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Abstract. We are interested in Sinai’s walk (S,),<n. We prove that the annealed probability that ZZ:O f(Sg) is strictly positive

for all n € [1, N] is equal to 1/(log N)(37‘/§)/2+0(1), for a large class of functions f, and in particular for f(x) = x. The per-
sistence exponent 3%5 first appears in a nonrigorous paper of Le Doussal, Monthus and Fischer, with motivations coming from
physics. The proof relies on techniques of localization for Sinai’s walk and uses results of Cheliotis about the sign changes of the

bottom of valleys of a two-sided Brownian motion.

Résumé. Nous nous intéressons a la marche de Sinai (Sy,), cn. Nous prouvons que la probabilité annealed que Zzzo f(Sg) soit

strictement positive pour tout n € [1, N] est égale a 1/(log N )(3_‘/5)/ Zto(), pour une large classe de fonctions f, et en particulier
3-V5
2

pour f(x) = x. L’exposant de persistance est d’abord apparu dans un article non rigoureux de Le Doussal, Monthus et
Fischer, avec des motivations venant de la physique. La preuve est basée sur des techniques de localisation pour la marche de Sinai
et utilise des résultats de Cheliotis sur les changements de signe des fonds de vallées d’un mouvement Brownien indexé par R.

MSC: 60K37; 60J55
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1. Introduction

In this paper we consider random walks in random environments in Z. Let w := (w;); <z be a collection of independent
and identically distributed random variables taking values in (0, 1), with joint law 7. A realization of w is called an
environment. Conditionally on w, we define a Markov chain (S,),en by So =0 and forn e N, k € Z and i € Z,

w; ifk=i+1,
Pa)(Sn+1=k|Sn=i)= 1—(1),‘ ifk:i—l,
0 otherwise.

We say that (S;,),enN is a random walk in random environment (RWRE). This model has many applications in physics
(see e.g. Hughes [18]) and in biology (see e.g. Cocco and Monasson [10] about DNA reconstruction), and has unusual
properties. Moreover, its properties are used to study several other mathematical models, see e.g. Zindy [32], Enriquez,
Lucas and Simenhaus [14] and Devulder [13].
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The probability P, is called the quenched law. We denote by P} the quenched law for a RWRE starting at x € Z
instead of 0. We also consider the annealed law, which is defined by

P() = / Py (-)n(dw).

Notice in particular that (S,),cN is not Markovian under IP. We also denote by [E, E,, and E;, the expectations under
P, P, and P} respectively. We assume that the following ellipticity condition holds:

Jeo € (0,1/2), m(eo<wp=<1—¢gp)=1. (1.1)

This ensures that |log(%)| is n-a.s. bounded by log(%). Solomon [28] proved that (S;),en is recurrent for
almost every environment w if and only if

1—wo
/log< o >n(dw)=0. (1.2)

We assume that this condition is satisfied throughout the paper. Moreover, in order to avoid the degenerate case of
simple random walks, we suppose in the following that

_ 1/2
o= (/ logz(%)n(da)v > 0. (1.3)
0

A RWRE (S,)nen satisfying conditions (1.1), (1.2) and (1.3) is referred to as Sinai’s walk. Sinai ([26], see also
Andreoletti [2] for extensions) proved that in this (recurrent) case,

S,
o2

log’n

—law Poo

as n — 400, where b, is a nondegenerate and non-Gaussian random variable and — 1,y denotes convergence in law
under P. We refer to Hughes [18], Révész [21] and Zeitouni [31] for more properties of RWRE.

Sinai [27] also showed in 1992 that for a symmetric simple random walk (R,),eN, We have ]P’(ZZ=1 R, >0Vl <
n<N)=x N-Y*as N — +oo. In this paper, we are interested in the corresponding probability for Sinai’s walk
(Sn)neN, and more generally in the one-sided exit problem for some additive functionals of Sinai’s walk under the
annealed law P. We say that g(x) = o(1) as x — +oo (resp. —o0) if g(x) — 0 as x — 400 (resp. —00). Our main
result is the following.

Theorem 1.1. Let f be a function Z — R, such that f(0)=0; f(x) > 1 forall x > 0; f(x) <—1 forall x <0; and
| £ (x)] <exp(|x]|°D) as x — +o00. We consider a RWRE (Sp)nen satisfying conditions (1.1), (1.2) and (1.3), and a
real number u <0. We have as N — +00,

n
1
P S Vi<n<N]|= _
<;f( = ="= > (log N)(3—ﬁ)/2+0(1)

Let (A;):ep be a real valued stochastic process starting from 0, where D = R4 or D = N. The asymptotic study
of the survival function P(Vt € (0, T]1 N D, A; > x) for x <0, when T — 400, is called one sided exit problem or
persistence probability. This problem is equivalent to the study of P(7Ty > T), where T is the first passage time of
the process (—A;); strictly above the level y = —x > 0. In many cases with physical relevance, the survival function
behaves asymptotically like 1/7%t°(D as T — 400, with o > 0. The exponent « is called the persistence or survival
exponent. This problem, which is well known for random walks or Lévy processes, is less understood for the integrals
of these processes, in particular in the discrete case. We refer to Aurzada and Simon [4] for a recent review on this
subject from the mathematical point of view. Persistence properties have also received a considerable attention in
physics, see e.g. Bray, Majumdar and Schehr [6] for an up-to-date survey.
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In our case, the probability we obtain in Theorem 1.1 for the integrals of (f(S,)), is a power of log N instead of
N, which is quite unusual and contrasts with all the cases presented in the review paper [4]. The value of the survival
exponent is 3_2 3. it does not depend on the function f for a wide class of functions, and it also does not depend on
the law 7 of the environment, as long as (1.1), (1.2) and (1.3) are satisfied. It is derived from the results of Cheliotis [8]
about the number of sign changes of the bottom of valleys of Brownian motion, and was first stated in a nonrigorous
paper of Le Doussal, Monthus and Fisher [16], with motivations coming from physics.

Before giving some examples, we introduce some more notation. We denote by N* the set of positive integers, and
Z* 1is the set of negative integers. We define the local time of the RWRE (), <N at time n € N as follows:

L(A,n):= Zﬂ{skeA}, L(x,n):= L({x},n)
k=0

for A C Z and x € Z. In words L(A, n) is the number of visits of the random walk S to the set A in the first n steps.
This quantity will be useful in the proof of Theorem 1.1, because

n

Y e =) g)Lx,n), neN, (1.4)

k=0 X€EL

for every function g.
It can be interesting to keep in mind the first example:

Example 1. For f(x) =1{y~0) — L{x<0}, Theorem 1.1 gives

1

sk * J—
IP’[L(N ,n) > L(Zf,n) Vi<n< N] = (logN)(3—*/§)/2+”(1)'

The following example gives for & = 1 the persistence of the temporal average or running average of Sinai’s walk,
that is % Y %—o Sk, with the terminology of Le Doussal et al. ([16] Section IV):

Example 2. Let o > 0, sgn(x) := Lix~0) — Lix<0) for x e R, and f(x) =sgn(x)|x|* for x € Z. We get for u <0,

n
1
P sen(SH|Sk|“>uVvVl<n<N| = .
<1§ eI =l =n = ) (log N)B=v5)/2+o(1)

We recall that the corresponding probability for o = 1 for a simple random walk is of order N ~1/4 (see Sinai [27];
see also Vysotsky [30] and Dembo, Ding and Gao [11] for recent extensions). Example 2 is also, for « > 0 arbitrary,
the analogue for Sinai’s walk of the results obtained by Simon [25] for some additive functionals of stable processes
with no negative jumps. We can also consider functions increasing more rapidly, such as f(x) = sgn(x)|x|/102C+DI*,
x € Z fora > 0.

The rest of the paper is organized as follows. We introduce some notation and basic facts in Section 2. In Section 3
we build a set B(N) of bad environments, such that in a bad environment, ZZ:O f(Sk) is less than u for at least one
integer n € [1, N] with a great quenched probability. To this aim, we approximate the potential of the environment by
a two-sided Brownian motion, and we define strong changes of sign for the valleys of this Brownian motion. We prove
that in a bad environment, the existence of such a strong change of sign forces the walk to stay a long time in Z*
with a large quenched probability, leading to the upper bound of Theorem 1.1. A sketch of this proof is provided in
Section 3.1. In Section 4 we build a set G(N) of good environments. We prove, using mathematical induction, that in
such a good environment Y ;_, f (Sk) is strictly positive for all 1 <n < N with a large quenched probability, which
leads to the lower bound of Theorem 1.1. A sketch of this proof is given in Section 4.1. Finally, Section 5 is devoted
to the proof of two technical lemmas.

Throughout the paper, ¢;, i € N, denote positive constants, and log denotes the natural logarithm.
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2. Preliminaries
2.1. Potential

We recall that the potential V' is a function of the environment w, which is defined on Z as follows:

iy log 5% ifn >0,
Vin):=10 ifn=0,
— Y log o ifn <0

For p € Z, we define the hitting time of p by (S,), by:
t(p) :=inf{k e N, Sy = p}.
We now recall some basic estimates that will be useful throughout the paper.

Lemma 2.1 (See e.g. Zeitouni [31], formula (2.1.4), p. 196). If p < g <r, then

q—1 r—1 -1
P [I(r) < ‘L’(p)] = (Z ev(k)) (Z ev(k)) ) 2.1
k=p k=p

Lemma 2.2 (See e.g. Zeitouni [31], p. 250). If g <h <1,

i—1 k
Ellc@at@®] =Y explV (k) = VOI _ eg (i — g)zexp[ max  (V(k) — V(Z))]. 2.2)

<t<k<i—1
k=ht=g e §=tSRSt

Proof. This formula (2.2) is proved by Zeitouni [31], p. 250, in the particular case h = 0. Indeed, Zeitouni uses
the notation w} := wy, py := (1 — wx)/wy, x € Z (see [31], p. 194 and p. 195), Tj,, := t(ag) A T(b") for some
ag <0 < b§ =b", and proves in the fourth formula of [31], p. 250 that

proi—l-ag i b1 k B
EO[t(a}) nr(b")] = ESTpnl <3 3 Hj)Lpl‘k -y ‘”‘PW(’Z)M vl (2.3)
i=1 j=0 1T k=0 t=a!

Since the proof of this formula does not use any property of aj and b" except aj <0 < bz = D", it is true for any
integers ay < 0 < b". The general case (2.2) follows from (2.3) by translation, since Ei’)[r @ AT@)]= Eg[r(g —
h) At(i —h)] for g < h < i, with @, := wy1), for every x € Z. a

Moreover, the following estimate can be found in Andreoletti ([1], p. 22) and is in the spirit of Révész ([21],
pp- 278-279).

Lemma23. Ifp<z<g<rorp<qg<z<r,

Pllt(z) <t(p) AT(1)]
w, PST[t(2) > 1]+ (1 — 0 ) PE ' [e(2) > t(p)]

EZ[L(z,t(p) AT(r)] = 2.4

For the sake of completeness, we recall the proof:

Proof of Lemma 2.3. By the strong Markov property,

EJ[L(z,t(p) AT()] = EZ[L(z, T(P) A T(M))Liz@y<e(pync)]
= Ei',[L(z, T(p) A r(r))]Pg[r(z) <t(p)A 'L'(r)],



1080 A. Devulder

Since L(z,7(p) A T(r)) is under PZ a geometric random variable of parameter w,P:*![t(z) > t(r)] + (1 —
;) PE [T (2) > T(p)], we get (2.4). .

2.2. x-extrema

We now recall some definitions introduced by Neveu and Pitman [20]. If w is a continuous function R — R, x > 0,
and yp € R, it is said that w admits an x-minimum at yy if there exists real numbers « and 8 such that « < yg < 8,
w(yo) = inf{w(y), y € [«, B]}, w(x) > w(yg) + x and w(B) > w(yop) + x. It is said that w admits an x-maximum at
yo if —w admits an x-minimum at yg. In these two cases we say that w admits an x-extremum at yy.

We denote by W the set of functions w from R to R such that the three following conditions are satisfied: (a) w is
continuous on R; (b) for every x > 0, the set of x-extrema of w can be written {xi(w, x), k € Z}, where (xx(w, X))kez
is strictly increasing, unbounded from above and below, with xo(w, x) <0 < x1(w, x); (c) for all x > 0 and k € Z,
Xk+1(w, x) is an x-maximum if and only if x; (w, x) is an x-minimum. We now consider a two-sided standard Brow-
nian motion W. We know from Cheliotis ([8], Lemma 8) that n(W € W) = 1.

For each x > 0, by (x), also denoted by b(x) when no confusion is possible, is defined on {W € W} as

by (x) = {xo(W,x) if xo(W, x) is an x-minimum,
’ x1(W,x) otherwise.

One interesting feature about by is that the diffusion in the random potential W, defined by Schumacher [23], is
localized in a small neighborhood of by (logt) at time ¢ with probability nearly one (see Brox [7], Tanaka [29] and
Hu [17]). Such a diffusion can be viewed as a continuous time analogue of Sinai’s walk (see e.g. Shi [24]), and a similar
localization phenomenon arises for Sinai’s walk (see Sinai [26], Golosov [15] and more recently Andreoletti [2]).

For x > 0 and k € Z, the restriction of W — W (xx (W, x)) to [xx(W, x), xx+1(W, x)] is denoted by Ti(x) and is
called an x-slope. It is the translation of the trajectory of W between two consecutive x-extrema. If x; (W, x) is an
Xx-minimum (resp. x-maximum), it is a nonnegative (resp. nonpositive) function, and its maximum (resp. minimum)
is attained at xx41(W, x). For each x-slope Ty(x), we denote by H (Ty(x)) its height and by e(Ty(x)) its excess
height, that is H (T (x)) := |W[xgr1 (W, x)] — Wxip (W, x)]| > x and e(T(x)) := H(Tx(x)) — x > 0. We also define
e(Tr(0)) = H(T;(0)) =0,k € Z.

The point of view of x-extrema has been used in some recent studies of processes in random environment, see
e.g. Bovier and Faggionato [5] for Sinai’s walk, Cheliotis [9] for (recurrent) diffusions in a Brownian potential, and
Andreoletti and Devulder [3] for (transient) diffusions in a drifted Brownian potential.

3. Proof of the upper bound
3.1. Sketch and organization of the proof

We approximate the potential V in (3.2) by o W, where W is a suitable two-sided Brownian motion.

In many cases for Sinai’s walk, the environment largely controls the behavior of the random walk. This is due to
the fact that the random walk tends to go to places with a low potential, and spend a large amount of time around
these places. So, heuristically speaking, the idea is to prove that for most environments, the deepest location (in terms
of potential) visited until time n is < O for at least one time n < N, and that the RWRE (Sk)x spends a large amount
of time around this deepest location before going back to the positive locations at some time m < N, making the sum
> i f(Sk) negative with large annealed probability.

One good candidate for this deepest location visited until time n seems to be b, w (logn), that is, b, w (x) for some
x much bigger that 1 and much smaller than log N such that by (x) < 0. However, the existence of such an x with
bsw (x) < 0 is not enough to ensure that with a large quenched probability the random walk (Sk)x will go quickly to
this (negative) place and spend a great amount of time around it before going back to 0. This is why we introduce, in
Definition 3.2 below, the notion of a-strong change of sign for by, in order to push the walk to go quickly to negative
locations and spend a large amount of time there.

We first study the potential in Sections 3.2 and 3.3. We prove in Lemma 3.4 that with a very large probability,
the environment is what we call a bad environment: it satisfies some technical conditions, but also, there are many
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changes of sign X of by in [(log N)?, (log N)'~¢] (see (3.3)), and among them, at least one is a “strong” change of
sign hy := Xy, of by (see (3.4) and Lemma 3.3), as defined in Definition 3.2 below, with by (Xg,_,) < 0. A schema
representing the potential V of a typical “bad environment” is given in Figure 1 on page 1084.

Then in Section 3.4, we consider a random walk (Sg)x in such a bad environment w. Due to the conditions defining
our strong change of sign hy, we prove that with a large quenched probability, the random walk (S;)x goes quickly
to x_1 :=x_1(W,hy) < —1 before going to some vy < x2(W,hy) =: x2 (see Figure 1). Moreover, it stays a long
time in Z* before going back to 0. It stays such a long time in Z* , on which f <0, that > ;_, f(Sx) becomes < u
for some 1 <n < N, with large quenched probability uniformly on bad environments (see Lemma 3.5), and so with a
large annealed probability. This leads to the upper bound of Theorem 1.1.

3.2. Strong change of sign

Let ¢ > 0. Similarly as in Cheliotis ([8], Corollary 2), we denote by (X¢)x>1 the strictly increasing sequence of points
for which by (-) changes its sign in [c, +00). The proof of the following fact is deferred to Section 5:

Fact 3.1. Almost surely,
X = inf{x > c, e(To(x)) = O},
Xkt1 :inf{x >Xk,e(To(x))=0}, k e N*,

Moreover, the sign of by (+) is constant on every interval [c, X1], (Xi, Xi+1], k € N*,

As a consequence, a.s. for every x > 0, by changes its sign at x if and only if e(7p(x)) = 0. We can now define
strong changes of sign of by as follows:

Definition 3.2. Consider x > 0. For a > 0, we say that x is an a-strong change of sign of by if and only if
e(To(x)) =0, e(Tfl(x)) >ax, and e(T1 (x)) >ax.

In the following lemma, we evaluate the probability that there is no a-strong change of sign x such that by (x) > 0
in [c, Xox+1)-

Lemma 3.3. Fora >0, ¢ > 1 and k € N*, we define A(k, a, c¢) also denoted by Ak 4. as follows:
Apac={Vie{l,....2k},bw(X;) > 0= (e(T_1(X;)) <aX; ore(Ti (X)) <aX;)}.

We have,

k—1

N(Ak,a,c) < n(Al,a,c)(l - e—Za) 3.1

The proof of this lemma is deferred to Section 5.
3.3. Bad environments

Let (w;);ez be a collection of independent and identically distributed random variables satisfying (1.1), (1.2) and (1.3).
We now fix ¢ € (0, 1/2). Let K > 1. In order to transfer to our random potential V, with some approximations, some
results such as the ones of Cheliotis [8], which are available for Brownian motion, but unavailable for V to the extent
of our knowledge, we use the following coupling. According to the Komlés—Major—-Tusnddy strong approximation
theorem (see Komlos et al. [19]), there exist (strictly) positive constants C1, C» and C3, independent of K € N*, such
that, possibly in an enlarged probability space, there exists a two-sided standard Brownian motion (W (¢), t € R), such
that

Bi(K) = | sw [V@) —oWo| <0 log K | (3.2)

satisfies ([B1(K)]¢) < Co K ~©3.
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Throughout the proof, we set a := % exp(%). Moreover, for u € R, |u] denotes the integer part of u. We define
for N > 2 the events

By(N) := {the number of sign changes of by in [(log N)?, (log N)l_s] is at least 2¢ log, N + 2}, (3.3)
B3(N) = [A(L.slog2 N], a, (logN)E)]C, (3.4)

where log, x :=loglogx for x > 1.
We now introduce, for every continuous process (Z(z), t > 0),

Z(@t)=inf{Z(u),0<u <t}, >0, (3.5)
dz(r):=inf{t >0, Z(t) — Z() =r}, r=0.

Then we set W (¢) := W(t) and W (¢) := W(—t) for t > 0, and consider for N > 1:
B4(N) :={dyw+(5logN) < (logN)*},  Bs(N) := {dyy-(5log N) < (log N)*}.
For technical reasons, we also introduce

Be(N) := {¥k e ZN[—log* N — 1,log* N), ¥z € [k, k + 11,

W(t) — W(k)| <log, N}.

This enables us to define the set B(N) of bad environments as follows:
6
B(N) := Bi[| (log N)O=VI/CEH |10 (M) B; (V).
=2

We now estimate the probability of bad environments with the following lemma:

Lemma 3.4. If ¢ > 0 is small enough, we have for large N,

3

B N C ’
n(B(N)°) < (log N)3—v5)/2=¢(@)

(3.6)

where ¢ is a function (0, 1/3) — R such that ¢ (t) —;—0 0 and ¢ (t) > 0 for t > 0 small enough, which is defined just
after (3.7).

Proof. Denote by ky (e') the number of sign changes of by in [1, e'] for ¢ > 0. Cheliotis ([8], Corollary 5) proves
that the laws of kw (e’)/t, t > O satisfy a large deviation principle with speed ¢ and good rate function I, defined

by I(x) :=xlog(2x(x 4+ /x2+5/4)) +3/2 — (x + /x2+5/4) for x > 0, I(x) := +oo for x <0, and 1(0) :=
(3 — +/5)/2. Hence by scaling, for N large enough,

1(Ba(N)°) < nkw (e 721082 N) < 3¢1og, N)
<exp{—[1(3e/(1 —2¢)) — &](1 —2¢)log, N'}
= (log N)((s)—(3—ﬁ)/2’ (3.7)
where ¢(t) :=1(0) — [ (Bt/(1 — 2¢t)) — t](1 — 2¢) for ¢ € (0, 1/3). Notice that {(t) > O for small ¢ > 0 since 0 <

1(u) < I1(0) for small u > 0. Moreover, ¢(t) — 0 as t — 0, t > 0, since [ is right-continuous at 0. Lemma 3.3 gives
since | —e™" <t fort eR, for N large enough so that [elog, N] — 1 >0,

n[B3(N)C] — ﬂ[A(Lelogz N_],a, (logN)E)] < (1 _ e—2a)L81082NJ—1 < (Za)I_SIOgZNJ—l-
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So, since 2a = exp([«/g —3]/(2¢)) € (0, 1),
1[Bs(N)°] = Qa) 8N 2 = [exp((3 — V5)/¢) | Qog N) V372,

Consequently, for every (fixed) & > 0 small enough so that £ (¢) > 0, we have for N large enough, exp((3 — v/3)/¢) <
(log N)*® and then

n[B3(N)‘] < (log N)§©=CG=V3/2, (3.8)
Notice that forr >0 and T > 0,
n(dw+(r) > T) <n(WHT) = WHT) <r)=n(|W(T)| <r) <2r/JT,
since WH(T) — WH(T) =paw |W(T)| (see Lévy’s theorem e.g. in Revuz and Yor [22], th. V1.2.3). This gives
n[Ba(N)°] = n[Bs(N)°] < 10/(0 log ). (3.9)

Moreover for large N, we get since supg,<; W(#) =jaw |W(1)] and n[W (1) > x] < /2 for x >1,

n(Bs(N)°) < 3(log* N)n< sup |W ()| > log, N) < 12(log* N) exp(—(log, N)2/2) < (log N) 2. (3.10)
0<r<l1
Combining this with (3.7), (3.8), (3.9) and n(B;(K)°) < % proves the lemma. (Il

3.4. Random walk in a bad environment

In the following lemma, we show that in a bad environment, the quenched probability that > ;_ f(Sk) is greater than
u <0 for all n between 1 and N is small:

Lemma 3.5. Let f be as in Theorem 1.1, and u <0. For large N,

Vo € B(N), P, (\m e[L.NLY f(S0) > u> <4(log N) 2. @3.11)
k=0

Proof. We assume that w € B(N), and we prove that in such a bad environment, there exists a time ¢ € [1, N] such
that Z;e:l f(Sk) <u, with a large enough quenched probability.

First, define Cy 1= o + 35251 +4C). Since € Be(N) N By [ (log N)O~VI/CEH4 ] we have

Vu e [—log* N, log* N],  |V(lu)) — oW )| < Cslog, N. (3.12)
Notice that since w € B3(N), there exists ky € {1,...,2|elog, N |} such that hy := Xj, is an a-strong change of
sign of by and by (hy) > 0, where the (Xy); are the ones in Fact 3.1 with ¢ = (log N)¢. Moreover, since o €
By (N) N B3(N),

(log N)* <hy = X < Xiy+1 < Xiy+2 < Xolelog, Nj+2 < (log N)' 7%,

To simplify the notation, we set x; := x; (W, hy) and y; := |x; | fori € {—2,...,2}. We also define (see Figure 1)

vy i=max{k € Z,k < y_1, V(k) = V(y0)},
vy :=min{k € Z,k > y1, V(k) = o W(x0) + (7+ Ca) log, N}.
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> oahy

Fig. 1. Schema of the potential V for a “bad” environment w € B(N) in the case x_j < v_j.

Since by (hy) > 0, x1 is an hy-minimum for W, and consequently xo and x; are hy-maxima for W and x_; is an
hy-minimum for W. Moreover, e(To(hy)) =0, e(T1(hy)) > ahy and e(T_;(hy)) > ahy since hy is an a-strong

change of sign of by . Due to these properties, we get
W (x0) =sup{W (1), 1 € [x_1,x1]} > 0,
W (x1) =inf{W (1), € [x0, x2]} <0,
W(x0) — W(x1) =hy,
W(x2) = W(x1) = (I +a)hy,
Wi(xo) = W(x-1) = (1 + a)hy,
W(x_1) =inf{W(t),1 € [x_2,x0]} < W(x).

The following lemma will allow us to apply (3.12) to some x;, y; and v;.

Lemma 3.6. For N large enough,

Yw € B(N), —(10gN)4 <vo<x_1<x<0<xi<wm<xi< (logN)4,

YoeB(N), v2+3<y 1<y—-3=<-3.

Proof. First, it is clear by definition that x_» <x_; < x9 <0 < x1 < x3.

(3.13)
(3.14)
(3.15)
(3.16)
(3.17)
(3.18)

(3.19)

Moreover, x| is an Xy, -minimum, whereas x1 (W, Xy, +1) is an (Xy, +1)-maximum because Xy, =hy and Xy, 11
are consecutive changes of sign for by . So x1 # x1(W, Xy, +1). Since x1 (W, Xy, +1) is also an Xy, -maximum, and x,
is the smallest positive Xy, -maximum, we get xa < x1(W, Xgy+1). Now, if 0 <t < x1 (W, Xgp11), WH (1) — WH(2)

is less than or equal to

WHx1 (W, Xiy+1)] = WEx1 (W, Xiy1)] < Wit (W, Xgya )] = W[xo(W, Xiy+1)] = Xiy+1-

Since Xgy+1 < (log N)!=¢ < (5/0) log N for N such that Slog N > o (log N)! =%, and w € B4(N), this yields

0 <x2 <x1(W, Xgy+1) < dgw+(Slog N) < (log N)*.

Since vy > y; = |x1], we have x| < vp. Moreover, we can now apply (3.12) to x» together with (3.15) and (3.16),
which gives V (y2) > o W(x2) — Cs4logy N > o W(xp) + cahy — C4log, N, which is greater than o W (xg) + (7 +

C4)logy N +2log[(1 — g9) /o] uniformly on B(N) for N large enough. This gives vz < y2 < x2.
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Moreover, v—» < y_1 < x_1. Now, similarly as before, xo(W, Xiy4+2) < x0(W, Xipy+1) < x0(W, Xy, ), and
since all of them are Xj,-extrema, this yields xo(W, Xiy+2) < x_2. Now, we have W™ (—xo(W, Xiy+2)) —
W= (—x0(W, Xiy42)) < H(To(Xiy+2)) = Xiy+2 < (log N)!7¢, which gives as previously

0> x_3 > x0(W, Xgy12) = —dyw-(Slog N) > —(log N)*.

We already know that xo(W, Xiy42) < x—1 < 0 < x2 < x1(W, Xgy41) < x1(W, Xgy42), which leads to
Wixo(W, Xiy+2)]1 = W(x2) = W(xp) + ahy since xo(W, Xg,42) is an (Xg,+2)-maximum. Applying (3.12) to
x0(W, Xpy+2) = —log* N and to xo > xo(W, Xiy12) > —log* N, this gives V(Lxo(W, Xiy12)]) = o W (xo(W,
Xin+2)) — Calogy N > o W(xp) + Calogy N > V(yp) for N such that cahy > 2C4log, N, which yields v_ >
Lx0(W, Xiy42)] = —(log N)*.

Finally, notice that by (3.12) and (3.17),

V(o) —V(y=1) =oW(xg) —oW(x_1) —2Cslogy, N > o (1 +a)hy —2Cslog, N,

which is, for large N uniformly on B(N), strictly larger than —3logeg > 3sup;cz |V (k) — V(k — 1) since hy >
(log N)&. This and x_| < x¢ < 0 give the second inequality in (3.19). The first one is obtained similarly. O

Let
Er:i={t(y-1) <t)},  E2:={L(0,v2], 7(y-1) AT(v2)) < (log N)'*+2C4e7M ]
We prove the following lemma:
Lemma 3.7. For large N,
Vo € BN), P,(E{)<(ogN)™%,  Pu(ES5) < (logN)™2.

Proof. First, due to the previous lemma, —(log N )4 < y—1 < —3 uniformly on B(N) for large N, and equations (1.1),
(2.1), (3.12) and (3.13) yield

Po(ES) <ly—1] max "®7V02mD < olog Ny exp[o W (x0) — V(v2)] < (log N) 72,

yo1<k=<-1

for every w € B(N) for large N, which proves the first part of the lemma.

Thanks to xo <0 < vy < x2 and to (3.14), we have W (z) > W (x;) for all z € (0, vp). Moreover, V (k) <o W (xg) +
(74 C4)logy N for every k € [y_1, vo — 1] by the definition of vy, (3.13), and (3.12). This, Lemma 3.6, (2.1), (3.15)
and (3.12) again give for z € (0, v2),

PZ_l[t(Z) -ty 1)] _ eV @1 - 8OeUW(x1)—C4log2N _ soe_JhN
! i;;_l eV (k) T 2(log N)*eo W0 +T+Coloz N = 2(Jog N)11+2Ca

Applying (2.4) and observing that vy < (log N)*, P,[t(z) < t(y_1)] <1 and y_; < —1, we obtain for every w €
B(N) for large N,

vy—1

Eo[L(O0,v2], t(y-D AT(2)] < Y

z=1

Pylt(z) < t(y-1)]
z+1 _ z—1 +1
w P [t(2) > ()] + (1 —w) Py ' [t(2) > t(y-1)]

<2¢52(log N)!5T2C4 by 4 1.

Using Markov’s inequality, we get Pw(Eg) < (logN )~2 for large N. U
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Now, let T :=inf{k > t(y_1), Sk € {v—2, yo — 1}} be the first exit time from the interval (v_3, yo — 1) by the

2
random walk § after t(y_1). We introduce n; := I_S" explo (1 +a)hy)

WJ and the events

Ey:={T >t(y-) +n}, E4:={t(y-1) +n1 < N}.
Lemma 3.8. For N large enough,
Vo € B(N), P,(E)<(ogN)™%,  P,(E{NE;) < (logN)™2.

Proof. Recallthatv_ < y_; < yo—1on B(N) for N large enough by (3.19), and that 7 (y_) < oo P-a.s. since (S,),
is recurrent. We first consider L(y_1, T') and notice that it is under P, a geometric random variable of parameter

_1+1 1 —1
p1 = wyfng 1+ [r(y,l) > 1(yo — 1)] +(1-— wy,l)P£ 1 [‘L’()L]) - t(v,z)]
Yo=2 - yoi—1 -1
= a)y_leV(yl)( Z eV(k)) +(1— a)y_l)eV(yll)< Z ev(k))
k=y_| k=v_»
< g2 exp[V(y-1) = V(o)
< g5 2e 71O (Iog N)2Cs = py,

thanks to (2.1) and the definition of v_;, and where the last inequality comes from (3.12) and (3.17). This ensures that
for large N, uniformly on B(N) since hy > (log N)¢,

log P,[L(y-1.T) = n1] = (n; — Dlog(l — p) = —2ny p; = —2n1 pr = —(log N) 2.

Since 1 —e™! <t for t € R, this yields P,[L(y—1,T) <n1] < (log N)~2. Finally, we have 7' > t(y_1) + L(y—1, T),
which gives Py, (E5) < Py[L(y-1,T) <n1] < (log N)2.

We now turn to E4. Notice that uniformly on B(N) for large N, thanks to Lemma 3.6, (3.12), (3.13), (3.14), (3.18)
and the definition of v, we have

Vkely_1,v2—1], oW(x_1) — Cslogy N < V(k) <o W(xp) + (7+ C4)log, N. (3.20)

Since H(To(Xky)) = Xky < Xkyy,» X0 and x; are not (Xj,, )-extrema. As a consequence, [x—i,x2] C [xo(W,
Xiy+1), x1 (W, Xpy+1)], and then W (x2) — W(x_1) < Xxy+1. Moreover, log, N = o(hy) uniformly on B(N) and
W (xo) < W(x2) —ahy by (3.15) and (3.16), so (3.20) gives for large N,

max{V (k) = V(0. y_1 €<k <v)— 1} <o (Wxo) = W_1) + (7 +2Cs) log, N

<o (W(x2) — W(x_1)) <0 Xikyt1 <o(log Ny'E

This together with (2.2) and |vy — y_1] <2(log N)* yield E,(t(y—1)1E,) < Ey[t(y-1) AT(v2)] < +/N uniformly on
B(N) for large N. Since E,,(n11g,) < /N because hy < (log N)!=¢ on B(N), this yields P,(E{NE;) < (log N)~2
for every w € B(N) for large N by Markov’s inequality. |

We now consider f satisfying the hypotheses of Theorem 1.1. For every w € B(N), we have on E| N E> and then
on Es5:= ﬂ?zl E;, since f(x) <0 for every x <0,

T(y_1)—1 vp—1
Z f(S) = Z FEL(x, t(y-D) AT(w2) —1) < [kél(l(flxz]f(k)]L((O, v2], T(y=1) A T(v2))
k=0 x=—00 v

< log N)!8+2Cs oy, 21
< [ max 1) Jog m)!#2¢e (3.21)
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Forevery A C Z and 0 <s <t, we define L(A,s ~~ 1) 1= ZZZS 1(s.ea}, which is the number of visits of (S,),en to
the set A between times s and 7.

For every w € B(N) and each integer k € [t(y_1), t(y—1) +n1], wehave t(y_;) <k <Ton E3,s0 Sy <yo—1<
—1, thus f(Sx) < —1. As a consequence on Es for large N,

T(y—1)+n1 2
sexplohy +oa(log N)*]
. ;(y | f(Sk) S —nyp — 1 E _80 2(10g N)2+2C4 ) (322)
=7(y-1

since hy > (log N)®. Combining (3.21), (3.22), and maxie(,v,] f (k) < MAaXy ¢ (0, (log N)* f (k) <exp((log N)&/2) for
large N, we get Z,ZS&]H"I f(Sk) <u on Es for every w € B(N) for large N. Moreover, 1 < t(y_1)+n; < N on Es,
hence for large N, for every w € B(N), we have E5 C {3n € [1, N], ZZ:O f(Sk) < u}. Consequently, the left hand
side of (3.11) is less than Py, (ES) < 4(log N)~2 for every w € B(N) for large N by Lemmas 3.7 and 3.8, which proves

Lemma 3.5. O

Finally, integrating (3.11) on the set of bad environments B(/N) gives by Lemma 3.4:

IP’(Vn e[, N> f(S0) > u) 5/ Pw<\7’n e[, NLY  f(S0) > u)n(da)) +n(B(N)°)
B(N)

k=0 k=0
3 4

< 4(logN)"2 + =
= o N G—VBIE® = (log N)O—VP2—®

for large N. Now, let ¢ — 0, so {(¢) — 0. This gives the upper bound in Theorem 1.1.

4. Proof of the lower bound
4.1. Sketch and organization of the proof

We give in this subsection some nonrigorous heuristics, for which we invite the reader to look at Figure 2; everything
will be proved in detail in the next subsections.

Let N > 2. We build in Section 4.2 a set G(N) of “good environments.” We would like that uniformly on these good
environments w € G(N), ZZ:O f(Sk) > 0forall 1 <n < N with large quenched probability (see Lemma 4.3). To this
aim, we first require that the potential V of such good environments decreases quickly between 0 and elog, N and
then remains low up to some random 6, which is the smallest k > 0 such that V (k) < —5h(N) (h(N) being defined in
(4.1) below). We then make a coupling between the potential outside this interval [0, 6y], called V and defined in 4.3),
and a two-sided Brownian motion W (see (4.4) below). We then require that b, w (x) > 0 forall 1 <x <5logN, and
add some technical conditions. Such environments are called good environments w € G(N). A schema of the potential
of a good environment is given in Figure 2.

We then show in Section 4.3 that loosely speaking, the probability of the set of good environments is n[G(N)] >
1/(log N)(S—ﬁ)/2+o(1)_

Finally, we study in Section 4.4 a random walk (Sg)j in a good environment w € G(N). We introduce the location
0; ~ inf{k > 6y, V (k) — info<¢<x V(£) > ih(N)}, i > 1, which is approximatively the first location where there is an
increase of at least iz (N) for the potential V restricted to [0y, +00) (see Figure 2, and (4.9) below). We first show
in Lemma 4.4 that, because the potential V decreases quickly in [0, €log, N] and remains low up to 8; with V(6;)
much lower than 0, with a large quenched probability the random walk (S)x goes to 81 before going to —1, and
then ZZ:O f(Sx) = f(S1)=f(1)>0forall 1 <n <t(f;). Moreover we prove that Zz(j(])) f(Sk)=L(m, (=) A
7(61)) > "™ /[2(log N)"] for some v > 0 with large quenched probability, that is, the sum of £(S;) has accumulated
some large positive quantity at time t(61).

We then prove by induction in Lemma 4.5 (see also (4.16)) that for every i > 1 such that ih(N) < 4logN,
with large quenched probability uniformly on all good environments w € G(N), Y j_o f(Sx) >0 forall 1 <n <
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Fig. 2. Schema of the potential V for a “good” environment w € G(N) in the case m; = m; 1, where & denotes hA(N).

7(6;), and the sum of f(S;) has accumulated some large positive quantity at time t(6;), that is, Z;(:Hé) f(Sk) >
"N /[2(log N)"1.

Assume that this is true for such an i, and fix a good environment w € G(N). Loosely speaking, since
bewl[ih(N)] > 0 and byw[(i + 1Ah(N)] > 0, the deepest location (in terms of potential) that (Si)x can visit
with large quenched probability between times t(6;) and 7(6;4+1) is mjy+1 = 6y + x1(c W, (i + Dh(N)) > 6y >0
(see (4.10) and Figure 2). Moreover, our hypotheses for V(x), 0 < x < 6y have “lowered” the potential V in
[69, +00) compared to the potential V in Z* . In particular, the potential V (x) for locations x < O that the ran-
dom walk (Sy); may visit between 7(6;) and t(6;+1), thatis, x € [xg(c W, (i + 1)h(N)), —1], satisfy by definition of
x1(oW,"),

Vx)~oW(x)=oW[xi(cW, (i + Dh(N))]~ V(miy1) — V(6) ~ V(mjt1) + 5h(N).

Hence, V (m;41) is much lower than the potential V (x) in the negative locations x the random walk (S;); may visit
between times t(6;) and 7(6;+1), so the random walk can go to these negative locations, where f < 0, but the total
amount of time it spends there is small, with large quenched probability (this is proved in detail in the second step of
the proof of Lemma 4.5).

Consequently, |ZIZ(=6¢E¢;3) +1 S (SK)Lf(s0<ol is very small compared to the large (positive) sum Z;(:g(‘)) f(Sp) >

e ™) /[2(log N)¥] already accumulated by induction hypothesis. This allows us to prove that Y i—o f(Sk) > 0 for
all (6;) <n < t(6;41) (recall that f(x) > 0 for x > 0). Finally we prove (in the third step) that (Si)x spends a
large amount of time in the deepest location m;1 between times 7(6;) and t(6;+1). This leads to ,i(j(")“) f(Sk) >
e+ Dh(N) /[2(log N)"] with large quenched probability, which ends the induction. Since we can choose i so large that
7(6;) > N with large probability, this leads to the lower bound of Theorem 1.1.

4.2. Definition of the set G(N) of good environments

We consider a collection (w;);ez of independent and identically distributed random variables, satisfying (1.1), (1.2)
and (1.3).

We notice that due to (1.2) and (1.3), there exist y > 0 and § > 0 such that n(—2§ < log 1:}% <—-8)=:e7V >0.
We fix ¢ > 0 such that €6/4 < 4. Let N € N such that N > 3. In the spirit of Devulder [12], we first define

1 —
Gi(N):= {Vke {1,.... lelogy N}, =28 <log Pk - —5},

Wk
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and we introduce
h(N) := (log N)**/32, 4.1)
6o :=inf{k > |elog, N], V (k) < —5h(N)}, (4.2)
Gr(N) := {Vk € {L810g2 N, ..., 60}, V(k) < —(¢/2)log, N},
G3(N) := {6 < |elog, N + (log N)*/*}.
We also set

V(@i+6y)— V() ifi=>0,

Vi) := { Vi) ifi <0, @.3)

By the strong Markov property, V has the same law as V and is independent of (V (i), 0 <i <6p). Let K > 1. As
before, according to the Koml6s—Major—Tusnady strong approximation theorem (see Koml6s et al. [19]), possibly in
an enlarged probability space, there exists a standard two-sided Brownian motion (W (¢), t € R) such that the set

Ga(K) = { sup K|\7(i) —oW(H)| =y logK} (4.4)

satisfies n(G4(K)¢) < CZ/KC3 Moreover, we can choose (W (), t € R) so that it is independent of (V (i), 0 <i < 6p)
since V is independent of (V (i), 0 <i < #p). In the following, we take K = (log N G- V3)/(2C)+4 We introduce

Gs(N) := {max{d,w+(5log N), dyw- (51og N),d_w-(Slog N)} < (log N)*},
G1(N) :={V¥x € [1/0,5(0og N) /o |, bw (x) > 0},

and define Gg(N) by the same formula as Bg(N).
We can now define the set G(N) of good environments as follows (see Figure 2):

GN) == Gal(log N)CYI/CIH A () G,
i=l,..,7,i#4

When no confusion is possible we write G instead of G(N) and G; instead of G; (N), i # 4.
4.3. Probability of the set G(N) of good environments

Lemma 4.1. We have for large N,

cielogy N

N)) > . 4.5
n(g( )) - (1OgN)(3—J§)/2+s(y+a/3z) @5)
Proof. First, observe that
n@G) > (e_y)glogzN = (logN)~*”.
We now prove that
delogy, N
N > — 4.6
n(G2 N G3|G1) > 201 (N) (4.6)

for large N. To this aim, we define A :=1log((1 — &9)/e0), so |V (k + 1) — V (k)| < A a.s. for every k € Z thanks to
(1.1).ForaeRand b e Rsuchthata <0 < b, let T, ,, :=inf{k > 0, V (k) ¢ (a, b)} < oo a.s. We recall that thanks to
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the optimal stopping theorem, [V (T,.5) < 0] > b/(b —a + A) (see e.g. Zindy [32], Lemma 2.1 and apply itto —V).
In particular, we get on G uniformly for N large enough,

n[GalV (L& log, N 1)] = e log, N/(20h(N)),
which yields n(G2|G1) > e logy N/(20h(N)). Moreover, we have on G; by the Markov property

n(G2NG5IV (Lelogy N1)) < n(V (| (log N)**/*|) € [-5h(N), 28¢log, N])

|V (L(og N)%/4))] 5h(N)
<1 s = o o)
~ \oy/[logN)%/4] ~ oy/[(log N)%/4]

for N large enough. By Berry—Esseen, we get with Y =, A(0, 1),

5h(N) 2
NG5V (lelog, N Y
n(gz g3| (l.‘B 0g> J)) = 77<| | < o L(lOgN)S‘EMJ) + L(lOgN)BSMJ
11h(N) 2¢)

o(n(G21G1))

< + =
o~/2m(log N)%/8 ~ (log N)%¢/3

as N — +o0. Consequently n(G> N g§|g1) =0(n(G21G1)), which gives (4.6) for large N.
Since W and V are independent of (V (i), 0 <i < #6)), we get

1 N
1(GN) =G NG N GG = SEORT (g, (4.7)

(log N)7" h(N)
Theorem 4.2 (Cheliotis [8], Corollary 1).
n({(l — bW(t)) keeps the same sign in [1, )c]})/)c(fp”/g)/2 — x> +o0 1/24+ 7\/5/30 =:cq4.
Hence, 7(G7) ~N—+o0 ca/[2(510g N)(3_‘/§)/2], due to the scaling property of by, that is for fixed r > 0,
(bw(rx), X > O) =law (rzbw(x), X > O).
Moreover, n[Gs] < 30/(o log N) by (3.9), n[(G4(K))‘] < C2/K 3, and n[Ge(N)¢] < (log N)~2 by (3.10), so

n(G5) <1 —cs/(log N)B~V9)/2

for N large enough for some c¢s5 > 0, since 3_2‘/5 < 1. Hence, n(Gg) > c¢s/(log N)(3_‘f5)/2 for large N. This, combined

with (4.7), gives (4.5). O
4.4. Random walk in a good environment

In this subsection, we prove the following lemma, and then the lower bound of Theorem 1.1. Notice that we just have
to consider the case u = 0. In all the rest of this section, the function f satisfies the hypotheses of Theorem 1.1.

Lemma 4.3. There exists a constant ce > 0 such that for N large enough,

Yo € G(N), P, (Z F(S)>0Vl<n< N) > ce. (4.8)

k=0
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Before proving this lemma, we introduce some more notation. We consider N > 3 and a good environment o €
G(N). We introduce for i € N* (see Figure 2),

ti:=inf{t > 0,0 W(t) —o W(t) = ih(N)} = dyw+(ih(N)),
9,' = LtiJ —|—90, (49)
m; :=inf{k eN.V(k) = inf, V(e)}, (4.10)

where 6y is defined in (4.2). In particular, c W (t;) = o W(t;) 4+ ih(N) by continuity of W. Moreover, o € G7,
so xo(cW,ih(N)) = xo(W,ih(N)/o) is an ih(N)-maximum for oW and x;(c W,ih(N)) an ih(N)-minimum
for oW for every integer i > 1 such that 1 < ih(N) < 5log N. Consequently for such i, t; > x;(c W,ih(N)),
otherwise there would be an i2(N)-maximum for o W in (0, x;(oc W,ih(N))), which is not possible. Moreover,
oWlx2(oW,ih(N))] —oW[x1(cW,ih(N))] = ih(N), which gives t; <x2(c W,ih(N)). Hence,

xo(oW,ih(N)) <0 < xi(cW,ih(N)) <t; <x2(c W,ih(N)), (4.11)
then

inf{ W (1), xo(c W,ih(N)) <t <t;} = W[xi(c W,ih(N))], (4.12)

sup{ W (1), xo(c W,ih(N)) <t <t;} = W[xo(c W,ikh(N))], (4.13)

since 0 Wlxg(ocW,ih(N))] > o Wlx1(cW,ih(N))]+ih(N) =0cW(t;). We set similarly as in (3.5),
V(n):= inf{V(k), 0<k< n}, neN.

We recall that C4 =0 + %T{SC 1 +4C\ and notice that similarly as in (3.12),

Vu e [~(logN)*, logN)*],  |V(lul) —oW )| < Cslog, N. (4.14)

We also introduce imax(N) := max{i € N,ih(N) < 4log N}. Since £§/4 < 4 and G(N) C G3(N) N G5(N), we get
uniformly on G(N) for large N,

V1 <i<imax(N), 0=<m; <6; <|d,w+(SlogN) |+ 6 <2(log N)*; 0 <1 < (logN)*. (4.15)
We now define for 1 <i <imax(N), with v :=8 4 2Cy4,

Fi(N):=1>_ f(S) >0Vl <n<1(6)
k=0

@) ,
exp(ih(N))
}ﬂ{kgf(sk)zm ' 4.16)

Our aim in the following is to prove, by induction on i, a lower bound for P, (F;(N)) for 1 <i <ipna.x(N). We also
prove that 7(6;) > N for i = imax (V) with high probability. We start with i = 1.

Lemma 4.4. There exists a constant c7 > 0 such that for N large enough,
Yo € G(N), Pw(Fl(N)) > ¢7 —4(log N)~°. “.17)

Proof. Recall that gg < eV < 861. Moreover, we have forw € G(N), V (k) < —8k for 0 <k < |elog, N, whereas
V(k) < —(8e/2)log, N for |elog, N| <k <6y, and for 6y < k <0,

V(k) =V (60) + V(k — 60) < —5h(N) + o W (k — 6p) + C4log, N < —4h(N) + C4log, N,
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thanks to (4.14) since #; < (log N)* by (4.15) for N large enough so that i, (N) > 1. Let ¢7 := 80(80_1 +2(1 —

e ™ H~1 We have P,[t(6)) <t(=D]=€" 1)(261 ! V(k))_l, which is, due to the previous remarks, greater
than or equal to

lelogy N] —1
eo|:€0 + Z e 4 (8o — Lelog, N ) (log N)~%¢/2) 4 (9 — 90)e4h(N)(logN)C4:| > ¢, (4.18)

for every w € G(N) for large N since 6y — [elog, N| < (log N)2/% on G3(N) and due to (4.15).
Moreover on G (N), 61 > m1 > 6y > |elog, N], which is greater than 1 for large N, so f(m1) > 1. Observe that
on {t(#1) < t(—1)},due to (1.4) and since f(m;)>1and f >0onN,

T(01) n
S fS0=Lmi @) AT(=D), > fS0= 1) >0, l<n<t@)). (4.19)
k=0 k=0

In order to give a lower bound of L(m1, t(61) A t(—1)), notice that thanks to (4.14) and since #; < (log N)* and
oW(t)) =oW(t)) + h(N), we have for w € G(N),

V(mi —60) <oW(h) + Calogy N < V([11]) = h(N) +2C4log, N.

Consequently, uniformly on G(N) for large N, we have m| + 1 < 6 and

01—1 -1
Par)"1+l[‘[(9]) < r(m1)] ZeV(m1)< Z 6‘V(k)> < eV m)=vVei-1 <ey h(N)(lOgN)2C4
k=my
mp—1 -1
P [e(=1) < 2(my)] =eV<"“-l>(Z eW) < V=DV < 1 =hN) (0 )2Ch
k=—1

since V(m1) < V(6p) < —=5h(N) < —h(N) + 2C4log, N. We know that L(m1, T(—1) A 7(61)) is under PO a ge-
ometric random variable of parameter P, '[t(—1) A T(6]) < T*(m1)], where T*(m) := inf{k € N*, §; =m} is the
first return time to m . Hence,

2C,
PP L(mi, t(=D) ATO)) > k] = (P2 [t(=D) ATO) > r*(ml)])k > (1 %)

Taking k =k := Lezx(l ég%)‘?J we obtain uniformly on G(N) for large N,

log PM[L(m1, t(=1) AT(61)) > k1] = —2kiey e ™) (log N)*“4 > —(log N) 5.
Hence,
PM[L(m1, 1(=1) AT(01) <ki] < 1 —exp(—(log N)~®) < (log N) . (4.20)

Since f(k) > 1 for k > 1 and f(0) =0, we have, using twice (4.19),

[1(91)<r( 1) |:Zf(Sk)>0V1<n<r(91) T(01) <t (— 1)i|

k=0
< Py[Fi(N)] + Po[2(61) < t(=1), L(m1, 7(1) AT(=1)) <k1].
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We get in particular for large N by the strong Markov property, (4.18) and (4.20),
Yo € GIN), Po[FI(N)] = P,[t(0)) <t(—=D] = P [L(m1,T(01) AT(=1)) <ki]
> ¢7 — (logN)~°.
This gives (4.17) for N large enough. (]

We now set Cs5 := 11 4+ 2C4. By Lemma 4.4, there exists N, € N such that for every N > N,, inequality (4.23)
holds for i =1, (4.15) holds for every w € G(N), |elogy, N| > 1, and the following conditions are satisfied:

VN >N, logN =h(N) > (Cs+ 17+8Cy)log, N >4+ 3¢;2, 4.21)
7
VN > Ne, min  f > —exp((log* N)*/?') = =™, 4.22)
[—(log N)*,0]

We prove by induction on i the following lemma:

Lemma 4.5. For all N > N, and for every 1 <i <imax(N),
Vo € G(N), Pu[Fi(N)]>c7—4i(logN)~°. (4.23)
Moreover for all N > N,

Vo € GIN),  Pu[T@ipevy) = N] = 1 —2(log N)~°. (4.24)

Proof. We fix N > N,. We already know that (4.23) is true for i = 1. Now, assume (4.23) is true for an integer i such
that 1 <i <imax(N) — 1, and let us prove it is true for i 4+ 1. We fix w € G(N).

We noEi\ce that 6; <A9i+1. Indeed, if W(t;) = E(t,-tl\), we have o W(tj+1) = o W(t;) + h(N), which gives, since
N> Ng, V(Itiv1]) =2 V(i D +h(N) —2C4logy N > V([#;]) by (4.14) and (4.15), 50 6; 11 # 6;. If W(t;) # W (ti11),
there exists u € [t;, t;+1] such that |o W(u) —o W ()| > ih(N), and 6; = 6;11 would imply |u — #;| < |tit1 — t;| <1
and then contradict w € Gg(N) for N > N,. So, 0; < 6;41.

First step: Define (see Figure 2)

0; :=max{k € Z, k < ;, V(k) = V(6;) + h(N) + Cslog, N}, (4.25)
Ee ;= {inf{k > 7(0;), Sk =611} <inflk > 7(6;), Sk =0;}} = {r(6i51) < 7(6:. 61},

where
V(a,b) € Z*, t(a,b):=inflk > t(a), Sy =b}.

We prove that Pw(Eg,,-) < (logN )~6. First, notice that since W) < W(t) for t; <t <tjy1, applying twice (4.14)
gives

max V <V(6;) +h(N)+2Cslog, N. (4.26)

[6:,6i 411
Hence, applying the Markov property at time 7 (6;), we get since 6; 1 < 2(log N)* by (4.15),

Oir1—1 v (k) 4+42C4 ,V (6;)+h(N)
e 4 !
Po(ES,) = 2o, 2og N)™" e
w 6,i ZgiJrl_] eV(k) - eV(Qi)+h(N)(]0g N)CS
k=0;

< (logN)~°. (4.27)

Second step: We recall that for every A C Zand 0 <5 <t, L(A, s~ 1) = Y j_, L{s,ea} is the number of visits of
(Sn)neN to the set A between times s and ¢, as defined after (3.21). In this step, we consider

E7i:={L(0:,0),7(6;) ~ t(6;,0;) AT(0;+1)) <exp[(i —3)h(N)]},
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and we show that
P,(ES;) < (logN)~°. (4.28)

We consider separately two cases. B
First case: Assume that §; > —1. Then, (6;,0) NZ = &, hence

L((0:,0), T(0;) ~ (6,0 AT(6i41)) =0 <exp[(i —3)A(N)].

Consequently in this case, Pw(E%l.) =P,(@)=0<(log N)’ﬁ, which proves (4.28) and then the second step in this
first case. We notice in particular that for i € {1, 2, 3}, since V (6p) < —5h(N) by (4.2)ando W (t;) = o W (t;) +ih(N),
using (4.14) applied to t; (because t; < (log N)* by (4.19)),

V) =V(+L1]) = Vo) + V(Lti]) < —5h(N) + o W.(%;) + ih(N) + Calog, N.
Since o W (#;) <0 and (Cs + C4)log, N < h(N) by (4.21), this gives fori € {1, 2, 3},
V(@) +h(N)+ Cslogy N < (i —4h(N)+ (C5+ Cy)logy N < —h(N) + (Cs + Cyq)log, N <0,

and so 6; > 0. So if i <3, we are automatically in the first case. Heuristically, this is due to the fact that we have
lowered the potential in [y, +00) by the quantity |V (6p)| = Sh(N), which is quite large, in our definitions (4.2) and
(4.3) of 6y and V.

Second case: Assume that §; < —1, which implies that i > 4 due to the previous remark. First, notice that since
xo(cW,ih(N)) is a ih(N)-maximum for o W, we have by (4.14) since xo(c W,ih(N)) > —d_sw-(SlogN) >
—(log N)* (where we used i < imax(N)),

V([xo(cW,ih(N))|) = o W[xo(a W, ih(N))] — C4logy N
> oW[xi(oW,ih(N))] +ih(N) — C4log, N
> o W[x1(oW,ih(N))] +ih(N) — C4logy N + 5h(N) + V (6p). (4.29)

Moreover, c W (t;) = o W (t;) +ih(N), and W(t;) = W[x;(c W,ih(N))] due to (4.12). This together with (4.14) and
t; < (log N)* (see (4.15)) gives

V(6;) — V(6 = V(m) <o W(t) + C4logy N =0 W[xi(c W,ih(N))] 4+ ih(N) + Cs4log, N. (4.30)
Hence, (4.29) and then N > N, and (4.21) lead to
V([xo(c W,ik(N))|) = V(6;) +5h(N) — 2C4logy N > V (6;).

Consequently, [xo(c W,ih(N))] < 6; <6; < 6; 4 by definition of 6;. Recalling that 6; < —1 in this second case, we
can consider z € (6;,0) N Z. We get by Lemma 2.3,

Pylr(@) < T(0i41)]
0.V O (I V 0 4 (1 — ) P [2(2) > T(@1)]

Oi1—1
580—16—‘/(2) Z eV(k)
k=z

E%[L(z,t@) At0i+1))] =

< 3861 (log N)4 exp(—V(z) + [max V), 4.31)

Z,0i+1

since ;41 < 2(log N)* by (4.15) and z > 6; > |xo(c W, ih(N))] > —(log N)*. We notice that by (4.30) and since
V(o) < —5h(N) by (4.2),

V(6) =V )+ VB —6) < —5h(N) +oW[xi(cW,ih(N))] +ih(N) + Cslog, N. (4.32)
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Since —log* N < xo(6 W,ih(N)) <8; <z <0 < x{(cW,ih(N)) <t; <log*N by (4.11) and (4.15), equations
(4.12), (4.14) and (4.32) give

V() =V (2) = o W[xi(oW,ih(N))] — Cslog, N > (5 — i)i(N) + V(&) — 2C4log, N. (4.33)
Moreover by definition (4.25) of 6; and (1.1),

max V <V (6;) + h(N) + Cslog, N —log g.
[6:.6i]

Combining this with (4.26), (4.31) and (4.33) gives since N > Ng,

E%[L(z, 70 At(0i+1))] < 3ey ' log N)*exp(=V (z) + V(6;) + h(N) + Cslog, N — log £0)

< 3852(10g N)Cs+2Cat4 ,(=Hh(N)
< (log N)~ 10—

Summing this over z gives Ef)" [L((6;,0),7(8;) A T(Bi+1))] < (log N)0e=HAN) gince 6; > —(log N)*. We get
Py(E7 ;) = Pgi (E7 ) < (logN )~® by Markov’s inequality and property. This proves (4.28) in this second case, which
ends the second step.

Third step: We define

Eg;:= {L(mi+1, 7(0) ~ T(61.0:) AT(Oi41)) > M}

(log N)”
We prove that

P, (Eg ;) <2(logN)~°. (4.34)
To this aim, we first show that

Py [t(misn) > 7@ AT@ip0)] < (og N) . (4.35)

This is true if 6; <m;11 <641 by (4.27). Else, m; =m;41 < 6; and then c W (t; 1) > o W (t;) —2C4log, N by (4.14)
and (4.15), which leads to

V(iy1) = V(6;)+h(N)—4Cslog, N. (4.36)
We get successively, again by (4.14) and (4.15), for every m; <k <6,
oW (m; —6p) < V(m; —6p) + C4log, N = [OiILlf” V 4 Calogy, N <o W(1) +2Cslog, N,
) Lti

V(k —60) < o[W(k —60) — W(m; — 60)] + 0 W(m; — o) + Calog, N
<ih(N)+oW(t;) + 3C4logy, N =0 W(t;) + 3C4log, N, 4.37)

where we use/:sl the definition of #; in the last inequality. Using (4.37), then (4.14) and (4.15), then the definitions (4.3)
and (4.9) of V and 6;, and finally (4.36), we get

max V< V(0) + W) +3Cslogy N < V(bo) + V(L)) +4C4logy N
m;,bi

= V(6;) +4Cylogy N (4.38)
< V(i+1) — h(N) + 8C4log, N. (4.39)
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In particular, (4.38) combined with (4.21) and the definition (4.25) of 6; leads to §; < m;. Now, in this case m; =
miy1 < 6; <641, we have since N > N, 6; <2(log N)* by (4.15), and by (2.1),

Plit(miy1) > 10) AT@ip)] = Pl r(miz1) > 1(0i41)]
<2(log N)480_1 exp[ max V — V(95+1)],
[m;,6;]

which together with (4.39) gives (4.35) since N > N;.
Moreover, we prove that Pcf," i+1 (Eg’ ;) < (logN )’6, where

expl(i + Dh(N)] }

Eo ;= {L(mm’ @) ATOD) > =y

We know that 8; < m; < mi4+1 < 0;41 thanks to (4.38), which is true in every case, as is (4.37). So, L(m;+1, 7(0;) A
7(0;41)) is under P, "*' a geometric r.v. with parameter

i+1+1 i+1—1 3
q1 1= Oy Py [T 0misn) > T O)] + (1= 0y )P [tmign) > 1@0)]

< wmi+18(;lev(mi+])_v(9i+]) +(1— wmm)8516‘/("1"“)_‘/@"), (4.40)

by (2.1). Moreover, we obtain successively the following inequalities:

V(mit1) <V(0o) +oW(tit1) + Calogy N = V(6p) + o W(tir1) — (i + Dh(N) + C4logy N

<V(i+1) — (@ + Dh(N)+2Cqlog, N, (4.41)

V()= V(00) + oW (1) — Calogy N = V(o) + o W (1) + ih(N) — C4logy N
> V() +oW(tit1) +ih(N) — Calogy N > V(mjq1) +ih(N) —2C4log, N, (4.42)
V®:) = V() +h(N)+ Cslogy N > V(mis1) + (i + Dh(N) + 111og, N, (4.43)

where we used V (m41) < V(8o + |zi+1]) = V(60) + V(|zi+1]) with zi41 € [0, £+1] such that W (zit1) = W(tiv1)
and (4.14) in the first inequality of (4.41), W(¢#;) > W(#;+1) in (4.42), and the definition (4.25) of 6; in (4.43). It
follows from (4.40), (4.41) and (4.43) that

q1 < &0 " exp(—(i + DA(N) +2C4log, N)=:q>.

Now, define ny := L%J. We have for N > N,

log Py, "' (Eo ;) = nalog(1 — q1) = nalog(1 — g2) = —2n2g5 = —(log N) ™.

Indeed, ¢; € (0, 1/2) hence log(1 — g2) > —2¢>. Since 1 — e~ <1t for t € R, this yields P, (E§ ;) < (log N)~°.
Hence by the strong Markov property,

Py(E§;) = Py [Eg;» tmiv1) > T0) AT0i41)] + P [ES ;. Tmiv)) < T@) AT(6i41)]
< PO[rmis)) > @) AT0)] + PO (ES,)
< 2(log N)~°,

where we used (4.35) in the last inequality. This gives (4.34). Moreover, notice that in the particular case i = imax(N) —
1, we geton Eg; since N > N,

T Bty V) = L (M () > T O (V)=1) > T Ore 815 O 81 ~1) A TG (v))) = N. (4.44)

This and (4.34) already prove (4.24), since we did not yet use our induction hypothesis.
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Fourth step: Conclusion. First, let T(8;) <n < t(6;+1). We have in the case 0; <—1,

T(0;)—1

Zf(Sk)_ Z f(Sk)-i‘(Z-l- 3 +Z)f<z>L(z,r(e,->~»n). (4.45)

7<0; 0;<z<0 =0

The second | sum of the right hand side is 0 on Ej ;, and the last sum is at least f(6;) because f >0 on N. Since f <0
on Z* and 0; > —(log N)4, we get on Eg ;,

(0;)

Zf(Sk)>Zf(Sk)+( min = f)L(G 0 7@~ 76,5 A7),

[—(log N)*,0

Since for N = N¢, 0> min_goq 4.0 f = —e" ™) by (4.22) and ¢"™) > min{(log N)", 4}, we get on F;(N) N Eg; N
Eqi,

I ‘*;‘flﬁjg—jv)” — exp[ (V)] exp[(i — 3)h(N)] > 0. (4.46)
k=0

The proof is similar if 8; > —1, since in this case on Eg,;, forall t(6;) <k <n <t(0;41), Sk > 0; + 1 > 0 and then
£(Sk) = 0, which leads to Y1_o £(St) = X1 %) £(Sp) > e;ggg”;,@) >0 on F;(N) N Ee; N E7;, which gives (4.46)
also in this case. B

We now consider ZT(G’“) f(Sk), which is on E¢; equal to (assuming first that 6; < —1)

T(@)—1

Z f(Sk>+(Z+ o+ Y+ ), >f(z)Lz () ~ T(0;,0:) AT(0i41)). (4.47)

1<0; 0;<z<0 2€N—{mip1} z€{miy1}

The potential V is decreasing on [0, |¢log, N |] since w € G1(N), hence m; 1 > |elogy, N] > 1 since N > N, and
then f(m;y1) > 1. Consequently, the last sum in the right hand side of (4.47) is at least L(m; .1, T(6;) ~ t(6;,6;) A
7(0i+1)). Moreover, the first term is positive on F;(N), the second one is 0 on Eg ;, and the forth one is nonnegative
since f >0 on N. So, we have on F;(N) N Ee; N E7; N Eg; for N > N, since 0; > —(log N,

T(0i+1)

Y FS0) = L(mipr, T(6) ~ 1(6,8,) ATO41))
k=0

(min V(@100 w6 = v(01.8) A T 1)),

This gives on F;(N) N Ee; N E7; N Eg; for N > N,
‘[(9,+1)

expl(i + Dh(N)]
Z F80 2 =5 o

. expl(i + 1)h(N)]

We get (4.48) similarly if 9; > —1, since in this case on Es.i, f(Sx) > 0 for all (6;) <k < 1(6;+1) as explained
after (4.46), and so Zt(e’“) f(Sp) > ;Sé)_l f(SK) + L(miy1,T(6;) ~ 1(6;,6;) A T(6;11)), which also leads as
previously to (4.48) in this case.

Now, (4.46) and (4.48) yield F;(N) N Ee; N E7; N Eg; C F;+1(N). Consequently, our induction hypothesis
P,[F;(N)] > c7 —4i(log N)~®and inequalities (4.27), (4.28) and (4.34) give for every w € G(N),

Py[Fip1(N)] = Po[Fi(N)] — Pu(E§ ;) — Pu(ES ;) — Pu(Eg,;) = c7 —4(i + 1)(log N)7S. (4.49)
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This ends the induction for all N > N,. Hence (4.23) is true for every 1 <i < ip,x(N) for each N > N, which ends
the proof of Lemma 4.5. (]

Proof of Lemma 4.3. Notice that due to (4.23) and (4.24) of Lemma 4.5, P, [F;,...v)(N) N {T(6;0(nv) = N} >
 dimax (N) 2 18

_ > _
(ogN)s — (ogN)® = 7~ TogN)s

forall N > N, and w € G(N). Consequently, for N large enough,

n

C

Yo € G(N), P, (Z fS)>0vVl<n< N) > Po[ Fipe () (N) N T i v) = N} = 37 =: ¢,
k=0

which proves Lemma 4.3. ]

Now, integrating (4.8) on G(N) and applying Lemma 4.1 gives

n
ceci1€logy N
P S OVli<n<N]|]=> N)) >
<1§)f( 0> =" ) = can(9(V)) = (log N)B—v5)/2+e(y+5/32)

for N large enough. Now, let ¢ — 0; this proves the lower bound of Theorem 1.1 for u = 0 and then for every u <0.

5. Proofs of Fact 3.1 and Lemma 3.3
5.1. Proof of Fact 3.1

We first study the left continuity of some functions. The following lemma is more or less obvious, however we provide
a proof for the sake of completeness.

Lemma 5.1. On {W € W}, for all k € Z, the functions xx(W,-), e(Tx(-)) and H(Ty(-)) are left-continuous on
(0, +00). More precisely, for all realization of W in W, for every n € N* and x > 0, there exists K , € (0, x)
such that all the functions x (W, -), k € {—n, ..., n}, are constant on [K, ,, x].

Proof. We assume throughout the proof that W € W. Let x > 0. We first notice that limy_, 1 |xx (W, x/2)| = 400,
so there is a finite number of (x/2)-extrema on every compact set, and in particular on [xo(W, x), x1 (W, x)]. Now, we
can denote the (x/2)-extrema in this interval by xo(W, x) = xk,(W,x/2) < --- < xg, (W, x/2) = x1 (W, x) for some
integers Ko < K.

Assume that K1 > Ko+ 1,and leti € {Ko+ 1, ..., K1 — 1}. We now introduce H; := sup{y > 0, x; (W, x/2) is an
y-extremum}. Assume for example that x; (W, x/2) is an (x/2)-minimum and that xo(W, x) is an x-minimum. There
exists an increasing sequence (yy),, converging to H; as n — 400, and such that for every n € N, x; (W, x/2) is an
yp-extremum, and so an y,-minimum. So, W being continuous, there exist «;, < x; (W, x/2) < B, such that

Wxi(W,x/2)] = [ainlg ]W, W(an) = W[xi(W,x/2)] + yu = W(Bn).

Since xo(W,x) < x;(W,x/2) < x1(W,x), x;(W,x/2) is not an x-extremum, so x > H; > y,. If o, < x0(W, x),
then Wlx;(W,x/2)] < Wlxg(W,x)] so x;(W,x/2) would be an x-minimum, which is not the case, so «, €
[xo(W,x), x1(W,x)). If W(B,) < W[x1(W,x)] and B, > x1(W, x), we can replace S, by another , < x1(W, x). If
W(B,) > Wx1(W,x)] and B, > x1 (W, x), we would have W («t;) = W(B;,) > W[x1(W, x)], which is the supremum
of W in [xo(W, x), x1 (W, x)], and this is not possible. Hence («;,, ,) belongs to the compact [xo(W, x), x1 (W, x)]z,
thus there exists a strictly increasing sequence (1), and («, B) € R? such that (a, o Bn p) p—+oo (e, B). By continuity
of W, W[x; (W, x/2)] =inf[q, gy W,and W (o) = W[x; (W, x/2)]+ H; = W(B). Hence x; (W, x/2) is an H;-minimum.
Since x; (W, x/2) is not an x-extremum, this gives H; < x. The other cases are treated similarly.

Now, let H, := maxg,<i<k, Hi; we have x/2 < H, < x. For y € (H], x), the only possible y-extrema in
(xo(W, x), x1(W, x)) are the (x/2)-extrema, that is the x; (W, x/2), Ko <i < K1, but they are not y-extrema since
y > H;. So, there is no y-extrema in (xo(W, x), x1(W, x)), and then xo(W, y) = xo(W, x) and x1 (W, y) = x1(W, x),
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forevery y € (H;, x). This is also true with H; = x/2 in the case K| = Ko + 1. Hence in every case, for every x > 0,
there exists H,' < x such that the functions xo(W, -) and x{ (W, -) are constant on [H} , x], and consequently, they
are left-continuous. More generally, we prove similarly that for all n € N*, there exists K , € (0, x) such that all the
functions x (W, -), k € {—n, ..., n} are constant on [K ,, x]. Hence all the functions xx (W, -), H(T;(-)) and e(T(-)),
k € Z are left-continuous. O

Proof of Fact 3.1. Let ¢ > 0. Assume that we are on {W € W}, and let x > 0. We saw in Lemma 5.1 that there exists
an interval [y, x] with 0 < y < x such that xo(W, -) and x{ (W, -) are constant on this interval, and so is b(-), therefore
b(-) does not change its sign on [y, x].

Define Hp, 4 := | ZZ;;(—I)kH(Tk(c)N forp<gand H:={Vp<q=<r<s,Hpy,# H,;}N{W € W} Since the
r.v. H(Tx(c)), k € Z are independent (see [20], Proposition of Section 1) and have a density (see [8], (8) in p. 1768
and (11) in p. 1770), it follows that the r.v. H, , — H, 5, p < q <r < s also have densities, thus n(#) = 1. Moreover,
for every trajectory W € W, every x > ¢ and m < n, there exist p < g <r < s such that H(T),(x)) = Hp 4 and
H(T,(x)) = H, 5. Consequently, on H, for every x > c, all the H (T;(x)), i € Z are different.

Now, assume we are on H. Let x > c. The e(7;(x)), i € {—3,..., 3} are all different, so for & > 0 small enough,
at most one of them is less than €. As was shown in the proof of Lemma 2 of Cheliotis ([8], p. 1772), for such ¢ > 0,
b(x) and b(x + ¢) have a different sign iff e[Tp(x)] < €. So, if e(Tp(x)) > 0 (resp. e(Tp(x)) = 0), there exists & > 0
such that the sign of b(-) in (x, x + €] is the sign of b(x) (resp. of —b(x)).

Hence on H there is a change of sign of b at x iff e(Ty(x)) = 0, which proves Fact 3.1. O

5.2. Proof of Lemma 3.3

We consider a two-sided Brownian motion W defined on a probability space (£2, A, ). We know that n(H N{W €
W}) = 1. This enables us to replace, in the rest of the paper, £2 by 2 NH N {W € W}.

We denote by F, the completion of the o-field o (W (s)Lix,w,x)<s<x;(W.x)}, S € R) for x > 0, and by Fy
and F the completions of o(@) and o(W(s),s € R) respectively. For 0 < y < x, [xo(W,y),x1(W,y)] C
[xo(W,x), x1(W,x)] and xo(W, y) and x1(W, y) are Fy-measurable (which we prove in detail in Lemma A.1 in
the Appendix), so F, C Fx. Hence (Fx)y>0 is a filtration. Notice that W is not adapted to (Fy),>0. Moreover, for
k € Z, x — e[Tr(x)] is left-continuous by Lemma 5.1, but it is not right-continuous, and (Fx)y>0 is not the natural
filtration of one of these processes. We now give an elementary proof of Lemma 3.3. We start with the following
lemma.

Lemma 5.2. For every k > 1, X is a (Fx)x>0-Stopping time.

Proof. Instead of trying to prove whether the filtration (F ), is right-continuous, we give an elementary proof. Notice
that e[To(y)] = (supg — infR) (Wl (w,y),x (W,y)]) — ¥ is Fy-measurable for every y > 0, that means, the processes
(e[To(y)])y and then (H[To(y)])y are adapted to the filtration (F)),. Moreover, the function e[7y(-)] has a jump at
y € [c, x] if and only if xo(W, y) or x1 (W, y) is a y-extremum but is not a z-extremum for z > y, and in this case the
number of z-extrema in [xo(W, x), x1 (W, x)] decreases by at least 1 between z = y and every z > y. So, the number
of discontinuities of ¢[Ty(-)] in [c, x] is less than the number of c-extrema in [xo(W, x), x; (W, x)], which is finite on
{WeWwj.

Hence, the process e(Tp(+)) is left-continuous with a finite number of discontinuities in [c, x], is nonnegative, and
it is strictly decreasing between two consecutive discontinuities and then has right limits. Moreover on {W € W},
H (Ty(-)) is nondecreasing and so only has positive jumps, and then e(7y(-)) also has only positive jumps. As a
consequence, e(7p(-)), which is left-continuous with right limits, is lower semi-continuous on (0, +00).

Recalling that {X; < x} = {3y € [c, x], e[To(y)] = 0} by the proof of Fact 3.1 since 2 C H, we claim that for
X >c,

(X1 <x}= () {3y ele.xl e[To(] < 1/p} (5.1)

peN*

=N U {e[nm] <1/p). (5.2)

peN* ye([c,x]NQ)U{c}
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Indeed for the first line, inclusion C is clear. For the inclusion D, on the event in RHS of (5.1), where RHS stands for
right hand side, there is a sequence y, € [c, x], n € N* such that e[Ty(y,)] < 1/n for n € N*. Since [c, x] is compact,
there exists a subsequence (yp, ), which converges to an y € [c, x]. Hence, 0 < e[Tp(y)] < liminf,,, 1 oo e[To(yp,)] =
0 by lower semi-continuity, which proves the inclusion. For line (5.2), inclusion (RHS of (5.1)) D (RHS of (5.2)) is
clear, whereas inclusion C follows from the left-continuity of e(7p(-)).

Hence {X| <x} € F; forevery x > c,and {X| <x} =0 € F, for 0 < x < ¢, so X is a (Fy)x>0-stopping time.
Let k > 1. Since lim,, x, »~x, e[To(u)] > 0 because e[To(Xx)] = 0 and so there is a positive jump at x for e[To(-)],
we show similarly that for x > c,

{(Xipr <x)= (X <x}N () {3y € Xr. x1.e(To () < 1/p}
peN*

={Xr<x}N ﬂ U [{y>Xk}ﬂ{e(T0(y))<1/p}].

peN* ye((c,x]NQ)

Hence it follows by induction that X is a (Fx)x>0-stopping time for every k > 1. U

We can then consider the o-fields Fx, for k > 1.

We now fix k > 1. First, we notice that Axy1.4.c = Ak+1 ac U AkJrl a.c’ where Ak+1 ac = Ak+1,a.c N{b(c) > 0}
and Ak_Jrl wc = Ak+laecN {b(c) < 0}. We start with AkJrl a.c’ and notice that
Afitae = Akae N {b(X1) >0} N [{e(T-1(Xak41)) < aXops1} U {e(T1(X2t11)) < aXopp1}]. (5.3)

Let ng € N*. We define a sequence (R;,),>n, by induction as follows:

Ry :=27"0(| 2" Xk | + 1) Lixy, 527101270 x50 41
Ry = 27" 2" H[To(Ru-1)] L3y > 20200 Xy 417y 71> 0-

In particular, we have ¢ < X < Ry, < X241 on Bk+1 g = {Xok41 > 27"0(12"0 X0k ] + 1} = { Ry, # 0}. Moreover

Ry € (27"N) for all n > ng. We have R, < H[To(R,—1)] < Ry +27" on B;\°, _and R, =0 on (B, )¢ for
n > ng. We now prove the two following lemmas:

Lemma 5.3. The sequence (Ry)u>n, is nondecreasing. It converges a.s. to a r.v. Reo, and

Roo = Xop 411 prmg
k+l a,c

Proof. Since H[Tp(x)] > x for every x > 0 and (2"R,,—1) € N for n > ng, we get on BkJrl 0.’

Ry—1=2""|2"Ry_1]| <27"|2"H[To(Rs-1)]| = Ra, n>no.

B+ 10

So, (Ry)n>n, 1s a nondecreasing sequence on BkJrl 0.0’ et loa.c

Hence, it tends a.s. t0 Roo :=1lim;, 100 Ry € [Ry,), +oo]
Letn>ng+1.If R,—1 <x < R,, then R, # 0 and we have

and also on ( )¢ on which R, = 0 for every n > ny.

e[To(x)] = H[To(x)] — x = H[To(Ry—1)] —x = R, —x > 0. (5.4)

Assume that R, # 0 and that there exists n > ng such that e[To(R;)] = 0, and let n; denote the smallest such n.
Then, H[TO(Rnl)] = Rn1 + e[TO(Rnl)] = Rn1 » SO

Rn1+l — 2—(n1+1) L2n1+1H[TO(RnI)]J — 2—(n1+1) L2n1+1R111J — Rn|

since R,, € 27"'N. We prove similarly by induction that R, = R,, for every n > ni, so ROO = R,, and then

e[To(Rso)] = 0. Moreover, by (5.4), e(Tp(-)) > 0 on (R,,, Roo). Furthermore we know that on Bk+1 w.cr X2k < Rny <
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Xok+1,50 e(To(-)) > 0 on (X2, Ry, ] by Fact 3.1 and then on (Xox, Roo). Hence R = inf{x > Xo, e[To(x)] =0} =
Xok+1 in this case.

Else, assume that R, # 0 and e[Tp(R,)] # O for every n > ng. Then (R, ),>n, is a nondecreasing sequence such
that e[Tp(-)] > O on each interval (R,_1, R,), n > ng by (5.4), and then e[T(-)] > 0 on [R,,, Rx). As in the previous
case, we get e[To(-)] > 0 on (Xok, Roo). Since e[To(X2x+1)] =0 and Xop < Xok41, this yields Roo < Xog41 < 00.

Moreover in this case, as explained before Lemma 5.3, 0 < e[To(R,—1)] = H[To(R—1)] — Rp—1 < R, +27" —
Ri—1 > n—+00 0 as., because R, —,—+00 Roo. Since e[Ty(-)] is a left-continuous function on W and (R,), is
nondecreasing and converging to Ry, < 00, this gives e[Ty(Roo)] = limy— 400 €[To(Ry,—1)] = 0. As in the previous
case, we conclude that Rso = Xox41. Since R, =0 Vn > ng if R,, =0, that is, on (B+’n° )¢, this proves the

k+1,a,c
lemma. O

Lemma 5.4. Forall n > ny,
Vm € N¥, {R,, = m2_”} € Frun—n. 5.5
Proof. We prove this lemma by induction. We start with R,,,, and observe that for m € N*,
(Rug =m27} = {Xae 1 > 270(| 270 Xt | + 1)} O {[ 270Xk | = — 1)
= {X2k+1 > m27”°} N {(m — 127 < Xy < m27”°},

which belongs to F,,,,-n since X2 and Xox1 are (Fy)x>0-stopping times by Lemma 5.2. This gives (5.5) for n = ng.
Now, assume that (5.5) is true for some n > ng. Then for m € N*,

{Rn+1 — mz—(n—H)} _ {LZ”HH[TO(Rn)]J = m} N B,;:'{f’a’c

U {Re=p27". |2 H[To(R)]] = m}
peN*

= U [{R = p27"} {[2" H[To(p27")]| = m}].

peN* p2-n §m27(71+l)

The second equality comes from {R, # 0} = {R,+1 # 0} = B,:r J’rrif’ayc, which itself is a consequence of R, > R, >
Xor >c¢ >0 on B,;:’{OQL The third one is a consequence of R, < R,41. If 0 < p27" < m2~ @D our induction
hypothesis gives {R, = p27"} € F,5-n C Fp-e+1, and (12" H[To(p2~™)]] = m)} € Fpo-n C Fp-atn since
(H[Tp(y)], y = 0) is adapted to (Fy)y>0. Consequently, {R,41 = m2_(”+1)} € F,p-w+n for every m € N*, which
ends the induction. (Il

In view of (5.3), we define for n > ny,
Ciilwe =AkacN{b(X1) > 0} N [{e[T1(R)] < aR,} U {e[Ti(Ry)] < aR,}].

Assume that we are on B,;:']z?a’c N A,':H a.c There exists i € {—1, 1} such that e(7; (X2k+1)) < aXok+1, that

is H[T;(X2k+1)] < (a + 1) X2k+1. On the one hand, R, — ;- 400 X2k+1, Ry < Xok4+1 by Lemma 5.3, then by
Lemma 5.1, for n large enough, R, € [Kx,._ .2, X2k+1], then x; (W, R,) = x;(W, Xory1) for —1 < j <2 and so
HI[T;(R,)] = H[T;(X2k+1)]. On the other hand, (a + 1)(X2x4+1 — R;) tends to 0 as n — oo by Lemma 5.3 and then
is strictly less than (a + 1) Xok4+1 — H[T; (X2k+1)] > O for n large enough. So for large n,

H[T;(R)] — (@+ DRy = (a + D)(Xoxq1 — Ry) — [(@a + D Xop1 — H[T; (X241 ]] <0,

and so e[T;(R,)] < aRj,. Then for large n, ILB+.n0 nctn = 1.
k+1,a,c k+1,a,c

Hence, in every case, 1 <liminf,_ yoo 1+ AcHn Then by Fatou’s lemma,

+10 +
B NA k+1,a,c k+1,a,c

k+1,a,c k+1,a,c B

+.,n + . PR +.n +.n
7I(BkJrl(,)a,c N Ak+l,a,c) = /;Z(llmlnfﬂ.3+,n0 ncHn )dn = }llgliggn(BkJr (,)a,c N Ck+1,a,c)' (5'6)

n—+00 k+1,a,c k+1,a,c
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Let n > ny. We now have to estimate, recalling that R, > R,,, > Xox > ¢ >0 on B,;:’I'“ayc,
+.n +, +.n +, —
n(BkJr](,)a,c N Ck+rll,a,c) = Z n(Bk+l?a,c N Ck+r;,u,c N {Rn =m2 n}) (5'7)
meN,m>c2"
For m > ¢2", we have, since m > 0 and then {R, = m2™"} C Blj:{?a,c’
+,n +, —
n(Bk+l(,)u,c N Ck—&-ri,a,c N {R" =m2 n})
+’ —
= n(Ck—i-’},a,c N {R" =m2 n})
= n([Ak,a,C n{pxy >ofn | {e[T:(Rn)] < aRn}] N{R, :m2_"})
i=+1
= n(Ak,a,c N{b@©) >0} N {Xax <m27"} N {Ry =m27"} 0 | {e[T:(m27")] < am2_"}), (5.8)
i=+1
where the last equality comes from Xo; < R,y < R, on {R,, > 0} = B,:r +'i°a o

For £ > 1,wehaveon {X; < x}, [x_1(W, X¢), x2(W, X¢)] C [x0(W, x),}cl (W, x)] since xo(W, X¢) and x1 (W, Xy)
are not x-extrema on H due to H[To(X,¢)] = X; < x. Hence, the random variables e[7;(X¢)], i € {—1, 1} are mea-
surable with respect to Fx,+ = {A € Foo, VX >0, AN {Xy < x} € F} (this is proved in detail in Lemma A.2 in the
Appendix). As a consequence, A 4 ¢ € Fx,,+ for every k > 1, which gives in particular [Ag 4 N {Xox <m27"}] €
Fmo—n for every m € N.

Moreover, let m € N such that ¢ <m2™". We have {b(c) > 0} € F. C F,p-n. Since {R, = m27"} € F,»-» by
Lemma 5.4, we get [Ak.q.c N {Xok <m27"}N{b(c) > 0} N{R, =m27"}] € Fpp—n. Bute[T1(m27")], e[T—1(m27")]
and F,,»-» are independent by Neveu and Pitman ([20], Proposition of Section 1), so

RHS of (5.8) = n[Ak,a,c N {b(c) > 0} N {sz < m2_”} N {Rn = mZ_"}]
< n( U felTi(m2 )] < am2™" })
i=%1
=(1—e ) y[Aga.cN{blc) >0} N{R, =m27"}] (5.9)

since e[T;(m27")]/(m2™"), i # 0, are independent exponential r.v. with mean 1 (also by Neveu and Pitman [20],
prop. 1) and X5, < R, on {R,, # 0}. So, (5.7), (5.8) and (5.9) give

n(B:—ilrll?a,c n Cl;:’-r{,a,c) = (1 - e—2a) Z U[Ak,a‘c N {b(C) > 0} N {R” = mz—n}]

meN,m>c2"
< (1= n[Af,.)
Consequently, (5.6) leads to
A ae) = 1A ae DB ) LB ) T = (1= e nlAL, T+ n[(BE )]
But ¢ < Xo¢ and Xopi1/Xox > 1 as., 50
71[(3;:;'{?“’6)6] < n[Xoks1 < X +27"] < n[Xokg1/ Xk < 14+27"0/¢] = g 400 0.

As a consequence,

n(A2_+l,a,c) = (1 - e_za)n(A/—:,a,c)'

We get similarly 17(A,:+l o) =1 — e_za)n(Ak_a .)- These two inequalities yield 7(Ag+1,q4,c) < (1 — e‘za)n(Ak,a,c).

Using this last inequality, we obtain (3.1) by induction on k, which proves Lemma 3.3.
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Appendix: Measurability
We fix x > 0. We define

Z(s) .= W(S)Lixgw,x)<s<x; (W,x)}» (A.1)

so that F; is the completion of o (Z(s), s € R). For the sake of completeness, we prove in this appendix the measur-
ability of some random variables. We start with the following lemma, which is used before Lemma 5.2 to prove that
(Fx)x>o0 18 a filtration.

Lemma A.1. If0 <y <x, then xo(W, y) and x1(W, y) are Fy-measurable.

Proof. Let0 <y < x, and
20 =2z0(y) :==inf{r € R, Z(t) # 0} = xo(W, x), Zoo :=supft € R, Z(1) # 0} = x1 (W, x).

This already proves that xo(W, x) and x1 (W, x) are F,-measurable. We define recursively for k € N, (with inf & =
400 and sup & = —o0)
usk1(y) ==inf{t > z0x(y), Z(t) —inf{ Z(u), 226 (y) <u <t} > y} 120200 2200}
+inf{t > 225 (y), sup{ Z(w), 2k (¥) Su <t} — Z(t) = y}1{2(z0)<Z(z00)}
k1 () = [inf{r > 2k (¥), Z(1) = inf{ Z(w), 22k (y) < u S uzks 1N} A 200 |12 (20)> Z (200}
+ [inf{r > zox(y), Z(t) = sup{ Z(u), 22k (¥) <t < w2k 1N }} A 200|112 (z0) < Z(200))
usk2(y) ==inf{t > 22511 (»), sup{ Z(w), 22k41(y) Su <t} = Z(1) = y} L {2(20)> Z (200}
+inf{t > zop1(0), Z(1) —inf{ Z(w), z22k41(») Su <t} = y} 20 <2000}
2k42(y) = [inf{r > 22141 (»), Z(@) = sup{Z(w), 224+1(¥) < < un2(N}} A Zoo |12 (z0)> Z(200))

+ [inf{t > zok41(»), Z(1) = inf{ Z(w), 22141 S u < uap2(0)}} A 200 | L(Z(z0)<Z(200)) -

Consequently, all these r.v. z;(y), i > 0 are Fy-measurable and so are the r.v. Z(zx(y)), k € N. Moreover
it follows from the definition of y and y-extrema that the y-extrema in [xo(W,x),x1(W,x)] are exactly the
2k (y), k € N (with repetitions at zoo). In particular, xo(W,y) = > cn 2k () Lize() <0<z 1 (v} and x1(W,y) =
D ke Zht1 (ML g (1) <0<z141 () are Fr-measurable. O

We now prove the following lemma, which is useful in the proof of Lemma 3.3 between equations (5.8) and (5.9),
in particular to show the independence used in (5.9):

Lemma A.2. For k > 1, the random variables e[T;(Xy)], i € {—1, 1} are measurable with respect to Fx, 4, where
Fxp+ ={A € Foo, Vx> 0, AN {X < x} € Fy}.

Proof. We use the same notation as in the previous proof. Let k > 1 and 0 < y < x. We define K(y) :=
D ten ULz () <0<ze1(0)» 50 Xi (W, ¥) = 2k (y)+i (y) for every i € Z such that x;(W, y) € [xo(W, x), x1 (W, x)], and
K (y) is Fy-measurable. For i € Z (with z;(y) := zo(y) for j <0),

hi () =|Z(zk»+i () = Z(zk ) +i+1(M) | = Z Lk )=k} | Z (2141 () = Z (zk4i+1(0) | (A2)
keN

is also Fy-measurable (for every 0 < y < x). And h;(y) = H(T;(y)) if the support of the slope T;(y) is included
in [xo(W, x), x1(W, x)], since in this case, Z(zk(y)+i(¥)) = Z(x;(W,y)) = W(x;(W,y)) and Z(zgy)+i+1(y)) =
Z(xit1(W, y)) = Wxit1 (W, y)).
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We first prove that H (T’ (X)) is (Fx,+)-measurable. Let a € R; we have to prove that { H(T1(Xy)) < a} € (Fx,+),
which means that {H (T1(X%)) <a} N {Xx < x} € F for every x > 0. This is obvious for 0 < x < ¢ since X; > c a.s.
We now fix x > ¢ and define for p > 1/c (h(u) is defined in (A.2) for 0 < u < x, and we set i1 (u) :=0 if u <0)

o
Dp(x) = Zhl (x = i/P)Lo<x—i/p)Lix—i/p<Xi} LiXp<x—(i—1)/p}>
i=1

which is F,-measurable. Moreover, on {X; < x}, there exists a unique (random) j = j(p) > 1 such that x — j/p <
Xy <x—(j—1)/p<x,and thenx — j/p > 0since X; > c > 1/p. We have

[x_1(W,x = j/p). x2(W,x — j/p)] C [x_1(W, Xp), x2(W, Xp)] C [x0(W, x), x1 (W, x)]. (A.3)

Indeed, the last inclusion comes from the fact that X is a change of sign of b(-), and x > Xy, so e(To(Xx)) =0 and
xo(W, X1) and x1 (W, X}) are not x-extrema.

Let y, :=(x — j(p)/P)Lix;<x}- So on { Xy < x}, Dp(x) = h1(yp) = H(T1(yp)) (see the comments after (A.2)
since the support of slope Ti(yp) is included in [xo(W,x), x1(W, x)] by (A.3)). Since y, € (Xx — 1/p, X«l,
Yp = p—+oo Xk on {Xy < x}, and since H (T1(-)) is left-continuous on (0, +00) on W by Lemma 5.1, H (T1(Xy)) =
lim,_ 4 0o H(T1(yp)) =lim,_, 1 o0 Dp(x) on {X; < x}. Hence,

[H(T1(X0) <a) N {X; <x}= {pEToo D,(x) < a} N {X; < x).

Since lim,_, 100 Dp(x) is the limit of a sequence of Fy-measurable r.v., it is also JFy-measurable, and then
{limp_ 4100 Dp(x) < a} € Fx. Since {Xy < x} € Fx, we get {H(T1(Xr)) < a} N {Xy < x} € Fy, and this is true
for every x > 0. So {H (T (X)) < a} € Fx,+ forevery a e R.

Hence H (T1(Xy)) and then e(T(Xy)) are (Fyx,4)-measurable. Finally, we show similarly that H(7_;(Xy)) and
then e(7T_1(Xx)) are (Fyx,+)-measurable. O
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