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Abstract. We generalize the Abstract Interpolation Lemma proved by the authors
in Carvajal and Neves (2010). Using this extension, we show in a more general context
the persistence property for the generalized Korteweg-de Vries equation in the weighted
Sobolev space with low regularity in the weight. The method used can be applied for other
nonlinear dispersive models, for instance the multidimensional nonlinear Schrodinger
equation.

1. Introduction. We are mainly concerned with the question of the persistence prop-
erty in weighted Sobolev spaces for dispersive partial differential equations. Thus, the
aim of this study is to generalize the Abstract Interpolation Lemma proved by the authors
in [2] and to apply this new result to show, in a more general context, the persistence
property of the initial-value problem for the nonlinear dispersive equations. To be more
precise, let us recall the persistence result we established in [2] for the Cauchy Problem
for higher order nonlinear Schrédinger equation, that is,

Ou—+iad?u+bd3u+iclulPu+du?0,u+eu?d, i =0, (tz)e€R? (1)

u(z,0) = ug(x),

where u is a complex valued function, a, b, ¢, d and e are real parameters and ug is a given
initial data. We restate the main theorem of [2]:
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494 X. CARVAJAL axp W. NEVES

THEOREM 1.1. The IVP (L)) is globally well-posed in X%¢ for any 0 < 6 < 1 fixed.
Moreover, the solution u of ([2)) satisfies, for each t € [T, T],

() 2y < € (o2 + ol gy + 1)
where € = C(0, [lu(t)][ e, [[u(0) |2, 2 () 12,z (O)] 2, T, > 1/2.

The notion of well-posedness for dispersive equations is given below, and the particular
notation used throughout this paper is given in Section [[LIl Therefore, one of the main
issues of this article is to extend the persistence property proved before for § € [0, 1]
to more general values of the exponent . In particular, we explore our strategy on
the generalized KdV equation (see (L2) below); i.e., we consider the 1-dimensional case.
However, the extension of the Abstract Interpolation Lemma proved in this paper to show
the persistence property for more general exponents 6 also allows us to demonstrate the
persistence property for multi-dimensional equations as presented in this paper.

Consider the initial value problem (IVP)

{atu + a(u)d,u + O2u =0, (t,z) € R?,

u(0,x) = ugp(x), 12)

where u is the real valued function we are seeking, wug is the initial data given in some
convenient space, and a(u) is a given C* (weaker differentiability is sufficient for most
results) real value function. Moreover, we may assume that a(u) satisfies, as in Kato [4],
the following condition:

A
lim sup %/ (A—9) a(s)ds <0. (1.3)
0

|A|—o0

Now, we introduce the typical notion of well-posedness that we are going to use
throughout this paper. First, we consider the integral equation associated with (L2I),

u(t) =U(t) up + /0 Ut —7) a(u(r)) Opu(r) dr, (1.4)

where U(t) is the unitary group solution of the linear KdV equation. It is not difficult to
show that if u is a solution for the Cauchy Problem (L2)), then it satisfies (I.4]). Then,
we have the following.

DEFINITION 1.2. Let X, Y be two Banach spaces such that X is continuously embed-
ded in Y. Suppose that, for each ug € X, there exists T' > 0 and a unique function

ue 0([0,T]; X) (1.5)

satisfying (L4) for all ¢ € [0, 7], and also dyu € C((0,T];Y). The Cauchy Problem (L.2))
is said to be locally well-posed in X when the map ug — u is continuous from X to
C([0,T); X). If T can be taken arbitrarily large, then (L.2)) is said to be globally rather
than locally well-posed in X. Moreover, (LI) implies the persistence property of the
initial data.

If we consider the initial data in Sobolev spaces with sufficient regularity, for example
in H*(R), s > 2, it is not difficult to prove the unique existence of the solution of the
IVP ([2)) in the weighted Sobolev spaces. However, proving the persistence property,
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PERSISTENCE PROPERTY IN WEIGHTED SOBOLEV SPACES 495

also continuous dependence, is not so easy and it is quite involved when we are working
in weighted Sobolev spaces. Our main focus in this paper is to show the persistence
property with respect to more general exponents, as explained below. To accomplish
this, in the present paper we establish an extension of the Abstract Interpolation Lemma,
proved in [2]. In fact, the interpolation extension proved here is quite general and applies
to several dispersive equations provided they satisfy certain a priori estimates. These a
priori estimates are related to the conserved quantities and are as follows:

u(®)llL> < Clluol|L2, (1.6)
[u®)ll oy < Ar(l[uoll gracn), (1.7)
and
[l 2 gy < Clluollz g, + Azluwoll e ), (1.8)
where a(r) > 1,7 € ZT, A; are nonnegative continuous functions with A;(0) = 0,

A5(0) = 0. Here, we consider that the IVP (2] satisfies (LE)—(L8]) (for that we refer
the reader to Kato [4]) as we are going to explain below. A typical equation that satisfies
the properties (LA)—(L8) is the IVP associated to the generalized Korteweg-de Vries
(gKdV) equation,

{&u—i—ukazu—i—@gu—O, (t,z) eR% k=1,2,3,---, (1.9)

u(z,0) = up(x).
Before stating the main result of this work, we discuss some similar results previously

obtained in the same direction of the main issue of this paper. The IVP associated to
the nonlinear Schrédinger (NLS) equation

{i@tu + Au = plul*tu, p==x1, a>1,zeR" teR, (1.10)

u(z,0) = up(x)

has been studied in [3] for given data in the weighted Sobolev spaces. More precisely,
the following theorem which deals with the persistence property has been proved in [3]:

THEOREM 1.3. Suppose that ug € H*(R") N L%(|z|*™dx), m € ZT, with m < a — 1 if a
is not an odd integer.
A.If s > m, then there exist T = T'(JJug||s,2) > 0 and a unique solution v = u(z,t) of

the IVP (I0) with
u € C([-T,T); H* N L3(|x[*dx)) N LY([~T, T]; L? N LP(|x|*™dx)). (1.11)
B. If 1 < s < m, then (LTT]) holds with [s] instead of m, and
TPy = (z; + 2itd,, ) u € C([-T,T); L*) N LI([-T,T]; L), (1.12)
for any 8 € (Z1)" with |3] < m.

The power m of the weight in Theorem is assumed to be a positive integer. In the
recent study of Nahas and Ponce [9], this restriction in m is relaxed by proving that the
persistence property holds for positive real m. To be more precise, the result in [9] is the
following.
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496 X. CARVAJAL axp W. NEVES

THEOREM 1.4. Suppose that ug € H*(R™) N L2(|z|*™dz), m > 0, with m < a—1if a is
not an odd integer.
A. If s > m, then there exist ' = T'(||ugl|s,2) > 0 and a unique solution v = u(x,t) of

the IVP (LI0) with

u € C([~T,T); H* 0 L*(|z|*™dx)) N LY([-T, T); L N LP(|z|*™dx)). (1.13)
B. If 1 < s < m, then (II3)) holds with [s] instead of m, and
1%y € O([-T,T); L?) N LY([-T, T); LP), (1.14)

where I'b = ¢ilzl*/4tgbb Db(e=ilel*/4t) with |3] = [m] and b = m — [m)].

In the next section (see the IVP (L20), Theorem [[LTT] and Remark [[T2)) we establish
the conditions to apply our technique, and hence we obtain similar results for the above
NLS equation.

Now, we recall that Kato [4] studied the IVP ([2)) for the given initial data in the
weighted Sobolev spaces and proved the following result.

THEOREM 1.5. Let r be a positive integer. Then, the IVP (2)) is locally well-posed in
weighted Sobolev spaces X?"" and globally well-posed in X2™" if the initial data satisfies
[lwol|L2 < 7, for some positive .

The proof of Theorem [[L3lis given in Kato’s Theorem 8.1 and Theorem 8.2; see [4].

In fact, it seems that the persistence property for dispersive equations has been widely
discussed recently, as in Nahas [7] and Nahas and Ponce [8]. Moreover, the results in [7]
were extended recently by Nahas to the generalized KdV equation; see [6]. In this paper
we are interested in removing the requirement that the power of the weight in Theorem
be an integer by proving that a similar result is obtained for noninteger values of r.
The main result of this article is the following.

THEOREM 1.6. Assume r > 1. If the IVP ([[2) is locally well-posed in H?® for s > 2r
and satisfies the a priori estimates (LO)—(L8]), then the IVP (2] has the properties of
the unique existence and persistence in weighted Sobolev spaces X% for s > 2r and
6 €[0,r].

One observes that in the above theorem r is a real number. Moreover, from the proof
of Theorem [[6], it can be inferred that if one has the local well-posedness result for
given data in H*® and if the model under consideration satisfies a priori estimates (L.0)—
([CH), then with the help of the Abstract Interpolation Lemma, it is easy to prove the
persistence property in weighted Sobolev spaces.

As an application of Theorem we have the following result.

THEOREM 1.7. Let » > 1 be a real number. Then, the IVP for the gKdV equation
(CT) is locally well-posed in weighted Sobolev spaces X*¢, for s > 2r and 0 < 6 < 7.
Moreover, it is globally well-posed in X*?, for 0 < § < r and s > 2r, when the initial
data satisfies ||ugl||r2 < 7 for some positive 7.

The paper is organized as follows: In the rest of this section we fix the notation and
some background used throughout the paper. The Abstract Interpolation Lemma is
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PERSISTENCE PROPERTY IN WEIGHTED SOBOLEV SPACES 497

given in Section In Section 3, we first show some conserved quantities and prove a
nonlinear estimate. Then, we formulate the approximate problems associated to the IVP
([C2) from them; then we gain continuous dependence in H?® norms, which is used to
show mainly Theorem [[.7] at the end of this section.

1.1. Notation and background. We follow the notation introduced in our earlier paper
[2]. For the sake of clarity we recall most of it here, clearly adapted for the multi-
dimensional setting and for the more general case of 8§ € [0,r], r > 1. Moreover, we
present some results used through the paper.

We use dx to denote the Lebesgue measure on R™ and

dpg(z) := (1+||z]*)° da,
dpig(w) = ||z[|** dx

to denote the Lebesgue-Stieltjes measures on R™. Hence, given a set X, a measurable
function f € L?(X;duy) means that

1 xau = [ £ diafa) < o0
When X = R", we write: L?(dug) = L?(R"; dug), and for simplicity
L? = L*(dpo),  L*(dp) = L*(dp)

and similarly for the measure dfiy. We will use the Lebesgue space-time LPL? endowed
with the norm

e = Wl = ([ ([ 1f@ora)"a)™ @ <pq<oc)

When the integration in the time variable is on the whole real line, we use the notation
[ fllzzra. The notation [luflzs is used when there is no doubt about the variable of
integration. We adopt similar notation as above when p or ¢ is co. As usual, H® =
H*(R™), H*=H 5(R™) are the classic Sobolev spaces in R", endowed respectively with
the norms

1Al = A2y W ere = 1l z2 ) -

We study in this work the solutions of dispersive equations in the weighted Sobolev
spaces X%, defined as

X0 = H* N L*(dps), (1.15)

with the norm

[ fllocso := W fllers + 1 F1l 22 apo)-

We remark that X*7 C X% forall s € Rand @ € [0,7]. Indeed, using Hélder’s inequality,
we have

1-6/r 0/r
122 aey < I 1F 1 g (1.16)

Moreover, we recall the classical notation of pseudo-differential operators. For any real
number m, we define the set

§™ = {a € C(R™;C) : [0500a(x,6)| < Cap(1+ €)™, Va, 8 € (Z1)"}.
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498 X. CARVAJAL axp W. NEVES

For a € 8™, we consider the differential operator a(x, D), defined for any f € S(R™) in
the following sense:

~

(a(z, D) 1)(€) = a(x, ) F(€).

The proof of the next two lemmas can be found in [9].
LEMMA 1.8. If a € 8%, then for each b > 0,
a(z, D) : L*(R™; duy) — L*(R"; dyu)
is a bounded differential operator.
LEMMA 1.9. Let a,b> 0. If D*f € L*(R") and f € L*(R"™;duy), then for each 6 € [0, 1],
D2 £l 2 (dyaony < C NN () 1D F 72" (1.17)
Now, applying Lemma [[.§ we have the following:
LEMMA 1.10. Let 3 € (ZT)™ be a multi-index and b > 0 fixed. If f € S(R™), then
107 Fll 22 afiny < CIDY! Fll L2 agin) + CIF | 2 (1.18)

&8
T+ PP
Lemma [[8 the associated operator a(z, D) is bounded in L?*(R™;du;). Therefore, it
follows that

Proof. Let us consider a(z, ) = we can see that a € 8. Then, applying

lla(, D)gllL2am) < Cllgllezag)- (1.19)
If jﬁ\f(ﬁ) (1+ |¢]2)181/2 F(€), considering g = JA £, then a(D)g = (1/i#1)0P f, and the
lemma is proved. O

Now, we consider the following evolution equation:

Ou+ Lu+ F(u,Vyu) =0, (t,z) € R xR™,
(0, x) = ugp(x),
where the linear part of the equation Lu is defined by

Lu(§) = i h(&) u(§),
for some polynomial symbol h(€) real valued, and F(z,y) is a function with F'(0,0) =0
(for the KAV equation h(¢) = —¢3, € € R, F(x,y) = a(x)y, and for the nonlinear
Schrédinger equation h(€) = Y p_, €2 = |¢|? where ey is the k-th unit vector, £ € R",
Fz,y) = ol* 'z, a > 1),

(1.20)

THEOREM 1.11. Let » > 1 and u € C([-T,T]; X*") be a smooth solution of the linear
IvP

9] Lu=0, (t,z) eRxR",
wu+ Lu (t,x) X (1.21)
u(0, z) = up(x),
where the linear operator L is defined with symbol h(¢) = ;’:1 C;ePi, € e R, B €
(Z*)™, |B;] > 1, j =1,...,p. Then, u satisfies the inequality (L8) with
alr) = mas (551 = 1) (1.22)
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PERSISTENCE PROPERTY IN WEIGHTED SOBOLEV SPACES 499

Proof. By the Bona-Smith approximation argument, we can suppose that u(t) €
S(R™) or in some X" with s <« sg. Moreover, without loss of generality, we can
suppose that h(&) = ¢, for some multi-index 3, |8] > 1. Multiplying (L21) by |z|?>"7,
taking the real part and integrating, we have

0=20 / |22 [ul*dz + 2Re /(x -T)"u Ludz. (1.23)

Using the notation of multi-indices o = (a1, ...,ay), o € Zt, j = 1,...,n, we have
respectively the multi-nomial and Leibniz formula

Z_I y (D)o orv@aen =3 (D)oo o, a2y

|a|=r n<o

Applying the definition of the Fourier transform, we obtain

0eu(€) = (=) *zu(€), (1.25)

and by the multi-nomial formula, Plancherel equality and (L.2H), we can write

/|J;\2r|u(ac)\2dx— _ lal/ 3 (;) oea(e)|? de. (1.26)

lee|=r

Now, considering the second term in (L23]), we have

/(x~E)TﬂLudx:/ zn:xf w Lu dx
/z
> )/

) 207 Ludx

z*ux® Ludx

|a|=r
=3 (T) o uz® Lude, (1.27)
|a]=r @ /

where in the last equality we used Plancherel equality. By the Leibniz formula, identity
(CZ5) and definition of L with h(¢) = ¢4, we have

/Exa Lude = ‘al/aa €) ¢ Lu(€)de
1l [ O 08 (h(©)a(6) e

p)lel /aa

One observes that when nn = (0,...,0) := 0 in (L.28]), we obtain

\a| / |aa’\ 2d§,

( )(@%5) @ea(e))de. (1.28)

n<a
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500 X. CARVAJAL axp W. NEVES

and thus this term in (23] is equal to zero. We conclude from ([26)), (I.27) and (T28])
that

2Re /|x|2’" u Ludx

= 2Rei (-1)l*1 Y ( >/aa

lee|=r

> (2@ 0 ate) e
%

<y (;)/ 02a() 2 + ¢, Z( ) e o viate) [ | ae
W#O

|a|=r
2
|a\r n<a
n#0

In order to estimate the second term in ([L29]), we consider a multi-index n < «, § # 0,
and the expression J(a, 3,7) = ||07¢P 9¢ (¢ )HL2 Then, for 0 # 1 < o, n < 3, using
(CZ9), Plancherel equahty7 and the Lelbmz formula we obtain

I o) = 1" U = 7 €798 A
— Gl Ol
S eI
<ot X (7 e el 0

v<B-n

Now, we proceed to estimate [|(0¥z*~"7) (957" "u)||r2. We know that the function
0¥z~ " £ 0 if v < a—n and zero otherwise. Thus we suppose that v < a—n, v < -1,
and since n # 0, we have

ro=la—n—vl=lal=n| = lv|=r—ngf =] <r

and
r=I[8—n—vl=|8]—Inl v <A
Therefore, applying Lemma [[LT0] we obtain

v, .oa— —n—v 04—77! a—n—v —n—v
1072 @2 wlzz = (o et 3l

a—mn)!
< OZm e g8 vy

(=1 —v)!
< Cam (2™ Ditullrz + [l ullz2) - (1.31)
We observe that i # 0 implies |n| + |v| > 1, and this inequality implies
P/ R 1 el U el L1
roo (8l =1)r
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8] = Inl = v

(8l =Dr
Thus applying the Intermediate Value Theorem, there exist b € [0, 7] and a € [0, (|5]—1)r]

such that ro = b and r = (1 — 6)a. Using Lemma [[.9] and the interpolation (LI6), we
obtain

1072~ (B w)lzz < Cllulfaqapy lull iz + Cllamull 5™ ull3s,

Inl+1v|

Now we choose 6 such that 1— <H<1- ; it follows that 6 € [0, 1].

where ko = ro/r, and this concludes the proof of the theorem. O
REMARK 1.12. i) One observes that for the generalized KAV equation, we have a(r) =

27 and for the nonlinear Schrédinger equation a(r) = r.

ii) In order to obtain the estimate (L8] for the Cauchy problem (L20]), we multiply (T20)

by |z|?"u, take the real part and integrate to obtain

O:(‘)t/|a:|2r\u|2das—|—2Re /(gc-f)rﬂLudac—l—QRe/(mrﬂ) |z|" F(u, Vyu)dz. (1.32)

Then, by Theorem [L.TT] we only need to estimate the third term in (IL32]) (for the non-
linear Schrodinger this term is zero). Using the Cauchy-Schwartz inequality,

2Re /(\l‘lrﬂ) 2" F (u, Veu)de < 2|zl o2 |[|[2]"F (v, Vau)| L2 (1.33)
Thus we need an estimate of the following form:

" F(u, Vau)ll Lz < Clllz"ull2 A(l[ull grac), (1.34)

and it is possible if for example F(z,y) = © G(x,y), where G is a polynomial function
and a(r) > n/2 + 1, in order to use immersion of v and V,u in L$° and therefore
|G (u, Vou)| < A(llull o).

2. The Generalized Interpolation Lemma. In this section we generalize the Ab-
stract Interpolation Lemma established by the authors in [2]. In fact, we extend in two
directions: First, we generalize to the multi-dimensional setting. The second extension
is concerned with the exponent 6 of the weight.

Let s > n/2, r > 1 be fixed. For each T' > 0, we consider a family A of functions f
from [-T,T] in H*(R"), satisfying the following conditions:

(C1) The measure £"({& € R™; f(¢,€) # 0}) is positive, where £™(E) is the Lebesgue
measure of a measurable set £ C R"™.

(C2) There exist positive constants Cyy, Cy and a function Ay > 0 which do not depend
on f and t such that

IF@®Z2 < Co I£(0)II7, (2.35)

1FO1Z2d,) < CollFO)IF2(ag,y + Aol f O racn)- (2.36)

(C3) For all § € [0,7], there exist ® > 0, which does not depend on f and ¢, and
7 € (0,1/2) such that

/ FOP ditg <1 / £ dig. (2.37)
{If(t)]?<©} Rn
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502 X. CARVAJAL anp W. NEVES
(C4) There exist R > 0 and 2 € (0,1) (both independent of f) such that
[ 1o di < s [ 15O di (2.39)
R™\B(0,R) R"

Clearly the set A depends on the constants Cf, Co. R, ~2, and also the functions Ay,
O(0). In the following, we present two different families which satisfy the conditions
(C1)—-(C4). The former example is a nonenumerable set of functions which are not
necessarily solutions of a partial differential equation. On the other hand, the elements
of the family in the second example are solutions of the dispersive equation (L20).

ExampLE 2.1. Let Ry,T > 0, > 1 be constants and b > 0 such that, for each

6 €[0,r],
1
5 29d§ < —/ 5 20d§. 2.39
/{RoﬁlfSRo—s-b} g (T +1)? Jye1<roy || (239

Let By be the set of continuous functions in R” such that

(€) = 0, if|¢|>Ro+b,
L7 if |§| < RO)

and 0 < g(§) < L, where L is any positive real number, fixed. Now, we set

Br={f(t,8) = g(O)(1 +|t]);t € [-T,T], g € Bo}-

Then, the family B satisfies the (C1)—(C4) conditions. Indeed, condition (C1) is clearly
satisfied. The condition (C2) is satisfied with Cy = Cy = 1+ T. The condition (C4) is
satisfied with R = Ry + b for all v2 € (0,1), since the first integral in (2:38) is null. And
the condition (C3) is satisfied with © = L? and v, = 1/3, since ([Z.39) implies
/ 1€ Pde <+ 1L | 2 e
{If(®P<L?} {Ro<|€]|<Ro+b}
1+ T)2L2
< %/ €% dg
31+T)° Jiei<roy
1

_ 20 2d
S NGRIGI

1
< Z 260 t, 2d
<5 ), PO

1 26 2
<3 | s opas

We remark that the following example will be used in the proofs of Theorems and
L7

EXAMPLE 2.2. We consider the evolution equation (L20) under the conditions in
Remark [[.L12] We assume that

ug(z) € X*",  wug #0. (2.40)

Now, let (uf) be a sequence of regular functions (in S(R™) or in some X*0¢  with s < s0)
such that

ulb = ug in X when k — oo. (2.41)
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PERSISTENCE PROPERTY IN WEIGHTED SOBOLEV SPACES 503

If the IVP (L.20)) satisfies the conditions (L6)-(LS), and it is well-posed in C([-T,T]; H®),
then the set of solutions

€= (u*t) (k> Ny, for some Ny > 0) (2.42)

of the IVP (L20) with initial data uf satisfies the conditions (C'1)—(C4). Indeed, we have
the following:

Condition (C1)

We prove this by contradiction. First, we suppose that

VNo, 3k > No, 3t € [-T,T); L"({z € R*;u"(t,z) #0}) = 0.
Then, there exist k,, > m, m=1,2,--- , and t,, € [T, T] such that
uFm (ty,, ) =0, 2 — a.e. (2.43)

By (Z41), (243) and the continuous dependence of the initial data, the sequence of
solutions u*(t), associated to IVP (L20) and initial data uf, satisfies

lultm)llzzs = u* (tm) = ultm) || me < e luf () = w(@®)]| - ST 0. (2.44)

)

Asw e C([-T,T); H®), tm, € [-T,T), by compactness we can assume that t,,, — to €
(=T, T]. Thus [[u(tm)|zs = [lu(to)l|g- and by 244), it follows that [lu(to)|/m- = 0,
which implies

u(to,z) =0, x=—a.e.
By uniqueness of solutions, we have for any ¢t € [-T,T], u(t,z) = 0 almost everywhere.
In particular, u(0,2) = ug = 0, which is to say a contradiction with (ZZ40).
Condition (C2)

It is a direct consequence given from the fact that the solution u of the IVP (L.20)

satisfies the conditions (L6) and (L3]).
Condition (C3)
We must prove that

V6 € 10,r], 3© > 0, s.t. Vk > Ny, Vt € [-T,T] and for some v; € (0,1/2),
we have
/ [ (02 dfig < / ()2 dyo. (2.45)
{luk(®)]2 <0} R™
Again, we prove this condition by contradiction. We suppose that

30 €[0,7], VO >0, 3k > Ny, 3t € [-T,T] and Y1 € (0,1/2)

/ @) dig > 71 / @) dfig.
{lu*(t)|?<O0} Rn

Then, there exist k; > No, t; € [-T,T], j € Z* and v € (0,1/2) such that

/ W &) djo > 20 [ 16 0) di (2.40
(i (t5)12<1/5} R

and we have

Now, without loss of generality, we can suppose that

t; > to € [-T,T] when j — oo. (2.47)
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Further, we consider the map
Q2 = V={k;;j€ZT}, @)=k, (2.48)

and the following cases:

Case I, the set V is not finite: In this case we can suppose that k; — oo when j — oo.
By the immersion (s > n/2), (Z:41) and continuous dependence of the initial data, the
subsequence of solutions u*i(¢;), associated to IVP (L20) and initial data uéj, satisfies

[u® (5, ) —u(to, )| < Cllu® (t;) — u(t;)| = + Cllulty) — ulto)| -
< sup [[u () = u(t)]| g + Cllu(ty) — u(to)||ms "= 0, (2.49)
te[—T,T)

where we have used that v € C([-T,T]; H?).

Then, using (249]), the Dominated Convergence Theorem and (246), we obtain a
contradiction.
Case 1II, the set V is finite: In this case, concerning the application ®, there exists k, € V
such that Vo := @ {k,} = {q1.¢2,---} € Z* must not be finite, with ¢; < g;+1, for
each j € ZT. Therefore, by (2.46]) we get

/ ot ) dite >0 [ a2 (2,) dio (2.50)
{luba(ty;)2<1/q5} R™

If j — oo, then ¢; — oo and by (A7) t,, — to. As u* € C([-T,T]; H*), by immersion,
we have for any z € R",

b (b, ) — ube(to, 2)] < Cllua¥e(ty,) — ube(to) | 2o "= 0. (2.51)

Therefore, arguing as previously in Case I and taking the limit in (2.50), we obtain a
contradiction.

Condition (C4)

We prove: There exist R > 0 and 7, € (0,1) such that for any k > Np,

/ [u*(0, )% |z]|*"dz < 72/ [u*(0,2)]? |z|* dx.
R\ B(0,R) R
Again by contradiction, we suppose that

VR > 0, Vv, € (0,1), 3k > Ny, such that

/ [u(0,2)|? |z|*"dx > 72/ [u*(0,2))? |z|* da. (2.52)
{|=|>R} R

In particular, this proposition implies for any m € Z%* that there exists k,,, > Ny such
that

1
/ b (2)]2 |22 da > (1 - —) / b (@) |2 da. (2.53)
{jal>m} m) Jen
Let us consider the map

T:Z" W= {kn;meZ}, T(m)=kn, (2.54)
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and the following cases:
Case I, the set W is not finite: In this case we can suppose that k,, — co when m — oo,
and thus by ([241]), we obtain

/ Jug™ () — uo(2)* |z[*" da S/ lug™ () = uo(@)[* |z[*"dz "= 0 (2.55)
{lz|>m}

Rn
and
/ |u§m(gc)|2 |z|?" dx mif)o/ luo(2)|? |z|*"d. (2.56)
R™ Rn
Moreover, as
| @PlePrar< [ @) - w(@f foPrds
{lz|>m} {lz|>m}
+/{ | }‘“0(5”)‘2 jof*r da "5 0, (2.57)
xz|>m

from ([Z53)—(Z51), we arrive at a contradiction.
Case 11, the set W is finite: In this case, again concerning the application I'; there exists

k, € W such that Wy := I {k,} = {p1,p2,---} C Z* is not finite, with p; < pit1,
i € 7. Therefore, by ([Z53) we get

kp T 1 kp r
/{| ‘ }|u0 (z)|? |z|*"dz > (1 - p—)/ lug? ()| |z|*"d. (2.58)
T[>pm m "

Similarly to Case I before, taking the limit in ([258) when m — oo (pn,, — 00), we obtain
a contradiction.

Now we pass to the Generalized Abstract Interpolation Lemma.

LEMMA 2.3. Let r > 1 be a real number, and A a family satisfying the conditions (C1)—
(C4). Then, for each 8 € (0, ), there exists a positive constant p(6,r) such that, for each
tel-T,T],

POy < 1@ (Ko £ O)Z2 + K1 [ OZ2 () + Ka) (2.59)

for all f € A, where

4\ C 4\’ Ao(ILF O] graer)
_ 20 = _ 0 = _ 0 Ha(r)
Fo=Co (9) T A (9) = R

Proof. The technique is similar to the proof of Lemma 2.2 in [2], but we give a proof
for the sake of completeness. For simplicity, we write f(¢,€) = f(£) and f(0,£) = fo(&).
Let xk; > 0 (j = 0,1) be constants independent of ¢, and for 6 € [0, 7], we set

= / €122 1FEP X6 2oy d.
I3 = ﬁl/R €12 X {176 250 dEs

I3 ZZ/R EI? 1F ) Xq17e) 2 <my dEs
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where xg is the characteristic function of the set E. Then, we have
— [ NP O de = It + 15" = I = oI + I3 + I3,
Rn

It is not difficult to show that I5* < IT*, hence koI5 < ko (I7* + I5*) = ko I. Conse-
quently, we have
(1— ko) I <I—rol§* =17 — koly* + I3, (2.60)

Now, we show that there exist §; > 0 independent of f, ¢t € [-T,T], and a positive
constant S < 1 such that I5* < SI7*. Indeed, we have

/Rn €17 | £ Xqipp2<my dE < B /Rn €I £ X pi25m1y dE
MG
=5 [ I O P X

and hence, we must have

LI @ xueeny 46 < g [ NP1 b

which is satisfied since f € A. Consequently, we take k1 = © in inequality (2.37). One
observes that since 8 < 1, it follows that 5/(1 4+ 8) < 1/2. It follows that there exists a
positive constant o < 1/2 such that

If < a(If + I = al. (2.61)
Hence we fix ko = (3/4 — ) > 1/4 and, from (260), (Z61]), we obtain
IFY — Kol3?
1—(ko+a)

At this point, we claim that, there exist N; € N and a constant C; > 0 both indepen-
dent of f and ¢, such that, for all n > N

/ FOPENPr de < ¢ / Fo(©PII€l?" dé + G
{ll€ll<n} {ll€ll<n}

I< =4 (I — KoI5) . (2.62)

In order to prove the claim, we show that

27‘d 2'rd
/\(\nsn s/lln &) e de

< [ 1R©PIF dg=cr [ APl d+ o,

{llgl=n}
for each > Nj. Therefore, from (Z306) and supposing C; > Cy, it is enough to show
that
Cov G [ @i de— [ if@Pler

scl/\fo(f)ﬂa” dﬁ—cl/ o€ Pl dé + G
R {1¢]>n}
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By a simple algebraic manipulation, it is sufficient to show that

- C
2r d < 0 2 o d 7
/{mn} ORI de < =2 [ el de

which is true for each f € A, and we take N; = R of inequality (Z38]).
Now, we proceed to estimate IT! — koI5, If 6 € {0,7}, then by ([235) and (Z30), it
is obvious that

I = ol < Co [ € Ao e

Then, we consider in the following 6 € (0,7). Denoting x = (kok1)'/??, it follows that

1=t = [ (P LHOR = =2 I61) xqscoreom) dé

= [ (I 2 1) xisiorsmn 46

Il \f<f>|“"
/ / (n) dn d€
n Jillel

=20 [Tt e () dn
0
where for each n > 0, (1) = 7%’ and

n) = {EeR" /ANl >n} [ {E R/ s iéll < n}.

One observes that for each n > 0, E(n) # 0 (in the geometric measure sense). Indeed,
assume to the contrary that E(n) = 0; then £™(E(n)) = 0 and thus I < 0 from (262,
which is a contradiction by condition (C'1) and the definition of I. Moreover, we observe
that since

FEOP° Jlgl*r

1< 7727“

b

we could write

n LFEOP NN
L (E UASJE ISR ge.
(Em) < /{|5|<n/n} n*r :

Therefore, we have

o 2r/60 27
Ifl _ K/OIgl < 29/ 7729—1/ |f(§)| - ||§|| dé-dn
0 {1Igll<n/k} n

<20 | F(1)| 20/ / 2021 /{ o SOP I e
n/k
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where we have used the Sobolev Embedding Theorem. Hence applying ([2.33]), we obtain

N1
ot <20 5O [ [ R dean
0 {lI€ll<n/x}

20 | (1)) 2 /N 20201 /{ o ORI ded
1 n/k

fCONl TR / Fo(©)? de

Rn

L 20 Oy £ 20~ / Fo© €] / 202 de 4 =
Rn {n>k 1€}

r/0
<y (—4> N2 | (202 / Fo(©)[? de

R™

4T 2’“/9) 2 2 26 -
ra(n) oI [ e e+

where

0 |’

:ler'_e 12(7‘ 9)

(1]

O

3. Statement of the well-posedness result. This is the section where we prove
the well-posedness of the Cauchy problem (LZ) in weighted Sobolev space X*¢, for s > 2r
and 6 € [0, r].

3.1. Proof of Theorems and [

Proof of Theorem Consider r > 1, ug € X*% s > 2r, 6 € [0, 7], with ug # 0.
We know that there exists a function v € C([-T,T], H*) such that the IVP (2] is
globally well-posed in H*. It is well known that S(R) is dense in X*?. Therefore, for

ug € X*Y there exists a sequence (uy) in S(R) such that
uy = ug  in X3 (3.63)

By continuous dependence, the sequence of solutions u*(t) associated to IVP (2] and
with initial data u} satisfies

sup  [lur(®) — u(®)|| g “=0. (3.64)
te[—T,7T)

Now, assuming conditions (3)), suppose temporarily that the solutions u* of the IVP

{8W +a(u)dput + Put =0, (t,z) € R?, (3.65)
Mz,0) = ug ()
satisfy the conditions (C'1)—(C4) of Section 2l Therefore Lemma 23 gives

/\a?"luk(t,gn?d&sc(/|uk(o,s>|2df+/|§|29\uk<o,s>\2d§+1),
R R R
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where C = C(0, [|[u*(t)| a-,
when A — oo, ([B.64) implies

/|§|29\u<t,§)|2d£§0(/|u(0,s>|2df+/|§|29|u(o,s>|2d5+1),
R R R

where C = C(0, ||u(t)| g+, |u(0)] 12, ||z (0)]| 22, [|tzz (0) || 2, T). Thus u(t) € X3¢, t €
[—T,T], which proves the persistence. The local well-posedness theory in H?® implies the
uniqueness, and thanks to that we obtain uniqueness in X,

Finally, following the proof in Example [Z.2] we prove that the sequence of solutions
(ut (t)) satisfies the conditions (C'1)-(C4). O

Proof of Theorem [I.71 By Theorem is sufficient to prove continuous depen-
dence in the norm || || L2(4z,)- Let u(t) and v(t) be two solutions in X* of the IVP (I.2)
with initial data ug and vy respectively, let u*(t), v*(t) be the solutions of the IVP (L)
with initial data u) and v} respectively such that u}, vy € S(R), ud — o, v3 — vo in
X% and with A > 1, so we have

lu(t) = v()ll2(a0) <lult) = w* @)l z2ap0) + 16 (@) = 0* )l 22(40)
+ 0 (t) = v(®)l|z2(as0) -
Convergence in ([3.64) implies for A > 1 that

[u*(0)l|z2, [[uz (0)]| 22, [|u3, (0) ]| 2, T), and taking the limit

|u(z,t) — u(x,t)| < 2Ju(z,t)| and lv(z,t) — v, t)] < 2Jv(x, b)),
and Lebesgue’s Dominated Convergence Theorem gives

lu(t) = u (@)l 2(a30) = 0 and [0 () = v(t)l|2(a0) — O-

A

Let w? := u* — v*; then w” satisfies the equation

th + wa)c\:cac + (u)\)kwg)c\ + va)c\A(u)\’ u)‘)w;‘ =0,

where A(z,y) = 2" + 25 2y 4+ g ayF Tt 4P L
Then, we multiply the above equation by w”, integrate on R and take two times the
real part to obtain

o / (£, 2) 2 di < (Juol| 2, [[voll 22) / (¢, 2) 2 do,
R R

where h is a polynomial function with h(0,0) = 0 and we have used (L8)-(L8) and
convergence (3.63). Therefore, by Gronwall’s Lemma, we have

[w* (@) 22 < exp (T h([[uoll g2, [[voll =) 1w || 2z,

which gives the continuous dependence in case § = 0. Moreover, when 6 = r with an
analogous argument as used in the proof of Theorem in Section [T}

()| L2 (az,) < exp(T ha(|luol mer, [[voll mrzr))

<

where h; is a continuous function with h4(0,0) = 0.
Consequently, applying the Abstract Interpolation Lemma, we obtain the continuous
dependence for § € (0,7), where we have assumed that the family (w?) satisfies the

[l + ha(lolar, Juoll ),
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hypothesis of the Abstract Interpolation Lemma. Indeed, these properties for the family
(w?) are demonstrated in a similar way as in the proof of Theorem O
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