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Shaping light deep inside complex media, such as biological tissue, is critical to many research
fields. Although the coherent control of scattered light via wavefront shaping has made significant
advances in addressing this challenge, controlling light over extended or multiple targets without
physical access inside a medium remains elusive. Here we present a phase conjugation method for
spatially incoherent light, which enables the non-invasive light control based on incoherent emission
from multiple target positions. Our method characterizes the scattering responses of hidden sources
by retrieving mutually incoherent scattered fields from speckle patterns. By time-reversing scattered
fluorescence with digital phase conjugation, we experimentally demonstrate focusing of light on
individual and multiple targets. We also demonstrate maximum energy delivery to an extended
target through a scattering medium by exploiting transmission eigenchannels. This paves the way
to control light propagation in complex media using incoherent contrasts mechanisms.

I. Main

Delivering optical energy and transmitting information
through complex media remains an important challenge
in many fields of studies, including optical manipulation
[1], deep-tissue imaging [2, 3] and optogenetics [4, 5]. In
recent years, it has been shown that the coherent control
of scattered light can manipulate spatial, spectral and
temporal distributions of light in scattering media [6–
10]. However, such capabilities are greatly limited with-
out physical access inside a medium because the scat-
tering response to target position is difficult to charac-
terize. As a result, non-invasive light control over ex-
tended or multiple targets remains elusive despite being
crucial for real-world applications. Optimizing incident
wavefront based on a feedback signal [11–18] is mostly
limited to focusing on a single isolated target, and even
then it has limitations that require numerous changes of
the wavefront. While time-reversal or phase conjugation
techniques [19–30] allow for effective light delivery to an
optical or virtual source, they cannot individually control
light on multiple targets.

Here we address these challenges by extending phase
conjugation to spatially incoherent light. Our approach
utilizes incoherent emission from multiple targets. We
first characterize scattering responses of these hidden
sources by retrieving mutually incoherent fields from spa-
tially modulated speckle patterns. The retrieved fields
are related to the field transmission matrix [31], and their
phase conjugation enables light control over the desired
positions. We demonstrate this experimentally by fo-
cusing light on individual and multiple fluorescent tar-
gets through a scattering medium. Finally, we show that
transmission eigenchannels can be identified by decom-
posing the incoherent fields and demonstrate maximum
energy delivery to a hidden extended target.
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II. Results

A schematic of the experiment is illustrated in Fig. 1.
We consider a scenario where multiple fluorescent targets
are hidden by a scattering medium and act as guidestars.
Fluorescence emitted by these guidestars is scattered, re-
sulting in an incoherent addition of speckle patterns on
the camera. Under this condition, we aim to deliver light
back to each of the guidestars by time-reversing the scat-
tered fluorescence. Our approach consists of retrieving
multiple incoherent fields that compose the fluorescence,
and using them to generate phase-conjugated beams. To
this end, we introduce wavefront modulation of the scat-
tered fluorescence with a spatial light modulator (SLM).
This modulation induces changes in the measured inco-
herent speckle patterns, providing information to retrieve
the scattered fields that will later be used for phase con-
jugation. To explain the retrieval process in detail, we
introduce a partial field transmission matrix T whose in-
put and output are fields at the SLM plane and guidestar
positions, respectively, Eguidestar = TESLM . According
to the time-reversal symmetry, the scattering of fluores-
cence emitted by N guidestars at the same wavelength
can be expressed by the rows of the transmission ma-
trix, T = [t1, . . . , tN ]⊤, where tn represents the scattered
field that corresponds to an individual guidestar. For
the sake of simplicity, we will assume that the brightness
of each guidestar is the same (see Supplementary Infor-
mation Section 6 for general cases with different bright-
ness). Then, the incoherent speckle pattern measured by
the camera is expressed as I0 = diag

[
(TF )†TF

]
, where

F represents the discrete Fourier transform between the
SLM and camera plane (see Supplementary Information
Section 1 for the derivation). If we apply M different
wavefront modulations using the SLM, and express the
mth modulation as a diagonal matrix Sm, the incoherent
speckle pattern after the modulation is

Im = diag
[
(TSmF )

†
TSmF

]
. (1)

To find a set of scattered fields that satisfy Eq. 1, we
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Figure 1. Schematic of phase conjugation with incoher-
ent fluorescence: Multiple fluorescent guidestars are hidden
behind a scattering medium. The scattered fluorescence, com-
posed of mutually incoherent speckle fields, is modulated by
an SLM. The modulated fluorescence is Fourier transformed
by a lens and results in the incoherently added speckle pat-
terns on the camera. Then mixed-state phase retrieval recov-
ers a set of scattered fields, whose phase conjugation enables
targeted light control.

used an iterative approach that minimizes the error be-
tween the measured and predicted Im. We began by
making an initial guess of tn and applying the wavefront
modulation numerically according to Eq. 1. Then, fol-
lowing the mixed-state reconstruction [32], we corrected
the amplitude parts of the modulated speckle fields at the
camera plane, using the ratio of the measured to the pre-
dicted Im. Next, we compensated for the wavefront mod-
ulation and updated the guess of tn. These steps were
repeated for all the wavefront modulations, resulting in
a maximum likelihood estimation of T (see Supplemen-
tary Information Section 2 for more information). We
note that there is inherent ambiguity in determining T ,
as T and its unitary transformation are indistinguishable
based on intensity. This can be confirmed by replacing
T with UT in Eq. 1. For this reason, the scattered fields
are retrieved as a mixture of tn:

H = UT , (2)

whereH is a set of retrieved fields hn,H = [h1, ...,hN ]⊤,
and U is an arbitrary unitary matrix. We further note
that Eq. 2 arises from the nature of mutual incoherence,
rather than from the reconstruction method. Despite this
ambiguity, the retrieved fields offer unique capabilities for
phase conjugation, as we show below.

Incoherent phase conjugation

The time-reversal of the entire scattered fluorescence
will regenerate light at hidden sources, creating foci on
the entire targets. One way to accomplish this is through
the ensemble average of the phase-conjugated scattered
fields t∗n. Alternatively, we chose to use the ensemble
average of h∗

n because it gives the identical phase con-
jugation result (see Supplementary Information Section
3). In both cases, the ensemble average results in the
incoherent sum of the phase conjugation of the scattered
fields, which can be realized by shaping either coherent or
incoherent light. We will refer to this approach as “Inco-
herent phase conjugation” for simplicity, regardless of the
coherence of light used to generate the phase-conjugated
fields (see Discussion for more information).

To demonstrate this incoherent phase conjugation, we
introduced several 1 µm fluorescent beads as guidestars
behind the scattering medium. We retrieved the multiple
scattered fields according to the number of the guidestars.
In our experiments, each 1 µm bead was considered as an
individual guidestar as the speckle grain size at the target
plane was ∼0.9 µm. To implement the incoherent phase
conjugation, we used the SLM and a collimated laser
beam to generate N different phase-conjugated fields of
h∗
n over time and measured their time-averaged response

for phase (see Methods and Discussion). To evaluate the
performance of the phase conjugation, we first conducted
an experiment with a single fluorescent bead (Fig. 2a).
By phase-conjugating the scattered field, we observed a
strong focus on the bead (Fig. 2b). This is in clear con-
trast with the random speckle generated by a beam with
a random wavefront (Fig. 2c). The enhancement factor,
defined as the ratio between the optimized focus intensity
and mean background intensity, was ∼4,400. We then
placed multiple fluorescent beads (Fig. 2d–f) behind the
scattering medium. By incoherently phase conjugating
the scattered fields, we successfully generated foci at ev-
ery guidestar positions (Fig. 2g–i). Despite the minimal
spectral memory effect [33], we were also able to excite
the bead through the scattering medium by shaping the
excitation beam using the retrieved field at the emission
wavelength(Fig. S1).

Selective focusing on individual targets

In order to selectively focus on individual targets, it
is necessary to demix the individual fields tn from their
mixture hn. We note that tn is not strictly orthogonal,
and thus the orthogonalization of hn can not be a solu-
tion. Our solution was to directly invert Eq. 2 by finding
U . To this end, we utilized the memory effect [34, 35],
where neighboring guidestars generate correlated speckle
patterns. Specifically, we iteratively applied a random
unitary transformation to the retrieved fields H, such
that the correlation between the transformed speckle pat-
terns is maximized (see Supplementary Information Sec-
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Figure 2. Incoherent phase conjugation for multiple targets: a, The fluorescence image of an 1 µm bead taken from
the side without a scattering medium. b, Intensity at the target plane generated by phase conjugation based on the scattered
fluorescence field. (Inset) The phase of the scattered field shown in the HSV colormap. The central highlighted part is used
for the phase conjugation. c, Intensity at the target plane generated by a random wavefront. d–f, The fluorescence images of
multiple beads hidden behind the scattering medium. g–i, Intensity at the target plane with incoherent phase conjugation of
scattered fields.

tion 5).
Figure 3 shows the experimental result with 5 fluores-

cent beads. When the scattered fields hn are directly
used for phase conjugation, each phase conjugation gen-
erated foci on several guidestars with different intensities
(Fig. 3b). The demixed fields, on the other hand, gen-
erated a focus on a single guidestar, showing that tn is
successfully recovered (Fig. 3c). The memory effect range
in this experiment, defined as the full width at half max-
imum of speckle cross-correlation, was 5 µm, which is
much smaller than the spatial extent of the guidestars.
This result shows that the selective focusing via demix-
ing is possible as long as a pair of guidestars lies within
the memory effect range.

Targeted energy delivery

Maximum energy delivery through scattering media re-
quires an eigenchannel of T [36, 37]. The transmission
eigenchannels correspond to the singular vectors of T ,
and the first singular vector with the largest singular
value, delivers the maximum energy to the target. Al-
though the direct access to T is not always possible, the
transmission eigenchannels of T can be found using H.
This is because the eigenchannels of T and H are iden-
tical because H†H = T †T according to Eq. 2. Thus,
we can deliver the maximum energy to extended targets
using the first singular vector of H.

To demonstrate the targeted energy delivery, we placed
a 5 µm fluorescent ink droplet behind the scattering
medium (Fig. 4a). Based on the size of the target, we
estimated the number of incoherent fields and retrieved
23 scattered fields. We then performed the singular value
decomposition of the retrieved fields H. Finally, we in-
jected fields that corresponds to the singular vectors vn
and observed the energy delivered to the target. When a

random wavefront is injected to the scattering medium, a
speckle pattern is generated at the target plane (Fig. 4b).
In contrast, the singular vectors produce intensity distri-
butions highly concentrated on the target (Fig. 4c). By
summing the results of all the singular vectors, we con-
firmed that the energy is delivered only to the target area
(Fig. 4d). The first singular vector v1 shows a 174-times
increase in the energy on the target, compared to random
wavefronts. The enhancement decays with the singular
vector index [Fig. 4(e)]. We observed that the values are
not perfectly sorted in a descending order, which we be-
lieve is due to the numerical error in the retrieved fields
and to the use of the phase-only SLM.

III. Discussion and conclusion

We have presented an approach to control light in scat-
tering media without the physical access to a target plane
by extending phase conjugation to spatially incoherent
light. We have demonstrated focusing and maximum en-
ergy delivery to extended fluorescent targets through a
scattering medium. Our method, like other digital phase
conjugation or wavefront shaping techniques, can provide
reliable focusing results with a high contrast provided a
sufficiently large number of incident modes are controlled
[7]. Nonetheless, what distinguishes our approach is its
ability to tackle mutually incoherent fields of scattered
fluorescence. Another important aspect is that it does
not require the precise alignment between the camera
and SLM [38], since the scattered fields are retrieved at
the SLM plane. Its principle of characterizing the scat-
tering response is entirely passive, as it does not alter
the emission of guidestars, as opposed to to techniques
that modulates the excitation wavefront (e.g. [14]). It
only requires that the emission from the sources be con-
stant on average over the measurement of Im and thus
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Figure 3. Selective focusing on individual targets: a, The fluorescence image of a target comprised of 1 µm beads. b,c,
Intensity at the target plane after the phase conjugation of individual scattered fields before (b) and after (c) the demixing
process. (Insets) The phase of the scattered fields used for phase conjugation.
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Figure 4. Targeted energy delivery: a, The fluorescence image of an extended target hidden behind a scattering medium.
The image was taken from the side without the scattering medium. b, Intensity at the target plane when a random phase
pattern is displayed on the SLM. c, Intensity at the target plane using the first 3 singular vectors of H. The images are
normalized for the result of the first singular vector. d, The sum of all the results using 23 singular vectors. e, Enhancement
of the energy delivered to the target compared to random realizations. Dash circles in (c) and (d) indicate the boundary of
the target.

unaffected by the setup geometry.
To further demonstrate the capability of the proposed

method under realistic conditions, we conducted an addi-
tional experiment. Specifically, we employed a volumet-
ric scattering medium composed of parafilm layers, and
we increased the number of guidestars. More informa-
tion on the experiment can be found in Supplementary
Information Section 4. The results showed that the pro-
posed method was able to produce high-contrast foci on
13 and 22 target positions (Fig. S2), demonstrating the
potential of our method for practical applications.

For the proposed method, it is important to estimate
the number of mutually incoherent waves, N . This is
because the underestimation of N results in imperfect

reconstruction of the scattered fields. We note that the
overestimation is allowed because it results in redundant
reconstruction (see Fig. S3). Nevertheless, it is recom-
mended to use the smallest possible value of N for the
minimal measurements and computation time. There are
different methods to estimate N . The contrast of fluores-
cence speckle is an useful indicator for N , as it decreases
as

√
N [39]. It is also possible to find N by analyzing the

error in the mixed-state phase retrieval or the singular
value distribution [40] for different values of N . In our
demonstrations, we did not consider the spectral degrees
of freedom because narrow spectral responses were mea-
sured by using interference filters. If the detection band-
width is greater than the spectral memory effect range,
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different spectral components should be considered in es-
timating N . This will allow the proposed technique to
handle situations where hidden sources emit at different
wavelengths.

Another important consideration is the number of
modulation M required for the field retrieval, which
scales linearly with N . In experiments, reliable phase
conjugation results were obtained when M ≥ 6N (see
Supplementary Information Section 2). This linearity
can be attributed to the multiplexed information in the
intensity of multiple incoherent fields. We emphasize that
M scales with the number of incoherent wavesN not with
the number of controlled input modes of the SLM. Re-
cent advances in phase retrieval [41, 42] show that few
measurements are sufficient in retrieving a coherent field
(N = 1). In this regard, we believe that in principle even
fewer M may be used for our method.

In our proof-of-principle experiments, we used the sim-
ple algorithms for the retrieval and demixing of the scat-
tered fields. The performance of the algorithms can be
enhanced by incorporating constraints, convex optimiza-
tion [42] or the generalized memory effect [43]. The total
measurement time can be reduced by designing a setup
with minimal energy loss, and by using a sensitive detec-
tor, such as an EMCCD.

The current implementation of incoherent phase con-
jugation is based on the alternation of multiple coherent
fields. This method can accurately generate the incoher-
ent response of the time-reversed fluorescence, although
it requires some integration time [44]. Importantly, the
required integration time can be reduced to few microsec-
onds by employing fast spatial light modulators [45, 46].
Alternatively, the incoherent phase conjugation can be
implemented by directly shaping an incoherent source
[47]. In this case, the incoherent response will be ob-
tained at a timescale greater than the coherence time of
the source.

In conclusion, our method enables versatile light con-
trol over extended or multiple targets using incoher-
ent contrast mechanisms. The concept can be applied
to different incoherent emissions, such as spontaneous
Raman scattering [17, 18], and a wide range of pho-
toluminescence [48]. Furthermore, it enables the pas-
sive characterization of a transmission matrix, open-
ing up the possibility to generalized light control using
transmission-matrix-based operators [10]. We envision
that the proposed approach will enable targeted light de-
livery through thick biological tissue, facilitating biomed-
ical applications, such as optogenetic stimulation and
phototherapy.

IV. Methods

Experimental setup

The experimental setup is shown in Fig. S4. A laser
diode (λ = 488 nm, LP488-SF20G, Thorlabs) was used

to excite fluorescence. The excitation beam was deliv-
ered to guidestars by a lens (L1, f = 100 mm) and an
objective lens (Plan N 20× 0.4, Olympus). To moni-
tor the guidestars and phase conjugation, a dichroic mir-
ror (DMLP490R, Thorlabs), a lens (L2, f = 200 mm),
a bandpass filter (FL532-10, Thorlabs), and a camera
(acA5472-17um, Basler) were placed on the side without
a scattering medium. The guidestars were fluorescent
ink mixed with UV glue (NOA 68, Norland), and fluo-
rescent beads (F8823, Invitrogen) immersed in glycerol.
A scattering medium was a 220-grit ground glass diffuser,
placed approximately 170 µm away from the guidestars.
On the detection side, the scattered fluorescence was col-
lected by an objective lens (MPlan N 50× 0.75, Olympus)
and two lenses (L3, f = 75 mm; L4, f = 150 mm). An
SLM (X10468-04, Hamamtsu) and a linear polarizer were
used to modulate the fluorescence. The modulated flu-
orescence is Fourier transformed by lenses (L5, f = 100
mm; L6, f = 200 mm; L7, f = 250 mm) and then captured
by an sCMOS camera (PCO.edge 5.5, PCO) with band-
pass filters (BP2, FL532-3 and FBH520-40, Thorlabs).
For the fluorescent beads we used, these filters transmit
5.35% of the total fluorescence signal. An iris was placed
between L6 and L7 to adjust the speckle grain size at
the camera. For phase conjugation, a laser (λ = 532 nm,
Compass 215M-50, Coherent) was collimated using a 5
µm pinhole and a lens (L8, f = 6 mm). The collimated
laser was then shaped by the SLM to generate a phase-
conjugated beam, which propagated back to the medium.
A flip mirror was used to switch between the fluorescence
detection and phase conjugation.

Phase-conjugated beam generation

A phase-conjugated beam is generated using the colli-
mated laser beam and the SLM. The collimated beam is
shaped to the phase conjugate of a given scattered field
Escattered by displaying a phase pattern that corresponds
to −arg (Escattered) on the SLM. The resultant phase-
conjugated beam propagates back through the scattering
medium, retracing the scattering paths of fluorescence.
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Supplementary Information:
Phase conjugation with spatially incoherent light in complex media

1 Matrix representation of I 0 and Im

The intensity speckle measured at the camera plane can be written as

I0(k) =

N∑
n=1

|F [tn (r)]|2(k) =
N∑

n=1

∣∣t̃n (k)∣∣2, (S1)

where tn(r) and t̃n(k) is the nth scattered field at the SLM plane and camera plane, respectively, and F is the Fourier
transform. To express Eq. S1 in a matrix form, we utilize T to express tn(r) and t̃n(k). First, we can express tn(r)
as the rows of T , such that Tij = ti(rj). Similarly, t̃n(k) can be expressed as the rows of TF , where F is a Fourier
transform matrix, such that (TF )ij = t̃i(kj). If we consider a matrix (TF )†TF , its elements can be expressed as
[(TF )†TF ]ij =

∑N
n=1 t̃

∗
n(ki)t̃n(kj). Therefore, its main diagonal is given by [(TF )†TF ]ii =

∑N
n=1

∣∣t̃n(ki)∣∣2, which is
equivalent to I0(ki). Finally, we can rewrite Eq. S1 as I0 = diag

[
(TF )†TF

]
by expressing the main diagonal of a

matrix using the function diag. Equation 1 can be obtained by following a similar process as described above, but by
replacing T with TSm.

2 Mixed-state phase retrieval

Our phase-retrieval algorithm is designed to find N mutually incoherent fields at the SLM plane from M modulated
intensity images. We initialize the algorithm by letting the scattered fields hn as N complex Gaussian random fields.
Then we apply the wavefront modulation Sm to the scattered fields hn. We note that Sm is a diagonal matrix whose
diagonal elements correspond to the field modulation given by the SLM. In the experiments, SLM was divided into
macro-pixels (composed of 40 × 40 pixels) having random phase values (0 or π). After the wavefront modulation Sm,
the field at the camera plane is expressed as h̃(m)

n = (SmF )
⊤
hn. Then we conduct Fourier magnitude projection

using an auxiliary function ψ:

ψ(m)
n (k) =

[Im(k)]
γ√∑

n

∣∣∣h̃(m)
n (k)

∣∣∣2 h̃
(m)
n (k), (S2)

where k is a coordinate in the spatial frequency domain, h̃(m)
n (k) is the modulated field at the camera plane, cor-

responding to h̃(m)
n , and γ is a constant parameter. Then the fields are updated by compensating the wavefront

modulation:

hn =
[
(SmF )

⊤
]−1

ψ(m)
n , (S3)

where ψ(m)
n is the vector representation of ψ(m)

n (k). The update through Eq. S2–S3 is continued for the entire M
modulations. The whole process is repeated for several times to obtain consistent hn (see Fig. S5). With γ = 1/2, this
method can be interpreted as the maximum likelihood reconstruction and retrieves the incoherent fields [1]. However,
we observed that few initial iterations with γ = 1 accelerates the convergence greatly, in both numerical simulations
and experiments. This observation agrees with the effect of the nonlinear modulus constraint that was reported in
[2, 3]. It should be noted when γ is greater than 1/2, the brighter area of Im carry more weight during the iteration.
While it has been reported that the larger values of γ lead to faster convergence [2], we expect that the optimal value
of γ for the initial iterations would depend on the specific application. In our experiments, we used γ = 1 for the
first 20 iterations and γ = 1/2 for the rest of the iterations. We stopped the algorithm when there was no significant
change in hn. Specifically, we evaluated the convergence by using the mean squared error (MSE) between the current
and previous estimates of hn:

MSE =
1

NK

N∑
n

K∑
k

∣∣∣h(current)
nk − h

(previous)
nk

∣∣∣2, (S4)



2

where hnk is the kth element of hn. In our experiments, we stopped the algorithm when the MSE was less than
10−5.6. See Fig. S6 for a change of the MSE over iterations. We confirmed numerically that the algorithm retrieves a
correct set of fields for M ≥ 4N in the absence of measurement noise. The size of macro-pixel had almost no effect
on the reconstruction, except when its size is comparable to the SLM. We observed that the minimum value of M
required for correct reconstruction increases depending on the noise level. For the experimental results shown in the
main text, we used 6–8N modulations.

3 Incoherent phase conjugation

When all the mutually incoherent components of fluorescence are time-reversed, the intensity at the nth guidestar
can be expressed by multiplying the nth row of the transmission matrix, t⊤n , and phase-conjugated field t∗m:∑

m

∣∣t⊤n t∗m∣∣2 = t⊤nT
†T t∗n, (S5)

where ∗ denotes the complex conjugate. For a medium with negligible reflection and absorption, T †T ≈ 1. Thus
Eq. S5 is simplified to t⊤n t∗n, which remains more or less constant regardless of n. As a result, the incoherent phase
conjugation of tn generates foci on the entire guidestars with roughly the same intensity. It should be noted that
T is not unitary in practice, since we are not able to measure the entire scattered light. Nevertheless, if the loss of
information due to absorption or measurement is minimal, the phase conjugation can approximate the case of unitary
T for complex media, producing high-contrast foci on the entire guidestars [4, 5]. Similarly, the intensity for the
incoherent phase conjugation of hn is expressed as,∑

m

∣∣t⊤nh∗
m

∣∣2 = t⊤nH
†Ht∗n. (S6)

Since H†H = T †T according to Eq. 2, Eq. S6 is identical to Eq. S5. Thus, the incoherent phase conjugation of hn

and tn are identical.

4 Additional experiment with volumetric scattering medium

In addition to the incoherent phase conjugation described in Fig. 2, we conducted an additional experiment with
a volumetric scattering medium. In the experiment, we placed 1 µm fluorescent beads directly behind three layers
of parafilm, with a total thickness of approximately 360 µm corresponding to half of the transport mean free path
[6]. We replaced the objective lens with a long-working-distance objective lens (MPlanFL N 100× 0.9, Olympus) and
used a 10-nm bandpass filter (FLH05532-10, Thorlabs) which transmits 14.3% of the fluorescence signal. The rest of
the setup was the same. The experiment was conducted in the same manner as the experiment for Fig. 2.

The results showed that that the proposed method was able to produce high-contrast foci on 13 and 22 guidestars
(Fig. S2). In Fig. S2d, we observed that foci were not generated at a few target positions located far from the center.
This is due to the limited field-of-view (FoV) in which the SLM can control light. By evaluating the speckle pattern
generated by a back-propagating beam with a random wavefront, we confirmed that the size of the controllable FoV
was approximately 60 µm (Fig. S2e). This is smaller than the field of view of Fig. S2 (75.6 µm). We note that the
FoV is determined by the scattering media and the experimental setup, such as the focal length of an objective lens
and the SLM pixel size.

5 Demixing incoherent fields

The scattered fields tn can be recovered by reversing Eq. 2. To this end, we developed an algorithm inspired by
the simulated annealing [7] that exploits the memory effect between the speckle patterns at the camera plane. The
algorithm starts by applying a random unitary transformation to the retrieved fields H and expressing the result at
the camera plane:

H = Uj
fj ÛHF , (S7)

where j is the iteration index, Uj is a random unitary matrix, fj is an exponent that decays to 0 over the iteration,
and Û is the current best estimate of U−1. The decaying behavior of fj makes Uj induce smaller changes as the
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iteration progresses: limj→∞Uj
fj = 1. Then the correlation metric C is calculated at every iteration,

C =

N∑
n=1

[
max

(
|hn|2 ⋆ |h(n mod N)+1|2

)]2
, (S8)

where hn(k) is the unitary-transformed speckle field at the camera plane, corresponding to the nth row of H, and ⋆
is the cross-correlation. If the value of C is greater than the previous values, Û is updated to Uj

fj Û . If not, Û is
unchanged. At the end of the iteration, the algorithm results in Û ≈ U−1, and the scattered fields are recovered by
inverting Eq. 2: T = ÛH. We initialized the iteration with Û = 1 and fj = 100/(j+1), and the maximum iteration
number of 104. We note that the experimental noise in H can lead to an incorrect demixing. To mitigate this issue,
we calculate C only using speckles brighter than the average, |hn|2 > µ, where µ is the mean value of every |hn|2.

6 Guidestars of varying brightness

If the brightness of the guidestars is different, we can express the scattered field corresponding to nth guidestar as
bntn, where bn is a constant that is the square-root of the energy emitted by the guidestar and tn is a normalized
field, such that t†ntn = 1. Then we can rewrite the expressions in the main text by replacing T with BT , where
B = diag(b1, ..., bn). For example, the unmodulated speckle image becomes I0 = diag

[
(BTF )†BTF

]
. Similarly,

Eq. 1 is rewritten as

Im = diag
[
(BTSmF )

†
BTSmF

]
, (S9)

and Eq. 2 as

H = UBT . (S10)

We note that this generalization is related to the interpretation of the measured image and retrieved fields. Therefore,
the mixed-state reconstruction and the demixing process are unaffected by the brightness of the guidestars. For inco-
herent phase conjugation (Supplementary Section 3), foci will be generated on the entire guidestar with the intensities
that correspond to the brightness of the guidestars. Regarding maximum energy delivery, the eigenchannel of H will
preferentially couple light into the brighter guidestar positions because H†H = T †B2T , where B2 = diag(b21, ..., b2n).

7 Maximum number of guidestars

In principle, the mixed-state algorithm can find solutions regardless of the number of guidestars N , provided that
there are enough wavefront modulations. However, in practice, the number of guidestars could be limited because
the dynamic range of a camera causes quantization of images. For the phase retrieval of coherent light, it is known
that 3-bit representation of speckle can produce reliable phase retrieval results [8]. Considering that the mixed-state
reconstruction can be thought of as the information multiplexing of mutually incoherent signals, we would expect the
following condition to be satisfied,

N × 23 ≤ 2(Camera bit depth). (S11)

For example, with a 16-bit resolution, the maximum theoretical N will be 8192, although in practice it would be
significantly lower. Finally, we note that even a larger number could be allowed by incorporating the quantization
error into the reconstruction algorithm [9].
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Figure S1. Phase conjugation using an excitation beam: a Fluorescence image of a bead when an excitation beam
(λ = 475 µm) is shaped using the phase conjugation pattern of scattered fluorescence (λ = 532 µm). b Fluorescence image of
the same bead when the excitation beam is shaped by a random phase pattern. c Intensity profiles of (a) and (b) along the
horizontal line that crosses the center.
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Figure S2. Incoherent phase conjugation in volumetric scattering medium: a–b Fluorescence image of beads hidden
behind 3 layers of parafilm. c–d Results of the incoherent phase conjugation. e Intensity at the target plane with a random
wavefront.
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Figure S3. Phase conjugation with different numbers of retrieved fields: a Fluorescence image of hidden targets. b
Results of incoherent phase conjugation when different numbers of scattered fields are retrieved. c–e Phase conjugation of
individual fields when two (c), three (d), and four (e) scattered fields are retrieved.
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Figure S4. Experimental setup: L, lens; Obj., objective lens; BS, beam splitter; BP, banspass filter.
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Figure S5. Flowchart of the mixed-state phase retrieval
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