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Understanding planetary interiors is directly linked to our ability of simulating exotic quantum

mechanical systems such as hydrogen (H) and hydrogen-helium (H-He) mixtures at high pressures and

temperatures. Equation of state (EOS) tables based on density functional theory are commonly used by

planetary scientists, although this method allows only for a qualitative description of the phase diagram.

Here we report quantum Monte Carlo (QMC) molecular dynamics simulations of pure H and H-He

mixture. We calculate the first QMC EOS at 6000 K for a H-He mixture of a protosolar composition, and

show the crucial influence of He on the H metallization pressure. Our results can be used to calibrate other

EOS calculations and are very timely given the accurate determination of Jupiter’s gravitational field from

the NASA Juno mission and the effort to determine its structure.

DOI: 10.1103/PhysRevLett.120.025701

For a few decades the link between the uncertainty of the
hydrogen equation of state (EOS) and the internal structure
of Jupiter (and other gaseous planets) has been investigated
and many efforts to model Jupiter’s interior have been
carried out [1–4]. The computation of an EOS from first
principles requires solving a many-body quantummechani-
cal problem, a task which is beyond the currently available
theoretical and computational capabilities. In practice,
we must resort to several approximations. The first is to

decouple the ionic and electronic problems and consider the
ions as classical or quantum particles, determining their
motion by following the Born-Oppenheimer potential
energy surface. The second approximation concerns the
description of the electronic interaction, and in particular the
exchange interaction, due to the Pauli exclusion principle.
The standard approach to EOS calculations relies on

density functional theory (DFT), which targets the tridimen-
sional electronic density rather than the (Ne electrons)

many-body wave function. Its success and simplicity have
led to a widespread application in materials science and to
the development of several software packages that allow fast
and reproducible calculations [5]. AlthoughDFT is formally
exact, the explicit functional form to describe the exchange
and correlation (XC) effects between electrons remains
approximated [6]. Indeed, a systematic and efficient route
to improve the XC functional is still lacking. Therefore, in
practical solid-state calculations, benchmarks against exper-

imental data are often required to validate the XC functional
used to describe the system in a satisfactory manner.

Hydrogen-rich compounds under pressure, both in the

low temperature solid and in the liquid phase, remain a

challenge to DFT simulations due to the interplay of
strong correlation and noncovalent interactions between
the atoms. DFT calculations with different functionals can
produce different results, with the expected metallization
pressure varying over a range of 100 to 200 GPa (Fig. 1)
[7,8] for pure H.
This uncertainty affects the EOS calculation, and there-

fore, also planetary modeling. Currently, planetary mod-
elers use hydrogen EOSs that have been derived from DFT
data [18,19], using a specific choice for the density func-
tional, the Perder-Burke-Erzenhof (PBE) functional [20].
It has been demonstrated that a change in the functional,
for example, using one which includes an empirical van der
Waals dispersion interaction (vdW-DF2 [21]), results in a
different EOS. In this case the calculated pressure at a given
density is larger by ∼10%–20% [8] compared to PBE. On
the other hand, given the accurate determination of Jupiter’s
gravitational field by the Juno mission, it was shown that
the EOSs should be known with accuracy of ∼1% in order
to constrain Jupiter’s internal structure [22].
In the case of hydrogen at high pressure, it is difficult to

assess a posteriori the quality of the DFT approximation,
benchmarking with experiments, for various reasons. The
first is that experiments typically have uncertainties larger
than 1% for both Hugoniot [22,23] and phase boundary
measurements. In this second case, experiments performed
with different compression techniques do not always
agree. For example, static compression with laser heating
[16,17,24] and dynamic compression measurements (with
deuterium) [15] differ by ∼150 GPa at 1500 K for what
concerns the locationof the first-order liquid-liquid transition
(LLT) between the molecular and the atomic fluids.
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On the simulation side, the PBE functional [25–28] seems

to agree qualitatively with the experimental Refs. [17,24],

whereas vdW-DF2 [8] ismore compatiblewithRefs. [15,29].

Therefore, the possibility of validating existing EOSs, and

reconcile simulations with experiments, is highly desirable.

This is also true in the case of the H-He mixture, where

experiments are still missing.

Recently, quantum Monte Carlo (QMC) approaches

emerged as competitive tools to accurately solve electronic

problems [30] thanks to the new generations of super-

computers. Since QMC simulation is a wave-function-based

method (unlike DFT), the scheme to obtain consistently

better results is simple and relies on the variational principle.

Indeed, the accuracy of the calculations improves as the

richness of the many-body electronic wave function

increases. In our variational approach, a systematic way

to improve the wave function is by enlarging the localized

atomic basis set that defines our quantum state. The

unprecedented availability of computational resources led

to the development of QMC algorithms that combine

efficiently the simulations of electrons with ion dynamics

[31–33]. Unlike the DFT method, which is well established

and widely used, the QMC technique is still relatively new

and is used by a smaller community of developers with

various implementations and algorithms that are difficult to

benchmark. However, the few QMC results for the H phase

diagram, until now, have not agreed well. In particular,

while all QMC simulations agreed qualitatively on a larger

dissociation and metallization pressure for pure dense

liquid H, compared to PBE, the precise location was not

well determined due to different QMC implementations,

variational wave function, and finite-size effects errors

[14,28,33–35].

We perform simulations with 64 and 128 H atoms for

the H compound and with 118 H and 10 He atoms for the

H-He mixture (see Supplemental Material for details [9]).

For the mixture we use x ¼ nHe=nH ≈ 0.08475, which is

smaller than the protosolar value of 0.0969 [36] and

slightly larger than Jupiter’s value of 0.0785(18) [37].

We first trace the liquid-liquid transition for pure H at

intermediate temperatures, between 1200 and 1800 K,

using a 64 hydrogen atom system. The first-order tran-

sition is characterized by a discontinuity in the EOS (see

Fig. 2) and in the proton-proton radial pair distribution

function gðrÞ [Fig. 2(c)]. It is found to occur at densities

of ∼0.8–1 g cm−3 and pressures of ∼200 GPa at 1200 K,
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FIG. 1. Phase diagram of dense hydrogen (H) and a hydrogen-

helium (H-He) mixture. We show the liquid-liquid transition

(LLT) between the insulating-molecular and the metallic-atomic

fluid (shaded area). Theoretical results have been obtained under

the classical nuclei approximation unless otherwise indicated.

Solid symbols refer to our QMC LLT for pure H (blue circles) and

for the H-He mixture (red triangle). Solid blue and red lines

indicate a first-order LLT. At high temperatures, the empty (solid)

left (right) triangles correspond to simulations displaying a clear

atomic (molecular) behavior, while red diamonds represent an

intermediate behavior (see Supplemental Material [9]). These

points are used to constrain the phase boundaries where the

transition is continuous (dashed blue and red lines). Also shown

is Jupiter’s adiabat (gray line) as calculated by Miguel et al. [3].

Pure H first-order LLT predictions by QMC simulations [from

Pierleoni et al. [14] (cyan)] and by DFT using different XC

functionals, PBE, vdW-DF1, and DF2 (taken from Knudson et al.

[15]), are also shown. Other symbols refer to metallization

experimental data. Shown are experiments with static compres-

sion [16,17] (light green and dark green triangles) and deuterium

shockwave [15] (brown stars).
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FIG. 2. Equations of state across first-order transitions. Pressure

versus density for pure H and four temperatures (1200, 1500,

1800, and 3000 K, 64 particles) and for a H-He mixture (at

1500 K, 128 particles). For H at 1200 K, we present results also

for a 128 particles system (black diamonds). The transition

pressure obtained with the 128 particle setup is smaller by 8

(2) GPa compared to the 64 particle case. The first-order

transition is identified by a plateau in the EOS. The discontinuity

is more evident at lower temperatures but is still visible at 3000 K

(a). Panel (b) shows the EOS computed by Pierleoni et al. [14].

Panel (c) shows two proton radial pair distributions for pure H at

1200 K, for the two densities close to the LLT. The sudden

disappearance of the molecular peak is consistent with a first-

order transition.
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∼180 GPa at 1500 K, and ∼135 GPa at 1800 K. The LLT

seems to involve mostly a local rearrangement of the liquid

structure [see Fig. 2(c) and also Fig. S1 in Supplemental

Material [9]) and lies between the two recent experiments

obtained using static compression by Silvera and co-

workers [17,24] and the dynamic compression measure-

ments (with deuterium) by Knudson et al. [15], although it

is much closer to Refs. [17,24]. Moreover, the systematic

errors caused by the finite size (cf. the 64 and 128 particle

data series in Fig. 2) and basis set (cf. Fig. S2 in

Supplemental Material [9]) can shift the LLT by

∼10 GPa; therefore, our results are compatible with the

recent QMC prediction by Pierleoni et al. [14]. However, in

order to better compare our results with these low temper-

ature experiments, the quantum nature of the protons (here

assumed as classical particles) also needs to be considered.

Indeed, when we correct our results with these nuclear

quantum effects (NQE), the agreement with static com-

pression experiments improves significantly [17,24,38]

(see Fig. 1). In this work we do not directly perform

simulations beyond the classical nuclei approximation,

using path-integral-based methods as in Ref. [14], where

electronic QMC simulations with or without NQE are

reported. They show that NQE shifts the LLT to smaller

pressures at most by 35 GPa at 1200 K and by 25 GPa

at 1500 K. Here we simply apply these shifts to our LLT to

derive the phase boundary in Fig. 1 and compare to

experiments [17]. Note that PBE underestimates the met-

allization pressure compared to QMC simulations (Fig. 1),

and the disagreement with experiments further increases

if NQEs are taken into account.
In this work, we correct the systematic errors that affected

our previous results and led to a much larger metallization
pressure: the electronic size effects errors, not adequately
removed in Refs. [33,34] and a localized basis set [39] that
was too small (1Z) to describe the metal and the insulator
with the same accuracy [35]. In addition, our previous studies
used a less efficient optimization method; indeed, the so-
called “linear method” [40] requires a careful generalization
to the case of complex wave functions (see Supplemental
Material for details [9]). Nevertheless, as discussed above,
our predicted LLT is now affected by an uncertainty of
∼10 GPa. We believe that computing the H phase diagram
with an accuracy of 1 GPa is still beyond the present
numerical capabilities, especially at low temperatures.
After benchmarking our technique for pure H, we next

investigate a H-He mixture at 1500 K.We find that He, even
in a small fraction x ≈ 0.085, changes qualitatively the
physics of the system. In particular, its presence stabilizes
the hydrogen molecules (H2), delaying the onset of metal-
lization towards higher densities. This effect is also observed
inDFT-PBE simulations (cf. Vorberger et al. [41]). However,
our direct QMC simulations clearly identify the molecular
dissociation in the H-He mixture at ∼250 GPa with 1500 K,

and a density∼1.1 g cm−3 [see Fig. 2(a)], resulting in a shift
of ≈70 GPa compared to the pure H system.

An important open question concerns the location of

the H critical point, which is the end point of the first-order

LLT. Above the critical point, in the P-T phase diagram the

dissociation occurs smoothly. While recent EOS calcula-

tions suggest that Jupiter’s adiabat lies above the critical

point, implying the lack of first-order phase transition,

its possible occurrence has a direct consequence on the

internal structure of gas giant planets. If the phase transition

is of first order, it would suggest a density discontinuity

within the planet’s interior, and the possibility of a non-

adiabatic interior as well as for discontinues in the heavy

elements distribution.

Also in this case a clear experimental consensus is still

missing. McWilliams et al. [29] do not find evidence for a

first-order transition below 150 GPa, while Ohta et al. [16]

suggest instead the persistence of a first-order LLT well

above 2000 K. Motivated by these studies, we perform

additional simulations at higher temperatures. In the pure

H case we are able to resolve a small discontinuity in the

EOS and the gðrÞ at 3000 K (see Fig. 2). Although a finer

mesh of densities is required, as well as an extended finite-

size scaling in order to precisely resolve the existence of

the plateau in the EOS, the observed feature suggests the

existence of a critical point above the previously expected

temperature of 1500–2000 K [26,28] (with the notable

exception of Norman and Saitov [42] who predict a critical

temperature of 4000 K from PBE simulations).

Finally, we calculate QMC and DFT-PBE EOSs at

6000 K over a wide range of densities, spanning a pressure

range between 30 (40) and 260 (300) GPa for pure H (H-He

mixture). This isotherm is expected to cross Jupiter’s

adiabat around 60 GPa, i.e., at 0.6 Mbar.

We find that QMC simulation, at a given density, predicts

a pressure which is ∼5% smaller than PBE; i.e., at a fixed

pressure QMC simulation predicts a denser liquid com-

pared to PBE (see Fig. 3). Our QMC EOS for pure H is

compatible with available QMC data at 6000 K from

Refs. [43,44]. This difference with PBE becomes larger

at small pressures (∼10%), across the continuous phase

transition. Also shown in the figure is a comparison of our

calculation with the two popular H EOSs for planetary

interiors; the H-REOS.3 [19] and MH-SCvH-H [18], both

of which are based on PBE simulations. We show that

H-REOS.3 is in perfect agreement with our DFT calcu-

lations, whereas the MH-SCvH-H EOS (extrapolating the

data in the limiting case of pure H [3]) is closer to our QMC

calculation. The disagreement between the two EOSs could

be caused by the extrapolation [3], and it seems that the

disagreement between these two groups is linked to the

calculated entropies [3,45]. Either way, it is clear that QMC

simulation implies a denser EOS for H at Jupiter’s con-

ditions, which translates to an envelope that is poor in

heavy elements. If this is indeed the case, it introduces

new challenges in understanding Jupiter’s current structure

and origin [3,45,46]. Since Jupiter structure models with a
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denser EOS for H lead to a very low atmospheric

metallicity, with Z being 0.01 or even smaller, using

QMC EOS is expected to reduce the metallicity even

further. However, it should be noted that these estimates

have been performed for a fully adiabatic Jupiter, and

a nonadiabatic Jupiter can be more metal rich [47,48].

In addition, in order to accurately estimate the effect of the

QMC EOS on Jupiter’s structure, a much larger parameter

space of temperatures and pressures should be simulated.

Regarding the nature of the phase transition at 6000 K,

we find that for H our QMC simulation indicates that a

continuous transition is most likely to occur, as a clear

EOS discontinuity is absent (see inset of Fig. 3). This

means that the critical temperature for pure H is between

3000 and 6000 K. We can further constrain the location of

the LLT by performing simulations at different temperatures

and densities, identifying the largest (smallest) pressure at

which a clear molecular peak persists (disappear).

For pure H, the continuous molecular dissociation occurs

mainly between 31 and 44 GPa at 6000 K. This value is in

very good agreement with the recent x-ray scattering

measurements of a continuous metallization transition at

around 50 GPa and 5000 K [49] (cf. Fig. 1). For the H-He

mixture, we directly perform simulations at temperatures

between 4000 and 7000 K (see Supplemental Material

Figs. S3 and S4 [9]), relevant for planetary interiors

(Fig. 1). At 6000 K, H2 dissociation in the H-He mixture

occurs mainly between 42 and 64 GPa. Moreover, at a

density of ∼0.53 g cm−3 and P ≈ 54 GPa, we observe the

stability of a mixed phase as the simulation quickly

fluctuates between a pure atomic and a mainly molecular

liquid (see Fig. 4). Therefore, our calculations show that the

continuous transition from molecular to metallic hydrogen

in Jupiter’s conditions occurs at ∼0.4–0.6 Mbar. This

provides further constraints for Jupiter structure models,

as the transition pressure between the two envelopes cannot

be used as a free parameter [3,50]. A transition pressure of

that value implies a larger mass of heavy elements in

Jupiter’s deep interior [3].

Our ab initio simulations for a hydrogen-helium mixture,

the first obtained with QMC simulation, open a new

opportunity to better constrain the behavior of H and H-

He in planetary conditions. We show that even a small

concentration of He of ≈8.5% has an important impact on

the metallization pressure of the liquid, as the dissociation

is delayed by 70 GPa at low temperature (1500 K) and by a

maximum of 30 GPa at 6000 K.

QMC techniques do not only allow for an explicit

description of electron correlations, and therefore are

systematically improvable, but they also have the potential

to expand and become commonly used with the future

generations of massively parallel supercomputers. Several

new research directions can be envisaged, from the calcu-

lation of a new QMC-based EOS for pure H, to the

simulations of heavier elements at planetary conditions.

A new generation of QMC calculations could tackle even

larger systems (comparable with DFT simulations) and

address further questions relevant for planetary interiors

such as the precise location of the critical point in the H-He

phase diagram, the miscibility of He and other heavier

materials in H, and other intriguing physical and chemical

transformations such as methane and ammonia dissociation

at high pressures.
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FIG. 3. Equations of state at 6000 K. Panel (a) shows the EOS

with QMC simulations (solid lines) and DFT PBE (dashed) for

pure H (circles) and the H-He mixture (triangles) inferred using

a supercell of 128 particles. For the pure H case we also report

PBE calculations of Vorberger et al. [41], simulations with the

vdW-DF2 functional [8], and the commonly used EOSs for pure

H, H-REOS.3 [19] (dot-dashed black line) and MH-SCvH-H [18]

(continuous black line). In the inset (b) we show additional

simulations, using a 64 hydrogen system and a finer density

mesh, to investigate the nature of the pure H dissociation. Given

the moderate slope and the statistical error bars (≈0.5 GPa) of the

EOS, resolving any discontinuity is not possible at this stage.

FIG. 4. Snapshots of a H-He mixture simulation. Shown are

two typical snapshots of our MD simulations. The cyan, yellow,

and red colors represent the 108 H atoms, 10 He atoms, and

H molecule bonds (H2), respectively. For sake of visualization,

a H2 molecule is defined when two hydrogen atoms are closer

than 1.6 bohr. These two structures (projected on the x-y plane),

the first (second) represents a mainly molecular (atomic) phase,

are computed at different iterations of the same MD simulation,

at a temperature of 6000 K and density of ∼0.53 g=cm3

[P ¼ 54.3ð3Þ GPa], i.e., near the LLT.
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