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Abstract

This paper deals with the periodic unfolding for sequences defined on one dimensional
lattices in R™ . In order to transfer the known results of the periodic unfolding in RV
to lattices, the investigation of functions defined as interpolation on lattice nodes play
the main role. The asymptotic behavior for sequences defined on periodic lattices with
information until the first and until the second order derivatives are shown. In the
end, a direct application of the results is given by homogenizing a 4th order Dirichlet
problem defined on a periodic lattice.
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1 Introduction

The work done in this paper is in the frame of homogenization of periodic structures
through the method of unfolding, equivalent to the two-scale convergence, that has
been broadly explained in [5]. The method itself has, among many others, found appli-
cation in the homogenization for thin periodic structures like periodically perforated
shells (see [8]) and textiles made of long curved beams (see [12, 13]).
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The classical theory of unfolding can be described as follows: given a small param-
eter ¢ and a bounded domain @ C R with Lipschitz boundary, we consider the
periodic paving of 2 made with cells of size ¢. In [5, Section 1.4] it is extensively
investigated the asymptotic behavior of sequences {¢.}. € W7 (Q) such that either

IPellLr) + elVeellrny < C or ldellLr@) + IV@ellpp@ny = C
and sequences in W22 () such that

Ipellr@) + IVPellLr) + I1D*@ellLr(o) < C.

Additionally, the entirety of [6] has been devoted to the investigation of the so called
“anisotropically bounded sequences”, that are, sequences in W7 (Q) with contrast
on the gradient estimates with respect to the observed direction:

Np N
Ieliir@ + D N0igellry +& Y Nigelir@ < C.
i=1 i=Ni+1

The aim of the present is to get an equivalent formulation of the above results but for
one-dimensional periodic lattice structures S, C €2, spotting the obstacles we encoun-
tered and the tools we came up with to overcome them. Due to complexity reasons,
we will consider as lattice structures the one-dimensional grids defined on each ¢ cells
and periodically repeated for each cell of 2. About previous works concerning the
homogenization in the frame of lattice structures one can look, for an instance, into
[1-3, 14-16].

The paper is organized as follows. In Sect. 2 we give the standard notation and tools
of [5, 6] for the classical homogenization via unfolding method in periodic domains
Q c RV In Sect. 3, we recall the main results concerning the periodic unfolding for
sequences bounded uniformly and anisotropically on W7 () but defined as Q; (or
N-linear) interpolations on the vertexes of the ¢ cells paving 2. The unfolding results
for this class of functions will be crucial in the next sections, due to their interpolation
properties. In Sect. 4, we first give a rigorous definition of one-dimensional lattice
structure S, C 2 and we build the unfolding operator for lattices and give its main
properties. The main idea to transfer the periodic unfolding for lattices S, using the
known results in R" is explained in detail in Sect. 5: given a sequence {¢ }. bounded
on S;, we first decompose it into a sequence {¢, ¢}, Which is defined as a linear
interpolation between lattice nodes, and remainder term {¢¢ . }.. Concerning {¢, ¢ }e.
we can uniquely extend it by Q1 interpolation to the whole space, apply the unfolding
results on RV and restrict it back to the lattice itself, while on {¢0.¢}e we can directly
apply the one-dimensional unfolding since it is defined on straight segments of S;. In
this sense, Sect. 5 shows the asymptotic behavior of sequences in W7 (S,) bounded
uniformly

1-N
ldellLr(s,) + 10sPellrr(s,) < Ce 7,
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as well as anisotropically:

Ny N
1-N
16ellzrsy + 3 Nasdell s, +6 D Nl g, < Ce 7
i=l1 i=N1+1

giving the sufficient assumptions on the sequences to ensure weak convergence in the
space, as well as the rescaling factors according to the space dimension N and the L?
norm. Section 6 is devoted to find the asymptotic behavior of sequences uniformly
bounded in W27 (S,):

1=N
lpellLr(s,) + 110s@ellLr (s, + ||852¢8||LP(S€) <Cer .

Here some more work is involved, since the derivation only makes sense in the lattice
directions and thus gives no information on the mixed derivatives. Two approaches
are considered: one follows closely the steps taken in Sect. 5 but with a decomposition
on cubic interpolation on lattice nodes and remainder term, and extension by Q3
interpolation (or N-cubic) to the whole space; the other one by using twice (on the
sequence and on its gradient) the proved result for functions bounded in W7 (S;). As
one can expect, such methods differ on the assumption strength and lead to different
regularities of the unfolded limit fields. At last, in Sect. 7 we consider the fourth order
Dirichlet problem defined on a lattice structure

Find u, € HO1 (S:) N H?*(S,) such that:

/ Aedlue Bsquds:/ g 8s¢ds+/ fedds, Vo € Hy(Se) N H*(Se).
S S S

Using the results in the previous sections, existence and uniqueness of the limit problem
are shown and through the homogenization via unfolding, the cell problems and the
macroscopic limit problem are found.

The present provides the main tools concerning the unfolding for lattice structures
and gives a rigorous base for up-coming papers dealing with thin structures made from
lattices. Among them, we would like to cite the homogenization via unfolding for
stable lattice structures made of beams (see [10, 11]) and the upcoming unstable case
[9], where it is additionally taken into consideration the problem of an anisotropically
bounded sequence. More generally, such tools can be applied to many other problems
related to partial differential equations on domains involving periodic grids, lattices,
thin frames and glued fiber structures.

2 Preliminaries and notation
Let RY be the euclidean space with usual basis (ej,...,ey) and ¥ = (0, 1)V the

open unit parallelotope associated with this basis. For a.e. z € RV, we set the unique
decomposition z = [z]y + {z}y such that
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N
[y =) kiej, k=(ki,....ky) €ZN and {z}y =z —[zly €Y.
i=1

Let {¢} be a sequence of strictly positive parameters going to 0. We scale our paving
by ¢ writing

ng[)_c] —l—e[f] fora.e. x € RV. 2.1

edy ely

Let now €2 be a bounded domain in RY with Lipschitz boundary. We consider
B.={6eZV | +Y) CQ}

and set

Q. = int[ L e +?)}, Ao = Q\ Q.. 2.2)

EcB,

We recall the definitions of classical unfolding operator and mean value operator.

Definition 2.1 (see [5, Definition 1.2]) For every measurable function ¢ on €2, the
unfolding operator 7 is defined as follows:

¢(8|:;_C]Y +gy) fora.e. (x,y) € Q. x 7,

fora.e. (x,y) € Ag x Y.

T.(¢) =

Note that such an operator acts on functions defined in €2 by operating on their
restriction to 2.

Definition 2.2 (see [5, Definition 1.10]) For every measurable function aon L'(Q x
Y), the mean value operator My is defined as follows:

My (P)(x) = L/ B(x, y)dy, forae. x € Q.
Y| Jy

Let p € [1, +o0]. From [5, Propositions 1.8 and 1.11], we recall the properties of
these operators:

1
1Ze@Dlr@xyy < 1Y[7lI¢llLre forevery ¢ € LP (),

~ 1 -
IMy@lir) < 1YI ?ll¢llr@xyy forevery ¢ € LP(Q x Y).

Since we will deal with Sobolev spaces, we give hereafter some definitions:

W,iéf(Y) ={p e WhP(Y) | ¢ is periodic with respect to y;, i € {1,..., N}},
WD o(¥) = (¢ € Wyl(Y) | My(@) = 0},
L WP () = {p e LP(Qx Y) | Vyp e LP(2 x V)V
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Now, let (N1, N>) be in N x N* such that N = N + N,. We split the space by setting
Ny
RN = {x/ e RN ) x' = Zx,-ei, X € R],
i=1
N
RN = {x” e RV ‘ x" = Z xje;, Xx; € R},

i=Ni+1

Ny
Yy = {y/ e RN ) y = Zyiei, yi € (0, 1)},
i=1

N
Y = [y” eRY ‘ Y=Y viei, yi€O, 1)}
i=N1+1

and
N =Ze @ ... ® Zey,, TN =Ten 1 ®...® Ley.
One has
RV=RMoR", v=Yeov, z'=2"oZ".
For every x e RV and y € Y, we write
_ " Ny Ny _ " l "
x=x +x" e R""@R™, y=y+y €Y Y.

From now on, however, we find easier to refer to such partition with the vectorial
notation

x=uL ") eRM xR, y=(@',y)eY xY".

Similarly to (2.1), we apply the paving to a.e. x’ € RV and x” € R™? setting

! / / /

Ve[ D] wefS) i [E] ez [E) evn
e 1y’ ey e 1y’ ey

14 " 4 "

X X X X
x" = s[—] + s{—} ,  with [—] e 7N, {—} eY”.
8 Y// 8 Y// 8 Y// 8 Y//

Definition 2.3 For every $ € L'(Q x Y), the partial mean value operators are defined
as follows:

~ 1 ~
My (p)(x,y") = T / o(x,y', y"dy, forae. (x,y") e @ x Y”,
Y/
S N o 1 "y o " / l
Myr(@)(x,y) = T fwd)(x,y ,ydy”,  forae. (x,y)eQxVY.
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Denote

LP(Q, V) = {¢p € L(Q) | Vg € LM (™M},
LP(Q, V) = {¢ € LP(Q) | Vorgp € LP (™},
LP(Q, Vs WP (Y") = g e LP(Q x Y) | Vg € LP (2 x Y/,
Vyp € LP(Q2 x YN,
LP(Q, Vs WP (V) = [§ e LP(Q x Y) | Vo € LP(Q2 x Y2,
Vyg e LP(Q x YV,
LP@x Y, WPy =g e LP(@x Y) | Vyd e LP(2 x V)V,
LP@x Y ;WP (") = [p e LP(Q2 x Y) | Vyrg € LP(2 x Y)M2].

We endow these spaces with the respective norms:

I lzr@, v,y = lee@) + 1V Ol e @y
I lzr@,v =N ler@) + 1V Ol Lo gyda
Il v swieqryy =1 lee@xyry + 1V Oll L@y ymm

+ ”Vy”(')”LP(QxY”)Nza
- le@vwirry = lizr@xyy + 1V Oll e @y

+ ”Vy’(‘) ||Lp(Qxy/)N1 ,

Il - ||LP(Q><Y”;W1-17(Y/)) =|| - ||LP(SZ><Y) + ||Vy’(')||Lp(gz><Y)N|,

|| . ||LP(Q><Y/;WLP(Y")) :” ' ||LP(Q><Y) + ||Vy”(')||Lp(Q><Y)N2-

3 Periodic unfolding in RN for sequences defined as Q; interpolates

In this section we will first the class of function defined as Q; interpolates. The
notion of Q1 (also called N-linear) interpolation through a discrete approximation, as
mentioned in [5, Section 1.6], is customary in the Finite Element Method and finds its
origins in [4].

The periodic unfolding for this class of functions has two main advantages. The first
is that less hypothesis are required for the sequences to ensure weak convergence. The
second is that the convergences can be restricted to subspaces with lower dimension
and it will be fundamental in the next sections, where lattice structures are taken into
account.

Define the spaces

ol(y) i{qb € WI‘OO(Y) |qb is the Q1 interpolation of its values
on the vertexes of Y},

0}, (Y) ={¢p € Q'(Y) | ¢ is periodic with respect to y;, i € {I,..., N}},
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0ler o) ={p € 0L, (V) | My(¢) =0}.

Denote

ﬁgiinti U 8(5—1—7)}, 3, = [g e 7N ‘8($+Y)0975(ZJ}. 3.1)

§e Es
Note that the covering €, is now a connected open set and from (2.2) we have
Qg CcQC SNZS.

Hence, we need to extend the definition of the classical unfolding operator (2.1) to
functions defined in the following neighborhood of €:

{x e RY | dist(x, Q) < ediam(Y)}.

Definition 3.1 For every measurable function ¢ on Q. the unfolding operator 7,°* is
defined as follows:

T (p) = (b(SI:E:IY + sy) fora.e. (x,y) € Qs x Y.

Every measurable function defined in €2 can be extend to Qe by setting it to 0 in
Q. N (RN \ ©2). Now, assume {®,}, to be a sequence uniformly bounded in éP(QS),
p € (1, +00). Then, the sequence {7,°*" (®,)}, is uniformly bounded in L? (2, x Y)
and thus in L” (2 x Y). Hence, there exists a subsequence of {¢}, still denoted {¢},
and ® € LP (2 x Y) such that

7}”’(<I>g)|gxy—\$ weakly in L”(Q x Y).
For simplicity, we will omit the restriction and always write the above convergence as

T, (d,)—~® weaklyin LP(Q x Y).

In this sense, all the results obtained in [5, 6] are easily transposed to this operator.
Define the space of Q; interpolated functions on 2, by

Q;(QS) = {(b e Whe(Q,) | Dlegqey € Q' (€ + ¢Y) forevery& € ég}

Due to the Q1 interpolation character, for every function ® € Q ; (55) we remind that
there exist a constant depending only on p such that

C
VOl = S I1PlLr@,)- (3.2)
We have the following.
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Lemma 3.2 Let {®.}. be a sequence in Qi (55) that satisfies
”(DSHLP(ﬁg) + ”Vx’q)é‘”LP(EZE) <C,

where the constant does not depend on ¢.

Then, there exist a subsequence of {¢}, denoted {g}, ® € LP(Q, Vy; Q}W(Y”)),

deLP(QxY"; Q},er(y’)) NLP(Q; Q1 (Y)), satisfying My (®) = 0 a.e.inQx Y”,
such that

Oy 1o—D weaklyin LP(Q, Vy),
T, (@)~ D weaklyin LP(Q2; Q'(Y)),
T (V@) =V ® + Vy® weakly in LP(Q2 x Y)M,

1 ~ P
—(T 1 (®e) — My o T (D)) = V@ -y + @ weaklyin LP(Q x Y),
&

where ® = MY//(EJ) and y'° =y — My (y).

The same results hold for p = 400 withweak topology replaced by weak-* topology
in the corresponding spaces.

Proof First, since the sequence {®,}, belongs to Q;(ﬁe) we get (see (3.2))
”cbs”LP(ﬁg) + ||Vx’(bs||Lﬂ(§€) + 8||Vx“(bs||Lp(§€) <C.

The constant does not depend on ¢. The statement follows by [6, Lemma 4.3] and the
fact that {7, (@)} C LP($e; Q' (Y)). O

As a direct consequence, we have the following corollary.

Corollary 3.3 Let {®,}; be a sequence in Q;(fls) satisfying
||CD8||WL/>(§S) <C,

where the constant does not depend on ¢.
R Then, there exist a subsequence of {¢}, denoted {€}, and functions ® € WP (),
® e LP(Q; Q1 o(Y)) such that

per,

Oo— D weakly in whr(Q),
T, (D)~ D weakly in LP(Q; Q' (Y)),
T4 (V) =V + V, & weakly in LP(Q x V)V,
1 o
—(T" (@) — My o T (@,)) = VO -y + & weaklyin LP(Q2 x Y),
&
where y'¢ = y" — My (y").

The same results hold for p = +o0o withweak topology replaced by weak-* topology
in the corresponding spaces.
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Proof The proof directly follow from Lemma 3.2 in the particular case N = N and
N> = 0. As an equivalent proof, the statement follows by [5, Corollary 1.37 and
Theorem 1.41] and the fact that {7 (®,)}, € L?(Qe; Q' (Y)). O

4 The periodic lattice structure

We start by giving a rigorous definition of 1-dimensional periodic lattice structure in
RV,
Leti €{l,...,N}andlet Ky, ..., Ky € N*, Set

[l
=

K=[Ji0,....k} c N, K;={keK|k =0},
i=1

—~ N o~ —~~

K:H{O,...,Ki—l}, K; = [k eK |k =0}

1

1

We denote K the set of points in the closure of the unit cell Y by
N

ICi{A(k)eRN‘A(k)zZ:%ei, keK}c?.

i=1 !

In this sense, the whole unit cell Y has the following split

V=) Ak +7x,
keK

where Y is the cell defined by

1

N
v =[](0.5). &i=—.
i=I Ki

1
We denote S the set of all segments whose direction is e; by

SO = J[A®. Ak +e].  SD = | [AK), AK) +¢]
keK; keﬁi

Hence, the lattice structure in the unit cell Y is defined by
N N
S.=Jscy, s=(JsPcy.

i=1 i=1
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Given Q C RY, we cover it as in (3.1) by a union of ¢ cells. The periodic lattice
structure is therefore defined by

S, = U (e6 +eSc) C Q.  Kp = (e§ 4 €K),
£cE, £€B,
SH = U (& +eS9).
EEEE

Denote S the running point of S and s that of S,. That gives (i € {1, ..., N})

S=Ak) +te; inSV,re[0,1],keK;,
s =t +eAk) +ere; inSD,rel0,1],k K, &€ E,.

Let C(S) and C(S;) be the spaces of continuous functions defined on S and S, respec-
tively. For p € [1, +o0], we denote the spaces of functions defined on the lattice by
(iefl,...,N}

WhesD) = {p e LP(SY) | os¢ € LS},
whr( SS9y = {¢p e LP (S| dsp € LP (ST},
WIP(S) = {¢ € C(S) | dsp € L7(S)},
WIP(S) = {¢ € C(Se) | 959 € L (Se))

and for k € N\ {0, 1}

WhP(SD) = {¢ e WP (SD) | asp € WHIP(SD)),

Whr(SD) = {¢p e WP SD) | a5 € WF1P(SI],
WEP(S) = {¢ € C(S) | s s € WHP(SY), je(l,....N}},
WhP(Sp) = {¢ € C(S,) | 0y 50) € WP Sy je 1, ..., N}}.

4.1 The unfolding operator for periodic lattices

We are now in the position to define an equivalent formulation of the unfolding operator
and mean value operator (see Definition 2.1 and 2.2) for lattice structures.

Definition 4.1 For every measurable function ¢ on S;, the unfolding operator ’Z;S is
defined as follows:

’];S(¢)(x, S) = ¢(8[§] + 8S> fora.e. (x,S) € S~28 x S.
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For every function aon LY (S8%),i € {1,..., N}, the mean value operator M S on
direction e; is defined as follows:

R At+e; _
Mg (@)(S) = / o(x,SHdS, VS € [A(k), A(k) +e;], Vk e K.
A(k)

Observe that in the above definition of ’Z;S, the map (x,S) —> ¢ [f] + &S from
e

S~28 x S into S; is almost everywhere one to one. This is not the case if we replace S
by Se.
Below, we give the main property of ’TgS .

Proposition 4.2 For every ¢ € LP(S;), p € [1, +00], one has
S N-1 1
TS, xs) <& 7 Y17 18llLoes,)-
Proof We start with p = 1. Let ¢ be in L'(S,). We have

N
| mS@siaas = [ 3 [ 118 @ s)idxas
Qe xS Q S

e =1

N 1
- Z |s$+8Y|Z Z/ |p(e& + eA(k) + et)|dt
= JO

%‘:Es i=1 keK;

N 1
:8N|Y|ZZ/ |p(e& + eA(k) + et)|dt
= JO

i=1 keK;

< eN“|Y|/ ¢ (s)|ds.
S

The case p € (1, 4o00) follows by definition of L” norm. The case p = 400 is
trivial. O

5 Periodic unfolding for sequences defined on lattices with
information on the first order derivatives

5.1 Asymptotic behavior of bounded sequences defined as Q; interpolated on
lattice nodes

On S; (resp. S) we define the space Q! (S,) (resp. Q'(S)) by

0" = {g s

¢ is affine between two contiguous points of I, }

(resp. 0'(S) = {qﬁ e C(S) ‘ ¢ is affine between two contiguous points of K})
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Similarly we define the spaces Q'(S.), Q'(S/) and Q'(S"), 0'(S"), Q!
Qper S, Qpcr(sﬁ) (see (5.5)).

A function belonging to Q! (S;) is determined only by its values on the set of nodes
ICe and thus can be naturally extended to a function defined in €2,.

(S,

per

Definition 5.1 For every function ¥ € Q'(S,), its extension £, (V) belonging to
wl OO(Q ) is defined by O mterpolatlon on each parallelotope e& + gA(k) + Yk
belonging to ¢ + Y forevery £ € E; and k € K.

Define the spaces

O, @) = [we W@,

Vet teA()+eTr is the Q1 interpolate of its values
on the vertexes of €& 4+ ¢A(k) + eYg, Vk € IA(, V& € Eg},
Q}C(Y) = {\Il € W]’°°(Y) ‘ ‘I’|A(k)+ﬁ is the Q1 interpolate of its values

on the vertexes of A(k) + Yx, Vk € K}

Similarly we define the spaces Q}C(Y’), Q}C(Y”), Q}C,per(Y)’ Q}C’per(Y/) and
QllC,per (YN)'
By deﬁnmon the extension operator £, is both one to one and onto from Q'(S;)

to Q! K. (QS) Its inverse is given by the restriction |s, from 0! K. (QS) to 01(S,).
Below, we show the main properties of this operator.

Lemma 5.2 Forevery ¥ € Q'(S,), one has (p € [1, +o0l, i € {1,...,N})

N—1
19: Nl o, < Ce 7 I lrs 1Rl o, < Ce 7 136¥ 150,
(5.1)

where the constants do not depend on ¢.

Proof We will only consider the case p € [1, +00), since the case p = +00 is trivial.
First, remind that for every function ¢ defined as Q1 interpolate of its values on the
vertexes of the nodes in I, we have (i € {1, ..., N})

1/
lgliron = (X le(am)|") " = Cliglurs),
keK (5.2)

clldy @l < [0sd | Lo sy
where the constants do not depend on p.

We now prove (5.1)1. Forevery ¢ € Q'(S;), set W = Q. (). From (5.2); and an
affine change of variables, we easily get

Y Pdx =
/§S| ()P dx ;/

wwirds =e* Y [ e +enirdy

e&+eY
d E€E;
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eV Z/ |W (g€ + £S)|PdS < eV~ ‘/ W (s)|Pds

and thus (5.1); holds since W5, = .
We prove now (5.1)>. Leti bein {1, ..., N}. From (5.2); and an affine change of
variables, we have

/ﬁe [0; W (x)|Pdx =§§ /Hsy ‘aXI\IJ(x)‘ dx =eVN=r Z / ‘a—\lf(sé‘ —l—ey)‘ dy

<eN-p 2/ |8S\I»'(8$+8S)’ ds gsN”/, |35 (s)|"ds.
£eB, s® st

And thus (5.1); holds since \yl‘s(i) = Iﬁ‘S(i). O

Note now thatforevery ¥ € Q'(S;), the unfolding on the lattice is equivalent to first
extending ¥ to W = Q. (¥) (see Definition 5.1), then applying the unfolding results
in RY and lastly restricting the convergences to the lattice again, as the following
commutative diagrams show (i € {1,..., N}):

TS (W) =TS (Wis,) = T (W) 5, s

53
TS 00 = TS (0%, g0) = T2 (0) ©-3)

13, xS
We can finally show the asymptotic behavior of sequences which belong to Q' (S;)
and we start with the following.

Lemma 5.3 Let {¢}; be a sequence in WP (S,) satisfying (p € (1, +00))

1-N
lpellr(s,) + elldsPellrs,) < Ce 7,

where the constant does not depend on ¢.
Then, there exist a subsequence of {e}, denoted {e}, and (/5 e LP(Q; W;’e’,’ (S)) such
that'
TS (pe)—~¢p  weakly in LP(Q; WHP(S)).! (5.4)

The same results hold for p = +00 with weak topology replaced by weak-* topology
in the corresponding spaces.

Proof The sequence {’Ta‘s (¢e) e satisfies

1ZE @@ winsy <€ = 1TE@lr@wirs) < C-

I As for 7,¢¥!, this convergence must be understood
TS @) jaxs—¢  weaklyin LP(Q; WhP(S)).

It will be the same for all convergences involving the unfolding operator TES.
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The constant does not depend on €.
Hence, there exist a subsequence of {¢}, denoted {¢}, and ¢ € LP(; W,i’ef (S)

such that convergence (5.4) holds. The periodicity of ¢ is proved as in [5, Theorem
1.36]. O

We consider now sequences whose gradient is anisotropically bounded on the lat-
tice.

Accordingly to Sect. 2, we apply the decomposition RN = RN @ R and define

Ny Ny
S/ﬁUS(l), SéiUSC(z)’ S = U (& +¢S),
i=l i=1 £cE,
v N (5.5)
§'=|J 89 si= | 8P 8l= (eg+e8)).
i=N+1 i=Nj+1 £cB,
We have the following.

Lemma 5.4 Let {¢.}c be a sequence in Q1 (Se) satisfying (p € (1, 4+00))

1-N
Pellr(s,) + 10spellr(sy) < Ce 7,

where the constant does not depend on ¢. ~
Then, there exist a subsequence of {€}, denoted {}, ¢ € LP(Q, Vy; QL (S")),

A [JEV
¢ € LP(Q: QL (S)), such that (i € {1,..., N1})

TS (¢e)—d  weaklyin LP(S2; 0'(S)),

7.5 (9spe)—=0i¢ + s weakly in LP(Q x SD),

1 ~ o~ —~

~(T960) = Msi 0 T5(@80) = 43S +§ — Mgu @)
weakly in LP(Q x Sy,

(5.6)

where S§¢ = (S - Mgsai (S)) - €;.2 The same results hold for p = 400 with weak
topology replaced by weak-* topology in the corresponding spaces.

Proof We extend the sequence {¢;}. to the sequence {®;}, = {Q:(¢¢)}e belonging
to QIICS (£2¢). By Lemma 5.2 and the Q; property (3.2), we get

||¢8||LP(§S) + ”Vx’cbs”Lp(ﬁs) + 8||Vx”q)s||Lp(§€) <C,

where the constant does not depend on €. ~
By construction, the sequence {®.}, belongs to Q}CF(Qg) and thus {7 (®,)},
belongs to L?($; 01 (Y)).

2 One has S = A(k) + te; in the line [A(k), A(k) +te;],t € [0,1],k € ﬁi. Hence S€ =1 — 1/2.
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0,1)

(0,0) (1,0) (n;n) : S (o:n)

Fig.1 Construction of the periodic function $f0r N =2and (K1, K7) = (3, 2). On the left, the reference
cell and the lattice S = S U 8@ and the nodes A(k), where k belongs to K = {0, 1,2, 3} x {0, 1, 2}.
On the center, the Q1 mterpolated on the lattice nodes ® and its restriction to S(1) (horizontal lines). On
the right, the function ¢ given by <I>IQX s and the Q1 interpolation along the segments in S @ (vertical

lines)

Hence, Lemma 3.2 imply that there exist functions ® € LP (2, V,; QIIC ver 048))
and ® € LP(2 x Y"; O per (Y) N LP(Q; Q) (V) satisfying My (®) = 0ae. in
Q x Y”, such that

O o—®  weaklyin LP(2, Vy),
T4 (@) =®  weaklyin L”(; Qj(Y)),
T (V@)= Vy® +Vy®  weaklyin LP(R2 x V)M,

where ® = My (P).

Using the relations (5.3), we can restrict the above convergences from 2 x Y to
the subset £ x S (and from € x ¥’, @ x Y to € x &', @ x S” respectively). Hence,
é = CD|QX5 and thus ¢ € LP(Q, V,; Qper(S”)) Now, let us consider <I>|Qx3/ we
extend this function as an affine function between two contiguous nodes in S”, this
gives a function abelonging to LP(2; Q}m,, (S)) (see Fig. 1).

This proves convergences (5.6)1 2, while (5.6)3 is an immediate consequence of the
Poincaré-Wirtinger inequality and (5.6),. O

Now, we show the asymptotic behavior of sequences in Q' (S,) which are uniformly
bounded in W7 (S;).

Corollary 5.5 Let {¢; ) be a sequence in Q'(S;) satisfying (p € (1, +00))
1-N
Pellwings,) < CS P,
where the constant does not depend on ¢.

R Then, there exist a subsequence of {¢}, still denoted (¢}, and ¢ € W'P(Q) and
¢ e LP( Q})er,o(é‘)) such that (i € {1, ..., N})

TS (¢pe)—¢  weakly in LP(2; Q'(S)),
T.5 (050 )= ;6 + dsp weakly in LP (2 x S©).

The same results hold for p = +o00 with weak topology replaced by weak-* topology
in the corresponding spaces.
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Proof The proof directly follows from Lemma 5.4 in the particular case S’ = S and
S"=4. o

5.2 Asymptotic behavior of sequences bounded anisotropically and uniformly in
W’I P

Denote (p € [1, +ool,i € {1,..., N}

Wy k(S) ={p € WHP(S) | ¢ =0 on K},
Wok (S)=1{p € W(S) | ¢ =0 on K.
Every function ¢ in W'7(S) (resp. ¥ € WP (S,)) is defined on the set of nodes
(resp. K¢) and therefore can be decomposed as
$=¢atd. ¢ac0'(S). ¢oeW LS,

5.7
(resp. ¥ =va+v0.  Va€ Q'S YoeWyh (S),

where ¢,, ¥, are affine functions defined as Q; interpolation on the nodes, and ¢y,
Yo the reminder terms which are zero on every node.

Lemma 5.6 There exists a constant C > 0, which does not depend on ¢, such that
(iefl,...,N})

Vo e WHE(S), 19s@allLr sy + 19s@ollLr sy = ClldsPllLr sy
vy e WhP(S,), 10s¥all, sy + 1350l sy = CIOY N 50y5  (5.8)

Proof Step 1. First, we recall a simple result. Let ¥ be in the space W7 (0, 1) (p €
[1, 40o0]). Denote v, the affine function

Yat) = ¥ (0) +1(¥ (1) =¥ (0), 1€[0,1].
One has
IWalleony < 19 e ¥ = YallLrny < 209 e ©,1)- (5.9)
Step 2. We prove the statements of the Lemma.
We start with (5.8);. By construction, S®) is the union of a finite number of segments

whose extremities belong to K. Hence, inequality (5.9); and an affine change of
variables leads to (i € {1, ..., N})

19s@allLr(siry = 9Bl Lr(s0)y
||aS¢O||Lﬁ(3(i)) =< ||3S¢a||LP(S(i)) + ||BS¢||LP(S(i)) < 2||aS¢||Lp($<i))
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variables, while (5.8)3 follows by (5.8); and again a change of variables.
The constant does not depend on ¢ since S®) has a finite number of segments. O

We show now the asymptotic behavior of sequences that are anisotropically
bounded.

Lemma 5.7 Let {¢}; be a sequence in WP (S,) satisfying (p € (1, +00))

1=N
ellLr(s,) + 10sPellLrsy) + elldsgellrsy) < Ce 7, (5.10)

where the constant does not depend on ¢.
Then, there exist a subsequence of {&}, denoted {c}, ¢ € LP(2, Vyr; W;;f (8",
b € LP(Q Wyl (S)), such that (i € {1,..., N1})
TS (¢e)—=¢ weaklyin LP(Q; WP(S)),
TS (ds¢pe)—0; + dsp weakly in LP(Q x SV,
1 ~ ~ ~
(T = Mgu 0 T.5(0)) = 43S + 6 — Mg (@)
weakly in LP(Q2 x 89y,

(5.11)

where S¢ = (S - Mo (S)) - €.
The same results hold for p = 400 withweak topology replaced by weak-* topology
in the corresponding spaces.

Proof Given {¢,}, C WP (S,), we decompose ¢, as in (5.7) and get

$e = Pae + b0, Pae € Q'S Poe € WL (Se).
By Lemma 5.6 and hypothesis (5.10) we have

=N
l$o,ellLrsy) + €lldspo.ellLr(s)) = CelldspellLrisy) < Ce v 7,

1=N
Po.ellLr(syy + €llds@oellLrsyy = CelldspellLrsy = Ce P, (5.12)

=N
$a.ellLr(s.) + 19s@a.cllLr(sy) + €llds@acllLrsyy < Ce P .

where the constant does not depend on €.
By estimates (5.12); 2 and [5, Theorem 1.36] applied on each line of S;, there

exist a subsequence of {¢}, still denoted {¢}, and 56 e LP(; Wé ’,% per (8)) (where

Wok ey () = Wy k(S N W) and @ € LP (2 Wy'k ., (S")) such that

1 ~

_7;3(¢0,8)—\¢6 weakly in L (2 WP (S'),
£

7;S(¢0,5)A($(,)/ weakly in LP(Q; Wl’p(S/'))_
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By estimates (5.12)3 and Lemma 5.4, there ex1st a subsequence still denoted {&},
and functions ¢, € LP(Q, Vy; Qper(S”)) bu € LP(; qu(s)) such that (i €
{L,..., N}
7% (bue) = Ga stronglyin L7 (Q; 0'(S)),
TS (95¢pa.c)—0iha + Osha weakly in LP(Q x SD).

Hence i € {1,..., N1}, je{N1+1,...,N})

7:3‘5(¢8) - aa strongly in  L?(2; Wl’p(S’)),
7;‘8((1)5) —_ aa + a(/)/ Weakly in LP(Q’ Wl,p(s//))’
7;3(35455)_\3,'5“ + as(aa + a(/)) weak]y in LP(Q X S(i)),

Setting b = ba + 56’, we get that é belongs to L” (2, V,; W},;’;(S”)). Then, we set
a = (lﬁa + Zp\(/), this function belongs to L7 (£2; W;,’ef (S)). Convergence (5.11)3 is an
immediate consequence of (5.11),. The proof is complete. O

As a direct consequence, it follows the asymptotic behavior of the uniformly
bounded sequences.

Corollary 5.8 Let {¢,}s be a sequence in WP (S,) satisfying (p € (1, +00))

1-N
Gellwins,) <Ce P,

where the constant does not depend on ¢.
Then, there exivt a subsequence of (¢}, still denoted {¢}, and ¢ € W'P(Q) and

d)eLp(Q wh (S)) such that (i € {1,...,N})

crO

’]'85(458) — ¢  stronglyin LP(Q; whr(S)),
TS (0spe)—0;p + dsp  weakly in LP(Q2 x SU).

The same results hold for p = +00 with weak topology replaced by weak-* topology
in the corresponding spaces.

Proof The proof directly follows from Lemma 5.7 in the particular case S’ = S and
S’ =0. O

6 Periodic unfolding for sequences defined on lattices with
information until the second order derivatives
The main problem that arises for functions in W2P(S,) is the lack of mixed derivatives.

This comes from the fact that a function defined on the lattice segments can be derived
twice, only in the segment directions. We overcome the problem in two different ways.

@ Springer



Periodic unfolding for lattice structures

6.1 Unfolding via special Q; interpolation
Analogously to the previous section, we decompose a function into a remainder term
and a cubic polynomial, this latter is extended to a special Q3 (or N-cubic) interpolation
to the whole space. Then, we use the periodic unfolding results for open subset in RY
and finally restrict these results to the lattice. However, to bound the extension, further
assumptions on the original function must be applied.

First, we recall a basic result concerning the functions in w2p 0, 1).

Lemma 6.1 Let ¢ be in WP (0, 1). There exist a unique decomposition
¢=0¢p+do.  (Dp.g0) € WO, 1),
where ¢, is the cubic polynomial defined by (t € [0, 1])
$p(1) = 021 + Dt = D* + ¢’ (3 = 20) + ¢/ 01t — 1> +¢'(Dr* (1 = 1)
and ¢q is the remaining term satisfying
$0(0) = ¢o(1) = ¢;(0) = ¢(1) = 0. (6.1)
Moreover, there exists a constant C > 0, such that

Vo € W20, 1), l¢)llro.) < Clio"llLr@.).
é,lLr©.1) < Cl@ llwro,1)s
Ppliro,1) < Cligllwro,1),

(6.2)
ll¢ollw2r0.1) < Cllo" Il Lr.1)-

Proof Given ¢ be in W7 (0, 1), it is clear that the decomposition is unique. Indeed,
condition (6.1) implies that the function ¢, must satisfy

¢p(0) = ¢(0), ¢p(1) = (1), ¢,(0)=¢"(0), ¢,(1)=¢" (1)

and therefore the 4 coefficients of the cubic polynomial are uniquely determined.
Now, we observe that

1

¢, (1) = (¢(1) —¢0) — §(¢’(0) + ¢/(1)))6l(1 =)+ (¢'() = ¢'(O)1 +¢'(0),
1

¢, (1) = (¢>(1) —¢0) - §(¢/(0) + ¢>’(1))>6(1 =20+ (¢'(1) — ¢'(0)).

Then, we easily obtain the estimates (6.2); 2 3. Estimate (6.2)4 follows by assumption
(6.1), the Poincaré inequality applied twice and estimate (6.2);. O
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Define the spaces (p € [1, +00])

Wg:,’é(S) ={p e WP(S) | ¢ =ds¢ =0 on K},
Wg:,ég(ss) = {’g// S Wz»p(sg) | I// = asw =0 on ICE}

Remind that for any ¢ € W27 (S) (resp. € W>P(S,)), its derivatives ds¢ (resp.
dsyr) in direction e; are functions belonging to W17 (S®W) (resp. Wl’p(Séi))), for
every i € {l,..., N} and therefore defined on every node of the structure S (resp.
S:). Hence, they can be extended by Q; interpolation on the small segments of SU/)

(resp. Séj ) Yforevery j € {1,..., N}, j # i. We denote these extensions by 9;¢ (resp.
i), foreveryi € {1,..., N}.
Lemma 6.2 For every ¢ € W>P(S), there exist two functions b, € W2P(Y) and
¢o € Wg’fé (S) such that

p=®,+ ¢y aeinS, (6.3)

where ® s is a cubic polynomial on every small segment of S.
Moreover, there exists a constant C > 0 such that

N

ID*® ey < C Y ||3s@id) | o)
i=1

N
IV®, ey < C(I8s@lLrs) + D 3500 s, ) (6.4)

i=1
N
19 pllrry = C(191Lrcs) + 1350 lLocs) + Y [35@i)] (s )
i=1
and that
Igoll 2¢s) + 13sdoll L2(s) + 1350l 2s) < C[ 358 (s 6.5)

Proof We will only prove the case N = 2, since the extension to higher dimension is
done by an analogous argumentation.

Step 1. A first result.

Denote Qp, Q1,d Q¢ and d O the following polynomial functions (¢ € [0, 1])

Qo(t) = 21 + 1)(t — 1)%, dQo(r) = 1(t — 1)?,
Qi(t) =1*(3—21), dQi(t) =1*(t —1).

Let_ ¢ be a function continuous on 0Z, Z = (0, 1)2, and of class W2 on every edge
of Z. We define the polynomial function ® € W2 >°(Z) by

@ (1) = ¢(0,0) Pyo(t) + ¢ (0, 1) Py 1 (1) + ¢ (1,0) Py o(t) + ¢ (1, D) Py 1(2)
+0319(0,0)d| Poo(2) + 919 (1, 0)d; P1o(2) + 0160, Ddy Po1 (1) + 319 (1, 1)d P11 ()
+ 020 (0, 0)da Poo (1) + 920 (0, 1)da Py () + 920 (1, 0)da Po(2) + 929 (1, 1)dp Py (2)
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where forall t = (¢1, 1) € [0, 172

Poo(t) = Qo(t1) Qo(2),  Poi(t) = Qo(t1) Q1(%2),
Pio(t) = 01(t1) Qo(n),  Pu@) = Q1(t1) Q1(12),
di Poo = dQo(t1)Qo(t2),  di1Pro=dQ1(t1) Qo(t2),
di Py =d Qo) Q1(r2),  diP11 =dQ1(t1)Q1(22),
dy Pop = Qo(t1)dQo(12),  daPor = Qo(t1)dQ1(22),
dr Pro = Q1(1))dQo(2),  daPry = Q1(11)d Q1(22).

First, observe that the polynomial ® can be rewritten as

®(1) = (¢(0,0)Q0(11) + ¢(1,0)Q1 (1) + 91$(0, 0)d Qo (t1) + d1p(1, 0)d Q1 (1)) Qo (12)
+ (60, DQ(11) + ¢ (1, DO (1) + 3190, 1)d Qo (1) + d1 (1, DA Q1 (11)) Q1(12)
+ (02¢(0,0)d Qo (12) + 02¢(0, 1)d Q1 (12)) Qo (11)
+ (929(1,0)d Qo (t2) + (1, 1)d Q1(12)) Q1 (t1)-

A straightforward calculation and Lemma (6.1) lead to

2

1D2®llirzy = C( D2 1036 Lraz) +1026(1,0) = 0260, 0] + 10261, 1) = D2 0, D)
i=l

+ 10190, 1) = 9140, 0)[ + [d19(1, 1) — 919 (1, 0)|)

2
< CY 1@ )llLr@zn-

i=1
where (0Z); = (0, 1) x {0, 1} and (0Z), = {0, 1} x (0, 1).
Observe also that (i € {1, 2})

185 @l Lroz)) < CIO3PlILr(02)0)- (6.6)

Then, we obtain

IV®lLrz) < C(I13spliLroz) + ID*®llLr(z)).

and thus
IPNzrz) < C(IBllLroz) + IVPlLr(z)).
Step 2. We prove the estimates (6.4) for N = 2.
In every small rectangle build on the nodes of S we extend ¢ as described in Step

1. That gives a function ®, € WZP(Y) satisfying (6.4) for N = 2. Estimate (6.5)
follows by applying the Poincaré inequality twice and the fact that (see (6.6))

2
||3§¢0||LP(3) < Z 182D Lr a2y + ||3§¢||LP(3) < C|| 8§¢||Lp(3)'

i=1

@ Springer



R. Falconi et al.

The proof is complete. O

We can finally show the asymptotic behavior of sequences bounded in W27 (S,),

whose derivatives of the gradient extension from the lattice to the whole space are also
bounded.

Theorem 6.3 Let {¢.}; be a sequence in W>P(S,), p € (1, +00), satisfying
N
1-N
Idellzzcs, + losellizes, + 3 106@i00) | os, <CE 7. (67)

i=1

Then, there exist a subsequence of {€}, still denoted {€}, and functions ¢ € W>P ()
and § € LP (% WL (S)) such that (i € {1, ..., N})

TS(¢e) = ¢ strongly in LP(Q:; W>P(S)),
1.5 (Bspe) — % stronglyin LP (S WhP(SDy),
T.5(02¢:) =020 + 936 weakly in LP(Q x SV).

Proof Given {¢.}; C W>P(S,), we decompose ¢ (¢ + €8S), & € Eg, Se S, asin
(6.3) and get

Ps = cbp,s + @o,¢, q)p,&‘ S Wz’p(ﬁs)’ Po.c € Wé:,’és(Se)-

We first consider the sequence {¢o .}, belonging to Wg’,’ég (S¢). By estimate (6.5)
together with an affine change of variables and (6.7), we have

1-N 15
90, Lo (s +&l8s0.ell Lo (s +2 1020 el Lrs,) < Ce21102¢llrs,y < Ce P

where the constant does not depend on . Hence, there exist a subsequence, still

denoted {¢}, and a function ao e LP (%, Wé’,’é per (S)) such that

127;5 (do.c)—¢o  weaklyin L%(Q; W2P(S)). (6.8)
&

Now we consider the sequence {® .}.. By estimates (6.4) together with an affine
change of variables and hypothesis (6.7) we have

N
N-1
1@ p.ellyap,) < Ce 7 (||¢g||Lz(s€) + 19sell 225, + D |}as<ai¢g)||L2(58)) <C.

i=1
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Hence, by [5, Theorem 1.47], there exist a subsequence, still denoted {£}, and functions
¢ € W2P(Q) and B, € LP(Q; Wp2(Y)) such that

®pe0—¢ weaklyin WHP(Q),
T.(®p ) — ¢ stronglyin LP(Q; W2P(Y)),
T.(V®, ) — V¢  stronglyin LP(Q; whPyHv,
T.(D*®), ) —~D*¢ + D;®, weaklyin LP(Q x ¥)M*N.

Note that the following relations hold (i € {1, ..., N}):

T2 Gpe) = T2 (®peis) = T (@) G s
Tas(as%,s)@gx‘s(f) = Tas(asq)p,g\ggi)) = Tem(aiq)pﬁ)fzaxsow
%S(asz‘f’p,s)@gxsm = %S(aszq)p,g‘sg)) = ﬂem(aizd)pﬁ)ﬁgxsm-

Hence, we can restrict the above convergences from Q x Y to the subsets 2 x S and

QxS8® foreveryi e {l,..., N}.
Hence, there exist (/ﬁp = 61,‘5“3 e LP(; Wg;’:(S)) such that i € {1,..., N})

TS (bpe) — ¢ stronglyin LP(S2; WHP(S)),
7.5 (3spp.c) — 8¢ stronglyin LP(Q: W'P(SW)),
T.5(02¢p ) =030 + 03¢, weaklyin LP(S2 x SD),
where the strong convergences are preserved due to the polynomial character of the

function ’Z;‘S (¢p.) with respect to the second variable.
Hence, by the above convergences and (6.8) we get (i € {1,..., N})

TS5 (¢e) — ¢ stronglyin  L2(Q; WP (S)),
T.5 (0s¢pe) — dj¢p strongly in  L*(Q; W7 (SDY),
T.5(59) =50 + 93 (dp + do) weaklyin L7 x §©).

Hence, the proof follows by setting 5 = ap + $07 which belongs to L(£2; W,%;f
(8)). O

6.2 Unfolding via known results for sequences of functions uniformly bounded in
W1 P

We consider the sequences in W27 (S,) as sequences in W -7 (S,) with partial deriva-
tives belonging to W7 (Séi)), foreachi € {1, ..., N}. In this sense, we can apply the
results obtained in Sect. 5. Even though no gradient extension is needed, the additional
work must be done to show that the N different limit functions, one for each partial
derivative, are in fact a unique function restricted to each line.
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From [7, Chapter 9], we recall that (p € (1, +00)):

(i) ifu € WhP(Q) satisfies Au € LP(R) then u € WhP(Q) N WP (Q) 3;
(ii) if  is a bounded domain in RN with a C'*! boundary and if u € Wol’p (R2) satisfies
Au € LP(Q) then u € Wy (Q) N W2P(Q).

Denote (p € [1, +00])

W2P(Q) = {¢p e WhP@ N W2 (Q) | 92 € LP(Q) forevery i €{l,...,N}}.

loc

We endow WP (Q) with the following norm

N
@llyp2.0 () = lI@llwir(q) + Z 19781 Lr)-

i=1

Theorem 6.4 Let {¢.}; be a sequence in W>P(S,), p € (1, +00), satisfying

1-N
IpellLrs.y + 18s@ellLr(s,) + 102¢ellLr(s,) < Ce P . (6.9)

Then, there exist a subsequence of {e}, still denoted {e}, and ¢ € W?P(Q) and
b € LP( W2P (S)) such that (i € {1, ..., N})

per,
7'85(¢8) — ¢  stronglyin LP(Q; whr(S)),
T.5(0se)— 3¢ weaklyin LV (S x S, (6.10)
T.5(920:) 070 + 36 weaklyin LP(Q2 x SD).

The same results hold for p = +o00 with weak topology replaced by weak-* topology
in the corresponding spaces.

Proof Step 1. We prove convergences (6.10)1 2.
By estimate (6.9), the sequence {¢.}. satisfies

1-N
Pellwins,) < Ce ?

and thus by Corollary 5.8, there exist ¢ € W7 () and $ e LP(Q; WIIJ’EI;,O(S)) such
that
’]'85(¢8) — ¢ stronglyin L7 (S; WP (S)),

N , (6.11)
To (0s¢ps)—0;¢p + 0s¢ weaklyin LP(2 x SP), ie{l,...,N}.

3 In fact, we have pDzu e LP ()N >N where p(x) = dist(x, 9$2) forall x € RV,
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Now, we consider the sequences {ws(i)}g = {asqbel S(i)}g,i e {1, ..., N}.Fromestimate
(6.9) we have

Q) =
I Ny sy = Ce 7

Since wg(i), i €{l,..., N},is defined on every node of S¢, we extend it as a function
affine on every small segments in SE(] ), j e {l,...,N}\ {i}. We still denote this
extension ¥, It satisfies

N
. . . 1— . .
1Vl + 1059 | Lo sy + e 06927 Lo sy = Ce ros= | s
j=1, j#i

Observe that a function defined and constant on every line of S) can be extended
to a function periodic on S and affine between two contiguous nodes of S/), where
je{l,...,N}\ {i}. Lemma 5.7 gives a subsequence of {¢}, still denoted {e}, and
functions @ € LP(S, 9;; W;;’Z(S[i])), v e LP(Q; W;;’;(S)). Here, due to the
above remark, we assume that Mg (@) = 0 a.e. in 2 x S©,

Thus, one has (i € {1,..., N})

TSPy =~ ¢ weaklyin LP(Q: W"P(S)),
TS @)=, D + 9@ weaklyin LP(Q x D).
The above second convergence and (6.11), yield
dip+osp=v" aeinQ2xS?, iell,...,N.
Since ¥ @) does not depend on S in S and ¢ is periodic with respect to S in S® we
have 0;¢p = ) and ds¢ = 0 a.e. @ x S© forevery i € {1,..., N}.

Hence, ¥ ) belongs to L?($2, 9;) and thus 3;¢p € LP (2, 3;). Since A¢ € LP (),
we have ¢ € W?P (). Therefore, the following convergences hold:

7;S(¢s) — ¢ stronglyin LP(Q; W>P(S)),
7.5 (3spe)—~ ;¢ weakly in LP(Q x S©),
7;5(852¢8)_\8i2i¢ + 85@\(1') weakly in  LP (2 x S®).

Moreover, we also have that, foreachi € {1,..., N}:

1 o .
g(zswsqbg) — Mgi o Tgs(asqm) — 930S + ¢V weaklyin LP(Q x 8.

(6.12)
Step 2. We prove the convergence (6.10)3.
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We have to prove the existence of $ e LP(; W;’e':’o(S )) such that

asp = ¥D ae.in QxSY,

855:1/#\(1\” ae.in QxSM,

A necessary and sufficient condition to get existence of the function 5 is (remind that
Ak +¢€) = Ak) +1;e;)

Alk+e) A(k+eit+e;)
[ oesas+ 0. S)ds
Vk € K, A(k) A(k+e;)

A(k+e;) . A(k+e;+e;) .
= f v (., 8)dS + f v (., 8)ds
A(k) Alk+e;)

(6.13)

a.e.in €.
. . 1
Since on a line belonging to S one has (see Lemma 5.4) S =1t — ok t €0, 1],

the above equality (6.13) is equivalent to Vk € K.

A(k+e;) . A(k+e;+e;) .
f (0598 + ¥ V(. 8))dS + / (07,68 + ¥ (-, 9))dS
A(k) A(k+e;)
A(k+ej) . A(k+ei+e;) .
= / (07,08 + ¥ (-. S))dS + f (0798 + v V(. 8))dS
A(k) A(k+e;)
(6.14)

a.e.in Q.

Convergence (6.12) gives (remind that 8i2i¢ does not depends on S)

A(k+e;) 1
[ (1500 - Mo 0 TS g0 )as
A

(k) €
- Alk+e;) .
vk e K — (9598 +v)as
Ak)
(ki+1)l; 1 Alk+er)
— al?,.qy/ (t — —)dt +/ v (x,S)dS..
kil; 2 Alk)

Similarly, one has (j # i)

Alk+ej+e) |
/ L2500 ~ My 0 TS s )
A(k+e;) €

(ki +1)1; 1 A(k+ej+e)
= 92 (t - —)dt +f 79 (x,8)dS
kil; 2 Alk+e;)
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and same kind of results for the other two quantities.
Hence, to get (6.13), we have to prove that both quantities

A(k+ei) | S S
[ (T80 - Mo o TS @) )as
A

(k) €
Ak+e;+e;) 6.1
Tl s _ ‘ S
+ T:° (0s¢pe) — Mgy 0 Te° (0s¢¢) )dS
A(k—+e;) €
and A(k+ej)
€)1
| (T @0 - Mo 0 TS @ )as
Ay & (6.16)

Aktej+e) | S S
+f (TS @) ~ Mo 0 TS () ).
A(k+ej) €

admit the same limit or equivalently that the limit of their difference is 0.
First we note that

A(k+e;) s 1 [AG+e) S
f 7.5 (066:)dS = ~ / 05T (¢2)dS
A(k) & JAK)

1 ~
= (TS (- Atk + ) ~TI@0) (- AK)) ae.in Ge.

Hence,
1 A(k+e;) S Ak+ej+e;) S
S mtasaas + | 7.5 (@he)dS )
& A(k) Ak+e;)
1 A(k+e;) S A(k+e;+e;) s -
- -( / 7.5 (0 )dS + / T (asqss)ds) ae.in .
& A(k) A(k+ej)

Now, recall that the'function Msi o?NTeS(BS@) is defined on KNZS x 8® and is constant
on every line of S¥). One has a.e. in Q;

A(k)+e; 1 /A(k/)+ei

Mo o T (3se) = / 7.5 (9¢60) dS = -
A(K) &

1
= —(Z5@ (. A + &) — TS @) (- AK)))

9575 (¢ )dS
A(k")

on Q, x [AK), A(K) + ¢, k' € K;.
Hence

A(k+e;) S
/ M o T.5 (9560)dS
A(k)

l; , / S
= LTI AU + ) = TI@0) (- AK) ) ac.in G,
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where k' € K- is such that k = k’ + k;e;. Hence, we get

A(k+ej+e;)

1 A(k+e;) S
([ Mso 0TS Gupaas— [
A

& (k) A(k+e;)

l; , ,
= 5(T560( AK) + &) = T @ AG)

M 0 T.5(0,6)dS)

— TS @I (5 AR +e)) + ) + TS @ (5 AR +¢))) ae.in &

where k' € K; is such that k = K’ + k;e;.
Now, we can apply Lemma 8.1 and claim that the limit of the difference of the
quantities in (6.15) and (6.16) is equal to 0. This proves (6.14) for every k € K. As

a consequence, there exists a unique $ e LP(Q; W;;f,o(s)) such that convergence

(6.10)3 holds. O

7 Application: homogenization of a fourth 4th order homogeneous
Dirichlet problem on a periodic lattice structure

We can now give a direct application of the periodic unfolding for sequences in H>(S;).
From now on, let © be a bounded domain in RY with a C!! boundary. Let {A,}¢
be the sequence of functions belonging to L*°(S;) defined by

. s
Ag(s) = A({g}) forae. se€ S,
where A belongs to L°°(S) satisfies
3(c, C) € (0, +00)> suchthat ¢ < A(S) <C forae.SeS (7.1)

and let {g.}. and { f}. be sequences in L%(S,).
Set the space

H}(S) ={p e H'(S) | ¢ =0 ae.ond2 NS: ).
By the Poincaré and Poincaré—Wirtinger inequalities, we have
Vo € Hy(Se) N H*(Se),  llelr2s, < Cllosollizs,) < Clogel s,

where the constants do not depend on ¢ (note that M) (ds¢) = O for every i €
{1,...,N}).
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Consider the 4th order homogeneous Dirichlet problem in variational formulation:
Find u, € H} (Se) N H?(S:) such that:

/ Agaszugaszqﬁds:/ ggasd)ds—i—/ fedds, VYo € Hi(Se) N H(Se).
S Se Se

(7.2)
The Lax—Milgram theorem implies that the problem (7.2) has a unique solution.
Moreover, one has

clduel?s g < I8ellr2(s,)I0suellL2s,y + I fellL2s,) luell 2¢s,)
L%(Se)
< C(lgell2cs,) + ||fs||L2($S))||352Ms||L2(S£)-

Hence

litell 2gs,) + I9stte l 2gs, + 102uell2s,y < Clgell 2y + I fell2gs,)- (73)
The constant does not depend on ¢.
Below, we give the periodic homogenization via unfolding.
Theorem 7.1 Let u, be the solution of problem (7.2) and {g;}e, { fe}s be such that
SFTNTSS(gS) — g strongly in L2 x S),

N (7.4)
N s 2
e 2 T2 (fe) = f stronglyin L°(2 x S).

Then, there exist functions u € HOl (DN H*(Q) andu € L*(X; H?
(ief{l,...,N})

(8S)) such that

per,0

7;3(%) —u  strongly in L2(Q; HZ(S)),
T.5 (dsue) — 0ju weakly in L*(S; H'(SD)), (7.5)
7}3(852145) — Biziu + Béﬁ strongly in L*(Q x 8©).
The couple (u, ) is the unique solution of problem
N

1 o~
> [ AR 03) (0 +039) dxas
=1

=f G-v¢dx+/ F ¢ dx,
Q Q
Vé € Hy(Q) N H*(Q) and Y$ € L*(Q; H3,, o(S))

(7.6)

where

. 1
G:Z|_|</:S'(l)g(’8)ds)e“ |S|/f( S)dS

i=1
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Proof The solution u, of (7.2) satisfies (7.3). Due to the convergences (7.4) we have
that

2 1-N
luellz2(s,) + I0suellr2(s,) + 10ucll2s,) < Ce 2.

The constant does not depend on €.

Hence, up to a subsequence of {¢}, still denoted {e}, Theorem 6.4 gives functions
u e HO1 (QNH*(Q)andw € LP(Q; ngr,o(s)) such that the following convergences
hold (i € {1,..., N}):

’];S(ug) — u  strongly in L>(Q; H*(S)),
T,5 (dsue) — dju  weaklyin L*(Q; H'(SY)), (1.7)
7;5(352148) — dcu+ Béﬁ weakly in L2(Q x 8V,

Now, we choose the test functions

e ¢ inC®(Q)NHHRQ),
o 2inD(Q),
e ¢in ng,’O(S).

Set
. LN 2 ~(S
be(x) =62 (¢(s) te CD(s)qb(—)), ae. s€S..
e
Applying the unfolding operator to the sequence {¢.}., we get (i € {I,..., N})

T5(¢e) — ¢ stronglyin L*(Q; H*(S)),
T.5 (9s¢pe) — i strongly in L2(Q; H'(SD)),
7.502¢:) — 32¢ + ®33¢  stronglyin L2(Q2 x S©).

l

Taking ¢, as test function in (7.2), then transforming by unfolding and passing to the
limit give (7.6) with (¢, d>$). By density argumentation, we extend such results to all
¢ € HJ() N H*(Q) and € LA(; Hg (S)). Since the solution is unique, the
whole sequences converge to their limit.

To conclude the proof, it is left to show that the third convergence in (7.7) is in fact
strong. Taking ¢ = u, in (7.2), then transforming by unfolding and using the weak
lower semicontinuity yield

er,0
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Z/ . Alo%u + 03ul” dxds
QxS

N
.. 2 I — 2
§hmmf§ foSz(AE) 178 @3ue)|? dxd$ < timin N1y f Ae |02uc|* ds
i=1

0
e—> et

N
< limsup eV ™! Z/ Ag |852u5|2a's = limsupeN_l(/ 8e Osute ds +/ fe e ds)
=1 S e—0 S S

e—0
— 22
_|5|(/ G- V¢dx+/ F g dx) Z/Q < Aloku + oul|” dxdsS.

Also observe that

e—0 =0

N
limian/ To(Ap) |7;5(852u8)|2dxds <hmsupZ/ T.(Ap) |78(azug)y dxdS
i—1 QxS

< lim supeN_1 2/ Ag |852u5|2ds
i—1 7S

e—0

From the above inequalities it follows that

lim Z/ TS (Ae) | TS (02ue)|* dxdS

= anf A8|852u8|2ds:2/ A|02u + o3a]’ dxds.
Se i=1

e—0 P QxS®

Since the map ¥ € LZ(Q x S) —> \// A |W|? dxdsS is a norm equivalent to the
QxS

usual norm of L2(Q x S), we get

lim |7’8$(852u5)|2dxd8=/ |0%u + 03u| dxds.

=0 Jaoxs

This, together with the fact that (7.7)3 already converges weakly, ensures the strong
convergence. O

We define the corrector i, k € {1, ..., N}, as the unique solution in H? er, o(S) of
the cell problem

/ A(lgw +037) 3D dS =0, Vb € HZ,, o(S). (7.8)
S
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Theorem 7.2 The functionu € Hg (Q) N H*(R) is the unique solution of the following
homogenized problem:

/Ah”m82u~82¢dx=/ G~V¢dx+/ F ¢ dx,
Q Q Q

(7.9)
Vo € Hy () N HX(Q),
07y 01
where 3%u = and 82¢ =
Oyt Wn®
The homogenized matrix A"™ is given by ((i, j) € {1, ..., N}?)
! ~ ~
Altom = S /S A (1o + 33%) (1si + 83%;) dS. (7.10)

Proof Equation (7.6) with ¢ = 0 leads to

Z/ A (8%u + 830) 93¢ dxdS = 0,
S2><S(’)
Vo € L*(Q; Hy,, o(S)),
from which we obtain the form of the cell problems (7.8) and thus the representation
of u

N
(x,S) = Z Fu(x) X (S), forae (x,8) € Q2 xS.
k=1

Replacing the above expression of % in (7.6) and choosing

N
$(x.8) =) b () %k(S), forae (x,S) e xS
k=1

lead to the following left hand side of (7.6):

1

ul N
E s (Z 1s6) +BSX1 8 u) (Z 18(1>+35X1 8U¢) dxdS
* i=1 =

1
:/ Z (_/ A (1so + 357) (s +8§2,)ds)82u 0%, dx.
Q IS Js

i, j=1

Taking into account (7.8), the above expression becomes / Alom 52y, . 82¢ dx with
Q
the matrix A" given by (7.10).
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We prove now that Alom s coercive. Let & = (&1, ..., &Ey) € RN be a vector with
fixed entries. From (7.10) we first have

Ahomg g — 5 Z/ (Lso) + 33%7) (Lsh + 33%;) dS & &;
|S|/ s E)
where
~ N N
&= Zéilsa), Xe ZZE" Xk, ae.inS andforall & e RV,
i=1 k=1

Then, by hypothesis (7.1) on A, we get
Al 2= |12
OmE E = |S| HE + asxg ||L2(3)'
By the periodicity of ds g, for every & € RY we get that

&+ 8% [ 12cs) = [E 2o + 198%s 2o = Bl )

N N
— @)1£.12 ; (k) 2 — ; (k) 2
=D ISVUER = min |S© Y1612 = (min |S©1) 1€,

i=1 i=1
Thus the coercivity of A" is proved since
AMTE > clg]?, VEERY.

By the coercivity of A and the fact that u € HO1 ()N H?(K), problem (7.9) admits
a unique solution. O
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8 Appendix

Lemma 8.1 Let {¢}; be a sequence in W>P(S,), p € (1, +00), satisfying

1=N
el rcs,) + 19s@ell Lo s, + 105¢¢ llLres,y < Ce 7

For every k' € K we define in Q. x K; the piecewise constant function CDgl’J ), where

(i,j)efl,...,NY% i #j by

l; ’ ’
S(T5@ (L AW) + @) = T @) (- AK))

oD Ky =] TS5 @) (- A + ) + &) + TS () (-, A+ ej))>
X

a.e.in S

-~

K;,
0 a.e. in (]RN \S~2_8) x K;.

Then, there exist a subsequence of {¢}, still denoted {¢}, and a function ¢ in WP ()N
leo'cp(Q) such that ((i, j) € {1,...,N}, i # j, k' e K;)

’Z;S(qﬁg) — ¢ stronglyin LP(Q; W>P(S)),
T.5(3s¢c) — 0j¢p  weakly in LP(Q; WP (SV)), 8.1)
QLN (LK) = —Lil;d5¢  weaklyin WL (RN).

Proof There exist a subsequence of {¢}, still denoted {¢}, and a function ¢ in the space
whr(Q)n Wli’f(Q) such that convergences (8.1)1 2 hold (see Theorem 6.4).
Now, let ¢ be in Wl”’,(RN), one has

/ Y(x) @6 (x, k') dx
Q

li / /
= eV N My (0)(e8) 5 (9(e8 +eAR) + sei) = @ (66 +eAK)

EecZN
— e (& + cA(K' + c€)) + c€;) + ¢, (€ + e A(K + ej)))
=V Y My () (€ — ee;) — My (¥)(e§)

&

EeZN

e (68 + eAK)) — pe(e& +eAK +e)))
&

T Ak +e;)
=li/ w</ 7;3(as¢5)dS)dx.
Q 2 Ak
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Then, due to convergences (8.1),, we get

A(K'+e;)

lim/ Y(x) @89 (x, k) dx :zi[ a,-w(/ 3j¢dS)dx :ziz,-/ dyd;pdx.
e=0Jq Q Ak Q

Hence, (8.1)3 is proved. O
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