region can be regarded as a parallel-plate waveguide (PPW) connected with a series of vertical

corrugations, each one equivalent to a PPW along the vertical direction. A unit cell can then be described as a composition

of T-junctions between parallel plates. This kind of discontinuity has been widely studied and can be characterized with the

closed-form scattering parameters found in [32]. The results of this equivalent circuit are extremely accurate for the full range

of parameters used in current applications, as long as the unit cell keeps a T-junction topology. This is no more valid than in the

glide-corrugated structure of Fig. 3(a). More recently, a circuit model analysis was proposed to model glide-symmetric loaded

microstrip lines [33]. This model accurately explains the coupling effects between unit cells, and the different interactions

between conventional and glide-symmetric unit cells.

B. Multi-mode analysis

When irreducible structures are of interest, a multi-modal equivalent circuit can always be used to correctly model the

interactions among the different scatterers [29], [31]. In a one-dimensional higher-symmetric line, the unit cell can then be
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modeled as a 2N -port network, where N is the number of background modes retained on each Floquet boundary of the cell in

order to accurately compute the interactions between scatterers. This network can be characterized by means of its transmission

matrix T , whose eigenvalues are related to the wavenumbers of the Bloch modes supported by the structure. If only two modes

are relevant, we get:

T ·
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where V (1) and I(1) are the voltage and currents associated with the first mode on one Floquet boundary of the cell, V (2)

and I(2) are the voltage and currents associated to the second mode on the same Floquet boundary, and kx is the (possibly

complex) unknown Bloch wavenumber.

This description in terms of the transmission matrix can also lead to an alternative approach to performing a dispersion

equation, by means of the multi-modal transmission matrix of a sub-cell. In this case, we need to take into account that after

translating one sub-cell, each background mode composing the Bloch mode is not equivalent to a phase shift (as a translation

of one cell is). In order to get a phase shift, we also need to perform a reflection [29] or a rotation [31], according to the glide

or twisted nature of the structure. We can compensate each background mode for this geometrical operation by multiplying

each mode by a factor depending on the mode parity. In the case of a glide line, if the first mode in (1) is even with respect

to the glide plane and the second mode is odd, we get:
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where the transmission matrix T 1/2 refers to only one half of the unit cell (thus allowing a faster computation). Eq. (2)

confirms also that the presence of only one mode (or the presence of modes with the same parity) in both (1) and (2) makes

the structure equivalent to a non-glide periodic line, having as a unit cell the sub-cell of the glide line. All these results can

be easily generalized to two-dimensional glide structures [29], where background modes can be defined on each of the four

Floquet boundaries of the unit cell.

V. MODE-MATCHING TO ANALYZE GLIDE-SYMMETRIC STRUCTURES

An appropriate way of analyzing guiding electromagnetic structures having higher symmetries is to apply the mode-matching

analysis approach. Mode-matching is based on representing the electric and magnetic fields in each section of the structure as

a sum of suitable modes with unknown complex amplitudes. In other words, it uses pre-knowledge about the electromagnetic



IEEE MICROWAVE MAGAZINE, VOL. XX, NO. X, MONTH 2019 7

field configuration and symmetry properties to reduce the number of unknowns. With this technique, it is possible to describe

precisely the electromagnetic fields in the structure and to gain physical insight into the properties of higher symmetries.

As an example, let us consider a PPW with glide-symmetric holey walls (Figs. 2.a and 2.c). The electromagnetic fields in

the PPW region (parallel to the walls) can be expressed as a series of Floquet harmonics by virtue of periodicity:

E
Gap
t = 1

p2

∑

s,q e
−j(kx,sx+ky,qy)ẽ

Gap
t,sq (z)

H
Gap
t = 1

p2
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s,q e
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Gap
t,sq (z)

(3)

with kx,s = kx,0 + 2πs/p and ky,q = ky,0 + 2πq/p by assuming a rectangular lattice with period p in both the x and y

directions. The amplitude of each Floquet harmonic of the transverse electric field can be written as

ẽ
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
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
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
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
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where kz,sq = (k20 − k2x,s − k2y,q)
1/2 is the vertical wavenumber of the (s, q)th harmonic. This electromagnetic distribution

is matched to the zero tangential E-field at the metallic parts of the PPW walls and to the tangential electromagnetic field

distribution in the lateral waveguides

E
WG
t (z = g

2 ) =
∑

m r−mCmΦm(x, y)

H
WG
t (z = g

2 ) =
∑

m r+mYmCm[ẑ ×Φm(x, y)]
(5)

where Cm is the unknown coefficient of the mth mode and Φm and Ym are the corresponding cross-section modal function

and the wave admittance. In the formulation both the E- and H-field components should be matched at the lateral waveguide

openings, by which it is possible to determine the unknown coefficients. One should note that the selected waveguide modes

are orthogonal in PPW and in the lateral waveguide sections, but they are not mutually orthogonal. Therefore, the bi-Galerkin

method is applied (i.e., waveguide modes of the PPW and of the lateral waveguides are used to test the E- and H-field

equations), and the mode-matching matrix is densely filled.

The generalized Bloch theorem [6], [26], [27] states that the field repeats itself (apart from an exponential factor) after a

translation of half a period and a mirroring operation:

E (x, y,−z) = ±e−j(kx,0
p

2
+ky,0

p

2 )E
(

x−
p

2
, y −

p

2
, z
)

(6)

If we assume that the field distribution in the lateral waveguides is described with only one waveguide mode, the linear

system (whose determinant represents the characteristic equation of the mode travelling along the glide-symmetric periodic



IEEE MICROWAVE MAGAZINE, VOL. XX, NO. X, MONTH 2019 8

structure) is reduced to a single equation

∑

s+q
even
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kz,sq
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∑
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(
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2

)

+ jp2
r+

r−
kWG
z,01 = 0 (7)

The presence of the glide symmetry causes that, for even Floquet mode indices (i.e., for s + q even number), the E-field in

the parallel-plate region is described with cos(kz,sqz) terms (i.e., with terms having even symmetry across the z = 0 plane),

while for odd Floquet mode indices, the E-field is described with sin(kz,sqz) terms (i.e., with terms having odd symmetry;

see eq. (4)).

It is interesting to compare this characteristic equation with the one given for an open holey surface. In the case of an open

surface there is no mixing of odd and even modes, since there is no second holey surface forming the PPW (i.e., only the

outgoing waves are present), so usually it is enough to consider only one PPW mode. The situation is different when a top

ground plane approaches the structure [34], [35] or the structure possesses glide symmetry [26], [27].

A. Dielectric glide-symmetric structures

Until recently, most of the realized prototypes possessing higher symmetry were made from metal. However, in many

applications and especially when going higher in frequency towards optics, dielectrics are the preferred building material.

Although at first glance there are a lot of similarities between the analysis of metallic and dielectric glide-symmetric structures,

the main difference comes from the fact that in the dielectric case part of the propagating wave (and thus part of the

electromagnetic power) travels outside the dielectric waveguide. The wave propagating in the corrugated region can be modeled

as a wave propagating along a periodic array of dielectric slabs, and it has to be matched at both interfaces with the modes

present in PPW and in free-space, respectively [36]. For propagation constants smaller than the one of free-space, a fast wave

is excited, which leads to leakage of electromagnetic energy (i.e., the considered structure actually represents a leaky-wave

antenna).

VI. GLIDE SYMMETRY TO CREATE STOPBANDS AND EBGS (ELECTROMAGNETIC BANDGAPS)

Some of the recently proposed structures with higher symmetries, and specifically those with glide symmetry, have been

studied for their ability to produce stopbands or bandgaps. Periodic structures are often used in antenna designs to eliminate

surface waves, to reduce the mutual coupling between antennas, or to produce microwave filters.

On the other hand, a new technology known as gap waveguide was recently proposed for high-frequency microwave circuits

and antennas [13]. This technology requires stopbands for parallel-plate modes instead of surface waves (i.e., the periodic

structure is embedded in a parallel-plate structure). One of the most popular types of gap waveguides is the groove gap

waveguide technology. This technology is equivalent to a conventional rectangular waveguide in which the solid lateral walls

are replaced by an EBG structure. Using this EBG structure, the waveguide is manufactured in two pieces that are assembled

afterward by simply screwing them together. Electrical contact between the two pieces is not strictly required.
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A. Analysis of two-dimensional holey glide-symmetric EBGs

One possible solution to creating stopbands between parallel plates is to use periodic holes, as proposed in [37]. However,

the stopband in all directions (i.e., EBG) created by holey structures typically is narrow, as is illustrated in Fig. 4 (a). Even

after a thorough optimization of the constituent parameters of the holes, the stopband is quite different from one produced

with pin-type structures [38].

In [39], it was demonstrated that holey structures with glide symmetry have a larger EBG bandwidth than conventional

periodic holey structures. Indeed, the replacement of the top metal lid for a periodic structure made of holes, as shown in Fig.

4 (a), modifies all of the modes propagating in the structure and creates a wide stopband in between the second and third

mode that can be used, for example, for gap waveguide technology [40], [41], [42].

Fig. 4. (a) Comparison of the dispersion diagram for holey structures with and without glide symmetry. (b) Photo of a manufactured groove gap waveguide
[40] and a flange [43] using glide-symmetric holes.

A complete parametric study of the glide-symmetric holey structures in terms of stopband properties was carried out in [38].

In this work, it was demonstrated that the period of the structure plays a key role in glide-symmetric holey structures since it

determines the frequency range of operation. This implies that this periodic structure is electrically larger than those made of

pins.

Another relevant conclusion is the fact that the depth of the holes affects the behavior of the structure up to a given height.

This has interesting consequences for the manufacturing of the structure, since the depth of the holes does not need to be

precisely controlled. This property can be explained by the fact that only evanescent modes penetrate the holes [34], [35].

These modes vanish after a given depth, making this structure practically insensitive to the flatness and height of the hole.

B. Holey glide-symmetric structures for gap waveguide technology

One popular application of EBGs is in a parallel-plate scenario for its potential use in gap waveguide technology. A number

of periodic structures, typically pin-type, corrugations, and mushroom-type, have been proposed for gap waveguide technology

[44]. Gap waveguides can be also implemented with glide-symmetric holes acting as an EBG [40]. The two main advantages

of this implementation are simplified manufacturing and robustness. The presence of the glide-symmetric holey structure stops

the leakage produced by the irregularities on the two surfaces, which are not perfectly attached in practice.
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With this approach, as is illustrated in the photo in Fig. 4 (b), it is possible to design waveguide components. For example,

phase shifters were presented in [41] and [45]. Another example of a component made with this version of the technology

is a TE10 to TE20 mode converter, which was used in [46] to produce a transversally compact slot array. Finally, a recent

work [42] explored the possibilities of breaking the symmetry of the holes to add filtering capabilities to gap waveguide

technology. When glide symmetry is broken, the bandgap is divided into two with a propagating mode in between. Therefore,

in the frequency range of this mode, the waveguide has leakage. This leakage can be dissipated by introducing a thin lossy

material between the layers. Recent implementations of glide symmetry also make use of multi-layer structures to reduce the

manufacturing cost at high-frequency [47]. In this work, glide symmetry is imposed between adjacent layers. In other words,

each layer is a half-unit cell displaced with respect to its top and bottom layers to increase the bandwidth of rejection.

C. Glide symmetry for flanges

Another interesting use of glide symmetry as an EBG was proposed in [43]. In this case, holey glide-symmetric holes

were introduced in a waveguide flange to avoid leakage between connections. This technique can be used to produce fast

measurements at very high frequencies since no physical contact between flanges is required. This idea was previously proposed

with pins instead of holes in [15]. Here, again, the solution with holes is remarkably more robust and simple to manufacture

than the pin-type. The concept was experimentally validated in the U-band in [43]. The designed flanges in this work are

illustrated in the photo in Fig. 4 (b).

D. Controllable stopbands on planar technology

Although glide symmetry became popular for its immediate application to gap waveguide technology, its opportunities extend

beyond this specific technology. For example, glide symmetry has also been applied to transmission lines. In particular, it was

proposed in co-planar waveguides (CPW) to independently control the stopbands of even and odd modes [22]. Similarly, glide

symmetry was employed in planar bifilar technology to control the stopbands generated by creating or breaking this symmetry

[48]. In [49], elliptical holes between two dielectric layers were proposed to produce stopbands by breaking the glide symmetry.

This work demonstrated that the width of these stopbands and their attenuation depends on the level of symmetry that is broken.

In [33], it was demonstrated that, using glide-symmetric mushrooms, the bandwidth of the first stopband in a microstrip

technology can be increased without any additional manufacturing cost. This increase in the bandwidth is due to the different

coupling that exists between conventional and glide-symmetric periodic unit cells. Therefore, only when the unit cells are

electrically closed can glide symmetry be advantageous.

Finally, in [50], glide-symmetric holes were used to directly produce fully metallic filters. These filters are proposed as a

robust and low-cost alternative to conventional waffle-iron technology for high-frequency applications, such as at the Ka-band

and beyond.

VII. GLIDE SYMMETRIES TO REDUCE DISPERSION

Another important feature of higher symmetries, and in particular of glide symmetry, is that they can be used to reduce the

dispersion of the first propagating mode in a periodic structure. This phenomenon has been used to create broadband lenses
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and low-dispersive transmission lines that find application in leaky-wave antennas.

A. One-dimensional glide-symmetric structures

The first studies on the dispersion of glide-symmetric structures were done for one-dimensional periodic structures [6]. When

the coupling between sub-unit cells is strong, the dispersion of the modes propagating in the new periodic structure is reduced.

More recently, these results were corroborated for thin metallic corrugations [18], planar bifilar lines [48], and slotted lines

[21], [22]. In all of these studies, and for all these different technologies, when glide symmetry was applied, the first and

second modes were connected, removing the first stopband [19]. The elimination of the first stopband inherently reduces the

dispersion of the first mode, which means that the bandwidth is increased. This feature can be used, for example, to control

the radiation of leaky-wave antennas [51], [22], [52], [53], [54]. remarkable antenna was proposed in [52] in which glide

symmetry was used to compensate the phase dispersion of a leaky-wave antenna, producing a low-cost broadband antenna for

point-to-point communications at 60 GHz.

Although the majority of the examples of glide symmetry use two layers to implement the symmetry, a new type of flat

glide symmetry was proposed in [49]. In this work, elliptical holes were introduced between two dielectric layers. These

holes modify the propagation characteristics of the parallel-plate modes inside each layer, and glide symmetry reduces their

dispersion.

B. Two-dimensional glide-symmetric structures

Like one-dimensional periodic structures, two-dimensional glide-symmetric structures are less dispersive than conventional

ones. In [25], it has been demonstrated that fully metallic glide-symmetric structures reduce the dispersion of the first propagating

mode in PPW. Additionally, the first mode is able to produce higher refractive indexes and it is more isotropic. Although the

first implementations of two-dimensional glide-symmetric structures were based on holey structures [25], similar properties

were also found for glide-symmetric pins [55], [56]. This technique was employed in [57] to produce a broadband Luneburg

lens antenna in the Ka-band in for 5G communications. A photo of this antenna is plotted in Fig. 5 (a), and its radiation

patterns at 28 GHz are illustrated in Fig. 5 (b). This antenna is broadband, highly efficient, and has low scan losses.

Both pins and holes can be implemented to produce anisotropic responses. This anisotropy does not necessarily affects the

broadband response of the periodic structures. Glide-symmetric anisotropic unit cells were used to compress the size of a

conventional Luneburg lens with transformation optics [58], which is an asset in practical applications, since lens antennas can

be reduced in size. In [58], it was demonstrated that glide symmetry was able to produce a higher level of compression than

conventional unit cells.

Another example of two-dimensional glide symmetry can be found in [59]. In this work, the authors demonstrated that

nearby layers of patches that possess glide symmetry are able to produce higher equivalent refractive indexes. Similarly, glide

symmetry is a good candidate for producing dense materials that can be used for lens antennas [60], [61]. Other recent

implementations of two-dimensional glide-symmetric structures include multi-layer glide-symmetric metasurfaces [62], [63],

dielectric lenses [64], reconfigurable planar lenses in the optical regime [65], and broadband slow acoustic waves [66].
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Fig. 5. Glide-symmetric Luneburg lens antenna [57]: a) Photo of the manufactured prototype. b) Simulated and measured radiation patterns at 28 GHz.

Finally, glide symmetry has been introduced to reduce the reflections at the contour of homogeneous lenses [67]. For

example, in [67], it was demonstrated that glide-symmetric unit cells are able to produce effective magnetic materials to

practically eliminate the reflections in a hyperbolic lens. This technique can be used to increase the total efficiency of lens

antennas.

VIII. TWIST-SYMMETRIC STRUCTURES

Like glide symmetries, twist-symmetric structures have propagation properties which differ from common periodic structures

[68]. They can also be described with analogous models to glide symmetry. In [6], it was demonstrated that an m-fold twist

line leads to the suppression of the first m − 1 stopbands in its Brillouin diagram. As in glide-symmmetric structures, this

effect can be used to reduce frequency dispersion.

Following the generalized Floquet theorem, m-fold twist-symmetric structures can be characterized by a sub-unit cell of

length p/m. Therefore, they can be analyzed with equivalent-circuit models as in Section IV-A [24] and with a multi-modal

approach similar to the one described in Section IV-B [31]. The latter method requires the description of a sub-unit cell as a

2N -port network, where N is the number of background modes retained at each Floquet boundary, which defines a sub-cell

transmission matrix T 1/m as in (2). Unlike with glide symmetry, in twist structures, the modes are classed according to their

azimuthal variation on the circular cross-section of the waveguide (cos(nϕ) and sin(nϕ), for a nth azimuthal order. The modes

are then rotated an angle π/m by means of a rotation matrix every translation of p/m. The eigenvalue problem in (1) can be

formulated as [31]:
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Q 0

0 Q
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where the Q matrix rotates the background mode at the sub-unit cell ports. Here, again, the presence of higher-order modes

leads to a different dispersive behavior with respect to a line without a twist operation, where the Q matrix would become an

identity matrix in (8).
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A. Twist symmetries in circular-section coaxial cables

Twist symmetry has been used in coaxial lines to increase their density over a large bandwidth of operation [17], [23]. Two

alternatives have been studied: holey structures [23] and pins [17], [24]. Examples of the latter are illustrated in Fig. 6 (a). As

illustrated in Fig. 6 (b), the effective density of the medium depends on the order of the twist symmetry. Holes drilled in the

inner conductor of the coaxial cable also lead to a similar effect, as demonstrated numerically and experimentally in [23]. In

[23], to increase the effect of the holes in the line, an opening of π radians was chosen. In [24], π-radian rings were added to

the outer conductor in a twist configuration, and an extension of the non-dispersive range of frequency was clearly observed

when the twist order increased. As in glide structures, the physical parameters of the scatterers along the line can be changed,

thus obtaining a graded-index line where different frequencies can be rejected at different positions of the transmission line

[23].

In circular coaxial cables, another kind of symmetry was introduced which was analogous with the glide operator: polar

glide symmetry. This symmetry is created by translating by half a period the obstacle in one conductor and mirroring it into

the other conductor [17], [23], [24]. This operation is not rigorously a glide symmetry, and it does not close the first stopband

at the edge of the Brillouin zone. However, a fine tuning of the structure can lead in waveguides with circular cross-sections

to similar effects as glide symmetry in Cartesian coordinates. Polar glide with π-radian rings was employed in [23] to prove

this effect. In [24], a polar glide was implemented with π-radian rings, which are equivalent to a stepped discontinuity in

the conductor radius. In its polar glide configuration, this stepped discontinuity alternates between the inner and the outer

conductor radii.

Fig. 6. a) Coaxial cable loaded with a periodic array of pins with 1-, 2-, 3-, and 4-fold twist symmetry. b) Dispersion diagrams of these coaxial cables [68].

Another original way to combine twist and glide symmetries was proposed in [69], where an helicoidal radiating line (i.e., an

helix antenna) is perturbed with periodic corrugations. A sequence of periodic corrugations naturally defines a twist symmetry

due to the helicoidal shape of the line. Furthermore, a glide-symmetric sequence of corrugations can also be combined with

the twist symmetry of the line. As a result, several geometric parameters can be used to tune the propagation features along the
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line with a broadband response. In turn, in [69], it was proved that an helix antenna can be miniaturized without a significant

deterioration of its performance.

B. Twist-symmetric waveguides and metasurfaces

Twist symmetries have also been implemented in circular waveguides [70], as the ones illustrated in Fig. 7. In this work,

a holey waveguide was periodically loaded with metallic sheets with perforated holes of circular shape that are not centered

in the waveguide cross-section. These obstacles block the first TE mode of the waveguide and let only TM modes propagate.

Furthermore, if these circular holes are rotated in a twist-symmetric feature, the stopbands between the first n modes are

suppressed. Acting on geometrical parameters, a broader band of propagation is available as the period decreases, thus leading

to a miniaturization of the line. Finally, if the holes have an elliptical shape, only a twist-symmetric rotation will open a

passband, as illustrated in Fig. 7.

Fig. 7. Circular waveguide with twist-symmetric irises as in [70]. a) Dispersion diagrams for a 4-fold twist-symmetric configuration with elliptical holes. b)
Photos of the prototype for circular holes.

Other applications of twist symmetry can be encountered in metasurface designs. For example, in [71], a multilayered

configuration of metasurfaces based on split-ring resonators was proposed. The layered structure is locally twist-symmetric

with respect to the stratification direction. The electric density seen by a plane wave traveling across the metasurfaces depends

on the twist order. These properties can be used to tailor a flat lens, since different phase delays at each incidence point

can be produced. In [71], these delays were designed to obtain a plane wave emerging from the lens. The design maintained

the orientation of the split rings on the first and the last metasurfaces, so no depolarization is encountered. However, similar

configurations can be used to convert the polarization [72], [73].

IX. CONCLUSION

In this paper, we have described the latest discoveries on higher symmetries and their opportunities for designing electro-

magnetic devices. There are two known types of spatial higher symmetries: glide and twist. Glide symmetry has been the most

broadly studied since it can be implemented in planar structures, which are easy to manufacture.
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For example, glide symmetry has been proposed to reduce the dispersion properties of the first propagating mode in parallel-

plate configurations. This opened possibilities for increasing the bandwidth of metasurface lens antennas. More recently, glide

symmetry has been proposed to reduce the cost of low-dispersive leaky-wave antennas.

Additionally, glide symmetry has been reported to increase the bandwidth of operation of conventional EBGs. This opens

opportunities, for example, for cost-effective and robust gap waveguide technology and filters, and to avoid undesireable leakage

in flanges. Glide symmetry has been also proposed to produce tunable stopbands and to increase the bandwidth of filters.

In more recent works, glide symmetry has been found suitable for increasing the anisotropy of periodic structures, which

can be used to reduce the dimensions of lens antennas. Finally, glide symmetry has been proposed for reducing the reflections

at the contour of hyperbolic lenses, which can be used to increase the total efficiency of lens antennas.

Twist symmetries have been less studied than glide symmetries due to the complexity of their practical implementation.

However, like glide symmetries, they have been proposed to reduce the dispersion of propagating modes, and to control

stopbands in transmission lines, waveguides, and flat metasurfaces.
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