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Abstract

In dose-finding clinical trials, it is becoming increasingly important to account for individual level
heterogeneity while searching for optimal doses to ensure an optimal individualized dose rule
(IDR) maximizes the expected beneficial clinical outcome for each individual. In this paper, we
advocate a randomized trial design where candidate dose levels assigned to study subjects are
randomly chosen from a continuous distribution within a safe range. To estimate the optimal IDR
using such data, we propose an outcome weighted learning method based on a nonconvex loss
function, which can be solved efficiently using a difference of convex functions algorithm. The
consistency and convergence rate for the estimated IDR are derived, and its small-sample
performance is evaluated via simulation studies. We demonstrate that the proposed method
outperforms competing approaches. Finally, we illustrate this method using data from a cohort
study for Warfarin (an anti-thrombotic drug) dosing.
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1 Introduction

Dose finding plays an important role in clinical trials, which aim to assess drug toxicity,
identify maximum tolerated doses for safety, and determine drug efficacy, while at the same
time recognizing the potential that overdosing can increase the risk of side effects and
underdosing can diminish the effects of the therapeutic drug. A typical design for dose
finding trials is a double-blinded Phase II trial that is conducted to identify the no-effect, the
mean effective, and the maximal effective doses (Chevret, 2006). In such trials, patients are
randomized to a few fixed safe dose levels for a candidate drug. A single dose level is
usually determined by comparing the average outcome of each dose level and then
extrapolating for future recommendations. However, this one-size-fits-all approach is not
optimal when treatment responses to the drug are heterogeneous among patients, since what
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works for some patients may not necessarily work for others. Hence, personalized treatment,
which tailors drug dose levels according to individual health conditions and disease
prognosis, is desirable. Furthermore, the flexibility of using continuous individualized dose
levels can help improve clinical practice and increase a patient’s compliance. For example, it
is widely known that Warfarin, a common drug for the prevention of thrombosis and
thromboembolism, is administered in varying doses, ranging from 10mg to 100mg per week
depending on the patient’s individual clinical and genetic factors (The International Warfarin
Pharmacogenetics Consortium, 2009).

As the future of personalized medicine continues to gain prominence as a vital mechanism
for the effective treatment of multiple diseases and conditions, there is a growing amount of
literature dedicated to the development of study designs and methods for personalized
treatment, yet these approaches remain restricted to a finite number of options. A
randomized trial design, where the finite treatment options are randomly assigned to
patients, is the most valid design to estimate the optimal individualized treatment rule (ITR),
which is the treatment decision rule determined by a patient’s pre-treatment condition that
aims to maximize the expected beneficial clinical outcome, also known as the reward. To
infer the ITR using data from such a trial, earlier work has proposed certain parametric or
semiparametric models to group patients into subgroups according to their risk levels (Eagle
et al., 2004; Marlowe et al., 2007; Cai et al., 2010). However, the parametric/semiparametric
model assumption is likely to be invalid due to the complexity of disease mechanisms and
individual heterogeneity. More recently, the literature has proposed the use of powerful
statistical learning methods, which perform well in analyzing data with high complexity and
can be categorized into two groups, namely indirect methods and direct methods. The most
popular indirect method is called Q-learning, which is essentially a two-step regression-
based approach (Qian and Murphy, 2011; Chakraborty and Moodie, 2013; Moodie et al.,
2014; Zhao et al., 2009). Its first step consists of fitting a regression model for the
conditional expectation of the reward given the treatments, covariates, and the treatment-
covariate interactions. The regression model can be either a parametric regression with
complexity penalization, such as LASSO, or a nonparametric learning method, such as a
regression tree (Breiman et al., 1984) or support vector regression (SVR, Vapnik (1995);
Smola and Scholkopf (2004)). In the second step, the optimal treatment for a given covariate
value is obtained as the treatment option that maximizes the predicted mean reward
estimated from the regression model in the first step. Some alternative regression-based
methods based on regret or contrasts between treatment responses have also been suggested
for the first step (Robins, 2004; Moodie et al., 2009; Henderson et al., 2010; Schulte et al.,
2014; Wallace and Moodie, 2015), which are equivalent to Q-learning in a randomized trial
setting (Schulte et al., 2014).

In regards to the potential over-fitting in the first step of Q-learning, which can lead to a less
than optimal ITR, direct methods have been proposed by Zhao et al. (2012). Specifically,
Zhao et al. (2012) introduced the framework of outcome weighted learning (O-learning) to
directly find the optimal binary treatment rule, where the problem of finding the optimal ITR
is formulated as a weighted binary classification with the rewards as weights. The authors
demonstrated superior performance of O-learning over indirect methods especially when the
sample size is small, which is not uncommon in clinical trials. In other relevant work, Zhang
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et al. (2012a,b) proposed a robust semiparametric regression function for maximization to
infer the optimal rule; comparatively, the O-learning approach in Zhao et al. (2012) is more
robust and can handle higher dimensional covariates.

Extending the current designs and methods to personalized dose finding is not trivial
because there can be an infinite number of treatment options per a given interval. To infer
the optimal individualized dose rule (IDR), a good design should ensure each candidate dose
level has a potential chance to be observed in the trial and the different outcomes from
patients receiving different dose levels should only be attributed to dose level difference.
Therefore, a randomized dose trial design, where each patient receives a dose level randomly
chosen from a continuous distribution within the range of safe doses, should be adopted.
Indeed, we will show that such a design can lead to a consistent optimal IDR asymptotically.

When analyzing data from such a design, the existing methods for handling finite treatment
options can no longer be applied. First, for Q-learning, the performance can be sensitive to
the regression model specification in the first step. To identify the IDR, both the main and
interaction effect of a continuous dose variable and many covariates on the reward need to
be correctly specified. Furthermore, since the regression model in the first step has a high
potential for nonlinear interactions, the optimization in the second step will be a nonlinear
optimization problem for each given set of covariate values, which can be very unstable and
computationally intensive when the dimension of covariates is not small. On the other hand,
existing direct methods, including for example outcome weighted learning, which
maximizes the value associated with each IDR by using patients whose dose assignment
follows this rule, are not applicable since only a few patients are likely to be given the dose
level specified by the rule for each covariate value. This is because the dose level follows a
continuous distribution, so that the probability of observing a dose equal to the rule-specified
dose is zero. We will further elaborate on this in the next section.

In this paper, we advocate the randomized trial design for personalized dose finding and
show that this design leads to a consistent optimal IDR. Using data from such a design, we
propose a robust outcome weighted learning method to infer the optimal IDR. Our proposed
method is a non-trivial extension of O-learning for binary treatments proposed by Zhao et al.
(2012). Specifically, we show that the dose finding problem is a weighted regression with
individual rewards as weights. We then propose a nonconvex loss function for optimization,
and provide a difference of convex functions (DC) algorithm to solve the corresponding
optimization problem. We show that this loss function can lead to consistent estimation of
the optimal dose. As far as we know, this is the first direct method for estimating IDR where
treatment options are on a continuum.

The outline of the rest of the paper is as follows: In Section 2, we first introduce appropriate
background information on IDRs and provide an overview of O-learning for binary
treatment options. We then discuss how to extend O-learning for estimating an optimal IDR
using data from a randomized dose trial, such that there is no unmeasured confounding.
Section 3 describes the DC algorithm for solving the optimization problem. The theoretical
properties of our method are provided in Section 4. Since existing data comes mostly from
observational studies, we extend our approach to analyze such data in Section 5. In Section
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6, we demonstrate through simulation studies that our proposed method can identify optimal
IDRs which lead to a better predicted clinical outcome than competing methods. In Section
7, the proposed method is applied to analyzing data from a Warfarin study. A concluding
discussion is given in Section 8. Most of the proofs are deferred to the Appendix. Sample
simulation codes are included as the web supplementary file.

2.1 Individualized Dose Rule

As previously mentioned, we consider a randomized dose trial where each patient receives a
dose level randomly selected from a continuous distribution in an interval within a safe dose
range. Particularly, this assignment can be achieved using a random number generator. Thus,
we assume the data are collected from a randomized trial with dose assignment A, which
could have many dose levels even in this finite sample, and we assume patient-level
covariates consist of a ddimensional vector X = (X}, Xa, ..., Xd)TE % . The traditional dose
finding trial is usually designed to identify the best dose level among some small number of
fixed dose levels. In contrast, we allow A to be continuous over a bounded interval .2/ (a safe
dose range). Without loss of generality, we assume that &/ = [0, 1]. The clinical beneficial
outcome, the reward, is denoted as R and assumed to be bounded and positive. An IDR is a
map £: 2 — o/ that outputs a dose suggestion based on a patient’s covariate value. A value
function corresponding to this IDR, as denoted by 7 (), is defined as the expected reward in
the population if the dose levels for the subjects follow the rule £, i.e., A = AX). Specifically,
if we let R"(a) be the outcome that would be observed if the dose level a were given, then 7~

(i = R (£X))].

We assume the Stable Unite Treatment Value Assumption (SUTVA) (see Rubin (1978)).
That is, R = ¥, (A = a)R"(a). Then under a randomized dose design, since A is independent
of R'(a) given X, we obtain

Y (f)=E[R*(f(X))]
=EL [E{R"(f(X)[X}=EL[E{R*(f(X))|A=f(X). X}]
=B, [E{R|A=f(X). X}]. (1)

As aresult, the optimal rule /,,,,= argmax #"(#). Note that /£, does not change if Ris
replaced by R + g(X) for any known function g(X) (a common choice of g(X) is a constant
function). Also, foptis invariant in the scale of R. Thus, without loss of generality, we
assume that R is positive by subtracting from R its lower bound.

Therefore, we conclude that for any IDR £, 7(£) can be estimated consistently using the
mean of the reward among subjects whose dose levels are the same as {X). In other words, a
randomized dose design can consistently evaluate the values from all IDRs to lead to a
consistent optimal IDR when the sample size is large enough. This justifies the use of such a
design in personalized dose finding.
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2.2 O-learning for personalized dose finding

In this section, we propose a learning method to estimate £, using data from a randomized
dose trial which consist of 7 observations (A4; X, R)), i=1, ..., n. The essential idea is to
use empirical data to estimate 7"(£) then directly optimize this estimated function for £;,,.
Specifically, we extend the O-learning method in Zhao et al. (2012) for binary treatment
options to our setting, but with non-trivial modifications.

When A is a binary treatment, both Qian and Murphy (2011) and Zhao et al. (2012) show
that 7(£) is equal to LRI A = £X))/p(A|X)], where p(aX) is the randomization probability
of A = agiven X. Therefore, ¥'(f) can be empirically approximated by

n”! Z,—Z] Ril(Ai=f(X;))/p(Ai|X;). Thus, estimating fope can be carried out by
maximizing the above function, which is also equivalent to minimizing

T
A fl=n 121’?@1!}45 # [(X3)/p(A:]X5).

i=1

However, since minimizing this function is infeasible due to the discontinuity of the
indicator function, the O-learning method in Zhao et al. (2012) proposes to minimize a
surrogate version of the above loss function by replacing the indicator function with a hinge
loss function defined as

n IS T RI(1-A F(X0)) 4 (A X)+ Al 117,

i=1

where x;, = max(x, 0), ||{] is the seminorm for ffrom a normed space (usually, a reproducing
kernel Hilbert space) and A, is a tuning parameter. Equivalently, O-learning is a weighted
version of a support vector machine (SVM), where each subject is weighted by his/her
reward value R;. For the binary treatment options, this minimization leads to a consistent
optimal treatment rule.

Direct adaption of O-learning to our dose finding setting is not feasible when A is
continuous. First, the probability p(A|X) is always zero since A is continuous. Second, in the
empirical approximation to ¥"(f) in O-learning, only a few subjects satisfy A;= f{(X,), so this
approximation is very unstable. On the other hand, it may be tempting to modify ® (/) to
resolve these two issues by replacing p(A]X ) with the density function of A; given X;and
replacing [ A; #f(X})) with a smooth loss, such as (4;— AX))? or |A;— X })|. However, our
Lemma 1 in the Appendix shows that the estimated dose rule resulting from such a loss is
not consistent for the optimal IDR. Therefore, this motivates us to find a different
approximation to ¥'(£) as detailed in the following.

First, assuming E[R|A = a, X] to be continuous in a, we note that
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1 E[RI[A € (a=6,a+0)|/p(A]X)|X] _

E[R|A=a.X].
P 2 [}A=a. X].

where p(aX) is the conditional density of A = a given X, which is known and positive by
design. As a result,

. A [ RITAe(fIX)—a, f(X)+0)] a " i
q-;E€+ﬁ' { [ EQ@JJ{AIXJ} - } =Ex [B{R|A=F(X). X}]
=7(f).

If we let

RI[A € (f(X)—¢, f(X)+0)]

Y o(f)=E 2p(A|X)

then 7~¢(1‘) approximates ¥ (f) when ¢ is sufficiently small. Hence, an IDR maximizing
%~¢(1‘), or equivalently, minimizing

R 7 o [BIIA-F(X)|>9¢)]
E[m}#ém_ﬁ[ 20p(A|X) ] )

will be close to the optimal IDR. The zero-one loss {|A — fX)| > @) in the expression often
causes difficulty when optimizing using empirical data (Zhang, 2004). Thus, a continuous
surrogate loss to replace the zero-one loss is more desirable. Specifically, in our method, we
choose such a surrogate loss to be

AT ),

0]

£5(A—f(X))=1min (

Note that f¢(x) is the difference of two convex functions |x|/¢ and (x/¢ — 1),. Figure 1 plots
the curve of l’¢(x) and these two convex functions. Clearly, when ¢ goes to zero, l’¢(x)
converges to the indicator function Ax #0). After replacing the zero-one loss by the new
surrogate loss in (2), the objective function to be minimized for the optimal IDR becomes

()= [Fe L)

op(AIX)

and the counterpart to W~¢(f) is
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[Rmaa(l—H F(X)|/ ¢, U)]

op(AlX)

V)= | i

@pwxﬂ ~HoJ)=

Finally, using the data from a randomized dose trial, we propose to minimize the empirical
version of R 4 (#) for some constant ¢, which will be chosen data adaptively, denoted by

. R{'Oﬂ[ 1 Xi]l
R )= Z S AT

ﬂfi

to estimate the optima IDR. Furthermore, to prevent overfitting, we penalize the complexity
of X) as in the standard support vector machine. Consequently, our O-learning method
solves the following optimization problem:

lnin{lZRf"?”:-'( LD }

f n. 2¢mp( Al Xs)

where ||{] is some seminorm for £, and A, controls the severity of the penalty on £ For
example, if we assume a linear decision rule, £X) = X 7w + b and ||4] is the Euclidean norm
of w, kernel tricks can be used to obtain a nonlinear rule by assuming fis from a
reproducing kernel Hilbert space and || - || is the corresponding norm.

3 Computational Algorithm

The objective function in (3) is nonconvex, and nonconvex optimization is known to be
difficult. However, noting that l’¢is the difference of the two convex functions defined earlier,
we will adapt the difference of convex functions (DC) algorithm (An and Tao, 1997) to
tackle this nonconvex optimization. We first discuss the algorithm for the linear learning
rule, where f{(X) is a linear function of X, and then extend it to a nonlinear learning rule
where f{X) is chosen from a Reproducing Kernel Hilbert Space (RKHS).

3.1 Learning a linear IDR

Consider fX) = X Tw + b. To simplify the notation, we absorb the p(A4|X) into R, as p(A|X)
is known in a randomized trial. We can formulate the objective function as follows:
(X w+b)|

. ¥ .
S(@)=lIwlz+- 1),

Zli,mn{

where A, is the tuning parameter and ® = (W7, 5)7. From Figure 1, we express the objective
function .S as the difference of two convex functions, S(®) = 51(®) — $>(®), where
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1 A= (XTw+b)].

y > R )

’ b 1) i=1 Qj']?.

}‘n £
S1(@)=(F"|lwl3+
2 i)

and

1 O A~ (X wd)|

D Rl =-1)

ndy, = Dn, T

SQ(@J:

Then, the DC algorithm is essentially an iterative sequence of convex minimization
problems for solving the original nonconvex minimization problem. Specifically, we
initialize @Y, then repeatedly update ® via

O L —argming (51 (©) [ VS, (0] (©-601)

until convergence of ®, where V.5(@?) is the gradient function of $,(®) evaluated at @“. For
the initial value of ®, we use a least squares estimator to predict A with X as predictors
using the observations with a large observed reward, e.g. the observations with R;in the
upper 50th percentile of the training data.

The minimization step to obtain ©%! is a convex minimization, which we will detail in the

following. In this step, if we define Q! =7(|a;~XZw'—b| < o, where XTw!4+p! is the
temporary predicted optimal dose with W/ and &’ being the solution from the #th iteration,
then after some algebra, the objective function for this step, denoted by S‘*+1(@®), equals

)\-n ] 1 i . Jf) T
— SH—= >y RiQ.7|a;—X; w—b|.
2 |W|2+?!Oi§ -Qg. |0?» i w |

Consequently, the convex subproblem is a weighted penalized median regression problem.

Note that the £th iteration result only impacts .§*1 through Q% Thus, if the observed patient

{t)

receives a dose that is close to the surrogate optimal dose ( (), =1), then that observation

will contribute to the objective function of the £+ 1 step subproblem, otherwise it will not

contribute. Let .7 :{zﬁ:Qf”:] 1. Divide the objective function by A, and introduce slack

i
variables into S(41(@); then the primary optimization problem at the #1-th iteration

becomes

: 1 .
s &R
v |2+?’I-/\.n(:b;-i .?2[5"+€11 it

I

1
min —
w.b..62

“
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subject to &;, fl >0, g,ifx'fﬂwfb < &, f{aﬁx?ﬂwfb) < gi, Vi€ 7. Using Lagrangian
multipliers and employing some algebra, we end up minimizing

g”W”z o 052 .LJ (. +£)R' > oi(&i—a; +er+b]

=5 [

_ (é —|—(13 XTW b) Z Tf}&f Z ui‘gz

i< ,7 e T
subject to

W ZOX+ZOX =0;— > a;+ Y da;=0
'*"R e T e 7 ie7
rywre H--a*[]-.m e — ;=0

After plugging in the equations obtained from the above constraints, we obtain the following
convex dual problem:

l’lllll—zz (o= (X5, X (o —a5)— Z(!’], i

i 2

ic T jed

subject to

; _ R;
> (e—a)=0;0< ; < ——, 0<d; < Vi e
oy nApdZ nA, @2

where (-, -) denotes inner product, i.e. X?X.}. This dual problem is a quadratic programming
(QP) problem and is solvable via many standard optimization packages. Once its solution is
obtained, the coefficients W can be recovered by the relation W =%, 7 (a; - a )X ;. After the
solution of W is derived, & can be obtained by solving either a sequence of Karush-Kuhn-
Tucker conditions or linear programming (Boyd and Vandenberghe, 2004).

In the DC algorithm, the iterations stop when ||w*! — w/| is smaller than a pre-specified
small constant (1073 in our simulations). Note that since the convex function S(®) is
replaced by its affine majorization, the DC algorithm is also a special case of the minorize-
maximize or majorize-minimize (MM) algorithm (Hunter and Lange, 2004). Additionally,
the objective function .S(®) is bounded below by 0, and S is descending after each
iteration, and it is thus guaranteed that the DC algorithm converges to a local minimizer in
finite steps (An and Tao, 1997).

3.2 Learning a nonlinear IDR

To allow more flexible functional forms for the decision, we define the kernel K(, -) as a
symmetric, continuous and positive semidefinite function mapping from 2" x 2 to R. A
Reproducing Kernel Hilbert Space (RKHS) Hg associated with K'is the completion of the
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linear span of all functions K(-, X), X € 2". In addition, there always exists a transform of X,
@(-) such that ®(X )7 &(X ) = K(X;, X)). We further assume that the decision function for
optimal dose X) is from H, i.e., £X) = w7 ®(X) + b (Vapnik (1995); Smola and
Scholkopf (2004)). Using similar derivations to that done in the linear learning setting, we
obtain the following dual problem for nonlinear learning:

min= i— ) KX, X ) (e — (ov;—dv)a;
>3 @)=

(l(.?

e T jeT PeT
subject to
R; R;
fr;— 0Ly € ——. 0<6; £ L Wie T,
Z:{ Gi)= P nAd2’ T T nho2

Then we obtain the intercept b using the same methods as in Section 3.1. According to the
representation theorem of Kimeldorf and Wahba (1971), we obtain that at each iteration

f ['X)=Zf:] I(i € T )(ai—a;) K (X, X;)+b, In our paper, we implement nonlinear learning

via the Gaussian kernel, i.e. K(X;, X )=cxp(—+ 2| X;—X;||3), where ¥ >0 is the
parameter for K(., .). We denote the RKHS induced by the Gaussian kernel as H,,.

3.3 Tuning parameter selection

We choose the tuning parameters by cross validation. Ideally, we wish to find an unbiased
estimate for the true value function so that one can use it to evaluate the prediction
performance associated with each tuning parameter using tuning data. However, since the
true value function, ¥'(f), cannot be well estimated in the current setting with continuous
dose levels, we suggest the use of an approximate estimate 7 o(f) where € is a very small
parameter as the criterion function (we set e = 0.01 in our numerical studies). Therefore, we
propose the following procedure for tuning ¢,: We divide the data into training and tuning
sets and consider a sequence of candidate values for ¢,, say ® = {0.4, 0.35, 0.3, 0.25, 0.2,
0.15, 0.1, 0.05}. For each ¢,, we estimate the optimal IDR, denoted by ff¢ ,» using the training
data where A, 1s selected using another cross-validation with the training data only. We then
evaluate the predicted value function as the empirical estimate of ¥, (?¢ ) using the tuning
data. Then, the optimal choice of ¢, is the one maximizing the average of the predicted
values across all the tuning sets.

J Am Stat Assoc. Author manuscript; available in PMC 2018 January 04.
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4 Theoretical Results

In this section, we study the asymptotic behavior of the minimizer (:‘H), which solves the
optimization problem (3). In particular, we will show that 7" (IAZ) converges to 7 (Zopy) with a
certain rate. This result implies that the estimated rule is an optimal rule asymptotically. As
an interesting supplement to this argument, we prove in the Appendix that it is not
appropriate to use convex losses, such as least squares loss or absolute deviations loss, to
replace the nonconvex loss ﬁp under the O-learning framework. Our first result shows that
our approximation of the value function is valid.

Theorem 1—For any measurable function £: 2° — R, if sup(,x)e./x2 [0ER|A= aX =
X)/4 <Cfor a bounded constant C, then [/ ((#) — V(| <C#,

Proof: First, we have

Vo(f)=E {ﬁm&(l A=f6x) 0)}
=Ey {110 aj<on | on—la—F @)1 E( R|_.~1:g,_‘ X=x)da)
=Fx Tl%.-IIIZIS%[(-'511_|2|]E(R|;4:4+f(x)_,X:x)dg}_

After Taylor expansion, we obtain

e o N i 4 x
Yo P)=Ex {35 1o [0n-121] | E(RIA=0, X=x) 4, 2B XI |\ to(z)] d}.
rEoe ) [ LOE{R[A=aX
—V(f)+E, {EI%II:ISD«J[@'”*?Z” | W%:f{xﬁ ,o(_}} rf.,.}.

Therefore,

EAAX), o) )
= n=[{x] ) i

- (Pl=|Bx {5 5

f| |<o,,[¢n_|3”

3Q|u| =

By the condition in Theorem 1, we conclude that

Onlz |

d*—C(D,,

|z|<on

The theorem thus holds.

Assume that the kernel function in the reproducing kernel Hilbert space in (3) is a Gaussian
kernel. Then our main result establishes the convergence rate of 7 (?31 =7 (Lopy), as given in
the following theorem.
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Theorem 2—Assume that the optimal rule fo,: € BY . ( E?), a Besov space, i.e.

BY o RN={f € Loo((RY)):5upy»g (7% ey, (f+ 1)) <00}, where wis the modulus of
continuity. Then, for any > 0, d(d+ 7) < p< 1, > 0, and parameter y,, for the Gaussian

m

kernel,

1

i | I
¥(f —¥(f 1<c - — ) - —— -y — O g D
¥ [.Jfo}??f} / (f-n) =C A—p)(1+e)d \p 12 +CZC5 172 +cy . +cq d +c5 &2 CEPn
Yra /\ﬂ@ 11 e Fn In i

with probability 2, not less than 1 — 3¢™%. The constants c; to ¢g are independent of 7.

With properly chosen parameters y,, A,, ¢, the right hand side of the inequality will go to 0
as n goes to infinity. The last term is due to the use of 7" 4 to approximate 7. The other terms
are from the approximation error due to //, and the stochastic error due to the finite sample
size. We can choose A, ¥, and ¢, to balance the approximation accuracy and the stochastic
variability as follows:

1 L4 1 4—5dn ) 1 m
R OOy
n n )

Then, the optimal rate for the value function approximation using the estimated rule is

'1"/t_fr)pf.)74’{/ (f'n'):OP ((E) + )

A

Theorem 2 implies that the value of the estimated rule £, from O-learning converges to the

optimal value function. Clearly, the convergence rate decreases as the dimension of
prognostic variables increases. Moreover, if £, is smooth enough, i.e. a goes to infinity, the
optimal convergence rate of O-learning with Gaussian kernel is close to the rate -4, Note
that the rate cannot be close to 77!, the rate proved by Zhao et al. (2012) for a binary
treatment rule. The main reason is due to the continuous nature of the dose, i.e. the data used
for learning are only from subjects who have received similar dose levels.

5 Extension to Observational Studies

In the above development, we assumed that the training data was from a randomized dose
trial. However, in practice, the training data can also come from observational data, where
the distribution of receiving a particular dose given the covariates is unknown and therefore
needs to be estimated. More importantly, similar to causal inference using observational
data, we make the no unobserved confounders assumption. That is, conditional on all
covariates X, the observed dose level, A, is independent of all potential outcomes R"(a).
Under this assumption, the proposed O-learning approach remains valid except that the
density p(a/X) needs to be estimated by the observed data.
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A simple approach to estimate p(a/X) is based on some parametric model, for example, the
logarithm of the observed dose follows a normal distribution with mean as a linear function
of the covariates and splines of the covariates (Imai and Van Dyk, 2004). In addition, more
nonparametric methods such as boosting (Biithlmann and Hothorn, 2007; Zhu et al., 2015),
Random Forests (Breiman, 2001), and SVR can be used to estimate the mean function in the
above model. In our numerical studies, we will utilize the latter to estimate the mean of the
normal distribution for the logarithm of A given X.

6 Simulation Study

6.1 Simulation for a randomized trial

We have conducted extensive simulations to assess the performance of the proposed method
with various training sample sizes. In these simulations, we generate d-dimensional vectors
of prognostic variables, X = (X, ..., Xd)T, independently from Uniform[-1, 1]. Treatment A
is generated from Uniform[0, 2] independently of X. The response R is normally distributed
in MQy(X,A), 1), where Qy(X,A) reflects the interaction between the treatment and the
prognostic variables and is chosen to vary according to the following scenarios:

Scenario 1:

Qo(X, A)=8+4X,—2X,—2X5-25 X (fope(X)—A)?,
Fopt(X)=1+0.5X14+0.5X>.

Scenario 2:

Qo(X, A)=8+4cos(2mX5)—2X,—8X3—15 x | fou(X)—A|,
Fopt (X)=0.6(—0.5< X1 <0.5) 4+ 1.2(X1>0.5)+ 1.2( X1 < —0.5)+ X7 40.5log (| X7|+1)—0.6.

In Scenario 1, we set d= 30, and the optimal IDR is a linear function of X, and in Scenario
2, d= 10, and the optimal IDR is a nonlinear function of X.

We apply the proposed method to estimate the optimal IDR for each simulated data set. We
estimate both a linear IDR (called L-O-learning) and a non-linear IDR using the Gaussian
kernel (called K-O-learning). In our O-learning methods, we fix ¢, to be 0.1, and the tuning
parameters A, and y,, are selected by 5-fold cross validation. For comparison, two
competing regression-based methods (the LASSO and SVR) are also considered for
estimation. Both methods are two-step procedures similar to Q-learning: in the first step, we
estimate the conditional mean of R given (A,X) using either a linear regression model with
LASSO penalty (Tibshirani, 1996) or support vector regression (Vapnik, 1995; Smola and
Scholkopf, 2004). Then in the second step, for each X, we search for the optimal dose level
for A which maximizes the estimated regression mean. Specifically, the covariates used in
the LASSO model are (X, A,XZ,XA,AZ). In other words, we assume that given X, the
treatment dose and the reward have a quadratic relationship. Therefore, the second step for
finding the optimal dose can be solved analytically. In the SVR method, a Gaussian kernel is
used to estimate the non-linear relationship between R and A, as well as the interaction
between A and X (Zhao et al., 2009). However, the closed form of the optimal dose in the
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second step does not exist. We use a grid search procedure to find the optimal treatment
dose. In particular, we choose 400 equally spaced grids within the interval (0, 2). The tuning
parameters in both LASSO and SVR are selected using 5-fold cross validation. We utilize
the R (R Core Team, 2013) package “glmnet” for the LASSO (Friedman et al., 2010) and
the “kernlab” package for SVR (Karatzoglou et al., 2004). We evaluate the performance of
all methods by comparing the expected values under the estimated rules. The expected
values are calculated from the average values of a testing set with 5000 observations. The
estimated reward is calculated by plugging the estimated optimal dose into the true
underlying value function.

The results from 200 replicates are summarized in Table 1. Each column is the average value
function of a method evaluated from the testing set. The standard deviation of the estimated
values are given in parentheses. Our methods clearly outperform the competing regression-
based methods in most cases, and the difference is more dramatic for small sample size
situations. When the sample size is large, L-O-learning and the LASSO work better in
Scenario 1, where the true optimal IDR is linear; while K-O-learning and SVR work better
in Scenario 2 with a nonlinear true optimal rule. In Figure 2, we also show the mean
absolute deviation between the predicted optimal doses and the true optimal doses for all the
simulations. The results in the figure show a similar pattern as that in Table 1: the proposed
O-learning methods perform best in scenarios with small sample sizes.

Furthermore, regression-based methods tend to be more sensitive to covariate dimension. To
demonstrate this, we conduct additional simulations for Scenario 1 with covariate dimension
d=50 and training sample size n = 800. The estimated value of SVR is 5.51, which is much
smaller than the result of the SVR in Table 1 with d= 30. On the other hand, the average
value based on our K-O-learning is 7.45, which is comparable to its value when d= 30 and n
= 800.

Finally, we also compare the values from the proposed methods to the ones corresponding to
fixed dose levels. Specifically, the respective optimal fixed doses are 1.00 for Scenario 1 and
0.85 for Scenario 2, with the respective values equal to 3.8 and 2.7. From Table 1, when the
sample size is greater than 100, our methods already yield a larger value function than the
optimal value based on either fixed dose. This result indicates that our proposed randomized
trial design with our proposed O-learning method can lead to a better dose rule than the
fixed dose rule identified through a traditional dose finding trial.

6.2 Simulation for an observational study

In this section, we study three scenarios where the training data are from observational
studies. In particular, we want to quantify the performance change of our methods when the
propensity score estimation is biased. The simulation setting is the same as in Scenario 2,
except the distribution of A may depend on X. Specifically, let TruncN(y, a, b, o) denote the
truncated normal distribution with mean g, lower bound a, upper bound b, and standard
deviation o. The dose assignment for Scenario 3-5 follows:

Scenario 3:
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A TruneN(—0.54+0.5X74+0.5X5,0,2,0.5), when X3<0;
TruneN(|0.541.5X2|, 0,2, 1), when X3>0.

Scenario 4:

A~TruneN(fop(X),0,2,0.5),

For both scenarios, dose levels are skewed as compared to the randomized scenarios. When
implementing the proposed methods, we first estimate p(a/X) using a log-normal model
where the mean is estimated using the boosting algorithm from Zhu et al. (2015). Then, we
estimate the optimal IDR using the O-learning procedure. For comparison, we also evaluate
the estimated optimal IDR from the proposed method which ignores the propensity score
adjustment, i.e., setting p(a/X) to be constant, and from SVR (a regression-based approach).

From the results in Table 2, we observe that the effect of using propensity score adjustment
is small for the proposed O-learning methods. In Scenario 3, the O-learning method ignoring
the propensity score adjustment performs slightly worse as compared to the one using the
propensity scores, yet it is slightly better in Scenario 4. In both scenarios, our methods still
outperform SVR. The current simulation scenarios show that the proposed method appears
to not be sensitive to misspecified propensity score models, in contrast to the usual
observation when treatment options are discrete or even binary. The apparent robustness of
our method for the mis-specification of the propensity score is probably due to the choice of
the loss function l’¢ and the use of the DC algorithm. We have shown in Section 3 that in each
subproblem of the DC algorithm, only observations whose observed dose is close to the
predicted optimal dose will contribute to the loss function. It is reasonable to assume that
observations with large observed rewards are more likely to receive the dose close to the
optimal. Hence, the observed reward will largely determine which observations contribute
most to the loss function and the propensity score will only impact the scale of such
contributions. Furthermore, it appears that the errors in the propensity score are largely
diluted when treatment is continuous, i.e. patients with large propensity score receiving
nearly optimal treatment is a rare occurrence within a simulation. For these reasons, the
performance of our methods does not change much with or without using the propensity
score. This is an issue we plan on investigating more in the future, along with deriving an
accompanying theoretical explanation. Note that for Scenario 4, patients receive doses near
the optimal dose level. In particular, the value function of the observed dose assignment rule
is about 2.7. As compared to Scenario 2, this suggests our method may have advantages
when the observed dose is close to the optimal dose level; however, this is not observed for
the SVR approach.

7 Warfarin Dosing

Warfarin is a commonly used medicine for preventing thrombosis and thromboembolism.
Proper dosing of Warfarin is vitally important, as overdosing predisposes patients to a high
risk of bleeding, while underdosing diminishes the drug’s preemptive protection against
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thrombosis. The international normalized ratio (INR) is a measure of how rapidly the blood
can clot, and the INR is actively monitored to ensure the dose of Warfarin is safe and
effective. For normal people, the INR is typically 1, but for patients prescribed Warfarin, the
therapeutic INR range is typically between 2 to 3 (The International Warfarin
Pharmacogenetics Consortium, 2009). Predicting the optimal dose for Warfarin remains an
open problem in the medical community, with many methods having been proposed to refine
the optimal dose rule (The International Warfarin Pharmacogenetics Consortium, 2009; Hu
et al., 2012). The InternationalWarfarin Pharmacogenetics Consortium (2009) compared
three methods for predicting Warfarin dose: models by clinical data, models by
pharmacogenetic data, and a single fixed dose rule. The paper concluded that
pharmacogenetic data yields a better performance for predicting the optimal dose. In The
International Warfarin Pharmacogenetics Consortium (2009), patient samples were used for
training the prediction model only if the patient’s INR was therapeutically stable and
between the 2 to 3 range upon habitually taking Warfarin. The authors fitted a linear model
with the received dose as the response and the pharmacogenetic data result as the predictor.
Such an approach is valid when the doses received by the patients in the training data are
optimal (optimal dose assumption). Later studies found that the pharmacogenetic model
proposed by The International Warfarin Pharmacogenetics Consortium (2009) for optimal
Warfarin dose identification is suboptimal for elderly patients. Hence, it is reasonable to
assume that the optimal dose assumption may be violated in some settings.

For the following analysis, we use the data set from The International Warfarin
Pharmacogenetics Consortium (2009). To estimate the optimal dose, we utilize both
pharmacogenetic and clinical variables, including age, height, weight, race, CYP2C9
genotype, and VKORCI genotype, and the use of two classes of medications: Cytochrome
P450 enzyme (including phenytoin, carbamazepine, and rifampin) and Amiodarone
(Cordarone)). After removing observations with missing data in these covariates, there
remained a total of 1732 patients with 189 patients having INRs not in the 2 to 3 range.
Instead of using patients with INRs between 2 to 3 after treatment and making the optimal
dose assumption, we include all of these 1732 patients in our analysis. To convert the INR to
a direct measure of reward, we code R;= —/INR;— 2.5/for the i-th individual, as INR = 2.5
is in the ideal range. Note that the study consists of observational data rather than a
randomized trial, hence we need to estimate the propensity score for O-learning.
Particularly, we use the method described in Section 5 to estimate the optimal IDR.

We randomly split the data into training and testing sets 100 times, independently. We
consider the scenario that the training set contains 800 samples, and the testing set contains
the rest. The performances of different methods are evaluated by comparing the predicted
doses and observed doses across these 100 splits. We choose the interval 10 to 100 for the
grids since the 5th and 95th quantiles are 14.77mg/week and 70mg/week in the observed
data, respectively.

Usually, in practice, the true relationship between dose and reward is unknown, hence we
need to estimate the value function for a given dose rule. A potential criterion is 774 (-),
which will involve tuning parameters. We examine whether the methods can yield a
reasonable estimated optimal dose as an alternative criterion. The LASSO method predicts
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all optimal doses to be 10mg/week or 100mg/week due to a vanishing quadratic term for all
100 random splits. Instead, the SVR method predicts that about 70 percent of the patients
have optimal doses at extreme values: 20 percent with 10mg/week and 50 percent with
100mg/week. On the other hand, the dose prediction from O-learning is more reasonable, as
shown in the density plots from Figure 3 (from one random split for illustration). In the
dataset, the majority of the observed doses yield an INR within 2 to 3, hence the observed
values should not be far away from optimal. For this reason, we expect the correlation of
predicted optimal dose and observed dose to be relatively high if the prediction model
performs well. The correlation between predicted dose and observed dose (Corr) for L-O-
learning is about 0.60 (sd = 0.08), and the Corrfor K-O-learning is 0.32 (sd = 0.06), Corr for
SVR is —0.06 (sd = 0.02). In general, L-O-learning performs the best. In addition, L-O-
learning suggests decreasing the dose if patients are taking Amiodarone and increasing the
dose if patients are taking Cytochrome P450 enzyme (including phenytoin, carbamazepine,
and rifampin). This dose suggestion is consistent with what is reported in the literature
(Holbrook et al., 2005; The International Warfarin Pharmacogenetics Consortium, 2009). As
a remark, our results only reveal some potential predictive biomarkers which the optimal
dose levels should depend on. Future trials based on the proposed randomized dose designs
are warranted to confirm these findings.

8 Discussion

The proposed O-learning method appears to be more effective than alternative approaches in
both simulation studies and in the Warfarin example, especially when the training sample
size is relatively small. Our method has advantages over regression-based methods through
the direct estimation of the optimal dose. As a result, our method is more robust to model
specification of the reward. In contrast to O-learning, one needs to correctly specify the
model between reward (outcome) and treatment together with the covariates to successfully
identify the optimal dose using the indirect methods. Note that the loss function proposed in
this paper can be further generalized to [A — £X)|4 — |4 — £X)| With O <¢| < ¢. In
particular, the current loss function is a special case of this general loss with ¢; = 0. Such a
generalization provides further robustness to our method at the cost of adding additional
tuning parameters in the implementation. Future investigation will also include a comparison
between our approaches and other methods based on regrets or contrasts (Murphy, 2003;
Robins, 2004).

From the formula in Section 2.1, it is clear that the theoretical solution of #,,(X) is invariant
if we replace the Rby R + g(X), where g(X) can be any known function of X. However,
analogous to the phenomenon illustrated in Zhou et al. (2015) for personalized binary
treatment, the choice of g(X) will impact the performance of O-learning especially when the
sample size is small. Choosing a function that can minimize the variance for the dose finding
problem would be of great interest. Zhou et al. (2015) recommended a choice of g(X) such
that R + g(X) can be interpreted as the residual of a regression model. The authors argued
that the residual better reflected the net treatment benefit than the original outcome. In
Section 6, we have shown that O-learning and regression-based approaches have different
strengths and weaknesses, hence a potential choice of g(X) could come from the regression-
based approach.
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In practice, the reward could be censored. Techniques such as the inverse probability of
censoring weighting could be used to weight the observations; however, such a procedure
can yield a less efficient rule. A similar problem can occur when the training data comes
from an observational study, as in the Warfarin example. For both situations, it would be
valuable to develop doubly robust estimators for IDR. Additional considerations can include
accounting for drug toxicity (Thall and Russell, 1998; Laber et al., 2014) and variable
selection when estimating the optimal treatment dose.

For some complex diseases, sequential treatments are needed, hence dynamic treatment
regimes in place of single stage treatment rules are more useful. For Warfarin dosing,
patients need to take the medicine for a set amount of time to become therapeutic, possibly
causing the optimal dose to vary over time. Recently, Rich et al. (2014) proposed an adaptive
strategy under the framework of structured nested mean models. In addition, other methods
for estimating dynamic treatment regimes under a reinforcement learning framework (Sutton
and Barto, 1998) have also been proposed in several papers, including Murphy (2003), Zhao
et al. (2009) and Moodie et al. (2012), to solve multiple stage optimal treatment problems.
Extensions of our proposed method for dynamic treatment regimes would be of great
Interest.
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APPENDIX

A Inconsistency of weighted SVR for IDR estimation

Lemma 1

The following Lemma 1 demonstrates that the theoretical minimizer for weighted support
vector regression with absolute deviations loss (a special case of e-insensitive loss used in
SVR) is not consistent, i.e. it does not yield a function that maximizes 7 (£).

Let fops(X)=argmin B P";%}f‘, then £35(X) #opdX).

Proof—By definition, E[%]:r E(R|a, x)|a— f(x)|p(x) dadz- Let Xak) o E(R/a,
X)p(X), then for any given X, £54(X) is the median of a with respect to density A a/). On the
other hand, we have proved that 7, = argmax Ex] £{ R/A = X), X}]. This implies that for
any given X, f,,AX) is the mode of a with respect to density Aa/). If Aa) is not symmetric,

then £;p4(X) #ppAX). As aresult, £5(X) #£5pAX).

Hence, it is not proper to use the absolute deviance loss in O-learning for dose finding.
Similarly, we can show that using certain other loss functions, such as quadratic loss, is not

consistent either. This follows by the argument that f,,,,4(X)=argmin¥ {%L and

for given x, fy;,X) 1s the mean of a with respect to density Aak).
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B Proof of Theorem 2

Let f, be the minimizer of ® 4(/) and by definition %(f)=FE (é) —¥(f). Then

Pl AX]

Y (fot)=7 (f)=B(RIA=for)~E(R|A=],)
< "V@(fﬁ:rft}f}’:b(fn)jL%cﬁﬁn = ?%g-': (:f-n.J*'%G{fopt)ﬂu—)cﬁﬁn
= '-:2?‘.5(.fn)7=%¢(f¢t)+cﬁ¢n- (5)

The first inequality is due to Theorem 1, and the second follows by the definition of R 4. C'is

the same constant used in Theorem 1 and cg = 2C. Denoting #;=%( f;), we can see that

G E N SN CNF N2 (F 7
‘%é(fn)_’%_cb = An”fﬂ”i_%é(fn)_ﬂfq):o_ [An.(.-")n ||fn| ﬁ‘l'@n-%r;ﬁ(.fn.)_@m%@] : )

Next, we want to bound =X, ¢, || /. |34 @0 Zs( f1,)— dn . The reason for scaling by the

factor ¢, s that the corresponding loss function after scaling becomes

Ly(X, A, f(}g):% LyX, A, £X)) is a bounded loss function when ¢, — 0, and
s ; ) PIATX] N

such a property will facilitate the proof. In the following theorem, let /,= fp 3, Ry p=

$R g and Z; ,=dnH([;). Hence, [ is also the minimizer for ® 7 p. In the following
steps, we rely on the theorem proved by Steinwart and Christmann (2008), given as follows:

Theorem 7.23 (Oracle inequality for SVMs using benign kernels, Steinwart and
Christmann, 2008)

Let L: X x AxR — [0, 00) be a loss function. Also, let Hbe a separable RKHS of a
measurable kernel over X and Pbe a distribution on X x A. If the following conditions are
satisfied:

(Al) L satisties the supremum bound L(.) <B fora B> 0.
(A2) L isalocally Lipschitz continuous loss that can be clipped at M > 0.
(A3) . N

The variance boundE,.(L o f—Lo [’ )" <V (B, (Lo f-Lof’ ) is
satistied for constants v€ [0, 1], V >B%V, and all f € H.
(A4) Forfixedn >1, there exist constants p € (0, 1) and a >B such that the entropy

) . A
number Eu‘{mm e;(id:H — Lo(D ) < ai %, j 21,
P X

Fix an £ € Hand a constant By >B such that L - fj <Bj. Then, for all fixed > 0and 1, >
0, the SVM using H and L satisfies
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An®n |fjj=)\n ”i
+’%J’.._ P (—fj_).,\“ /}
_%i‘y E Q(Araéu| fO |i _%L_P (fﬂ)

. g Tpovtop
—,%MHKO (-

r\/\-n@-n.)pn J
72V 7% 15ByT
)+

T T

+3(

with probability P not less than 1 — 3¢™ %, where Ky >1 is a constant only depending on p,
M, B, v,and V.

We will verify conditions (A1)—(A4) for our setting as follows: The loss function in our

problem is 7, (X, A, ﬂXJ):W For our problem, it is reasonable to assume the

rewards are bounded and p(A/X) is bounded such that R/p(A/X) € [0, B], where Bis some
finite constant. Hence, we have Ly(.) <Bfor (Al).

Note that fis a clipped version of f(via Winsorization) for some value M, such that I= Xy <
Myt+ Lft/> Mysign(f) M. The risks of L) loss satisfy R(H s®(D), if we set Mto be some
large value, i.e. larger than the range of the dose. Hence, Ly(-) can be clipped. This implies
we can investigate the clipped version of the loss instead of the original loss function
without loss of generality (Steinwart and Christmann, 2008). Furthermore, Ly(.) is Lipschitz
continuous with Lipschitz constant equal to B/¢,, hence it is also locally Lipschitz
continuous. As a result, condition (A2) is satisfied.

Furthermore, (A3) is true since
) = 2 . o .
B(Lso f~Lso f3)” < 2Bu[(Loo f) +(Lyo f3)%] < 4B

The benign kernel we implement in the algorithm is the Gaussian kernel. By Theorem 7.34
of Steinwart and Christmann (2008), we have that (A4) holds with the constant a being set

C—pi{i—eid

equal to . o ¥

So far, all the conditions needed for Theorem 7.23 are satisfied, hence by plugging in

C-plleeid

2w, v=0, V=4B2 and By = B, we obtain

== : p'ﬁr"-n.

1
1 R ~ A ' P
— | T +36V2B(t/n)2+15B(r/n),
v PR ol (7)

[=IE

S 94"1(/\?1.)"‘1{0 [

where 4 (f\-n ):)\n &n || fo f;m +‘@L.P (fﬂ) 7£;p

J Am Stat Assoc. Author manuscript; available in PMC 2018 January 04.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuepy Joyiny

1duosnue Joyiny

Chen et al.

Page 23

The next step is to bound the approximation error A(A,). Since any £ € H,, is valid for
Equation (7), we can study a specific choice of £ and the corresponding bound for A(A,,).
To construct this £y, for r€ N and ¥ > 0, we define the function % : RY— R as

N Y\ o yimi (L dj2 e '
’%’/("E]*Z,jzl ( 7 ) (=1) I («2) %/J“ x-’2(“t’, where j{{r:cxp(fq-ﬂxnjjfor all x€

RY. Assuming that f; € LR N Lo (R, we can define £ by convolving # with this
optimal decision function (Eberts and Steinwart, 2013), that is

for= % fi=[pad (X —t)f5(t)dt, z € RY. ®)

With the help of two theorems in Eberts and Steinwart (2013), we can show that £ is
contained in H},, and that it is a suitable function for bounding A(A,).

By the construction of £, the approximation error for our problem is written as:

A (/\-n):)\-n.‘?i’u HfO |2 WL*@L_;J (fﬂ)*%:ﬁ:/\n@'jn j(/xfg ”2 +3?L.P (‘-;‘E/*f;)*%*

Hoir Foimy P’

By Theorem 2.3 of Eberts and Steinwart (2013), we have:

, Lo =t W2 w2 7 . e i
A(’\-RJ < An@n (v \/??J (2?“7]-)2”_](‘(;.” * +J?LJ, (X * ft?'?)i%r_r—"

Loy

By the Lipschitz continuity property of the loss function Ly,

) Loy == oy V2 2 B 2]
, (1 V) QDR
A(/\”J < )\”O”'{ fn V) ( 1} ||f(9||L2-f}1d'j|+Q-).r¢ | A fr') f(P|L1|_I’g\— )

By Theorem 2.2 of Eberts and Steinwart (2013),

. } —_ e . B . .
A(An) € A V) (2 _1)2” p ? _+I-_CT‘1||Q||L1J(P5()W (Form/2).

Lo (Ed) D, L (R (9)

Recall that we assume fop: € BT o ( R? 1, a Besov space, and if we further assume

e . ¥ X — AN —x, )
£ € B o(RY), ie. Bloo(RY)={f € Loo((R)):supyg(t™w | 4, (f:£)) <20}, then
WL, ad) (f ;n Ynf2)<C0¥n, where ¢p is a constant. Plugging this into inequality (9), and

combining with the assumption f; € LQ{R‘!_‘_} ML R”r'], we obtain
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A < ectdndny Sergont. (10)

Combining Equation (6), Equation (7) and Equation (10), we obtain that:

- T An
2 TC e +Cs
(oI On it Tn

|
|
s
—
]

o 1
R\ fn)=Hs(f3) < 1 { (—p)(1+)d
Tn TA

P2
n@nM

Tt

+c

Combining Equation (5) and Equation (11) now yields the desired result.
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¢

Figure 1.
Loss function [;5 for dose finding in an IDR. Q (black, dash) is the difference between the V

shaped function (gray, solid) and U shaped function (gray, solid).
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Figure 2.

Boxplots of the absolute difference of the predicted optimal doses from the truth.
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Table 2

Average 7 (#) from 200 replicates for observational studies

n K-O-learning  K-O-learning-ps SVR
Scenario 3 200 2.68 (0.30) 2.74(0.29) 1.99 (0.83)
800 4.06 (0.30) 4.19 (0.20) 4.09 (0.28)
Scenario4 200  3.29(0.28) 3.23 (0.28) —0.95 (1.57)
800 4.91(0.14) 4.73 (0.17) 3.04 (0.52)

Page 29

Note: “K-O-learning” is the proposed method for a nonlinear IDR, but treating p(A|X) as constant; “K-O-learning-ps” is the proposed method for a

linear IDR using the estimated p(A|X). The numbers in boldface are the largest in each row.
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 |∂E(R|A = a,X = x)/∂a| ≤ C for a bounded constant C, then |
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(f)| ≤ Cϕn.Proof: First, we haveAfter Taylor expansion, we obtainTherefore,By the condition in Theorem 1, we conclude thatThe theorem thus holds.Assume that the kernel function in the reproducing kernel Hilbert space in (3) is a Gaussian kernel. Then our main result establishes the convergence rate of 
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(fopt), as given in the following theorem.Theorem 2—Assume that the optimal rule , a Besov space, i.e. , where ω is the modulus of continuity. Then, for any ε > 0, d/(d + τ) < p < 1, τ > 0, and parameter γn for the Gaussian kernel,with probability Pn not less than 1 − 3e−τ. The constants c1 to c6 are independent of n.With properly chosen parameters γn, λn, ϕn, the right hand side of the inequality will go to 0 as n goes to infinity. The last term is due to the use of 
<!DOCTYPE svg PUBLIC "-//W3C//DTD SVG 1.1//EN" "http://www.w3.org/Graphics/SVG/1.1/DTD/svg11.dtd">
<svg version="1.0" id="Layer_1" xmlns="http://www.w3.org/2000/svg" xmlns:xlink="http://www.w3.org/1999/xlink" x="0px" y="0px"
width="11.342px" height="9.714px" viewBox="6.975 -1.517 11.342 9.714" enable-background="new 6.975 -1.517 11.342 9.714"
xml:space="preserve">
<path d="M18.317-1.284c-1.085,0.468-2.211,1.279-3.377,2.436c-0.547,0.538-1.555,1.749-3.023,3.632
c-1.213,1.553-2.298,2.69-3.256,3.413L8.547,8.033c0.16-0.146,0.337-0.438,0.53-0.878c0.151-0.345,0.401-1.024,0.751-2.039
c0.217-0.646,0.566-1.607,1.048-2.881c-0.425,0.496-0.813,0.744-1.161,0.744c-0.396,0-0.595-0.217-0.595-0.651
c0-0.227,0.087-0.491,0.262-0.793c0.175-0.302,0.262-0.47,0.262-0.503c0-0.142-0.106-0.212-0.318-0.212
c-0.618,0-1.329,0.637-2.131,1.912l-0.22-0.099c0.788-1.383,1.581-2.075,2.379-2.075c0.217,0,0.387,0.077,0.51,0.23
s0.184,0.341,0.184,0.563c0,0.189-0.081,0.429-0.244,0.719C9.641,2.359,9.559,2.511,9.559,2.526c0,0.127,0.062,0.191,0.185,0.191
c0.472,0,1.223-0.798,2.251-2.393c0.265-0.42,0.694-1.024,1.289-1.813l0.148,0.205c-0.354,0.392-0.658,0.902-0.913,1.529
c-0.113,0.27-0.307,0.836-0.581,1.699c-0.5,1.563-1.293,3.236-2.379,5.02c0.331-0.184,0.869-0.743,1.614-1.678
c0.501-0.646,0.999-1.291,1.494-1.933c0.746-0.939,1.431-1.723,2.054-2.351c1.273-1.289,2.449-2.129,3.525-2.521L18.317-1.284z"/>
</svg>
ϕ to approximate 
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. The other terms are from the approximation error due to Hγ and the stochastic error due to the finite sample size. We can choose λn, γn, and ϕn to balance the approximation accuracy and the stochastic variability as follows:Then, the optimal rate for the value function approximation using the estimated rule isTheorem 2 implies that the value of the estimated rule f̂n from O-learning converges to the optimal value function. Clearly, the convergence rate decreases as the dimension of prognostic variables increases. Moreover, if fopt is smooth enough, i.e. α goes to infinity, the optimal convergence rate of O-learning with Gaussian kernel is close to the rate n−1/4. Note that the rate cannot be close to n−1, the rate proved by Zhao et al. (2012) for a binary treatment rule. The main reason is due to the continuous nature of the dose, i.e. the data used for learning are only from subjects who have received similar dose levels.
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