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This article briefly reviews recent applications of phase-field
method to ferroelectric phase transitions and domain structures
in thin films. It starts with a brief introduction to the thermo-
dynamics of coupled electromechanical systems and the Landau
description of ferroelectric transitions in homogeneous ferro-
electric single crystals. The thermodynamic potentials of a
homogeneous crystal under different mechanical boundary condi-
tions are presented, including the thin-film boundary conditions.
The phase-field approach to inhomogeneous systems containing
domain structures is then outlined. It describes a domain structure
using the spatial distribution of spontaneous polarization. The
evolution of a domain structure towards equilibrium is driven by
the reduction in the total-free energy of an inhomogeneous domain
structure including the chemical driving force, domain wall energy,
electrostatic energy as well as elastic energy. A number of ex-
amples are discussed, including phase transitions and domain
stability in ferroelectric thin films and superlattices. It is dem-
onstrated that using a set of independently measured thermody-
namic parameters for the corresponding bulk single crystals, the
phase-field approach is able to quantitatively predict not only
the strain effect on phase transition temperatures but also the
correct ferroelectric domain structures for a given strain and
temperature.

I. Introduction

FERROELECTRICS, discovered in 1921, are a family of materials
possessing a spontaneous polarization that can be switched

between crystallographically equivalent states in a single crystal
by an electric field. One of the common features for ferroelectrics
is the formation of domain structures when a paraelectric phase is
cooled through the ferroelectric transition temperature. For ex-
ample, in a cubic to tetragonal transformation, there are six pos-
sible domains with the spontaneous polarization along or
opposite to the [100], [010], and [001] directions of the cubic pa-
raelectric phase. In the absence of any external field or constraint,
they are energetically degenerate, and thus all of them have the
same probability of forming in a parent phase below the ferro-
electric transition temperature. The corresponding domain struc-
ture of the ferroelectric phase will contain all possible orientations
of domains with approximately equal volume fractions, separat-
ed by the so-called domain walls. The fundamental understand-
ing of the stability of domains and their responses to external
electric field is critical for many applications of ferroelectrics.

As all ferroelectric phase transitions are accompanied by a
change in the crystal structure and thus the lattice parameters,

domain configurations in ferroelectrics could be drastically
changed by external constraints. For example, for ferroelectric
thin films constrained by a substrate, strain can significantly
affect both the Curie temperature and the relative volume
fractions of domains with different polarization directions
(see, e.g., a recent review1). It has been shown that the phenom-
enological thermodynamics based on the Landau–Devonshire
theory can provide remarkably good predictions on the
strain effects on ferroelectric phase transition temperatures,2–4

provided that reliable thermodynamic potential functions are
available.

Analytical thermodynamic theories, however, typically
assume a homogeneous paraelectric state transforming to a
homogeneous single-domain ferroelectric phase, i.e., all the
order parameters including strain are assumed to be spatially
homogeneous. In the absence of significant built-in bias field, a
ferroelectric thin film is rarely uniform, i.e., it almost always
contains domain structures. In a domain structure, both the
polarization field and the strain field are inhomogeneous, and
the total free energy of a thin film is a functional of all the
spatially dependent order parameters, i.e., domain structure is
an internal variable with respect to which the total-free energy
has to be minimized. Indeed, it has been shown that different
assumptions of the domain state of a thin film in the thermo-
dynamic theory may lead to fundamentally different domain
stability diagrams.2,5,6

The focus of this article is to provide a brief review of ther-
modynamics and the phase-field method as they are applied to
the study of strain effect on phase transitions and domain struc-
tures. It starts with a brief review of the thermodynamics for
coupled electromechanical systems, followed by the Landau
description of ferroelectric transitions for bulk single crystals.
Thermodynamic theory of ferroelectric phase transitions under
various mechanical boundary conditions will be discussed,
including the thin-film boundary condition and the effect of
a substrate strain on the transition temperatures and ferroelec-
tricity. A number of recent examples of applying the phase-field
method to ferroelectric thin films are then presented, including
PbTiO3, BaTiO3, PbZrxTi1�xO3 (PZT), BiFeO3 thin films and
BaTiO3/SrTiO3 superlattices.

(1) Thermodynamics of Coupled Electromechanical Systems

In a classical description of thermodynamics, the combined first
and second law of thermodynamics is given by

dU ¼ TdS þ sijdeij þ EidDi (1)

where T is temperature, S is entropy, sij is a component of the
second-rank stress tensor, eij is the corresponding component of
the strain tensor, Ei and Di are ith components of electric field
and electric displacement, respectively, and, i and j run from one
to three. In this paper, the Einstein convention is used, i.e., re-
peated indices in a given term imply summation over the cor-
responding indices. In most experimental measurements, it is
more convenient to use thermodynamic potentials other than
the internal energy. For example, if the desirable independent
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variables are T, sij, and Ei, the corresponding thermodynamic
function is the Gibbs-free energy and its differential form is

dG ¼ �SdT � eijdsij �DidEi (2)

To incorporate the strain contribution to the thermodynamics
of ferroelectric phase transitions, it is usually more convenient to
choose strain and polarization (Pi) as independent variables. The
appropriate thermodynamic potential for this set of independent
variables is then the Helmholtz-free energy, F5F(eij, Pi).
Assuming isothermal, its differential form is given by

dF ¼ sijdeij þ EidPi (3)

For most of the discussions in this article, including the effect
of different mechanical boundary conditions and the phase-field
method, we use the Helmholtz-free energy for the description of
thermodynamics.

(2) Phenomenological Description of Ferroelectric Phase
Transitions

Using the free energy for the unpolarized and unstrained crystal
as the reference, one can write down the free energy as a func-
tion of strain and polarization using the Landau–Devinshire
theory of ferroelectrics7

F e;Pð Þ ¼ 1
2
aijPiPj þ 1

3
bijkPiPjPk þ 1

4
gijklPiPjPkPl

þ 1
5
dijklmPiPjPkPlPm þ 1

6
oijklmnPiPjPkPlPmPn

þ � � � þ 1
2
cijkleijekl � aijkeijPk � 1

2
qijkleijPkPl (4)

where aij, bijk, gijkl, dijklm and oijklmn are the phenomenological
Landau expansion coefficients, cijkl, aijk and qijkl are the elastic,
piezoelectric, and electrostrictive constant tensors, respectively.
All the coefficients are generally assumed to be constant except
aij which is linearly proportional to temperature, i.e.,
aij ¼ aoij T � Toð Þ, where To is the Curie temperature. If the par-
ent phase is centrosymmetric, all odd terms are absent,

F e;Pð Þ ¼ 1
2aijPiPj þ 1

4gijklPiPjPkPl þ 1
6oijklmnPiPjPkPlPmPn

þ . . .þ 1
2
cijkleijekl � 1

2
qijkleijPkPl (5)

(3) Spontaneous Polarization and Strains in Ferroelectric
Phase Transitions

The spontaneous polarization at zero strain at a temperature
below the ferroelectric phase transition is given by the solution
to the equation,

qF e ¼ 0;Pð Þ
qP

¼ 0 (6)

The spontaneous strain is the crystal shape deformation
caused by a phase transformation under a stress-free condition.
The stress is given by

sij ¼
qF
qeij

� �
T ;Pk

(7)

or

sij ¼ cijklekl � aijkPk � 1
2
qijklPkPl (8)

The spontaneous strain is then given by sij5 0, i.e.,

eoij Pkð Þ ¼ 1
2
sijmnqmnklPkPl ¼ QijklPkPl (9)

where Qijkl are the electrostrictive coefficients measured exper-
imentally. The corresponding spontaneous polarization at zero
stress can be found using the spontaneous strain (9) in (5) and

then find the polarization that minimizes the Landau-free ener-
gy. The electrostrictive coefficients, qijkl, defined in the Helm-
holtz-free energy, can be easily obtained from Qijkl through

qijkl ¼ 2cijmnQmnkl (10)

It should be emphasized that spontaneous strain is not an
elastic strain, and it is rather a plastic strain. For a typical proper
cubic to tetragonal ferroelectric phase transformation in per-
ovskites, the stress-free strain in terms of the unit cell dimensions
of the cubic and tetragonal phases (Fig. 1) is given by

eoij ¼
at � acð Þ=ac 0 0

0 at � acð Þ=ac 0
0 0 c� acð Þ=ac

2
4

3
5

where ac is the lattice parameter of the cubic phase, and at and
c are the a and c lattice parameters of the tetragonal phase,
respectively, both under stress-free conditions.

(4) Strain Contribution Under Different Mechanical
Boundary Conditions

The strain contributions to the ferroelectric phase transitions
depend on the type of mechanical boundary conditions as ma-
terials properties vary under different thermodynamic condi-
tions. For simplicity, let us assume that the polarization
direction for a single domain state is (0, 0, P3), and the para-
electric crystal is centrosymmetric. The Helmholtz-free energy
up to six-order terms is then reduced to

F e;P3ð Þ ¼ 1
2
aP 2

3 þ 1
4
gP 4

3 þ 1
6
oP 6

3 þ 1
2
cijkleijekl

� 1
2
qij33eijP2

3 (11)

(A) Clamped Boundary Condition: For a clamped
boundary condition, the crystal as a whole is not allowed to
deform. Therefore, the strain is zero, and the free energy
becomes

F e ¼ 0;P3ð Þ ¼ 1
2
aP 2

3 þ 1
4
gP 4

3 þ 1
6
oP 6

3 (12)

i.e., the set of coefficients, a, g, and o in the Helmholtz-free en-
ergy correspond to those measured at zero strain. Under this
condition, the ferroelectric crystal is stressed, and the magnitude
of the stress can be readily calculated through the free energy
dependence on strain through

sij ¼
qF
qeij

� �
Pi ;eij¼0

¼ �1
2qij33P

2
3 (13)

which shows that the stress is zero before the transformation,
and its magnitude increases with polarization quadratically in
the ferroelectric state.

(B) Constant Applied Strain: This is very similar to the
zero strain condition. Assuming that the paraelectric crystal is

ca

ca

ca

ta
ta

cP

Fig. 1. Illustration of a cubic unit cell transformed to a tetragonal cell
with polarization along the [001] direction.
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prestrained, the free energy is given by

F ea;P3ð Þ ¼ 1
2
aP2

3 þ 1
4
gP 4

3 þ 1
6
oP 6

3 þ 1
2
cijkleaije

a
kl

� 1
2
qij33eaijP

2
3 (14)

where ea is the magnitude of an applied strain. Combining the
two second-order terms in P3 in the free energy expression (14),
we have

F ea;P3ð Þ ¼ 1
2
a� qij33eaij
� �

P2
3 þ 1

4
gP 4

3 þ 1
6
oP 6

3

þ 1
2
cijkleaije

a
kl (15)

If

a ¼ a1 T � Toð Þ (16)

where To is the Curie–Weiss temperature under the clamped
boundary condition, the Curie–Weiss temperature under a con-
stant applied strain is given by

T 0o ¼ To þ
qij33eaij
a1

(17)

The stress in the crystal under a constant applied strain de-
pends on both the magnitude of the applied strain and the value
of the polarization

sij ¼
qF
qeij

� �
Pi ;eij¼eaij

¼ cijkleakl � 1
2
qij33P

2
3 (18)

(C) Stress-Free Boundary Condition: Under the stress-
free boundary condition, the macroscopic shape change of a
crystal due to the ferroelectric phase transition is described by the
spontaneous strain which can be obtained through the derivative
of the Helmholtz-free energy (11) with respect to strain, i.e.,

sij ¼ cijklekl � 1
2
qij33P

2
3 ¼ 0 (19)

Solving Eq. (19) for strain, we have,

eij ¼ 1
2
sijklqkl33 P 2

3 (20)

Substituting the spontaneous strain (20) back to the free energy
expression (11), one gets

F P3ð Þ ¼ 1
2
aP 2

3 þ 1
4
g� 1

2
sijklqij33qkl33

� �
P 4

3 þ 1
6
oP 6

3 (21)

which shows that the fourth-order coefficients are different for
the clamped and stress-free boundary conditions, and they are
related by

g0 ¼ g� 1
2
sijklqij33qkl33 (22)

where g0 is the fourth-order coefficients for the stress-free bound-
ary condition. In general, experimentally determined coefficients
correspond to g0, and one has to use Eq. (22) to convert from
constant-stress to constant-strain coefficients.

(D) Constant Applied Stress: Under a constant applied
stress, the appropriate thermodynamic potential is the elastic
Gibbs free energy which can be readily obtained from the Helm-
holtz-free energy (11) through the Legendre transform,

G s;P3ð Þ ¼ F eij;P3

� �
� sijeij

¼ 1
2
aP 2

3 þ 1
4
gP 4

3 þ 1
6
oP 6

3 þ 1
2
cijkleijekl

� 1
2
qij33eijP 2

3 � sijeij

(23)

Minimizing the free energy (23) with respect to strain,

eij ¼ sijklskl þ 1
2
sijklqkl33P

2
3 (24)

Substituting (24) back to the free energy expression (23), we
get

G s;P3ð Þ ¼ 1
2
a� sijklsijqkl33
� �

P 2
3

þ 1
4
g� 1

2
sijklqij33qkl33

� �
P 4

3 þ 1
6
oP 6

3

� 1
2
sijklsijskl;

(25)

which shows that the second-order coefficient depends on
the applied stress while the fourth-order term is the same
as the stress-free boundary condition. With these modified
coefficients, one obtains the dependence of the ferroelectric
transition temperature and spontaneous polarization on the
applied stress.

(E) Mixed Boundary Condition—Thin Film Boundary
Condition2: All the boundary conditions discussed above
correspond to either constant strain or constant stress condi-
tions. However, there are examples in which the appropriate
boundary condition corresponds to a mixed set of stress
and strain boundary conditions. An important example is
a single-crystal film constrained by a much thicker substrate.
For the sake of discussion, let us consider a simple example
of a cubic paraelectric phase transformed to a single tetragonal
domain with uniform polarization (0,0,P3). A constant
dilatational plane strain, the biaxial strain, is imposed
along the x1–x2 directions (Fig. 2) while all the stress compo-
nents involving the x3 direction are zero during the transforma-
tion, i.e.,

e11 ¼ e22 ¼ ese12 ¼ e21 ¼ 0;

s13 ¼ s31 ¼ s23 ¼ s32 ¼ s33 ¼ 0
(26)

where eS is the lattice mismatch strain between the film
and the substrate. This mixed boundary condition is a good
approximation for a (001) oriented cubic single crystal
film constrained by a (001) oriented substrate. es may arise
from the lattice parameter differences between the film and
the substrate for coherent film–substrate interfaces, or from
the thermal expansion mismatch between film and substrate
for incoherent film–substrate interfaces. For lattice parameter
mismatch,

es ¼
as � ac

ac
(27)

and for thermal expansion mismatch,

es ¼ T � Tg

� �
as � af
� �

(28)

where Tg is the film growth temperature, T is the temperature of
interest, and as and af are the linear thermal expansion coeffi-
cients of the film and substrate, respectively.

x1

x2

x3

(0,0,P3)

Fig. 2. A schematic illustration of a c-domain with polarization along
the x3 direction constraint along the x1–x2 directions.
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With the above specified mechanical boundary condition for
the strain components, the Helmholtz-free energy (11) can be
rewritten as

F e;P3ð Þ ¼ 1
2
aP2

3 þ 1
4
gP 4

3 þ 1
6
oP 6

3 � q12esP 2
3 � 1

2
q11e33P 2

3

þ c11 þ c12ð Þe2s þ 2c12e33es þ 1
2c11e

2
33

(29)

where the electrostrictive coefficients and the elastic constants
are expressed in Voigt notation. To satisfy the stress-free bound-
ary condition for the stress components, s13, s31, s23, and s32, it
can immediately be shown that

e13 ¼ e31 ¼ e23 ¼ e32 ¼ 0 (30)

The strain component e33 which satisfies the condition,
s335 0, is obtained by minimizing the free energy (29) with re-
spect to e33

e33 ¼
q11=2ð ÞP2

3 � 2c12es
c11

(31)

Therefore, the free energy under the mixed boundary condi-
tion is given by

F es;P3ð Þ ¼1
2
aþ 2

c12q11 � c11q12

c11

� �
es

	 

P 2

3

þ 1

4
g� 1

2

q211
c11

	 

P 4

3 þ 1
6
oP 6

3

þ c11 þ c12 �
2c212
c11

� �
e2s

(32)

in which only the second-order coefficient depends on the mis-
match strain, and the Curie–Weiss temperature is given by

T 0o ¼ To þ 2
c11q12 � c12q11

a1c11

� �
es (33)

The dependence of Curie–Weiss temperature of a single
domain with polarization (0,0,P3), as a function of substrate
constraint for the particular case of PbTiO3 is shown in
Fig. 3(a) with the required data taken from Pertsev and
colleagues.2,8

Similarly, for a single domain with polarization (P1,0,0) or
(0,P2,0) and the same set of mechanical boundary conditions,
the Curie–Weiss temperature as a function of substrate con-
straint can be obtained from (Fig. 3(b))

T 0o ¼ To þ
c11 q11 þ q12ð Þ � 2c12q12

a1c11

� �
es (34)

One can also establish the relationship between out of plane
lattice parameters c, or c/a ratios of the film to the polarization.9

For example, for a c-domain,

c

asub
¼ c11Q11 þ 2c12Q12ð ÞP2

3 � 2c12es
c11 1þ esð Þ þ 1 (35)

or

P3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c11Q11 þ 2c12Q12ð Þ
c

asub
� 1

� �
c11 1þ esð Þ þ 2c12es

	 
s

(36)

For the case of anisotropic in-plane strains, the correspond-
ing equations can also be easily derived.10,11

(5) Phase-Field Model of Ferroelectric Domain Structures

In a domain structure, unlike a homogeneous ferroelectric
single domain state, the polarization distribution is inhomo-
geneous, i.e., it depends on the spatial positions. In the

phase-field approach, it is the spatial distribution of local
polarization P(x)5 (P1,P2,P3) that describes a domain struc-
ture. Phase-field models have been applied to domain evolution
during ferroelectric phase transitions12–16 and domain switch-
ing,17–26 effect of random defects,27,28 as well as strain effect
on transition temperatures and domain structures in thin
films.29–38

The total-free energy of an inhomogeneous domain structure
is given by Ginzburg–Landau free energy functional:

F ¼
Z
V

½ fbulkðPiÞ þ fgradðqPi=qxjÞ þ felastðPi; eijÞ

þfelecðPi;EiÞ�d3x
(37)

in which fbulk is the bulk free-energy density (Eqs. (4) or (5))
and fgrad is the gradient energy that is only nonzero around
domain walls and other interfaces where the polarization is
inhomogeneous,

fwall ¼ 1
2
GijklPi;jPk;l (38)

where Pi;j ¼ qPi=qxj andGijkl are the gradient energy coefficients.
To obtain the elastic strain energy density, felast, the mechan-

ical equilibrium equation has to be solved for a given domain
structure. For a bulk single crystal with periodic boundary
conditions, one can use the Khachaturyan’s elasticity
theory,39
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Fig. 3. (a). Curie–Weiss temperature of a single domain with polariza-
tion (0,0,P3) as a function of constraint for (001) PbTiO3 single crystal
films on a (001) oriented cubic substrate. (b). Curie–Weiss temperature
of a single domain with polarization (P1,0,0) or (0,P2,0) as a function of
constraint for (001) PbTiO3 single crystal films on a (001) oriented cubic
substrate.

1838 Journal of the American Ceramic Society—Chen Vol. 91, No. 6



Z
V

felastd
3x ¼ V

2
cijkl�eij�ekl � cijkl�eij

Z
V

eokl xð Þd3x

þ 1
2
cijkl

Z
V

eoij xð Þeokl xð Þd3x

� 1
2

Z
d3g

2pð Þ3
nir

o
ij gð ÞOjk so

kl gð Þ
� ��

nl

(39)

Where

eoij xð Þ ¼ QijklPk xð ÞPl xð Þ (40)

so
ij xð Þ¼ cijkleokl xð Þ (41)

so
ij gð Þ¼

Z
V

so
ij xð Þe�ig�xd3x

O�1ik ¼ cijklnjnl (42)

ro
kl gð Þ

� ��
means the complex conjugate of ro

ij gð Þ.
It can be seen that the elastic energy is a function of elastic

properties, transformation crystallography, and the domain struc-
ture. The homogeneous strain, �eij , is to be determined from the
boundary conditions.39,40 Expression (39) can be used to calculate
the elastic energy of an arbitrary domain structure described by
the spontaneous polarization distribution,P(x), under the assump-
tion of homogeneous elastic modulus. For the case of elastically
inhomogeneous case, a perturbation method may be used.41–43

For thin films, the mechanical boundary conditions become
more complicated. As shown in Fig. 4, the top surface is stress-
free and the bottom surface is constrained by the substrate. As it
has been shown previously,29,30 the solution to the mechanical
equilibrium equations for a film–substrate system can be ob-
tained by combining Khachaturyan’s mesoscopic elasticity the-
ory39,44 and the Stroh formalism of anisotropic elasticity.45

Similarly, the electrical energy density, felec, can be obtained
by solving the electrostatic equation. For the simple case that the
depolarization field is compensated and the external field is uni-
form, we haveZ

V

felecd
3V ¼ 1

2

Z
niP

o
i gð Þ

�� ��2
njkjknk

d3g

2pð Þ3
� Eex

i
�Pi

� �
V (43)

where Po
k gð Þ ¼

R
V

Po
k xð Þe�ig�xd3x; kjk is the dielectric constant

tensor, Eex is the homogeneous external electric field. In Eq.
(43), the reciprocal space origin, g5 0, is excluded in the inte-
gration. Equation shows the dependence of electrostatic energy
on dielectric constants, the domain structure, and the external

applied field. The electrostatic solutions for different electrical
boundary conditions for a film/substrate system can be obtained
using the same strategy as the elastic solution for thin films.46

With all the important energetic contributions to the total-
free energy, the temporal evolution of the polarization vector
field, and thus the domain structure, is then described by the
time-dependent Ginzburg-Landau (TDGL) equations,

qPi x; tð Þ
qt

¼ �L dF
dPi x; tð Þ (44)

where L is the kinetic coefficient related to the domain-wall
mobility. Eq. (44) can be quite efficiently solved using the semi-
implicit Fourier-spectral method.47

II. Examples

(1) PbTiO3 Thin Films29,30

PbTiO3 is a prototype perovskite ferroelectric which undergoes
a cubic to tetragonal ferroelectric phase transition when the
paraelectric phase is cooled below the Curie temperature at
around 4701C. For a (001)-oriented thin film on a (001)-oriented
cubic substrate, the oriented variants are conventionally labeled
as a1, a2, and c, respectively. If the coordinate system (x1, x2, x3)
is a rectangular coordinate system originated at the film–
substrate interface with x3 normal to the film, the polarization
vectors are P5 (P1,0,0) for a1-domain, P5 (0,P2,0) for
a2-domain, and P5 (0,0,P3) for c-domain, respectively (Fig. 4).

Figure 5 shows the stability regions of various domain struc-
tures at different temperatures and strains, i.e., the domain
stability map, for (001)-oriented PbTiO3 films obtained by
phase-field simulations. All the data points shown in Fig. 5
were obtained by starting from an initial paraelectric state with
small random perturbations. The data points simply represent
the type of domain structures existed at the end of a sufficiently
long simulation. Because of the numerical nature of the calcu-
lations, the lines which separate the stability of different types of
domain structures cannot be determined exactly, i.e., they are
approximate. As shown in Fig. 5, for a given temperature, the
equilibrium domain structures are a single c-domain state, a
c/a1/a2 three-domain state, and a a1/a2 two-domain state, re-
spectively, as the substrate constraint changes from compressive
to tensile.

Examples of three-types of domain structures are shown in
Fig. 6 in which an iso-surface of a given polarization component
is shown. While Fig. 6(a) is a c-domain state with 1801C domain
walls along the out-of-plane direction, only the a1- and a2-

Fig. 4. Schematic illustrations, (a) a thin film coherently constrained by
a substrate, and (b) schematic illustration of cubic paraelectric phase and
the three ferroelectric tetragonal variants. (from29,30)

Fig. 5. The domain stability map of a film: the equilibrium phases or
domain structures as a function of temperature and substrate constraint,
obtained from phase-field simulations assuming coherent interface
between the film and the substrate.29,30
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domains are shown in Fig. 6(b) and (c). The domain walls be-
tween c and a are approximately 451 from the film/substrate in-
terface while the a1/a2 twin walls are vertical along the out-
of-plane directions. It is noted that the lattice symmetry of a1/a2
domains under a substrate constraint is, strictly speaking,
orthorhombic rather than tetragonal.

It should be pointed out that while phase-field simulations do
not assume the domain wall orientations as a priori, qualitatively
different versions of strain diagrams have been obtained from
thermodynamic calculations for the (001)-oriented PbTiO3 films
as a result of different assumptions.2,5,6 For example, the a1/a2
domain configurations with vertical domain walls under a large
tensile constraint were predicted in phase-field simulations,
whereas an incorrect domain configuration consisting of dis-
torted orthorhombic phases was obtained by thermodynamic
calculations assuming a single domain or a1/a2 domain walls
oriented 451 from the film/substrate interface under a similar
tensile mismatch.5 Changing the assumption of domain wall
orientation from being 451 to vertical from the film/substrate
interface6 in the thermodynamic analysis leads to the same con-
clusion that a1/a2 domain configuration is the stable state under
a tensile constraint as in the phase-field simulation. Quantitative
difference between thermodynamic calculations and phase-field
simulations may also result from the assumptions on the num-
ber of types of domains that may coexist in a domain structures.
For example, the phase-field simulation results show that
a1- and a2-domains always coexist, whereas in thermodynamic
analyses, simplified domain structures, either c/a1/c/a1 or c/a2/c/
a2, were assumed, which can not completely accommodate the
biaxial constraint along the x1 and x2 axes.5,6 As a result,
although the qualitatively correct domain stability map can be
obtained with correct domain wall orientations, the border lines
separating the stability regions of different domain states can be
significantly shifted due to the assumption of two-dimensional
(2D) domain structures. Furthermore, domain walls of different
orientations can also coexist in a given domain structure. For
example, in a c/a1/a2 domain state, when the volume fraction of
c-domains is small, there are a significant number of domains
walls between a1- and a2-domains which are perpendicular to the
film–substrate interface while the domains between c and a do-
mains are approximately 451 from the film/substrate interface.
Therefore, it is inaccurate to assume that all domain walls within
a c/a/c/a domain structures are 451 from the film–substrate in-
terface. Finally, phase-field simulations demonstrate that the
domain wall orientations of c- and a-domains are not exactly
along the directions 451 from the film–substrate interface which
was typically assumed in thermodynamic analysis.

(2) BaTiO3 Thin Films35,48

The phase transitions in BaTiO3 are more complicated than
PbTiO3. It involves a number of phase transitions in the bulk:

Cubic �!125
�C

Teragonal �!8
�C

Orthorhombic

�!�71
�C

Rhombohedral

Each of these transitions involves not only a change in sponta-
neous polarization direction but also lattice parameters, and
hence it is expected that all the transition temperatures will be
shifted as a result of substrate strain in a BaTiO3 film. The

amount of shifts will depend on the film orientation, the degree
of coherency between film and substrate, temperature, and the
strain magnitude, and anisotropy. With multiple phase transi-
tions and many possible domain wall orientations, it is very
difficult to construct strain diagrams using thermodynamic cal-
culations. For the particular case of (001)-oriented BaTiO3 film
under a symmetrical biaxial constraint, the phase transition
temperatures and domain stabilities as a function of strain
have been obtained using phase-field simulations (Fig. 7).35 As
in the PbTiO3 case, all the simulations started from a homoge-
neous paraelectric state with a small random noise of uniform
distribution. The various ferroelectric phases were labeled by
lattice symmetries, determined by the non-zero components of
local polarization. At high temperatures, as expected, the para-
electric phase is the stable state which has a tetragonal symmetry
(Tp) due to the biaxial strain. For the same reason, the tetrag-
onal a-domains and the rhombohedral phase were marked as
orthorhombic ðOF

1 Þand monoclinic ðMF
1 Þ, respectively in Fig. 7.

Examples of domain structures from the simulations are
shown Fig. 8.35,48 Under sufficiently large compressive strains
(4B�0.8%), there is only one ferroelectric transition, and the
rest disappears. The ferroelectric phase is of tetragonal symme-
try (TP) with polarization directions orthogonal to the film/sub-
strate interface. Figure 8(a) is a typical domain structure under
large compressive strains, in which there are two types of
c-domains (c1 and c�) separated by 1801 domain walls. On
the tensile side, there are only two ferroelectric phase transitions
for strain values greater than B10.6%. The polarization direc-
tions for the two ferroelectric phases are parallel to the film/
substrate interface, either along [100] ðOF

1 Þ) or [110] ðOF
2 Þ direc-

tion, depending on temperature and the magnitude of strain.
The corresponding domain structures are similar to either the
a1/a2 twins as shown in Fig. 8(c), or the orthorhombic twins of
Fig. 8(f), or the mixture of them shown in Fig. 8(g). Under rel-
atively smaller strains, the ferroelectric phase transitions and
domain structures of various ferroelectric phases are similar to
bulk single crystals. At room temperature, the domain structures
vary from pure c-domains to c/a1/a2 then to a1/a2 twins, a mix-
ture of a1/a2 and O1/O2 twins, and O1/O2 twins when substrate
constraint changes from compressive to tensile. It is noted that
there are also other narrow regions in which more than two or
more ferroelectric phases coexist.

(3) PbZrxTi1�xO3 (PZT) Thin Films31,33,34

For PZT thin films, the strain-temperature diagram is compo-
sition dependent. Both thermodynamic theories and phase-field
simulations have been used to study the phase stability, domain
structures and properties at different strains and compositions.

Fig. 6. Domain structures at 251C: (a) c-domains with 1801 domain
walls (es5�0.012); (b) c/a1/a2 domain structure with 24% of a-domains
(es 5�0.002); (c) a1/a2 domain structure (es 50.012) (from29,30).
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Fig. 7. Phase diagram of BaTiO3 films as a function of temperature and
substrate constraint strain. TP—tetragonal paraelectric, TF—tetragonal
ferroelectric, OF—orthorhombic ferroelectric, and MF—monoclinic
ferroelectric (From Li et al.35,48).
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It is shown that for the case of PbTiO3-rich PZT (e.g.,
PbZr0.2Ti0.8O3) thin films, the strain diagram is similar to pure
PbTiO3 thin films. Near the morphotropic boundary condition,
a temperature-strain diagram was constructed using phase-field
simulations for a (001)-oriented PZT epitaxial single crystal
thin film on an (001)-oriented cubic substrate.33 According
to the strain diagram, a mixture of distorted rhombohedral,
orthorhombic, and tetragonal phases coexist near strain equal
to zero. This result is in contrast to a single distorted rho-
mbohedral phase predicted from thermodynamic calculations
assuming a single-domain state under a similar strain. Under a
large tensile strain, a distorted tetragonal phase with a1/a2 twin
structures is the stable state, while the thermodynamics predicted
an orthorhombic phase.

The phase diagrams of a PZT film under a number of
different strains were also calculated by thermodynamics
(Fig. 9(a)) and phase-field simulations (Fig. 9(b)).31 As in
PbTiO3 and BaTiO3, substrate strain always increases the fer-
roelectric transition temperature, and the maximum effect is
around the morphotropic boundary composition. Both in the
thermodynamic calculations and phase-field simulations, an or-
thorhombic phase that does not exist in the bulk becomes stable
under a tensile constraint. However, the stability region for the

(distorted) tetragonal phase is much wider than that obtained
from the thermodynamic calculations assuming a single domain.

The ferroelectric domain morphologies and domain wall ori-
entations of the rhombohedral, orthorhombic, and tetragonal
domains have also been modeled using phase-field simulations
as a function of composition, temperature, substrate constraint,
and the electrostatic boundary condition.34

(4) Phase Transitions of (BaTiO3)n/(SrTiO3)m
Superlattices37,49

The phase transitions and domain structures of (BaTiO3)n/
(SrTiO3)m superlattices were recently studied by the phase-field
method, where n and m represent the number of ferroelectric
(001) oriented BaTiO3 perovskite unit cells and nonferroelectric
(001) oriented SrTiO3 unit cells, respectively along the growth
direction.

Figure 10(a) shows a schematic superlattice consisting of
periodically alternating (001) SrTiO3 and (001) BaTiO3 layers
on a (001) SrTiO3 substrate. The top surface and the film/sub-
strate interface are assumed to be both charge compensated.

Figure 11 shows the plots of ferroelectric transition tempera-
tures at different BaTiO3 and SrTiO3 layer thicknesses within the

Fig. 8. Representative domain morphologies in BaTiO3 films within different domain stability fields. Domain definitions: a1: (P1,0,0); a2: (0,P1,0); c
1:

(0,0,1P3); c
�: (0,0,�P3); R1: (�P1,�P1,P3); R2: (P1,�P1,P3); O1: (P1,P1,0); O2: (P1,�P1,0); O3: (P1,0,P3); O4: (P1,0,�P3); O5: (0, P1,P3); O6: (0, P1,�P3).

(a) TF at T5251C and e05�1.0%; (b) TF þOF
1 at T5751C and e05 0.0; (c) OF

1 at T5 501C and e0 5 0.2%; (d) TF þOF
1 at T5�251C and e05

� 0.05%; (e) OF
2 at T5� 251C and e0 5 0.1%; (f) OF

2 at T5 251C and e0 5 1.0%; (g) OF
1 þOF

2 at T5251C and e05 0.25%; (h) MF
2 at T5�001C and

e05 0.1%. (From Li et al.35,48).

Fig. 9. (a). Phase diagram of PZT film under a biaxial compressive strain of 0.5% calculated from thermodynamics assuming a single-domain state. The
dashed line is the bulk phase-diagram under the stress-free condition. (b) The symbols represent the ferroelectric domain states obtained phase-field
simulations: squares—tetragonal circles—orthorhombic, and triangles—distorted rhombohedral (from Li et al.31).
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superlattice (n andm) predicted from phase-field simulations, UV
Raman and variable-temperature X-ray diffraction (VTXRD)
measurements of MBE-grown samples.50 3D indicates phase-
field simulations which were performed allowing 3D inhomoge-
neity in polarization (P5P(x1,x2,x3)) and thus 3D domain
structures while 1D represents simulations of only allowing
1D inhomogeneity in polarization (P5P(x3)). It is shown that
the transition temperatures predicted from phase-field
simulations allowing 3D polarization inhomogeneity show
excellent agreement with experimentally measured values.

It should be pointed out that for the (BaTiO3)n/(SrTiO3)m su-
perlattices which are commensurate the (001) SrTiO3 substrate,
the SrTiO3 layers in the superlattices are not ferroelectric; they
only possess polarization induced by the neighboring BaTiO3. On
the other hand, (BaTiO3)n/(SrTiO3)m superlattices which are ei-
ther partially or fully relaxed, the SrTiO3 layers are ferroelectric as
a result of the in-plane biaxial tensile strain from the adjacent
BaTiO3 layers. In this case, it has been shown that the ferroelec-
tric SrTiO3 layers are of orthorhombic symmetry.4,36,51–53

III. Summary Remarks

Applications of phase-field method to phase transitions and
domain structures in ferroelectric thin films are briefly reviewed.
The focus was on the strain effect on the transition temperatures
and stability of competing ferroelectric phases and domain
structures. It is shown that without any a priori assumptions
on the type of domain structures that might form under a given
substrate constraint and temperature, the phase-field method

is able to predict not only the effect of substrate constraint
on phase transition temperatures and the volume fractions
of domains, but also the detailed domain structures and their
temporal evolution during a ferroelectric transition of both
single-phase films and superlattices.

In addition to PbTiO3, BaTiO3, PZT, and BaTiO3/SrTiO3

superlattices briefly discussed above, the phase-field method has
been applied to predicting domain structures of SrBi2Nb2O9

epitaxial thin films,54 interactions between ferroelastic and
ferroelectric domains in strained SrTiO3,

36,53 polarization,55

domain structures56 and domain switching57 of multiferroic
BiFeO3 films, as well as morphologies58 and magnetoelectric
coupling59 of ferroelectric and ferromagnetic nanocomposites.

Using the micromechanics concept of eigenstrains, it is pos-
sible to introduce any arbitrary distribution of dislocations in a
phase-field model, and it has been applied to the domain nucle-
ation and spatial distribution. There have also been attempts to
study the various factors that influence the coercive field in bulk
single crystals, ceramics, and thin films, including existing do-
main walls,26,60,61 twin wall width,25,62 grain boundaries,63–65

dislocations66–68 as well as strain.69

There have been a number of other recent developments in the
applications of phase-field to ferroelectrics. Examples include the
coupling between charge density and domain structures,70 do-
main structures of ferroelectric islands,71 switching and piezo-
electricity72 of ferroelectric islands, and effect of fracture on
domain switching.73,74

The main limitation associated with the phase-field method is
the fact that it requires input information for thermodynamic
and kinetic parameters. While the thermodynamics of a number
of well-known ferroelectrics are known, the information about
domain wall energy and domain wall mobility is much scarcer.
For example, quantifying the domain wall kinetics directly from
the phase-field method is possible only if the intrinsic domain
wall mobility is available. Furthermore, phase-field method is
based on the continuum phenomenological description, so the
detailed atomistic mechanisms associated with domain evolu-
tion are not accessible. A future direction along this line is to
link first-principles calculations for structural properties and the
phase-field method of domain structure evolution.
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