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❆ ▼❡❛❧② ❛✉t♦♠❛t♦♥ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣❧❡t❡ ✶✲t♦✲✶ tr❛♥s❞✉❝❡r (A,Σ, δ, ρ)✱
✇❤❡r❡ A ✐s ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s✱Σ ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t✱ δ = (δi : A → A)i∈Σ ✐s t❤❡ s❡t
♦❢ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞ ρ = (ρx : Σ → Σ)x∈A t❤❡ s❡t ♦❢ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳

❚❤❡ tr❛♥s✐t✐♦♥ x
i|ρx(i)
−−−−→ δi(x) ✐s ❞❡♣✐❝t❡❞ ❜② x δi(x)

i

ρx(i)

✳

❚❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ♥❛t✉r❛❧❧② ❡①t❡♥❞ t♦ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s❡t ♦❢ ✜♥✐t❡
✇♦r❞s ✿ ρ = (ρx : Σ∗ → Σ∗)x∈A ✇✐t❤ ρx(au) = ρx(a)ρδa(x)(u)✳ ❚❤❡ s❡♠✐❣r♦✉♣
❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛✉t♦♠❛t♦♥ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥
❢✉♥❝t✐♦♥s H = 〈ρx : x ∈ A〉✳ ❆♥ ❛✉t♦♠❛t♦♥ s❡♠✐❣r♦✉♣ ✐s ❛ s❡♠✐❣r♦✉♣ ❣❡♥❡r❛t❡❞
❜② ❛ ▼❡❛❧② ❛✉t♦♠❛t♦♥✳

❆ ▼❡❛❧② ❛✉t♦♠❛t♦♥ ✐s ✐♥✈❡rt✐❜❧❡ ✐❢ ρx ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ Σ ❢♦r ❡✈❡r② x ∈ A✳
◆♦t❡ t❤❛t ✐t ✐♠♣❧✐❡s t❤❛t ❡✈❡r② ρx ✐s ❛❧s♦ ❛ ♣❡r♠✉t❛t✐♦♥ ♦♥ Σk ❢♦r ❡✈❡r② k ∈ N✳
❚❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛ ✐♥✈❡rt✐❜❧❡ ▼❡❛❧② ❛✉t♦♠❛t♦♥ ✐s G =

〈

ρx, ρ
−1
x : x ∈ A

〉

✳
❆♥ ❛✉t♦♠❛t♦♥ ❣r♦✉♣ ✐s ❛ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛ ▼❡❛❧② ❛✉t♦♠❛t♦♥✳ ❆♥ ✐♥✈❡rt✐❜❧❡
▼❡❛❧② ❛✉t♦♠❛t♦♥ ❣❡♥❡r❛t❡s ❛ ✜♥✐t❡ ❣r♦✉♣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❣❡♥❡r❛t❡s ❛ ✜♥✐t❡
s❡♠✐❣r♦✉♣ ❬✶❪✳

❋✐♥✐t❡♥❡ss ♣r♦❜❧❡♠ ●✐✈❡♥ ❛♥ ✐♥✈❡rt✐❜❧❡ ▼❡❛❧② ❛✉t♦♠❛t♦♥✱ ❞❡❝✐❞❡ ✐❢ t❤❡ ❣❡♥✲
❡r❛t❡❞ ❣r♦✉♣ ✐s ✜♥✐t❡✳

❆ ▼❡❛❧② ❛✉t♦♠❛t♦♥ ✐s r❡s❡t ✐❢✱ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ x
i|ρx(i)
−−−−→ δi(x)✱ t❤❡ ♦✉t♣✉t

st❛t❡ δi(x) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✐♥♣✉t ❧❡tt❡r i ❛♥❞ ♥♦t ♦♥ t❤❡ ✐♥♣✉t st❛t❡ x✱ t❤❛t
✐s δi(x) = f(i) ❢♦r s♦♠❡ ❧❡tt❡r✲t♦✲st❛t❡ ♠❛♣ f : Σ → A✳ ❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥s✱
s✉❝❤ ❛♥ ❛✉t♦♠❛t♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s (A,Σ, f, ρ)✳

❲❤❡♥ st✉❞②✐♥❣ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ ✜♥✐t❡♥❡ss ♣r♦❜❧❡♠ r❡str✐❝t❡❞ t♦ r❡s❡t
❛✉t♦♠❛t❛✱ ♦♥❡ ❝❛♥ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ Σ = A ❛♥❞ f = Id ❛s st❛t❡❞ ❜❡❧♦✇✳

▲❡♠♠❛ ✶✳ ❚❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛ r❡s❡t ▼❡❛❧② ❛✉t♦♠❛t♦♥ (A,Σ, f, ρ) ✐s ✜♥✐t❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❛✉t♦♠❛t♦♥ (Σ,Σ, 1, ρ′) ✇✐t❤ ρ′x(i) = ρf(x)(i)✳



P❡r♠✉t✐✈❡ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❛♥❞ ❛✉t♦♠❛t♦♥ ❣r♦✉♣s ✸

Pr♦♦❢✳ ▲❡t G ❜❡ t❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② (A,Σ, f, ρ) ❛♥❞ H ❜❡ t❤❡ ❣r♦✉♣ ❣❡♥❡r✲
❛t❡❞ ❜② (Σ,Σ, 1, ρ′)✳ ❆s ❡✈❡r② ❣❡♥❡r❛t♦r ρ′x ♦❢ H ✐s ❛ ❣❡♥❡r❛t♦r ρf(x) ♦❢ G t❤❡♥
H ✐s ❛ s✉❜❣r♦✉♣ ♦❢ G✳ ❆ ❣❡♥❡r❛t♦r ρy ♦❢ G ✇✐t❤ y ∈ A \ f(Σ) ✐s ♥♦t ❛ ❣❡♥❡r❛t♦r
♦❢ H✱ ❤♦✇❡✈❡r ❛s y ❝❛♥ ♦♥❧② ❜❡ ❛♥ ✐♥✐t✐❛❧ st❛t❡ ♦❢ ❛ tr❛♥s✐t✐♦♥✱ ✐t ♦♥❧② ✐♠♣❛❝ts
t❤❡ s✐③❡ ♦❢ G ❜② ❛ ❢❛❝t♦r n! ✇❤❡r❡ n ✐s t❤❡ s✐③❡ ♦❢ Σ✳ �

✷✳✷ ❈❡❧❧✉❧❛r ❛✉t♦♠❛t❛

❆ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t♦♥ ✭❖❈❆✮ F ✐s ❛ tr✐♣❧❡ (X, r, δ) ✇❤❡r❡ X ✐s t❤❡ ✜♥✐t❡
s❡t ♦❢ st❛t❡s✱ r ✐s t❤❡ r❛❞✐✉s ❛♥❞ δ : Xr+1 → X ✐s t❤❡ ❧♦❝❛❧ r✉❧❡ ♦❢ t❤❡ ❖❈❆✳ ❆
❝♦♥✜❣✉r❛t✐♦♥ c ∈ XZ ✐s ❛ ❜✐✐♥✜♥✐t❡ ✇♦r❞ ♦♥X✳ ❚❤❡ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥ F : XZ → XZ

s②♥❝❤r♦♥♦✉s❧② ❛♣♣❧✐❡s t❤❡ ❧♦❝❛❧ r✉❧❡✿ F(c)i = δ(ci, . . . , ci+r) ❢♦r ❡✈❡r② c ∈ XZ

❛♥❞ i ∈ Z✳ ❚❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ∆ : Z × N → X ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ c ✐s ♦❜t❛✐♥❡❞ ❜② ✐t❡r❛t✐♥❣ t❤❡ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥✿ ∆(k, n) = Fn(c)k
❢♦r ❡✈❡r② k ∈ Z ❛♥❞ n ∈ N✳ ❋♦❧❧♦✇✐♥❣ ❍❡❞❧✉♥❞ ❬✶✶❪ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝❡❧❧✉❧❛r
❛✉t♦♠❛t❛ ❛s ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s❤✐❢t✱ ✇❡ ❛ss✐♠✐❧❛t❡ ❛♥ ❖❈❆✱ ✇✐t❤ ♠✐♥✐♠❛❧
r❛❞✐✉s✱ ❛♥❞ ✐ts ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥✳

◆♦t✐❝❡ t❤❛t ❖❈❆ ❛r❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ✭❈❆✮ ✇❤❡r❡
❛ ❝❡❧❧ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ♦t❤❡r ❝❡❧❧s ♦♥ t❤❡ r✐❣❤t s✐❞❡✳ ❚❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ■❞✱ t❤❡
❧❡❢t s❤✐❢t ♠❛♣ σl ❛♥❞ t❤❡ ❳❖❘ r✉❧❡ ❛r❡ ❖❈❆✱ r❡s♣❡❝t✐✈❡❧② ❡♥❝♦❞❡❞ ❛s (X, 0, 1)✱
(X, 1, (x, y) 7→ y) ❛♥❞ ({0, 1}, 1,⊕)✱ ✇❤❡r❡❛s t❤❡ r✐❣❤t s❤✐❢t ♠❛♣ σr ✐s ♥♦t✳

❆ st❛t❡ x ∈ X ✐s q✉✐❡s❝❡♥t ✐❢ δ(x, . . . , x) = x✳ ❆ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ✜♥✐t❡ ✐❢ ✐t
❝♦♥t❛✐♥s t❤❡ s❛♠❡ q✉✐❡s❝❡♥t st❛t❡ x ❡✈❡r②✇❤❡r❡ ❜✉t ♦♥ ✜♥✐t❡❧② ♠❛♥② ♣♦s✐t✐♦♥s✳

❆♥ ❖❈❆ ✐s ✭❧❡❢t✮ ♣❡r♠✉t✐✈❡ ✐❢ t❤❡ ♠❛♣ x 7→ δ(x, x1, . . . , xr) ✐s ❛ ♣❡r♠✉t❛t✐♦♥
♦❢ X ❢♦r ❡✈❡r② (x1, . . . , xr) ∈ Xr✳ ❆♥ ❖❈❆ ✐s ♣❡r✐♦❞✐❝ ♦❢ ♣❡r✐♦❞ T > 0 ✐❢ FT = ■❞✳

P❡r✐♦❞✐❝✐t② ♣r♦❜❧❡♠ ●✐✈❡♥ ❛ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t♦♥✱ ❞❡❝✐❞❡ ✐❢ ✐t ✐s ♣❡r✐♦❞✐❝✳

❆♥ ❖❈❆ ✐s r❡✈❡rs✐❜❧❡ ✐❢ ✐ts ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥ ✐s ❜✐❥❡❝t✐✈❡ ✇✐t❤ ❛♥ ✐♥✈❡rs❡ t❤❛t
✐s ❛❧s♦ ❛♥ ❖❈❆✳ ❆ ♣❡r✐♦❞✐❝ ❖❈❆ F ♦❢ ♣❡r✐♦❞ T ✐s r❡✈❡rs✐❜❧❡ ♦❢ ✐♥✈❡rs❡ FT−1✳
❋♦❧❧♦✇✐♥❣ ❍❡❞❧✉♥❞ ❬✶✶❪✱ t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ❜✐❥❡❝t✐✈❡ ❖❈❆ ✐s ❛❧✇❛②s ❛ ❈❆✱ ❤♦✇✲
❡✈❡r ✉s✉❛❧❧② ♥♦t ♦♥❡✲s✐❞❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ❛ss❡rt t❤❛t t❤✐s t❡❝❤♥✐❝❛❧ ✐ss✉❡
❞✐s❛♣♣❡❛rs ❜② ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ♣❡r♠✉t✐✈❡ ❖❈❆✳

▲❡♠♠❛ ✷✳ ❊✈❡r② r❡✈❡rs✐❜❧❡ ❖❈❆ ✐s ♣❡r♠✉t✐✈❡✳

Pr♦♦❢✳ ▲❡t F ❜❡ ❛ r❡✈❡rs✐❜❧❡ ❖❈❆✳ ❆s ❜♦t❤ F ❛♥❞ F−1 ❛r❡ ❖❈❆✱ F ✐s ❜✐❥❡❝t✐✈❡
♦♥ XN t♦♦✳ ▲❡t (x, x′, x1, . . . , xr) ∈ Xr+2 ❛♥❞ c = x1 · · ·xrx

ω
r ✳ ■❢ x 6= x′✱ ❛s

F(xc) 6= F(x′c)✱ ✇❡ ❤❛✈❡ δ(x, x1, . . . , xr) 6= δ(x′, x1, . . . , xr)✳ �

▲❡♠♠❛ ✸✳ ❊✈❡r② ❜✐❥❡❝t✐✈❡ ♣❡r♠✉t✐✈❡ ❖❈❆ ✐s r❡✈❡rs✐❜❧❡✳

Pr♦♦❢✳ ▲❡t F ❜❡ ❛ ❜✐❥❡❝t✐✈❡ ♣❡r♠✉t✐✈❡ ❖❈❆✳ ❇② ♣❡r♠✉t✐✈✐t② f : X ×XN → X

❞❡✜♥❡❞ ❜② f(y, c) = x ✇❤❡r❡ F(xc) = yF(c) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ♣❡r♠✉t✐✈❡
✐♥ ✐ts ✜rst ❛r❣✉♠❡♥t✳ ▲❡t u, u′ ∈ X−N ❛♥❞ v′ ∈ XN✳ ▲❡t w ∈ X−N ❛♥❞ v ∈
XN ❜❡ s✉❝❤ t❤❛t F−1(u′v′) = wv✳ ▲❡t w′ ∈ X−N ❜❡ ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❜②
w′

i = f(ui, w
′
i−1 · · ·w

′
0v)✳ ❇② ❝♦♥str✉❝t✐♦♥ F−1(uv′) = w′v✳ ❆s F−1(uv′) ❛♥❞

F−1(u′v′) ❛r❡ ❡q✉❛❧ ♦♥ N ❢♦r ❛❧❧ u, u′, v′ t❤❡ ❈❆ F−1 ✐s ❛♥ ❖❈❆✳ �



✹ ▼✳ ❉❡❧❛❝♦✉rt✱ ◆✳ ❖❧❧✐♥❣❡r

◆♦t❡ t❤❛t t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ❜✐❥❡❝t✐✈❡ ♣❡r♠✉t✐✈❡ ❖❈❆ ❝❛♥ ❤❛✈❡ ❛ ❧❛r❣❡r r❛❞✐✉s✳
❍♦✇❡✈❡r✱ ❛s ❜✐❥❡❝t✐✈✐t② ✐s ❞❡❝✐❞❛❜❧❡ ❢♦r ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❬✷❪ ❛♥❞ ❛s ❜✐❥❡❝t✐✈✐t② ✐s
♣r❡s❡r✈❡❞ ❜② ❣r♦✉♣✐♥❣ ❝❡❧❧s ❬✽❪✱ ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ ♣❡r✐♦❞✐❝✐t②
♣r♦❜❧❡♠ r❡str✐❝t❡❞ t♦ ♣❡r♠✉t✐✈❡ ❖❈❆✱ ♦♥❡ ❝❛♥ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ r❡✈❡rs✐❜❧❡
♣❡r♠✉t✐✈❡ ❖❈❆ ✇✐t❤ r❛❞✐✉s ✶ ❛♥❞ ✐♥✈❡rs❡ r❛❞✐✉s ✶ s②♥t❛❝t✐❝❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭❛❧r❡❛❞② ♣r♦✈❡♥ ✐♥ ❬✹❪✮✳

▲❡♠♠❛ ✹✳ ❆♥ ❖❈❆ (X, 1, δ) ✐s r❡✈❡rs✐❜❧❡ ✇✐t❤ ✐♥✈❡rs❡ r❛❞✐✉s ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✐t ✐s ♣❡r♠✉t✐✈❡ ❛♥❞ ❢♦r ❛❧❧ x, y, x′, y′ ∈ X✱ ✐❢ δ(x, y) = δ(x′, y′) t❤❡♥ πx = πx′

✇❤❡r❡ πy ♠❛♣s x t♦ δ(x, y)✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡s❡ ❖❈❆✳

✸ ▲✐♥❦✐♥❣ ✜♥✐t❡♥❡ss ❛♥❞ ♣❡r✐♦❞✐❝✐t②

❘❡s❡t ▼❡❛❧② ❛✉t♦♠❛t❛ ✇✐t❤ Σ = A ❛♥❞ f = Id ❛♥❞ ♣❡r♠✉t✐✈❡ ❖❈❆ ♦❢ r❛❞✐✉s ✶
❛r❡ ❡ss❡♥t✐❛❧❧② ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣❧❡t❡ ❧❡tt❡r✲t♦✲❧❡tt❡r tr❛♥s❞✉❝❡rs ♦❢ ❛ s❛♠❡ ❦✐♥❞✱
❛s ❞❡♣✐❝t❡❞ ♦♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❢♦r♠❛❧✐③❡s t❤✐s ❧✐♥❦✳

xa

a

ρx(a)

b

b

ρa(b)

←→

b a

ρa(b)

❋✐❣✳ ✶✳ ❧✐♥❦✐♥❣ r❡s❡t ▼❡❛❧② ❛✉t♦♠❛t❛ t♦ ♣❡r♠✉t✐✈❡ ❖❈❆

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛ r❡s❡t ❛✉t♦♠❛t♦♥ (Σ,Σ, 1, ρ) ✐s ✜♥✐t❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❡r♠✉t✐✈❡ ❖❈❆ (Σ, 1, δ)✱ ✇❤❡r❡ δ(x, y) = ρy(x)✱ ✐s ♣❡r✐♦❞✐❝✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❤♦❧❞ ❢♦r ❛❧❧ u0, u1, . . . , uk ∈ Σ✿

ρuk
(uk−1, uk−2, . . . , u0) = ρuk

(uk−1)ρuk−1
(uk−2) . . . ρu1

(u0)

δ(u0, u1, . . . , uk) = ρu1
(u0)ρu2

(u1) . . . ρuk
(uk−1)

❇② ❡①t❡♥s✐♦♥✱ ❢♦r ❛❧❧ k > t > 0 ❛♥❞ ❢♦r ❛❧❧ ✇♦r❞s u ∈ Σt ❛♥❞ v ∈ Σk✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s✿ ρu(v)k = δt(vk, vk−1, . . . , vk−t)✳

❙✉♣♣♦s❡ ♥♦✇ t❤❡ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❡s❡t ▼❡❛❧② ❛✉t♦♠❛t♦♥ ✐s ✜♥✐t❡✳
▲❡t a ∈ Σ ❜❡ ❛♥② ❧❡tt❡r ❛♥❞ ❧❡t n ❜❡ t❤❡ ♦r❞❡r ♦❢ ρa✱ t❤❡♥ ρan = (ρa)

n = ■❞ t❤✉s
δn = ■❞✱ t❤❡ ❖❈❆ ✐s ♣❡r✐♦❞✐❝✳

❈♦♥✈❡rs❡❧②✱ ❧❡t n ❜❡ t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❖❈❆✳ ❇② ♣r❡✈✐♦✉s r❡♠❛r❦s✱ ❢♦r ❛❧❧
k > 0 ❛♥❞ ✇♦r❞s u, v ∈ Σn✱ w ∈ Σk✱ t❤❡ ✐♠❛❣❡ ρu(vw) ✐s v

′w ❢♦r s♦♠❡ v′ ∈ Σn✳
❚❤❡ s❡t ♦❢ ρu ❣❡♥❡r❛t❡s ❛ s✉❜❣r♦✉♣ ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦❢ Σn✱ ✇❤✐❝❤ ✐s ✜♥✐t❡✱ ✇❤❡♥
u t❛❦❡s ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ✐♥ Σn✳ ❚❤❡ ❛✉t♦♠❛t♦♥ ❣r♦✉♣ ✐s ✜♥✐t❡✳ �



P❡r♠✉t✐✈❡ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❛♥❞ ❛✉t♦♠❛t♦♥ ❣r♦✉♣s ✺

❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ✜♥✐t❡♥❡ss ♣r♦❜❧❡♠ r❡str✐❝t❡❞ t♦ r❡s❡t ▼❡❛❧② ❛✉t♦♠❛t❛ ✐s ❞❡✲
❝✐❞❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❡r✐♦❞✐❝✐t② ♣r♦❜❧❡♠ r❡str✐❝t❡❞ t♦ ❖❈❆ ✐s ❞❡❝✐❞❛❜❧❡✳

◆♦t✐❝❡ t❤❛t t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② t❤✐s ❝♦r♦❧❧❛r② ✐s ♦♣t✐♠❛❧✿ ✐❢ t❤❡ ♣r♦❜❧❡♠
✐s ❞❡❝✐❞❛❜❧❡✱ ▼❡❛❧② ❛✉t♦♠❛t❛ ✐s t❤❡ r✐❣❤t s❡tt✐♥❣ t♦ ♣r♦✈❡ t❤✐s r❡s✉❧t ❛♥❞ t❤❡
❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ ♣❡r✐♦❞✐❝✐t② ❢♦r ❖❈❆ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡❀ ✐❢ t❤❡ ♣r♦❜❧❡♠ ✐s
✉♥❞❡❝✐❞❛❜❧❡✱ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ✐s t❤❡ r✐❣❤t s❡tt✐♥❣ t♦ ♣r♦✈❡ t❤✐s r❡s✉❧t ❛♥❞ t❤❡
✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡ ✜♥✐t❡♥❡ss ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡✳ ❚❤❡ r❡♠❛✐♥❞❡r
♦❢ t❤✐s ♣❛♣❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ ♣r♦✈❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❤❡♥♦♠❡♥❛ ❞♦ ❛♣♣❡❛r
✐♥s✐❞❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣❡r♠✉t✐✈❡ ❖❈❆✱ ❛❞✈♦❝❛t✐♥❣ ❢♦r t❤❡ ✉♥❞❡❝✐❞❛❜✐❧✐t② ♦❢ t❤❡
♣r♦❜❧❡♠✳

❈♦♥❥❡❝t✉r❡ ✶✳ ❚❤❡ ✜♥✐t❡♥❡ss ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

✹ ❈♦♠♣✉t✐♥❣ ✇✐t❤ ♣❡r♠✉t✐✈❡ ❖❈❆

❆s s❤♦✇♥ ✐♥ ❋✐❣ ✶✱ t❤❡ t✐♠❡ ❣♦❡s ✉♣ ✐♥ ❡✈❡r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳
●✐✈❡♥ ❛ ♣❡r♠✉t✐✈❡ ❖❈❆✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❜✉✐❧❞ ❛ r❡✈❡rs✐❜❧❡ ❖❈❆ t❤❛t ❝❛♥

s✐♠✉❧❛t❡ ❡✈❡r② s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ♦r✐❣✐♥❛❧✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s❧♦✇ ❞♦✇♥
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❜② ❞❡❧❛②✐♥❣ ❡❛❝❤ st❛t❡ ✉s✐♥❣ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❝♦♣✐❡s
♣❡r st❛t❡ ❛♥❞ ♣❡r❢♦r♠ ❛ tr❛♥s✐t✐♦♥ ♦♥❧② ❛❢t❡r ❣♦✐♥❣ t❤r♦✉❣❤ ❡✈❡r② ❝♦♣②✳ ❆❞❥❛❝❡♥t
❝♦❧✉♠♥s ♦❢ st❛t❡s ❛r❡ t❤❡♥ ❞❡s②♥❝❤r♦♥✐③❡❞ t♦ ♦❜t❛✐♥ r❡✈❡rs✐❜✐❧✐t② ❛s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ ♣❡r♠✉t✐✈✐t②✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t F ❜❡ ❛♥ ❖❈❆ (X, 1, δ) ❛♥❞ ❧❡t 1 ≤ k ≤ n − 1✳ ❚❤❡ (n, k)✲
❡♠❜❡❞❞✐♥❣ F ′ ♦❢ F ✐s t❤❡ ❖❈❆ (X ′, 1, δ′) ✇❤❡r❡ X ′ =

⋃

1≤i≤n{x
(i) : x ∈ X} ❛♥❞

s✉❝❤ t❤❛t✿

∀x(α), y(β) ∈ X ′ δ′
(

x(α), y(β)
)

=

{

δ(x, y)(1) ✐❢ α = n ❛♥❞ β = k

x(1+(α mod n)) ♦t❤❡r✇✐s❡

❋✐❣✳ ✷ ✐❧❧✉str❛t❡s t❤❡ ❡♠❜❡❞❞✐♥❣✳

▲❡♠♠❛ ✺✳ ❚❤❡ (n, k)✲❡♠❜❡❞❞✐♥❣ ♦❢ ❛ ♣❡r♠✉t✐✈❡ ❖❈❆ F ✐s r❡✈❡rs✐❜❧❡✳

Pr♦♦❢✳ ❚❤❡ ❧♦❝❛❧ r✉❧❡ ♦❢ t❤❡ ✐♥✈❡rs❡ ❖❈❆ τ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜②

✕ τ(z(1), y(k+1)) = x(n) ❢♦r ❛❧❧ x, y ∈ X s✉❝❤ t❤❛t δ(x, y) = z❀
✕ τ(x(i), ∗) = x((i−1 mod n)+1) ♦t❤❡r✇✐s❡✳ �

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s t♦ ❞❡s②♥❝❤r♦♥✐③❡ ❛❞❥❛❝❡♥t ❝♦❧✉♠♥s ❜② s❤✐❢t✐♥❣
t❤❡♠ ✈❡rt✐❝❛❧❧② ♦❢ s♦♠❡ ❝♦♥st❛♥t k ❜❡t✇❡❡♥ 1 ❛♥❞ n− 1✳ ❲❤❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡
❝♦❧✉♠♥s ❛r❡ ♥♦t ❝♦rr❡❝t❧② ❛rr❛♥❣❡❞✱ t❤❡② ❞♦ ♥♦t ✐♥t❡r❛❝t✳

▲❡♠♠❛ ✻✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠s ♦❢
F ✭✐♥ XZ×N✮ ✐♥t♦ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠s ♦❢ F ′ ✭✐♥ X ′Z×Z✮✿ ❢♦r ❡✈❡r② c ∈ XZ✱ t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♥✜❣✉r❛t✐♦♥ c′ ∈ X ′Z ❢♦r F ′ ✇✐t❤

∀m ∈ Z, p ∈ N, ∀1 ≤ i ≤ n,F ′m(n−k)+pn+i−1(c′)m = (Fp(c)m)
(i)



✻ ▼✳ ❉❡❧❛❝♦✉rt✱ ◆✳ ❖❧❧✐♥❣❡r

x y

z
−→

x
(1)

x
(2)

x
(3)

z
(1)

z
(2)

z
(3)

y
(1)

y
(2)

y
(3)

❋✐❣✳ ✷✳ ❚❤❡ (3, 1)✲❡♠❜❡❞❞✐♥❣ ✐s ❣✐✈❡♥ ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ r✉❧❡ ✭t♦ t❤❡
❧❡❢t✮✳ ❚❤❡ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❳❖❘ ❖❈❆ ✇✐t❤ ❛ ✉♥✐t❛r② ❝♦♥✜❣✉r❛t✐♦♥ ✭❛t t❤❡
❝❡♥t❡r✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ s♣❛❝❡✲t✐♠❡ ❞✐❛❣r❛♠ ♦❢ ❛ r❡✈❡rs✐❜❧❡ ❖❈❆ ✭t♦ t❤❡ r✐❣❤t✮✳

❘❡♠❛r❦ ✶✳ ■❢ t❤❡ ❖❈❆ ❤❛s ❛ ♣❛rt✐❝✉❧❛r st❛t❡ 0 s✉❝❤ t❤❛t δ(x, 0) = x ❢♦r ❡✈❡r②
x ∈ X✱ ✇❡ ❝❛♥ ❦❡❡♣ ❛ ✉♥✐q✉❡ ✈❡rs✐♦♥ ♦❢ st❛t❡ 0 ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ 0(i) ❛s ❛ ✉♥✐q✉❡
st❛t❡ 0 ✇❤❡r❡

δ′(0, y(k)) = (δ(0, y))(1)

δ′(0, ∗) = 0 ✇❤❡r❡ ∗ ❝❛♥ ❜❡ ❛♥②t❤✐♥❣

δ′(x(i), 0) = x(1+(i mod n))

❚❤✐s ❧❡♠♠❛ ❛❧❧♦✇s t♦ tr❛♥s❢❡r r❡s✉❧ts ❢r♦♠ F t♦ F ′✱ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ♣r♦✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r ♣❡r♠✉t✐✈❡ ❖❈❆ ❛♥❞ ♦❜t❛✐♥ ✐t ❢♦r r❡✈❡rs✐❜❧❡ ♦♥❡s✿

❘❡❛❝❤❛❜✐❧✐t② ♣r♦❜❧❡♠ ●✐✈❡♥ ❛ r❡✈❡rs✐❜❧❡ ❖❈❆ ✇✐t❤ ❛ q✉✐❡s❝❡♥t st❛t❡ 0 ∈ X

❛♥❞ t✇♦ st❛t❡s x, y ∈ X✱ ❞❡❝✐❞❡ ✐❢ y ❛♣♣❡❛rs ✐♥ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ❣❡♥❡r❛t❡❞
❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ω0.x0ω✳

❚❤❡♦r❡♠ ✶✳ ❚❤❡ r❡❛❝❤❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❢♦r r❡✈❡rs✐❜❧❡ ❖❈❆✳

✺ ▼❛✐♥ ❝♦♥str✉❝t✐♦♥

❚♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠✱ ✇❡ ♥❡❡❞ t♦ ❡♠❜❡❞ s♦♠❡ ❚✉r✐♥❣ ❝♦♠♣❧❡t❡ ❝♦♠♣✉t❛t✐♦♥
✐♥t♦ ♣❡r♠✉t✐✈❡ ❖❈❆✳ ❚❤✐s ❣♦❛❧ ✐s ❛❝❤✐❡✈❡❞ ❜② s✐♠✉❧❛t✐♥❣ ♠✉❧t✐✲❤❡❛❞ ✇❛❧❦✐♥❣
❛✉t♦♠❛t❛✳ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ❛✉t♦♠❛t❛ ❜② ♣❡r♠✉t✐✈❡
❖❈❆✳

✺✳✶ ▼✉❧t✐✲❤❡❛❞ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t❛

❆ ♠✉❧t✐✲❤❡❛❞ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ❝♦♥s✐sts ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❤❡❛❞s ♦♥ t❤❡
❞✐s❝r❡t❡ ❧✐♥❡✱ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ♣r♦✈✐❞❡❞ ✇✐t❤ ❛ st❛t❡ ♦✉t ♦❢ ❛ ✜♥✐t❡ s❡t✳ ❆t ❡❛❝❤
st❡♣✱ t❤❡② ❝❛♥ ♦♥❧② ✐♥t❡r❛❝t ✭r❡❛❞ t❤❡ st❛t❡✮ ✇✐t❤ t❤❡ ❤❡❛❞s t❤❛t s❤❛r❡ t❤❡ s❛♠❡
❝❡❧❧✱ ✉♣❞❛t❡ t❤❡✐r st❛t❡ ❛♥❞ ♠♦✈❡✳ ■♥✐t✐❛❧❧②✱ ❛❧❧ t❤❡ ❤❡❛❞s ❛r❡ ✐♥ ♣♦s✐t✐♦♥ 0✳



P❡r♠✉t✐✈❡ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❛♥❞ ❛✉t♦♠❛t♦♥ ❣r♦✉♣s ✼

❉❡✜♥✐t✐♦♥ ✷✳ ❆ k✲❤❡❛❞ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ✐s ❞❡✜♥❡❞ ❜② (Σ, I, F, (fi, gi)1≤i≤k)
✇❤❡r❡ Σ ✐s ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ⊥✱ I ∈ Σ ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡✱
F ⊆ Σ ✐s ❛ s❡t ♦❢ ✜♥❛❧ st❛t❡s✱ ∀i, fi : (Σ ∪{⊥})k → Σ ❛♥❞ ∀i, gi : (Σ ∪{⊥})k →
{−1, 0, 1} ❛r❡ t❤❡ ✉♣❞❛t❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ st❛t❡ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✳

❆ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤✐s ❛✉t♦♠❛t♦♥ ✐s ❛ k✲t✉♣❧❡ a = (ai, si)1≤i≤k ∈ (Z × Σ)k

❛♥❞ ✐ts ✐♠❛❣❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s (ai+ gi(bi), fi(bi))1≤i≤k ✇❤❡r❡ ∀1 ≤ i ≤ k, bi(j) =
sj ✐❢ ai = aj ❛♥❞ ⊥ ♦t❤❡r✇✐s❡✳

❙t❛rt✐♥❣ ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ (0, I)k✱ t❤❡ ❛✉t♦♠❛t♦♥ ❝♦♠♣✉t❡s t❤❡ s✉❝❝❡ss✐✈❡
✐♠❛❣❡s ❛♥❞ st♦♣s ♦♥❧② ✐❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡✈❡r② ❤❡❛❞ ✐s 0 ❛♥❞ t❤❡✐r st❛t❡s ❛r❡ ✜♥❛❧✳

❆ ♠✉❧t✐✲❤❡❛❞ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ❝❛♥ ♠✐♠✐❝ ❛ ❝♦✉♥t❡r ✇✐t❤ ✷ ❤❡❛❞s✳ ❚✉r✐♥❣
❝♦♠♣❧❡t❡♥❡ss ✐s ❛❝❤✐❡✈❡❞ ❜② s✐♠✉❧❛t✐♥❣ ✷✲❝♦✉♥t❡r ▼✐♥s❦② ♠❛❝❤✐♥❡s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠ ♦❢ 4✲❤❡❛❞ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t❛ ✐s ✉♥❞❡❝✐❞❛❜❧❡✳

✺✳✷ ❋✐♥✐t❡ ❝♦♥✜❣✉r❛t✐♦♥s

❊✈❡r② ✜♥✐t❡ ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ c = ω0.u00
ω ❢♦r s♦♠❡ u0 ∈ Xn, n ∈

N✱ ❤❡♥❝❡ ✐ts s✉❝❝❡ss✐✈❡ ✐♠❛❣❡s ❝❛♥ ♦♥❧② ❜❡ Fk(c) = ω0vk.wk0
ω ❢♦r s♦♠❡ vk ∈

Xk, wk ∈ Xn✱ t❤❛t ✐s✿ t❤❡ ✜♥✐t❡ ♥♦♥✲q✉✐❡s❝❡♥t ✇♦r❞ ❡①t❡♥❞s t♦ t❤❡ ❧❡❢t✱ ♦♥❡ ❝❡❧❧
❛t ❡❛❝❤ st❡♣✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✼ ✭❈♦✈❡♥ ❡t ❛❧ ❬✻❪✮✳ ■♥ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ❛ss♦❝✐❛t❡❞ t♦ ❛ ✜♥✐t❡
❝♦♥✜❣✉r❛t✐♦♥✱ ❡✈❡r② ❝♦❧✉♠♥ ✐s ♣❡r✐♦❞✐❝✳

✺✳✸ P✲s✐❣♥❛❧s

▼♦st ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❝♦♥str✉❝t✐♦♥s ✉s❡ s✐❣♥❛❧s ❛s ❡❧❡♠❡♥t❛r② ❣❡♦♠❡tr✐❝❛❧ ❜✉✐❧❞✲
✐♥❣ ❜❧♦❝❦s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❡♠❜❡❞ ❛ ❝❧❛ss✐❝❛❧ s✐❣♥❛❧ ✐♥ ❛ ♣❡r♠✉✲
t✐✈❡ ❖❈❆ ♥♦r ✐s ✐t ♣♦ss✐❜❧❡ t♦ ❞✐r❡❝t❧② s✐♠✉❧❛t❡ ♠✉❧t✐✲❤❡❛❞ ❛✉t♦♠❛t❛✳ ❲❡ ♣r♦✈✐❞❡
P✲s✐❣♥❛❧s ❛s ❛ t❡❝❤♥✐q✉❡ t♦ r❡♣❧❛❝❡ s✐❣♥❛❧s ♦❢ s♣❡❡❞ k ❜② ❛♥ (n, k)✲❡♠❜❡❞❞✐♥❣ ♦❢
t❤❡ ❢r♦♥t ❧✐♥❡ ♦❢ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❳❖❘ ✇✐t❤ ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ❝❡❧❧✳
❚❤✐s ✇✐❧❧ ❡✛❡❝t✐✈❡❧② ❛❧❧♦✇ t♦ s❡♥❞ ❛ s✐❣♥❛❧ t❤r♦✉❣❤ s♣❛❝❡ ✐♥ ❛ r❡✈❡rs✐❜❧❡ ♣❡r♠✉t✐✈❡
❖❈❆✳

❋♦r ♦✉r ❝♦♥str✉❝t✐♦♥✱ ✇❡ ✜① n = 7✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✉s❡ s♣❡❡❞s ❢r♦♠ 1 t♦ 6✳ ❉✉❡
t♦ r❡♠❛r❦ ✶✱ t❤❡ st❛t❡s ♦❢ t❤❡s❡ s✐❣♥❛❧s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ Z8 = {0, 1, 2, 3, 4, 5, 6, 7}✳
◆❡①t ❧❡♠♠❛ st❛t❡s t❤❛t ❞✐✛❡r❡♥t s♣❡❡❞s ✐♥❞✉❝❡ s✐♠✐❧❛r s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠s ✉♣
t♦ ❛ ✈❡rt✐❝❛❧ s❤✐❢t ♦♥ ❡❛❝❤ ❝♦❧✉♠♥✳

▲❡♠♠❛ ✽✳ ❉❡♥♦t❡ Fk ❛♥❞ Fk′ t❤❡ ❖❈❆ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✐❣♥❛❧s ♦❢ s♣❡❡❞s k

❛♥❞ k′ ❛♥❞ ❧❡t c ❜❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ω0.10ω t❤❡♥ ✇❡ ❤❛✈❡

∀m ≤ 0, ∀p ≥ 0,Fp
k (c)m = F

p−(k−k′)m
k′ (c)m .



✽ ▼✳ ❉❡❧❛❝♦✉rt✱ ◆✳ ❖❧❧✐♥❣❡r

✺✳✹ ✷✲r❡❝♦❣♥✐③❛❜✐❧✐t②

❖✉r ❝♦♥str✉❝t✐♦♥ r❡❧✐❡s ♦♥ t❤❡ ❛❜✐❧✐t② t♦ ✐❞❡♥t✐❢② s♦♠❡ s♣❡❝✐✜❝ s❡ts ♦❢ s♣❛❝❡t✐♠❡
♣♦s✐t✐♦♥s✳ ❲❡ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧ ❜② ❝♦♥s✐❞❡r✐♥❣ ♣r♦❞✉❝ts ♦❢ ✐♥❞❡♣❡♥❞❡♥t P✲s✐❣♥❛❧s✳
❚♦ ❛✈♦✐❞ ❜♦r✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t♦ ❛ss❡rt s♦♠❡
r❡❣✉❧❛r✐t② ♦❢ P✲s✐❣♥❛❧s ❛♥❞ r❡❧② ♦♥ t❤❡ t❤❡♦r② ♦❢ p✲r❡❝♦❣♥✐③❛❜❧❡ s❡ts ♦❢ t✉♣❧❡s ♦❢
✐♥t❡❣❡rs ❬✺❪ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡s❡ ♣♦s✐t✐♦♥s✳

▲❡♠♠❛ ✾✳ ❚❤❡ s♣❛❝❡t✐♠❡ s❡q✉❡♥❝❡ ∆ : N2 → Zn+1 ♦❢ t❤❡ (n, k)✲❡♠❜❡❞❞✐♥❣ F
♦❢ t❤❡ ❳❖❘✱ ✇❤❡r❡ ∆(x, y) = Fy(ω0.10ω)−x✱ ✐s 2✲r❡❝♦❣♥✐③❛❜❧❡✳

Pr♦♦❢✳ ❚❤❡ s♣❛❝❡t✐♠❡ s❡q✉❡♥❝❡ ∆ ♦❢ t❤❡ (n, k)✲❡♠❜❡❞❞✐♥❣ F ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡
2✲s✉❜st✐t✉t✐♦♥ s : Zn+1 → Z

2
n+1 ✉♥✐q✉❡❧② ❞❡✜♥❡❞✱ ❛s ♣❡r ❋✐❣✳ ❄❄✱ ❜②

s(0) =

(

0 0
0 0

)

s







n
✳✳✳
1






=

(

n · · · (k + 1) k · · · 1 n · · · (k + 1) · · · 1
0 · · · 0 n · · · · · · · · · 1 0 · · · 0

)⊺

■♥❞❡❡❞✱ t❤❡ s✉❜st✐t✉t✐♦♥ r✉❧❡ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❧♦❝❛❧ r✉❧❡ ♦❢ t❤❡ ❖❈❆✳ �

✺✳✺ ❈♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇s

▲❡t F ❞❡♥♦t❡ t❤❡ ❖❈❆ ✇❡ ❛r❡ ❝♦♥str✉❝t✐♥❣✳ ❲❡ ✉s❡ 4 P✲s✐❣♥❛❧s ♦❢ s♣❡❡❞s 2✱ 3✱ 5
❛♥❞ 6 ❛s ❢♦✉♥❞❛t✐♦♥s ♦❢ F ✖ t❤❡② ❛❧❧♦✇ ✉s t♦ ❜✉✐❧❞ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇s✳ ▲❡t c
❜❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤ ✐s ♥✉❧❧ ❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ❢♦r c(0) = (1, 1, 1, 1)✳
❲❡ ✉s❡ ▲❡♠♠❛ ✾ t✇✐❝❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✱ t❤❛t ✐s✱ ✇❡ ❤❛✈❡ ❛
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ♣♦s✐t✐♦♥s ✇❤❡r❡ s♦♠❡ s♣❡❝✐✜❝ st❛t❡ ♣❛✐rs ❛♣♣❡❛r✳
❇♦t❤ ❧❡♠♠❛s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✸✱ ✹ ❛♥❞ ✺✳

▲❡♠♠❛ ✶✵✳

∀m ≤ 0, p ≥ 0,

{

Fp(c)m = (1, 0,❴,❴)

Fp(c)m+1 = (0, 3,❴,❴)
⇔

{

∃h ∈ N
∗,m = −8h

p ≡ −3m− 1[−14m]

▲❡♠♠❛ ✶✶✳

∀m ≤ 0, p ≥ 0,

{

Fp(c)m = (❴,❴, 7, 6)

Fp(c)m+1 = (❴,❴, 5, 0)
⇔

{

∃h ∈ N
∗,m = −8h

p ≡ −12m− 1[−14m]

❍❡♥❝❡ ✇❡ ❛❞❞ ❛ ✜❢t❤ ❧❛②❡r ✉s✐♥❣ ❛❧♣❤❛❜❡t {0, 1} ✇✐t❤ t❤❡ r✉❧❡✿

δ5 ((1, 0,❴,❴, x), (0, 3,❴,❴,❴)) = 1− x

δ5 ((❴,❴, 7, 6, x), (❴,❴, 5, 0,❴)) = 1− x

δ5 ((❴,❴,❴,❴, x), (❴,❴,❴,❴,❴)) = x ♦t❤❡r✇✐s❡✳

❆❝t✉❛❧❧②✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✇♦r❦ ❢♦r ❝♦❧✉♠♥s −2·8h, h ∈ N
∗ ❛♥❞ −4·8h, h ∈

N
∗✱ ❤❡♥❝❡ ✇❡ ✉s❡ t❤❡♠ ❛❧❧✳ ❲❡ t❤❡r❡❢♦r❡ ❝❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇s t❤❡ ✈❡rt✐❝❛❧

s❡❣♠❡♥ts ✐♥ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ✇❤❡r❡ t❤❡ ✜❢t❤ ❧❛②❡r ❝♦♥t❛✐♥s 1✿

(m, p) ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇ ⇔
∃h ∈ N

∗,m = −2h✱ p′ ≡ p[14 · 2h]
❛♥❞ 3 · 2h ≤ p′ < 12 · 2h✳



P❡r♠✉t✐✈❡ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❛♥❞ ❛✉t♦♠❛t♦♥ ❣r♦✉♣s ✾

❋✐❣✳ ✸✳ ❙♣❡❡❞s 2
❛♥❞ 3 P✲s✐❣♥❛❧s
❞❡t❡r♠✐♥❡ t❤❡
♣♦s✐t✐♦♥s ♦❢ t❤❡
❧♦✇❡r ♣♦✐♥ts ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥
✇✐♥❞♦✇s ❛s st❛t❡❞
✐♥ ▲❡♠♠❛ ✶✵✳

❋✐❣✳ ✹✳ ❙♣❡❡❞s 5
❛♥❞ 6 P✲s✐❣♥❛❧s ❞❡✲
t❡r♠✐♥❡ t❤❡ ♣♦s✐✲
t✐♦♥s ♦❢ t❤❡ ✉♣✲
♣❡r ♣♦✐♥ts ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥ ✇✐♥✲
❞♦✇s ❛s st❛t❡❞ ✐♥
▲❡♠♠❛ ✶✶✳

❋✐❣✳ ✺✳ ■♥ ❧✐❣❤t
❣r❛②✱ s♣❡❡❞s 2✱
3✱ 5 ❛♥❞ 6 P✲
s✐❣♥❛❧s t♦❣❡t❤❡r
❛❧❧♦✇ t♦ ❞r❛✇ t❤❡
✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥
✇✐♥❞♦✇s✳

❋✐❣✳ ✻✳ ❚❤❡ ❤❡❛❞s ❛r❡ s✉♣♣♦rt❡❞ ❜② s♣❡❡❞
4 P✲s✐❣♥❛❧s t❤❛t ♣❛ss t❤r♦✉❣❤ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ✇✐♥❞♦✇s✳ ❚❤❡ ✇✐♥❞♦✇s ❛r❡ ❧❛r❣❡
❡♥♦✉❣❤ s♦ t❤❛t t❤✐s ♣r♦♣❡rt② r❡♠❛✐♥s ❡✈❡♥
❛❢t❡r t❤❡② ❛r❡ s❤✐❢t❡❞ ✉♣ ♦r ❞♦✇♥✳

❋✐❣✳ ✼✳ ❲❤❡♥ t❤❡ ❤❡❛❞ ❛rr✐✈❡s ✐♥ ❛ ❝♦♠✲
♣✉t❛t✐♦♥ ✇✐♥❞♦✇✱ ✐t ✐s ❤❡r❡ s❤✐❢t❡❞ ✉♣✲
✇❛r❞✱ t❤❡♥ ✉♣✇❛r❞ ❛❣❛✐♥ ❛♥❞ ❞♦✇♥✇❛r❞
✐♥ t❤❡ t❤✐r❞ ✇✐♥❞♦✇✳ ❚❤❡ st❛t❡ ❛❧s♦
❝❤❛♥❣❡s t❤❡♥ ✭r❡❞✱ ❧❛t❡r ❜❧✉❡✱ ♦r❛♥❣❡ ❛♥❞
❜❧✉❡ ❛❣❛✐♥✮✳ ■♥ ❧✐❣❤t ❣r❛②✱ ❛♥♦t❤❡r ❤❡❛❞
✇❤♦s❡ ♣♦s✐t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡✳



✶✵ ▼✳ ❉❡❧❛❝♦✉rt✱ ◆✳ ❖❧❧✐♥❣❡r

✺✳✻ ❈♦♠♣✉t✐♥❣ ❤❡❛❞s

❊✈❡r② ❤❡❛❞ ♦❢ t❤❡ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ✐s s✐♠✉❧❛t❡❞ ♦♥ ❛ ♥❡✇ ❧❛②❡r✳ ■t ✐s ❝♦♠♣♦s❡❞
♦❢ ❛ s✉♣♣♦rt t❤❛t ✐s ♠❛✐♥❧② ❛ s♣❡❡❞ 4 P✲s✐❣♥❛❧✱ ❛♥❞ ❛♥ ✐♥t❡r♥❛❧ st❛t❡ t❤❛t ❜❡❧♦♥❣s
t♦ t❤❡ s❡t ♦❢ st❛t❡s Σ ♦❢ t❤❡ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥✳ ❲❡ ♥❡❡❞ 4 ❤❡❛❞s✱ ❤❡♥❝❡ t❤❡r❡
❛r❡ 4 ❛❞❞✐t✐♦♥❛❧ ❧❛②❡rs ✭6 t♦ 9✮✳

❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ ❤❡❛❞s ♠♦✈❡ ❧✐❦❡ s♣❡❡❞ 4 P✲s✐❣♥❛❧ ❝❛rr②✐♥❣ ✐♥t❡r♥❛❧ st❛t❡s
✉♥t✐❧ t❤❡② r❡❛❝❤ ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇ ✭❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✻✮✳ ❚❤❡♥✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❝♦♥t❡①t✱ t❤❡② ✉♣❞❛t❡ t❤❡✐r ✐♥t❡r♥❛❧ st❛t❡ ❛♥❞ ❡✈❡♥t✉❛❧❧② s❤✐❢t ✉♣✇❛r❞
♦r ❞♦✇♥✇❛r❞✳ ❊❛❝❤ s❤✐❢t ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠♦✈❡ ♦❢ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ✇❛❧❦✐♥❣
❛✉t♦♠❛t♦♥✳ ❍❡♥❝❡ ✐ts ♣♦s✐t✐♦♥ ✐s ❡♥❝♦❞❡❞ ❜② t❤❡ ❣❧♦❜❛❧ s❤✐❢t ❛♣♣❧✐❡❞ t♦ ✐t✱ ❝❛❧❧
✐t t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❤❡❛❞✳

▼♦r❡ ❢♦r♠❛❧❧②✱ ❡❛❝❤ ❧❛②❡r r❡♣r❡s❡♥t✐♥❣ ❛ ❤❡❛❞ ✉s❡s t❤❡ ❛❧♣❤❛❜❡t ([1..7]×Σ)∪
(0,⊥)✳ ❖✉ts✐❞❡ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇s✱ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ❢♦❧❧♦✇s t❤❡ r✉❧❡ ♦❢
s♣❡❡❞ 4 s✐❣♥❛❧s✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s ♠❛✐♥t❛✐♥❡❞ ✐❢ ♣♦ss✐❜❧❡ ♦r ♦t❤❡r✇✐s❡
t❛❦❡♥ ❢r♦♠ t❤❡ r✐❣❤t ♥❡✐❣❤❜♦r✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✇❡ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ st❛t❡ ♦❢ ❝❡❧❧ m ❛t t✐♠❡ p ✇✐t❤ (m, p)
✐♥s✐❞❡ ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇✳ ❉❡♥♦t❡ ❜② x✱ y ❛♥❞ z t❤❡ st❛t❡s ♦❢ ❝❡❧❧s (m, p)✱
(m+1, p) ❛♥❞ (m, p+1) ✐♥ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❛♣♣❧② t♦
❧❛②❡r 6 ✭t❤❡ s❛♠❡ ❛♣♣❧✐❡s ❢♦r ♦t❤❡r ❧❛②❡rs✮✿

✕ ✐❢ y6 = (0,⊥)✱ t❤❡♥ ❛♣♣❧② st❛♥❞❛r❞ r✉❧❡s✳
✕ ✐❢ y6 6= (0,⊥)✱ ❧♦♦❦ ❛t ❡✈❡r② ♦t❤❡r ❧❛②❡r ✇❤❡r❡ t❤❡ s✉♣♣♦rt st❛t❡ ✐s t❤❡ s❛♠❡
❛♥❞ ❛♣♣❧② f1 ❛♥❞ g1✱ t❤❡ ✉♣❞❛t❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥✱ ✇✐t❤
t❤❡s❡ st❛t❡s✳ ■❢ t❤❡ r❡s✉❧t ♦❢ g1 ✐s −1 ✭r❡s♣✳ 0✱ 1✮✱ ❛♣♣❧② t❤❡ r✉❧❡ ♦❢ ❛ s♣❡❡❞ 3
✭r❡s♣✳ 4✱ 5✮ s✐❣♥❛❧ t♦ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t✳ ■❢ t❤❡ s✉♣♣♦rt ♦❢ z6 ✐s ♥♦t 0✱ t❤❡♥
t❤❡ ✐♥t❡r♥❛❧ st❛t❡ ✐s ❣✐✈❡♥ ❜② f1✳

✺✳✼ ❙✐♠✉❧❛t✐♦♥

❋✐♥❛❧❧②✱ t❤❡ ❖❈❆ ✇❡ ❜✉✐❧❞ ❤❛s 9 ❧❛②❡rs ✿ 4 P✲s✐❣♥❛❧s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥
✇✐♥❞♦✇s ♦♥ t❤❡ ✜❢t❤ ❧❛②❡r✱ ❛♥❞ 4 t♦ s✐♠✉❧❛t❡ t❤❡ 4 ❤❡❛❞s ♦❢ t❤❡ ❚✉r✐♥❣ ✉♥✐✈❡rs❛❧
✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s t❤❡ ✜♥✐t❡ ❝♦♥✜❣✉r❛t✐♦♥ c ✇✐t❤

c(0) = (1, 1, 1, 1, 0, (1, I), (1, I), (1, I), (1, I))

c(m) = (0, 0, 0, 0, 0, (0,⊥), (0,⊥), (0,⊥), (0,⊥)) ❡❧s❡✇❤❡r❡✳

❋✐rst ♥♦t❡ t❤❛t t❤❡ ❤❡✐❣❤t ❝❛♥ ✈❛r② ♦❢ ❛t ♠♦st 1 ❡❛❝❤ t✐♠❡ t❤❡ ❤❡❛❞ ❝r♦ss❡s
❛ ❝♦❧✉♠♥ −2h, h ∈ N✱ ❤❡♥❝❡✿

▲❡♠♠❛ ✶✷✳ ●✐✈❡♥ ❛♥② s✐♠✉❧❛t✐♥❣ ❤❡❛❞✱ ✇❤✐❧❡ ✐ts ❤❡✐❣❤t ✐s ❜❡t✇❡❡♥ −h ❛♥❞ h

✐♥ ❝♦❧✉♠♥ m = −2h, h ∈ N✱ ❡✈❡r② ♥♦♥ (0,⊥) ✈❛❧✉❡ ♦❢ t❤❡ ❧❛②❡r ✐♥ t❤✐s ❝♦❧✉♠♥ ✐s
✐♥s✐❞❡ ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐♥❞♦✇✳

❚❤✐s ♠❡❛♥s t❤❛t ❡❛❝❤ ❤❡❛❞ ❤❛s t♦ ❛♣♣❧② t❤❡ ✉♣❞❛t❡ r✉❧❡ ✇❤❡♥ ❛rr✐✈✐♥❣ ✐♥
❝♦❧✉♠♥ −2h, h ∈ N✳ ◆♦✇ ❝❤❡❝❦ t❤❛t ❡✈❡r② t✐♠❡ ✐t ❞♦❡s✱ ♦♥❡ st❡♣ ♦❢ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ t❤❡ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ✐s s✐♠✉❧❛t❡❞✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t♦ ❡♥s✉r❡



P❡r♠✉t✐✈❡ ♦♥❡✲✇❛② ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛ ❛♥❞ ❛✉t♦♠❛t♦♥ ❣r♦✉♣s ✶✶

t❤❛t t✇♦ ❤❡❛❞s ♦❢ t❤❡ ✇❛❧❦✐♥❣ ❛✉t♦♠❛t♦♥ ❛r❡ ♦♥ t❤❡ s❛♠❡ ❝❡❧❧ ❛t st❡♣ h ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡✐r s✐♠✉❧❛t✐♥❣ ❤❡❛❞s ❝♦✐♥❝✐❞❡ ♦♥ ❝♦❧✉♠♥ 2h − 1✳ ❚❤✐s ✐s
tr✉❡ s✐♥❝❡✱ ❢♦r ❛♥② ❤❡❛❞ ✇❤♦s❡ ❤❡✐❣❤t ✐s s✱ ✐ts s✉♣♣♦rt t❛❦❡s ✈❛❧✉❡ 1 ❡①❛❝t❧② ✐♥
❝❡❧❧s (2h − 1, p) ✇✐t❤ p ≡

(

4 · (2h − 1) + s
)

[7 · 2h]✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❞✉❡ t♦ t❤❡
❳❖❘ r✉❧❡✱ ✇✐t❤ t❤❡ (7, 4)✲❡♠❜❡❞❞✐♥❣✳ ❋✐❣✳ ✼ ✐❧❧✉str❛t❡s t❤✐s ❜❡❤❛✈✐♦✉r ✇✐t❤ t✇♦
❤❡❛❞s ✭♦♥❡ ❞♦❡s ♥♦t ♠♦✈❡ t♦ s✐♠♣❧✐❢② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡
s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✶✳

✻ ❖♥❡ st❡♣ ❢✉rt❤❡r

❖r❜✐t ♣❡r✐♦❞✐❝✐t② ♣r♦❜❧❡♠ ●✐✈❡♥ ❛ r❡✈❡rs✐❜❧❡ ❖❈❆ ✇✐t❤ ❛ q✉✐❡s❝❡♥t st❛t❡
0 ∈ X ❛♥❞ ❛ st❛t❡ x ∈ X✱ ❞❡❝✐❞❡ ✐❢ t❤❡ s♣❛❝❡t✐♠❡ ❞✐❛❣r❛♠ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ ω0.x0ω ✐s ♣❡r✐♦❞✐❝✳

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ♦r❜✐t ♣❡r✐♦❞✐❝✐t② ♣r♦❜❧❡♠ ✐s ✉♥❞❡❝✐❞❛❜❧❡ ❢♦r r❡✈❡rs✐❜❧❡ ❖❈❆✳

■❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❤❛❧ts✱ t❤❡ ✇✐♥❞♦✇s ❛♥❞ t❤❡ 4 P✲s✐❣♥❛❧s t❤❛t ❤❡❧♣ ❞❡t❡r♠✐♥❡
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❤❡❛❞s ❦❡❡♣ ♣r♦❣r❡ss✐♥❣ ❡t❡r♥❛❧❧②✳ ❚♦ r❡❛❝❤ ♣❡r✐♦❞✐❝✐t②✱ ✐t ✐s
♥❡❝❡ss❛r② ✭❛♥❞ ❡♥♦✉❣❤ t❤❛♥❦s t♦ ▲❡♠♠❛ ✼✮ t♦ ❦✐❧❧ t❤❡♠ ❛❧❧✳ ■t ✐s ♣♦ss✐❜❧❡ t♦
❞♦ s♦ ❜② ❣✐✈✐♥❣ ❦✐❧❧✐♥❣ ♦r❞❡rs t♦ t❤❡ ❤❡❛❞s✳ ❆t t❤❡ ❤❛❧t✐♥❣ st❡♣ h0✱ ❡❛❝❤ ❤❡❛❞ ✐s
❣✐✈❡♥ t❤❡ r❡s♣♦♥s✐❜✐❧✐t② t♦ ❦✐❧❧ ♦♥❡ ♦❢ t❤❡ P✲s✐❣♥❛❧s ✇❤✐❧❡ s❛❝r✐✜❝✐♥❣ ✐ts❡❧❢✳ ❚❤❡②
❤❛✈❡ t♦ s❧♦✇ ❞♦✇♥ ♦r s♣❡❡❞ ✉♣ t♦ ♠❡❡t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P✲s✐❣♥❛❧✳ ❆❣❛✐♥✱ ✇❡
✉s❡ ▲❡♠♠❛ ✾ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❡❡t✐♥❣ ❝❛♥ ❤❛♣♣❡♥ ♦♥ ❝♦❧✉♠♥ 2h0+1 ✇✐t❤ ❛
❧♦❝❛❧ ❝♦♥t❡①t t❤❛t ❞♦❡s ♥♦t ❤❛♣♣❡♥ ❡❧s❡✇❤❡r❡✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆❦❤❛✈✐✱ ❆✳✱ ❑❧✐♠❛♥♥✱ ■✳✱ ▲♦♠❜❛r❞②✱ ❙✳✱ ▼❛✐r❡ss❡✱ ❏✳✱ P✐❝❛♥t✐♥✱ ▼✳✿ ❖♥ t❤❡ ✜♥✐t❡✲
♥❡ss ♣r♦❜❧❡♠ ❢♦r ❛✉t♦♠❛t♦♥ ✭s❡♠✐✮ ❣r♦✉♣s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛ ❛♥❞
❈♦♠♣✉t❛t✐♦♥ ✷✷✭✵✻✮✱ ✶✷✺✵✵✺✷ ✭✷✵✶✷✮

✷✳ ❆♠♦r♦s♦✱ ❙✳✱ P❛tt✱ ❨✳◆✳✿ ❉❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡s ❢♦r s✉r❥❡❝t✐✈✐t② ❛♥❞ ✐♥❥❡❝t✐✈✐t② ♦❢
♣❛r❛❧❧❡❧ ♠❛♣s ❢♦r t❡ss❡❧❧❛t✐♦♥ str✉❝t✉r❡s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s
✻✭✺✮✱ ✹✹✽✕✹✻✹ ✭✶✾✼✷✮

✸✳ ❇❛rt❤♦❧❞✐✱ ▲✳✱ ❙✐❧✈❛✱ P✳❱✳✿ ●r♦✉♣s ❞❡✜♥❡❞ ❜② ❛✉t♦♠❛t❛✱ ✐♥ ❆✉t♦▼❛t❤❆ ❤❛♥❞❜♦♦❦

✭t♦ ❛♣♣❡❛r✮✱ ❤tt♣s✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✵✶✷✳✶✺✸✶
✹✳ ❇♦②❧❡✱ ▼✳✱ ▼❛❛ss✱ ❆✳✱ ❡t ❛❧✳✿ ❊①♣❛♥s✐✈❡ ✐♥✈❡rt✐❜❧❡ ♦♥❡s✐❞❡❞ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✳ ❏♦✉r✲

♥❛❧ ♦❢ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❏❛♣❛♥ ✺✷✭✹✮✱ ✼✷✺✕✼✹✵ ✭✷✵✵✵✮
✺✳ ❇r✉②❡r❡✱ ❱✳✱ ❍❛♥s❡❧✱ ●✳✱ ▼✐❝❤❛✉①✱ ❈✳✱ ❱✐❧❧❡♠❛✐r❡✱ ❘✳✿ ▲♦❣✐❝ ❛♥❞ ♣✲r❡❝♦❣♥✐③❛❜❧❡

s❡ts ♦❢ ✐♥t❡❣❡rs✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡ ❇❡❧❣✐❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ❙✐♠♦♥ ❙t❡✈✐♥ ✶✭✷✮✱
✶✾✶✕✷✸✽ ✭✶✾✾✹✮

✻✳ ❈♦✈❡♥✱ ❊✳✱ P✐✈❛t♦✱ ▼✳✱ ❨❛ss❛✇✐✱ ❘✳✿ Pr❡✈❛❧❡♥❝❡ ♦❢ ♦❞♦♠❡t❡rs ✐♥ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✳
Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✶✸✺✭✸✮✱ ✽✶✺✕✽✷✶ ✭✷✵✵✼✮

✼✳ ❉❛rt♥❡❧❧✱ P✳✱ ▼❛❛ss✱ ❆✳✱ ❙❝❤✇❛rt③✱ ❋✳✿ ❈♦♠❜✐♥❛t♦r✐❛❧ ❝♦♥str✉❝t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❞②♥❛♠✐❝s ♦❢ ♦♥❡✲s✐❞❡❞ ❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✸✵✹✭✶✕✸✮✱
✹✽✺✕✹✾✼ ✭✷✵✵✸✮

✽✳ ❉❡❧♦r♠❡✱ ▼✳✱ ▼❛③♦②❡r✱ ❏✳✱ ❖❧❧✐♥❣❡r✱ ◆✳✱ ❚❤❡②ss✐❡r✱ ●✳✿ ❇✉❧❦✐♥❣ ✐✐✿ ❈❧❛ss✐✜❝❛t✐♦♥s ♦❢
❝❡❧❧✉❧❛r ❛✉t♦♠❛t❛✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✹✶✷✭✸✵✮✱ ✸✽✽✶✕✸✾✵✺ ✭✷✵✶✶✮



✶✷ ▼✳ ❉❡❧❛❝♦✉rt✱ ◆✳ ❖❧❧✐♥❣❡r

✾✳ ●✐❧❧✐❜❡rt✱ P✳✿ ❚❤❡ ❋✐♥✐t❡♥❡ss Pr♦❜❧❡♠ ❢♦r ❆✉t♦♠❛t♦♥ ❙❡♠✐❣r♦✉♣s ✐s ❯♥❞❡❝✐❞❛❜❧❡✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥ ✷✹✭✵✶✮✱ ✶✕✾ ✭✷✵✶✹✮

✶✵✳ ●❧✉s❤❦♦✈✱ ❱✳▼✳✿ ❚❤❡ ❛❜str❛❝t t❤❡♦r② ♦❢ ❛✉t♦♠❛t❛✳ ❯s♣❡❦❤✐ ▼❛t❡♠❛t✐❝❤❡s❦✐❦❤
◆❛✉❦ ✶✻✭✺✮✱ ✸✕✻✷ ✭✶✾✻✶✮

✶✶✳ ❍❡❞❧✉♥❞✱ ●✳❆✳✿ ❊♥❞♦♠♦r♣❤✐s♠s ❛♥❞ ❆✉t♦♠♦r♣❤✐s♠s ♦❢ t❤❡ ❙❤✐❢t ❉②♥❛♠✐❝❛❧ ❙②s✲
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