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Phase Noise to Carrier Ratio in LC Oscillators

Qiuting Huang Senior Member, IEEE

noise. The assumption of phase noise implies that the

sideband spectrum above and below the carrier frequency

must be equal in amplitude and opposite in sign.

3. Itis widely believed [14] that doubling the quality factor
of the LC tank roughly improves the oscillator's noise
spectral density to carrie®/C) ratio by 6 dB, although
systematic experimental verification of such a belief is
hard to find in open literature.

Index Terms—Class C operation of oscillator, Colpitts oscillator, Because of Observation 3 above, the great majority of commer-
erendeﬂce of noise t|° arrier ratio on the res_ﬁnator ?_Lé:a”ty ,flfl"Ctor cial RF oscillators today are implemented with high-quality in-
tude, oscillator, phase noise, phase-noise to carrier ratio, start-up ViCes. At the same time, we witness widespread efforts in the
of oscillation, voltage dependence of noise source in an oscillator. integrated circuit research community to improve the quality of
fully integrated inductors on silicon, especially in the last few
years [14]-[28]. Despite the avalanche of research papers, the
quality factor@ of on-chip inductors in standard CMOS and

HE IMPORTANCE of phase noise in oscillators in RFBJT technologies has hardly improved by a factor of two (from
and other communications circuits has made it one of thig < 3to @ < 6 at 1 GHz, or from@ < 5to@ < 10 at2
most extensively studied subjects in electronics. Journal pap€itdz) in the last ten years. The reported noise to carfigh()

or books on phase noise in LC oscillators alone [1]-[13] caatio, however, varies by as much as 20 dB, for example, at 100

be found from each of the last six decades, the earliest one kHz offset from 1 GHz. The discrepancy underlines the need for

being as old as 1938 and the latest ones as recent as 1998 [1R}o understand better the factors other thar(}taf the tank

[13]. The fact that papers on LC oscillators (too numerous that may also affecV/C ratio strongly. Better models of phase

the last 60 years to cite exhaustively) keep appearing, servestise are still needed.

underline the need still felt by many researchers to improve ex-For designers of electronic oscillators for communications,

isting theories on phase noise further in terms of both rigor asdrrier amplitude (LO power), timing jitter or th¥/C ratio at

insight. certain ranges of frequency offset, and power consumption are

Experimentally, the qualitative behavior of phase noise hasually most important. They are therefore often interested in
been well known. An oscillator’s output power spectrum corthe following questions.
sists of a peak at the carrier (main oscillation) angular frequency 1. How does the carrier amplitude depend on the electrical
w,, surrounded by a noise skirt symmetrical to the carrier fre-  parameters of the oscillator?
quency. Although we restrict our discussion to LC oscillators in 2. Why does an interference (Wh|te noise for examp|e) that
this paper, the oscillator noise skirt diSpIayS the fOIIOWing char- is often apparenﬂy added to the carrier in the circuit end
acteristics irrespective of the exact implementation. up affecting only the phase of the oscillation? Why is the

Abstract—An analysis is presented in this contribution to de-
scribe the steady-state amplitude of a CMOS LC Colpitts oscillator,
as well as its response to small interferences. The problem of signal
dependency of noise sources is also addressed. The general con-
clusions of the analysis are applicable to most LC oscillators. The
procedure to perform a general analysis for an arbitrary LC os-
cillator is outlined. Controlled experiments are used to verify each
important conclusion for the Colpitts analysis and implications on
design are discussed.

I. INTRODUCTION

1. The output noise spectral density is inversely proportional

to the (square of) frequency offset from the carrier, except

at very close to the carrier frequency, where the influence
of up-converted flicker noise dominates or the presence of 3.
the strong carrier begins to limit measurement accuracy.

. The same noise manifests itself in the time domain as
jitter around the oscillation’s zero-crossing points, which
can only be interpreted as noise in the phase of the os-
cillation, rather than that superimposed on its waveform.

response to such an interference always inversely propor-
tional to its frequency offset from the carrier, even in the
apparent passband region of the passive resonator?

How does théV/C ratio depend on the electrical param-
eters of the oscillator? Can such dependence be described
directly with the circuit parameters, rather than interme-
diate quantities such as the signal power consumed by the
tank, the mean-squared voltage amplitude, or the noise
factor of the oscillator?

Oscillator noise is therefore usually referred to as phaggr such designers, most existing models are incomplete be-
cause they either describe only noise and nof\ii€’ ratio that
is more important, or describe tHé/C ratio via intermediate
Manuscript received March 11, 1999; revised December 12, 1999. This paggerantities such as the noise figure of the active device or power
was recommended by Associate Editor J. Suykens. _ _(amplitude) of the carrier signal. These intermediate quantities
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From the theoretical point of view, the rigor with which many
popular phase noise models today are derived can still be im-
proved to provide an insightful answer to Question 2 above.
Since the analytical expressions of different models, incom- _ o o , _ _
plete as they are, do not aways agree with one another, igff; % Mice Cesrton o) charseterele of a0 sove deve e
in both theoretical derivation and experimental verification also
remains the only way to sort the correct answer out. To appre-
ciate the strengths and weaknesses of existing models, we #¥hsame way as the carrier, even though it is superimposed on
group the best-known papers (in electrical engineering journée latter. The distortion it experiences, or the average gm ap-
at least) describing oscillator phase noise into four categori@éicable, will therefore also be different from that of the carrier.
according to whether the analysis is carried out in the frequenpart from predicting a noise response that is 6 dB too high at
or time domain and whether noise input is assumed to be add@y-offset frequencies, linear analyses also suffer from the fun-
to the carrier signal itself or the phase thereof [29]. damental inability to predict the odd symmetry in output noise

Linear, frequency-domain analyses simply assume that nofectrum that is essential to modulation in phase.
is superimposed on the carrier and the transfer function from theAnother way linear analysis is used in the frequency domain
noise source to the oscillator output is that of the resonator taisko consider noise sources to be additive directly to the phase of
modified by the equivalent linear transconductance of the actiifee carrier [6], [7]. The result is best known as Leeson’s model,
device. Fig. 1 shows the equivalent circuit of the simplest casdich has become the most popular model for phase noise in
[11]. TheV-I characteristic of a real active device, on the othéhe last 30 years. For white noise to be additive to the phase di-
hand, can generally be depicted as in Fig. 2, withashape rectly, however, it must be located at places where it can influ-
serving as a necessary feature to limit the oscillation amplitugece the frequency or phase-setting elements of the oscillator,
[30]. The negative slope representing the negative (trans)cstich as the junction diodes (intentional or parasitic) in series or
ductance required for startup is usually found in the middlparallel with the main linear, passive tank. Since the phase (or
Since thisv—I curve is usually highly nonlinear, the approache&equency) shift caused by white noise on the reverse bias of a
used to obtain the equivalent linear transconductance (gm) hfiugction diode is solely determined by the C-V characteristic
been different. of the capacitor and its relative importance to other linear ca-

Earlier analyses [2] allow the equivalent gm to be quitpacitors in the tank, the introduction &% (carrier power) into
different from the critical transconductance,{) required the input phase noise seems quite arbitrary. Numerical verifica-
to cancel the loss of the tank exactly. Such analyses resulttions with practical oscillators also show that noise levels asso-
models that generally predict a bandpass characteristic centetigtied with junction diodes are too low compared to the noise
at the carrier frequency, flat at frequencies immediately adjabserved at the oscillator output, not least because good oscilla-
cent to the carrier and rolling off at 6 dB per octave at highders are designed to minimize the influence of parasitic diodes
offset frequencies. The corner between the two offset frequeroyd the bias circuits of frequency-setting varactors usually have
ranges is typically of the order of the carrier frequency dividddw-pass characteristics with cutoff frequencies well below the
by the @ of the passive tank, which can be 10 MHz for ®scillation frequency.
1-GHz oscillator and & of 50. Such corner frequencies are In addition to Leeson’s paper, there are analyses in the time
not observed in practice. To fit to experimental results, latelomain that also assume noise to be directly added to phase [8],
analyses [9], [11] assume that the transconductance (or gain)ii], [13]. Some form of instantaneous AGC is required to jus-
the active device, seen by the noise signal, is exactly the satifigdiscarding the amplitude response caused by the same noise,
as that for the carrier, which in turn must be the same as ttet illustrated in Fig. 3. An additive interference on one side of
required to cancel the tank loss in steady state. The resultithg carrier frequency [Fig. 3(a)] is mathematically equivalent to
equivalent circuit is an ideal zero-loss linear resonator. Tliee sum of two halves of the same interference plus the differ-
inverse dependency on offset frequency is now present all #rece of two halves of a signal that is the image (equal ampli-
way to the carrier. tude, equal offset frequency but on the opposite side of the car-

The problem with the use of the carrier's gm is that the latteier) of the original interference, as shown in Fig. 3(b). The four
is only a crude large-signal concept indicating the ratio betwebalves of sidebands are then regrouped into a pair representing
the fundamental component of a distorted output current ofamplitude modulation [Fig. 3(c)], as well as one representing
transistor and the (sinusoidal) voltage applied to its input. THieequency modulation [Fig. 3(d)]. The automatic gain control
noise component, being a smaller signal at a different frequerargument is now invoked to remove the pair representing AM
and phase, does not traverse the nonlivedicurve in Fig. 2 in  [Fig. 3(e)] and the resulting perturbation is that of the phase
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AGC > Y > tors with nonlinear state-space equations. While such analyses

can be useful for computer aided numerical analysis, the ab-
Fig. 3. AGC argument typically used to justify conversion of additive noise tgence_ O_f a C|O_S€d form, eXP“CIt SOIu_tlon fo_r any SpeCIfIC oscil-

phase noise. lator limits their use to a designer to simulation. The dependence
of noise of most active devices on the state variables such as in-

[Fig. 3(f)]. While the AGC argument is an expedient way oftantaneous currents, together with the lack of time-domain de-
modeling an additive interference as phase perturbation, it d§§iption of such a dependence, make it difficult to solve such
not answer the fundamental question if an additive noise alwasfgte-space equations even numerically.

results in only the phase of oscillation being modulated and, The primary purpose of this paper is to provide a formula-
when it does, what is the underlying mechanism that causes #§& of phase noise that is unbiased toward the conclusion, and
conversion of a single-sideband interference into double sic analysis that leads to models completely described by direct
bands with odd symmetry. When AGC is used in an oscillator,glectrical parameters of an oscillator. In the following, we will

is usua”y imp]emented as a narrow-band mechanism to Corrgfﬁt use the CMOS COlpittS oscillatoras an example toillustrate
slow variations in the steady state oscillation amplitude. Suéh analytical approach to the derivation of both oscillation am-
an AGC only responds to the average noise power, whichRlitude and noise response, in Sections Il and Il respectively.
constant. There is no reason why one should deliberately c&ection 1V identifies the noise sources, discusses the depen-
struct an instantaneous (wide-band) AGC that is sensitive @gnce of noise source on the varying current in the transistor
added signals often 100 dB below the carrier, especially td derives the noise-to-carrier ratio in the oscillator. Also dis-
we know its only effect would be to turn less harmful additivéussed is the dependence of tN¢C' ratio on circuit parame-
noise into more harmful phase noise! Indeed, instantaneoud®s- A brief outline of how the approach to the Colpitts oscil-
fast-responding AGC's are usually avoided in LC oscillatorétor can be extended to arbitrary LC oscillators will be given in
precisely to ensure (short-term) frequency stability. Even if orgection V, before the concluding remarks in Section VI.

still wanted to construct a wideband AGC, in a highescil-

lator this would be a very difficult proposition because the time 1l. STEADY STATE AMPLITUDE OF A CMOS QLPITTS
constant of the LC resonator is proportional to the product of OsCILLATOR [31]

@ and the oscillation period and any AGC feedback ultimately yye pegin with the necessary condition for oscillation for the
must overcome the inertia of the LC resonator to establish a ngy|itts oscillator in Fig. 4(a). For a small carrier signal the
equmbrlgm. In very low€) oscillators (r.|ng o;cﬂ_lgtors, for in- MOS transistor can be modeled as a linear gm, as shown in
stance) inadvertent AGC such as amplitude limiting can be quiigy 4(p). Al resistive losses of the tank have been lumped into
fast, but it is inadequate as a fundamental starting point in apysistori,. The transistor forms a positive feedback loop with
general formulation of phase noise theory. capacitor€’; andCs. The equivalent impedancgy looking to

~ The natural way of modeling the noise input as being adde right of the dashed line in Fig. 4(b) contains a negative real
tive with the carrier waveform in the time domain has also be

adopted in many papers [4], [5], [10]. Some [4], [5] model the
nonlinearity of the active device with a third-order term and de-,, | _ v_ 1 (—R) 1 1 gm (1)

. . : . : =—-=-— ) == + - - .
scribe the dynamics of the oscillator with a VVan der Pol differen- =T jwC jwC  jwCy  Ww2C1Cs
The necessary condition for the oscillation to start is that the

tial equation driven by the noise source. The resulting analytical
§i5 resistance in the equivalent LC tank in Fig. 4(c) be negative

expressions, however, have so far predicted a bandpass chqr
teristic. Often a constant termy (n [4]) is defined which is of
the ordgr of magnitude o'f the rglative differgnce bet'vv'een the Gm > Gme = w2C1CoR, )
small-signal gm of the active device apg... This term divided

by @ defines the corner of the relative (to the carrier) offset fravhere g,,,. is defined as the critical transconductance for os-
guency of the pass band of the final output noise, which has mitation andwy = 1/+1/(LC) is the tank’s angular resonance
been observed in practical oscillator measurements. Other fraguency. A negative middle term in the circuit’s characteristic
pers [10] take a general approach of describing arbitrary oscilleguation means the latter's complex conjugate zeros have a pos-
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itive real part. The zero-input response of the circuit is therefore
an exponentially increasing sinusoidal oscillation. Equation (2)
does not tell us, however, whether the oscillation will stabilize
to a particular amplitude.

During startup, the average current in transistbr may not
be the same as the bias currént The difference between the
two flows into the capacitive network formed liy; and Cs,
causing the dc voltage betwedii1l’s gate and sourc&s to
shift. This, in turn, changes the average current in the direction
of the bias current. The steady state is reached when the two
currents are balanced.

Since the values of the passive components in the tank and
their resistive loss, which we will show have a direct impact
on oscillation amplitude, have typically 5-20% tolerances an
analysis with much greater accuracy is unnecessary for practical
purposes. Resonators (tanks) used in oscillators typically have a
high quality factor ¢¢) which suppresses the harmonic contents
of any oscillating voltage on the tank to negligible levels. Even
foravery low(Q of 3-5, typically found in an inductor integrated
in a standard CMOS technology, the harmonic content is less
than 20%. To restrict the complexity of the analysis we assume
thatQ is high, so that the harmonics of the tank voltages can be
neglected. For the same reason, an elaborate transistor model is
also not necessary. Therefore, a simple square-law characteristic

las(t) &

is used to describé/1 (b)
3 Fig. 5. (a) Voltage and current waveforms whefl is in Class-A mode. (b)
IDS(t) = é[vgs (t) - VT]2 : g(t) \oltage and current waveforms whaii1 is in Class-C mode.
_B 2
- §[Vm cos(wt) + Vi = Vr]” - g() ®) Multiplying 1., with the transimpedancH (jw,) between the
where I, branch and’,, branch in Fig. 4(b), we obtain the steady-state
V.. oscillation amplitude; oscillation amplitude
Vs dc gate bias in steady state; —2fV2
Vr  threshold voltage, below which the transistor cuts off Vin = 1, H(jw,) = (6)

and current equals zero. me

The gating functiorny(¢) = 1 for V,,, cos(wot) > (Vr — V)  Solving (4) and (6) jointly, we obtain

andg(t) = 0 for V,(t) < (Vr — V). To determine the two

unknown variables, steady-state bi&% (— V) and oscillation o Y T _ Gme
amplitudeV/,,,, we can apply KCL to the node in Fig. 4(a) at Vin = 2PLo = Gine, ande = 3Vm LM
dc and at the resonant frequency to set up two equations.

If the steady-state biad’ — V) is greater thai¥,,, as de- Reorganizing (7), the same relations can be expressed as

pllcted in Fig. 5(a), so that,,, cos(w,t) never causes thg tran- BV =V2r/2 /3 I - grnc < e
sistor to cut off, then the average current throudh is given 5 o
by or grnc < grno - 2/3-[0 < 2 Imer (8)
w, [T/ g From (7), we see that if one wanted to ke from cutting off,
=22 B, Vg — Vy)2dt . .
A A 2[ m €08(wot) + Vi — Vi a combination of small transconductance coefficig#and large
w, BV (1/2) bias current would be the best way to maintain sufficiently large
=2 m / [cos(wot) — x]*dt amplitude. The maximun’,, is reached when the second half
2mJo of (7) is satisfied with equality, in which cad€,ax = gme/S.
/3 Plm (1 4 242 4) Condition (8) shows that the range for the nominal transconduc-
4 tanceg,,, is very small, so that a 20% increasegp. due to

wherez is defined agVy — Vg /V,,,) andz < —1. The funda- tolerance in capacitance or tank loss can easily kill the oscilla-
mental component of the AC currenta@$, on the other hand, tion.

is given by To ensure startup as well as adequate amplitude, practical os-
. cillators are designed to havegg,, several times larger than
2w, BV /2 2 _ gme- IN this case, conditions in (7) and (8) are no longer satis-
I, =—=-— [cos(wot) — x]? cos(wot)dt = —xBVE. I . )
T 2 Jy fied and M1 does get cut off during part of the oscillation, as

(5) depicted by Fig. 5(b). Equations (4) and (5) must therefore be
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modified to account for the time in whick/ 1 is cut off. This is 20
done by reducing the limit of integration to the timé1 is on

1 —1 VT - VB 1 _1( ) L3r
T = — COS —— ]} = — COS x
Wo Vrn Wo ’ 2
>< - f®
-1 <2<, 9 5;5 16T " (5+x)/3
The average current through M1 is now given by g

2 (cosfl(m)/wo) 1471
I, = WollVin / [cos(w,t) — z]*dt
0

27 :
3V,2 [1+ 222 3 .
= /27;" [ +2 * cos™H(z) — 5 zyV/1—-22|. (10) 1'2-1 0 1
X

The oscillation amplitude, on the other hand, is given by

Vrn :Ion(jwo) 1.0 1.0
&
<
3 312 (cos™H(x)/we) X 10.8 5
_ @V / [cos(w,t) — x]? cos(w,t)dt osp oo~ m— duty cycle Z
Gme™  Jo 3
106 =
B, (2442 = . g
- 7'm |9 1—22-3 } . 0.0 g
37(st30102 ( t ) * o (-T) " 10.4 E
(11) g
-0.5F e {02 g
Rearranging (10) and (11), we obtain [ -
g &
S
I, 1 : 00
Vin = p f(x) % 10 100
4L, [2+2?)V1— a2 — 3z cosH(x)] gmo/gme
 3gme [(14 222) cos™1(z) — 3zV/1 — 22 Fig. 7. Parameter and duty cycle as a function of normalized nominal gm of
M1
L(5 :
(5+ ) (12)

~ 2
3R,w; G107 corresponding duty cycle = 27/T = cos !(x)/x versus
941, <gmo ) 2 (9mo/9me). Note that the horizontal axis is on logarithmic scale

to allow the lowg,,,/gm. region to be better displayed. It can
5 be seen that bothand the duty cycle are relatively steep func-
=g (z) tions when the normalizeg,,, of M1 is low. FOr ag,o/gme
_ 9 [(1 4 22%) cos™*(2) — 3av/1 — 2] (13) ratio of three, which can be easily expected for practical designs
2 (24 22)V1—a? — 3z COSfl(x)]2' r = 0.2 anda = 44%. The improvements af anda are much
slower beyondy,..o/gme > 5, resulting only in0.5 < =z < 1
Even without solving (13) explicitly fog, it can be seenfrom and o« < 33% so that setting\/1’s transconductance much
(12) that oscillation amplitude is only a weak functionzodind, higher than they,... of the tank is inefficient as far as achieving
thus, also of the duty cycle d#/ 1. As z varies within its limits better amplitude is concerned. The limitiif, is achieved when
+1, the amplitudéV,,, varies by no more than one third. Oney,../gm. tends to infinity, in which case tends to unity and
can thus say that,, is roughly proportional to the bias cur-

2
Ime Ime

: . . 21,
rent I, and inversely proportional tg,,.. Fig. 6 compares the Vin = . (14)
exact functionf(z) and its approximatios + x)/3 in (12). Gme
The maximum difference is less than 2%, occurring at 0, It is interesting to note that this limit is independent of the

which is a negligible error in terms of amplitude prediction. Thdetailed parameters éf 1. In fact, the limit is exactly the same
approximate version of (12) has the advantage of much gredfer/1 in Fig. 4(a) is replaced by a bipolar transistor [30]. It is
simplicity. also worth noting that the duty cycle 8f1 is 0% in the limit
Although a solution for: in explicit form is more difficult to and only 33% forg,,.,/gm. = 5. This indicates that the active
obtain from (13), itis only a function of/1’s nominal transcon- device, be it MOS or BJT, operates deeply in class-C mode in a
ductancey,,,, normalized to the,,,. of the passive tank. Thus, typical LC oscillator. In other words, the active device behaves
needs to be solved only once numerically versus a useful ramgere like a switch than an amplifier. To demonstrate this, we re-
of normalizedy,,, and can be looked up once the ratio betwegplace the active transistor in the Colpitts oscillator by a switch,
Imo aNd g, 1S known. Fig. 7 shows the calculatedand the in series with a current sourdg,.., as shown in Fig. 8(a). The
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(b) mounting the transistor, the equivalent parallel resistatjcef
Fig. 8. Thought experiment. (a) Colpitts oscillator with ideal switch (bjhe tank at resonance has been measured and the value of the
Current versus duty cycle parallel resistancé.; is selected accordingly, to make the re-

sulting i, exactly 500€2 (or g,,. = 2 mS) at resonance. The

threshold of the switch is set relative to th@ode of the cir- 9ate bias voltage is adjusted by meangipj to ensure that the
cuit. If Iy is larger thanl,, the dc voltage across capacitofmeasured dc current througli1 is 0.5 mA during steady-state
C1 will change relative to the threshold of the switch so as @scillation. The corresponding,,, = 6.7 mS. According to
restrict the period the switch is turned on. The constraint is thalg- 7.« = 0.275 and the duty cycler = 0.41, whereas the
the average current through the switch equals the bias curré@gcillation amplitude is 0.44 V according to (12). Fig. 10 shows
Iyuse @ 27/T = I,. If we increase the available currehf,.. the measured steady-state source and drain voltaged of he
further and further, the duty cycle of the switch becomes smalgcillation amplitude at the source is 450 mV, whereas the duty
and smaller, as depicted by Fig. 8(b) [29], [32], until the curreff¥cle, measured as the time between the two cursor positions of
through the switch becomes a Dirac function of dgga Thus, the drain voltage waveform divided by the oscillation period, is
irrespective of how the switch is constructed, as long as a lalgé14. Further measurements of a similar oscillator for four dif-
current is available during its on period, the limit of the oscillaferentgm.'s versus bias current from 20\ to 5 mA [31] show

tion amplitude is that the amplitude prediction by (12) is always within 1 dB of
measured values. Since normal tolerances of both the resonance
1\2 [* ot 21, and the loss of LC tanks, whether made of SMD components or
Vi = <grnc> T/O L,T6(t)e™ " dt = . integrated on silicon, can be easily 5%—20%, the tolerance in

gme Can be easily a couple of decibels. The accuracy of (12) is
The examples of BJT and MOS implementations show that ttieerefore as good as need be for practical design purposes.
details of the switch construction determine how fast the limit
in (15) is reached. As long as the active device, be it BJT, MOSJIl. OSCILLATOR RESPONSE TO ANNTERFERINGCURRENT
or any other switch-like transistor, has sufficient transconduc- . : i
To analyze the oscillator response to interference, let us in-

tance, the details are unimportant as the amplitude will be clase

to the limit set by (15). In practical designs, insight into the aﬁ?Ct a small current [shown in gray in Fig. 4(aj], cos{(wo +

) ’ L Aw)t + ¢y ], into thes node. Although the phase of the injected
proximate amplitude dependence on the circuit parameters ¢an : . .

be obtained from (15), whereas a more precise estimate can’ frent IS not |mpo_rtant,.we.assumellzbl,sforthe sake of gener-
obtained from (12) ' ality, while the main oscillation (carrier) serves as the reference,

o that its phase is assumed zero. Any respongsg @&t Aw by

To verify (12), SPICE smulatlons as vyell as expenments 's gate-source voltage will be modulated by the gating func-
have been performed. The simulated amplitude agrees with ( , L
ioh ¢’ (¢), which is nearly the same a$t).

to within 1% for @ > 50. For a moderat€) of around 10, the

simulated amplitude is about 1-2 dB below that predicted by

(12). To perform controlled experiments, a 78-MHz Colpitts os- ¢'(¢) ~ g(t) =

cillator is constructed, as shown in Fig. 9, where the values of the

main oscillator, as well as those of biasing and coupling com- 27

ponents, can be found. The choice of the oscillation frequency <0 <a= T < 100%, — [a] < 1) )

was made to be sufficiently low to allow values of the resonator (16)

inductor and capacitors to be much higher than board-level par-

asitics and yet sufficiently high so that the conclusions from tH2ue to this modulation, a response voltage will also be created at

measurements remain valid for high frequency oscillators at tthee image frequenayy — Aw, which itself will be modulated to

low-gigahertz range. create a feedback componentgt+ Aw. At this stage, we only
The transistord/ 1 has a transconductance coefficient of 9&now that there will be a voltage response at hagh+ Aw and

pANV?Z and was produced in a m CMOS process. Before wy — Aw, but their amplitude and phase in steady-statee,,

2 2 sin(iw, .
203 BT ity

oo
< (20

1=1
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Fig. 10. Measured oscillation waveforms. Channelt’s drain voltage representing its drain current. Channél/4:'s source voltage

andVy, ¢, for the upper and lower sidebands, respectively, are AV cos[(wo + Aw)t + ¢y
unknown to us. + V, cosl(wo — Aw)t + ¢r]
Va(t) = Vi 4 Vi cos(w,t) + Av + Vi cos[(wo + Aw)t — ¢r]
=Vi + Vi cos(w,t) + Vi, cos[(w, + Aw)t + ¢y, + Vi cos[(w, — Aw)t — ¢u]}- (19)
+ Vi cos[(w, — Aw)t + ¢r]. a7

It is interesting to note that the coefficient of the first term on
The perturbed feedback current througihi is therefore ap- the right-hand side of (19) is the sameyag, the amount of gm

proximately given by required to cancel the loss of the resonator, according to (11).
Typically, |z| # 1, so that an apparent excess term exists in the
Ips(t) = ﬁ{Vm cos(wot) + Vi — Vi gm between the upper sideband (USB) voltage perturbation on
2 the gate and the current perturbationfhl, unless the USB
u ° u an ower sideband) responses are equal in amplitude an
+ Vi cos[(wo + Aw)t + ¢u] dLSB (I ideband) I litude and
+ Vi cos[(w, — Aw)t + ¢} opposite (180) in phase, such that the second term in (19) is

2 2 sin(iw,r) . always cancelled. .

T + Z T cos(iw,t)| . (18) The four unknown parameters of the voltage perturbation
i=1 around the fundamental frequency can be related to the injected

Expanding (18), we collect only the terms at the interferen&irrent by Kirchhoff's current law on thenode in Fig. 4(a)

frequencyw, + Aw and the imagevs, — Aw, because they

will be fed back to the gate of the tank to sustain the intey- = cos(w,t)+ AT} 5(t) +In(t)+01% _02% =0.

fering voltages. The terms around dc and higher harmonics of dt dt (20)

w, can be neglected, because they will be heavily attenuaied,n pe shown that foAw < w,

by the (high€&?) tank and will not produce much voltage on the

gate. Since the current and voltage perturbations are assumed  dV; dVs

much smaller than the main carrier, their second- and higher & ar Cz dt ~2(C1+ Co)Aw

order combinations are negligible. Thus, the significant part of A V. sinf(w, + Aw)t + ¢u)
Alps(t), Al 4(t), is given by —V;, sinf(wy — Aw)t + ¢r]}

Als(t) = /33‘::1 [(2 +2)V1— 22— 3z - COS_l(J}):|
AV cos[(w, + Aw)t + ¢,]

+ V., cos[(w, + Aw)t + ¢u]
) —;LYZ cos[(w, — Aw)t + o]} +VE, cos[(w, — Aw)t + ¢r]}.

o (1= %) (1)

— RSCngwg
-{ Vi cos(w,t)
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Combining . (11), (19) and (21) into (20), we obtain

%(1 _ 2)3?
3m
-V, cos[(w, + Aw)t + ¢y
+ Vi cos[(w, — Aw)t + ¢
+ Vi cos[(w, + Aw)t — ¢
+ Vi, cos[(w, — Aw)t — ¢ ]} + 2(CL + C2)Aw
AV, sin[(w, + Aw)t + ¢y,
— Vi sinf[(w, — Aw)t + ¢r]}
+ 1, cos[(w, + Aw)t + ¢y,]
= A - cos[(w, + Aw)t] + B - sin[(w, + Aw)i]
+ C - cos[(w, — Aw)t] + D - sin[(w, — Aw)t] = 0.
(22)
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¢, = m — ¢r. The upper and lower sideband responses are
therefore equal in amplitude and T86ut of phase. This is just

the same as what would be created by a modulation in phase, so
that additive interference does create phase modulation, due to
the switching behavior a¥/1. For the same low-offset frequen-
cies

L orvV, ~ A
T4 (CL+ O AW
(32)

V2
Y4 [2(C + Cy)Aw]?

Note that (32) is half of what would be predicted by a linear
analysis. The USB response is indeed inversely proportional to
the offset frequency, as has been well known experimentally.
This inverse dependence does not continue uninterrupted, how-
ever, according to (31). At sufficiently high-offset frequencies
67(CL + Co)Aw > 28V,,(1 — 2%)%/? and the transistor no

For (22) to be valid at all times, the coefficients for the sin®nger has sufficient gm to provide any significant feedback to
and cosine terms at both frequencies must be zero. This pgounter the interfering current so that the relationship between
vides us with four simultaneous equations to solve for the fothe latter and the voltage response is purely that of a linear tank.

unknowns in steady stalg,, ¢.,, V, and¢,,

A= ﬁgﬁu — 2232V, cos(¢r) + Vi cos(¢u)]

—i-g(Cl + Co)AwV, sin(¢,) + I, cos(¢p,) =0 (23)
B= /33&(1 — 22?2V, sin(¢r) — Vi sin(py)]

+7;(C'1 + C2)AwV, cos(¢y) — Iy sin(g,) =0 (24)
C= ﬁgﬁ(l — a:2)3/2[VL cos(pr) + Vi, cos(py)]

—7;(01 + Cy)AwV, sin(¢pr) =0 (25)
D= %(1 — 2232V, sin(¢,,) — Vi, sin(¢r,)]

—7;(01 + C)AwVy, cos(¢pr,) = 0. (26)

If we redefine the four knowns a@&* = V,, cos(¢.), V.l =

V, sin(da), VE = Vi, cos(pr) andV{ = Vi, sin(gr), it is

The image sideband then disappears, according to (27) and (30).
The result is now identical to that predicted by a linear analysis

Iy
V., &~

pERCEEAR )

The transition point where the image sideband respéfise
becomes 3 dB below the upper sideband respoéf)sean also
be derived from (30)

BVm(1 — 2®)15

6m(CL+ Cy) (34)

Aw_3ap =
For oscillators with 100% current duty cycle < —1, the
corner frequency is zero and the noise remains additive because
there is no more gating function and the squaring nonlinearity
of the MOSFET only translates the upper sideband interfering
signal to frequencies around DC and the second harmonic of the

quite clear that (23)—(26) are linear and readily solvable. Solvirgrrier, which will be suppressed by the carrier. Wheands to

(23)-(26) jointly and defining).. in (27), we find

L [67(CL+ Cr)Aw
$e = tan [W} 0
[ BV =) .
¢r, = tan [m} — ¢n + kmr,
¢u, =7 = d)L - d)c (29)
Vi, = Vi cos(¢.) (30)
V2= L
" T R(Cr+ Co)AWPT + 3 - cos2(0)]
2

[2(01 =+ CQ)ACU]Q

BV (1 — 22)3 + [67(Cy + C2)Aw]?
{4 VP - 223 + [67(Cr + Co) AW}
(31)

Usually the offset frequency is relatively smally (Cy +
Co)Aw < BV(1 — 2%)%/2, so thatp. ~ 0, V, = V, and

1, asinthe case of a lossless resonator, the corner frequency also
tends to zero and the output noise remains additive. For most
practical oscillatorgz| < 1 and noise becomes multiplicative,
affecting the phase of oscillation. The3-dB offset frequency
given in (34) is usually too high to be observed in normal phase
noise measurements because the sideband spectral density at
such a frequency is already well below the noise floor of the
measuring instruments.

It is important to note from (32)—(34) that the detailed
transistor parameters are only important in determining the
boundary between the interferences that will merely be super-
imposed on the main oscillation and those that will cause jitter
in the phase of the oscillation. In the former case, HfiAw
characteristic is merely due to the impedance of the linear
tank decreasing. In the latter case, the creation of the image
response and the effective negative feedback loop (through
modulation) between the signals at the two frequencies are
responsible for canceling any excess gmadfl that is not
needed for compensating the loss of the passive tank. Although
in both cases the response is inversely proportional to offset
frequency, the two cases differ by 6 dB and cause very different
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disturbances to the oscillator. In the phase jitter case both
the image response and its interaction with the response at
the frequency of interference are due to the active device’s
nonlinearity, especially the switching action in most oscillators.
Analyses attempting to bypass the explicit description of the
transistor’s nonlinearity therefore bypass the most fundamental
mechanism in amplitude to phase noise conversion. The
mixing action (by switching) alone creates the image sidebarfég' 11. The Norton equivalent re.presentation of the subcircuit devised to
. : A injéct controlled current into the oscillator
which does not necessarily entail the odd symmetry of phase
modulation. The fact that the image signal is mixed back to the
original sideband in an oscillator, however, means a feedbag¥entually becomes too low to allow the transistor to feed back
loop between the signals at the two frequencies is created Significant current to counter the injected interference. The re-
mixing. In a stable oscillator, this feedback must be negati#onse must therefore be that of a linear network and no image
unless the loop gain is (much) less than unity as in the ca8igeband should be observed. In our analysis, the results reduce
of a high-offset frequency. A strong negative feedback is onlg that of a lossless tank naturally if we let the loss resistance
feasible if the image response is delayed in the transient, sd&hand bias currenf,, tend to zero simultaneously under the
that its steady-state phase is 18fffset from the response atconstraint of a constant oscillation amplitude. The current duty
the original frequency. This creation of negative feedback ®ycle in the transistor then tends to zeso 1), which means
the transient by relative phase shift is somewhat analogougheé latter is permanently cut off and does not affect the oscilla-
the locking process in a phase locked loop [33]. Balance @®n. The crossover frequency in (34) also tends to zero, which
currents at the image frequency [(25), (26)], where there eans that the response is given by (33), that of a linear net-
no input, then forces the two steady-state sideband resporn@sk, without any image.
to have equal amplitude and the effective gain of the negativeTo verify the results in this section, the oscillator in Fig. 9
feedback loop to be unity. The close-loop (low-offset) responéeused to test its voltage response to an injected deterministic
at the original frequency is therefore half of the open-loopurrent. Since the equivalent input impedance atthede can
(high-offset) response, as described by (32) and (33). be very high at close to the resonance frequency of the tank, in-
The exact amount af/1's gm, and indeed the detailed shap¢ecting a well-known current is difficult. Instead of applying a
of its large-signaV—I characteristic, are otherwise unimportan¢urrent directly, we apply a sinusoidal voltage, as shown, and
except in setting the boundary between conversion and no comeasure the voltagdg, andV;. The Norton equivalent of the
version to phase noise. circuit within the dashed box in Fig. 9 is shown in Fig. 11. Since
The significance of the theoretical prediction of the crossovtre effective injected current is given B¥y/R;1, the impedance
point and indeed its experimental verification lies therefore nét looking into thes node of the oscillator from the equiva-
so much in the 6-dB difference in noise prediction at higher fréent current source is the measured node voltdgeivided by
quencies as in being a litmus test of the rigorousness of the f&/R;1, Z = (V,/V;)R.1. Since for a low-loss tank the cur-
mulation of a noise analysis. The crossover point is usually gent flowing throughC; andC; at close to resonance is much
far away in relative offset frequency from the carrier that thieigher than other current components flowing into $heode,
noise there and beyond is too low to affect any practical dthe latter can be neglected aig,(t) = (C1/C2)V,(t). The
sign. The fact that its existence has never been noted befortramsimpedance,; = V., /I, can therefore be reliably mea-
ample proof. This existence enables us to make two observatisnged, at least in the vicinity of the carrier, via the voltage ratio
that are both fundamental and common sensical: 1) interferigig /V;). Close to the carrier, the applied signal levels are kept
noise close to the carrier causes phase modulation that resultegry small to avoid pulling the main oscillation. Asw is grad-
a double-sideband odd-symmetric response and 2) interferenadly increased, the voltage response becomes so small that it
far away from the oscillation frequency causes no more than aiirks below the noise floor of the spectrum analyzer. The inter-
ditive noise. In the latter case, the response must be very simflaing signal level is increased when necessary just to keep the
to that of a passive tank alone. In recent literature on phase naigpectral peaks representing the voltage response above the noise
[12], [34], it has been forcefully argued that some time variafipor by a few decibels. Also measured are the ratio between the
nature of the oscillator's impulse response, rather than the nonltage response at the image frequency and the injected cur-
linearity of the active device, plays the fundamental role in thent, which we refer to as the image transimpedance.
creation of phase noise or DSB response to an SSB interferThe measured transimpedances are shown in Fig. 12, against
ence. So much so that only a lossless LC tank with an addititteose calculated using (30) and (31). Also shown is the straight
current source has been used as the basis for the formulatiore to which the upper sideband transimpedance is asymptotic
of subsequent analyses and no distinction is made between livihigher offset frequencies, which would result from a linear
and high-offset frequencies in the formulation of the theory arahalysis. The measurements and calculations agree to within 1
its conclusions. It is perhaps worth pointing out that a lossledB at low-offset frequencies and 2 dB at high-offset frequen-
LC tank, being a linear network, is incapable of generatingaes, which is remarkable over nearly six decades of offset fre-
second sideband, let alone the odd symmetry between the tyjuncy and seven decades of impedance levels. Also remarkable
sidebands. For a lossy oscillator and finite transconductancasthe accurate prediction of the crossover point at 1.3 MHz. This
any transistor, the voltage response at high-offset frequencé#®ws that as long as the parasitics are small and the oscillator




974 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 47, NO. 7, JULY 2000

107 Voo
§ 1
Ao |
L 280(G + G) M

10° Calc:;a(e]d+U;perSideBand J_ g | ! |§
P T Calculated LowerSideband C 1
E 10°F = Measured UpperSideBand Ls —|_ s
= Measured LowerSideBand
S 1 2 2
3 Rs|| C2 B l@ms @ 1%
:E | T
T 10 L
g v
510 s Fig. 13. Colpitts oscillator with all noise sources represented as current into
= pa the S node
] N gy .
i % ",
B o0 ™, h

. frequency. This enables our noise analysis to follow all the rea-
10° : . . . e i i ;
s 10° 100 0’ 100 107 1o¢  Soning of noise analyses of common linear networks.
Offset Frequency From the Carrier (Hz) IV. NOISE TO CARRIER RATIO IN A CMOS QOLPITTS

OSCILLATOR

Fig.12. Calculated and measured voltage responses at both the upper sides and . .
and lower sideband to injected current at upper sideband (the circuit parameterdf the offset frequency is much higher thaaw_3 45 [ (34)],

are slightly different from those in Fig. 10, = 0.37 V andz = 0.2). the noise spectral density of the oscillator gate-source voltage at
each frequency is simply given by (33) times the spectral density

can be truly represented by Fig. 4(a), then the formulas deriv%equwalent noise current at that freque_ncy. In the much more

above are very accurate. important case that the offset frequency is belbw_; 45, the
response is given by (32) times the spectral density of equivalent

A further point to note from Fig. 12 is that the Aw char- . tatth f lus th tribution due t
acteristic continues all the way down to 100-Hz offset, Wher%msi(rancurrenf 2 : € sarr‘rr1entrequJ§ncz an[JSt tﬁ cor:hrl ru ;gn ?fho
further measurement was prevented by the drift of the free—rL}n—e image of noise current component at the other side ot the

ning oscillator. An early measurement of a Clapp oscillator gprmer

a similar carrier frequency, locked to a crystal oscillator by a V2w, + Aw) = I2(w, + Aw)

very narrow-band PLL to reduce drift, showed that sutfiAw nATe © 16 (C1 + Cy)2Aw?
characteristic continues to nearly 10 Hz. The experiments there- 5

fore demonstrate that analyses predicting a much higher corner Ly(wo = Aw)

frequency are incorrect. Below such offsets, pulling must be 16 - (C1 + Co)?Aw?
dominant so that the exact shape of phase noise should be imma- I (wo + AW (w, — Aw)
terial. At the high-offset end, our measurements show that the 8 (Cy + C2)2Aw?
1/Aw characteristic continues until 64 MHz, further than two

thirds of the carrier frequency itself! No flattening is observed, N (35)C” represents the cross-correlation factor between the
so that part of Leeson’s description of the phase noise sp&¥0 noise components. For white noise it is reasonable to as-
trum is incorrect. The experimental results are to be expect@éme that noise components at different frequencies are uncor-
although, because it would be very hard to imagine what noiglated to each othet;” = 0, so that the noise voltage spectral

mechanism would create a response of constant amplitude d#&Sity is given by

+C (35)

passive tank while the latter’s impedance gradually declines to 12

zero! The flat noise spectrum we sometimes do see in practical Viw, + Aw) = S0 "C AT (36)
oscillators must have come from buffers rather than the LC os- (G4 G)2Aw

cillator proper. Experiments will be compared to (36) later to verify the assump-

The analysis of the oscillator response to a single sinusoidian ¢’ = O.
interfering current at a single offset frequency can easily be ex-Now that we have established the relationship between phase
tended to multiple signals at different offset frequencies. If theise spectrum and the input white noise current, what remains
sum of all the interfering signals is small compared to the carri¢n, be done is to identify all major noise sources in the Colpitts
then one can assume that the interfering current at each offsstillator. In the order of increasing importance, they are the
frequency will generate a pair of response voltages. As long@ise current associated with the bias transistor MB, noise cur-
we can neglect the second- and higher order combinationsrent due to the loss resistanBe of the tank, and the noise cur-
interfering voltage components in the Taylor expansion of thient due to the main switching transistfarl. If we can convert
feedback currents, the subsequent mathematical manipulatiathghree sources into equivalent current sources, as shown in
can be considered linear because multiplicatiop{#yonly re-  Fig. 13, then the total output noise can be easily obtained by ap-
sults in frequency translation of each component. Thus, egalying (36).
pair of voltage responses can be solved at the correspondingince the drain of MB is directly connected to theode and
offset frequency and its image. In this sense, the oscillator lies current is constant, the noise current due to MB is the most
sponse to the composite current of different frequencies is thteaightforward /2 ; = v4KTgyp, wherey = 2/3 for long
superposition of the responses to the current components at eg@mnel devices. The noise contributiordfyfcan be worked out
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via the Norton equivalent current at theode. Representing the The ratio between the noise psd and the signal power can now
noise ofR, as a voltage source and short-circuiting $heode, be derived by combining (12) and (41)
we can obtain the mean-squared current noise power spectral
2 V2 (w, + Aw) 3\ kT /w,\2
density (psd) of the Norton equivalent circuit near the resona@tm° _ n \Wo _ < ) (_o)

frequency,l3 & (wCs)? - 4kTR, = (Co/C1) - 4KT - gpme. V2 54/ 1207
The time-varying nature of its drain-source current makes Cy cos—1(x)
M1 amore complex noise source. Referring to Fig. 8(b), the Y9mB + <C ) Ime T VGmo Rk (42)
average current through? 1 during the time it is on is given by
(37). The average white noise For small duty cycles is close to 1, (42) is then approximately
L T given by
===, I, — 37
mT <27’> cos~1(z) (37) SJ%‘/“C ~ kT ( Wo )2
I%, =~4kT ¢, | L 27 \2Aw
s Cs cos~i(x)
= 1~ m mc mo —|. (43
vakT, [261, —re YgmB + <C )g +79 - ] (43)
=v4kT gmo m (38) To verify (42), the parameters in Fig. 9 were used to calcu-

late the oscillator output spectral density due to thermal noise
psd duringM1's on time is therefore given by (38). If a time-Sources. The noise contributions in the square brackets in (42)

domain signah’(¢) has the same psd as that given by (38), théf{e_o',17 mS for the 64k bigs resistor, 2 mS for the rest of the
the noise current fof/1 is equivalent tow' (¢) gated byg(t). resistive loss of the passive tank that had been measgred be-
Sincen’(t) has a bandwidth much wider than the frequenc:;?re M1 was mounted, and 2.86 mS dueaél. The quality

of the gating function, the psd of(t) around the oscillation actor (@ of the tank is slightly under 25. This yields a calcu-

frequency is that of/(¢) scaled by the duty cycle af(t) [35], lated phase noi_se ef 115 dBc/Hz _at 10-kHz offset. The_calgu—
a = cos~(z)/n. lated phase noise is compared with measured results in Fig. 14,

covering four octaves of offset frequency range. Because the o0s-

cillator was designed to be relatively high the overall phase
(39) noise is very low. The noise floor of the instrument and the
onset of up-converted flicker noise therefore limit the measur-
able thermal noise region to the last two octaves. This gives
on time into infinitely small intervals, each on& wide, to  US three measurement points that are clearly on the 6 dB/oct

allow the exact current to be used for each interval instead ![je- To remove the influence of the noise from the instrument
the average in (38). Since the noise contribution of edch (HP 8563E Spectrum Analyzer), the latter is calibrated by mea-

interval can be calculated with a gating duty cycledof/T, suring an 80-MHz crystal oscillator at the corresponding offset

the overall noise psd is the sum of the individual contributiongr"'lquenc'es Since the phase noise of an 80-MHz crystal oscil-
which amounts to an integration that leads to lator is better thar-110 dB at 300-Hz offset [36], the measured

noise at offsets above 1 kHz is effectively that of the instrument.
This uncorrelated noise contribution of the instrument is then
(40) subtracted from the measured noise power at the 10-kHz and
20-kHz offset points. As is typical of most noise measurements,
Since most practical oscillators already have fairly low dutthe repeatability of the measured noise power spectral density
cycles, the difference between (39) and (40) is fairly small. [Féwith averaging) is approximtely within 0.5-1 dB. The measure-
the circuit in Fig. 9 the overall noise estimate using (40) is abontent accuracy of the points shown in Fig. 14 can therefore be
0.5 dB below that using (40)]. Equation (39) is therefore momnsidered to be 1 dB. This is the same accuracy with which
preferable because it gives one more insight into the relationstie calculated thermal noise line in Fig. 14 predicts the mea-
between noise and the nominal transconductance, as well assinement. The measurement at 1.25 kHz is 16 dB higher than
current duty cycle. The latter two are design parameters.  that at 5 kHz, showing this region to be strongly influenced by
Replacing the noise current term in (36) with the sum of coflicker noise. From the slope of the measured noise psd we can
tributions from the bias transistor, the resistive loss of the taiifer that the crossover point between thermal noise and flicker

—1
2~ e g,

cos—1(x)
T n/ —_— - .

A more accurate estimate 6f is possible by splitting/1'’s

12 = aprpy, YL 22w cos ).

and that of the switching transistd{ 1, we obtain noise is around 1.5 kHz. Adding the inferred flicker noise to the
calculated white noise contribution, we have a calculated phase
VHw, + Aw) =V (w, — Aw) noise that also agrees with measurement within 1 dB for the first
kKT two octaves of measured offset frequency. This can be seen as
~ 9. (C1 + C2)2Aw? conclusive evidence that (42) accurately predicts the sideband

G — noise-to-carrier ratio, not least because there are no parameters
[,ygmBJr < ) Grme+VGmeo M] . used in the calculation of (42) that have not been independently
C1 g verified by measurement to the desired accuracy first. Since the

(41) relationship between an injected current and measured voltage
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Fig. 14. Calculated and measured phase noise for the oscillator in Fig. 9.

response has also been accurately verified in the previous se: AITEN B VAVG 0 C')‘f'(')(OFl‘(H'Z”s-sdB/ Hz
tion, the significance of the measurement in Fig. 14 lies in veri-
fying (35) and (36), as well as the power spectral densities of all Z
the white noise sources in the oscillator, especially that/af I
Fig. 15 shows a measured spectrum of the oscillator. 16\{'01{‘ Wy [ \
In addition to having been derived on a rigorous basis, (42) isP[=1135 dB/Hz l \
completely based on circuit parameters known to the designers
This makes it possible to derive a complete design procedure fo / \
the optimization of a Colpitts oscillator for RF applications. Due / \
to limitation in space this discussion is not included here. It is, / \
however, interesting to compare (42) or (43) to the well-known / \
Leeson’s formula, which designers have been using for the las =
30 years, to examine the dependence on the resonator’s qualit m‘/ M.ﬂ
factor@ in particular. In Leeson’s original paper, the signal level  jawiy ) Wk R
P; at the input of the active device is not very clearly defined, ~eNTER 78.05790MHz SPAN  40.00kHz
so that it can either be interpreted as the square of the oscillatiol. RBW 300Hz VBW 300Hz SWP 1.2sec
voltage, or the power dissipated by the resonator. In the former
case we can see that for a constant oscillation voltage, the noise
to carrier ratio will only scale with the noise power givenin (41)
which clearly does not scale witQ?. In the latter caseP, =
(C1/C2)gme(Vim)? /2. Equation (43) can thus be rewritten as

15. Measured output power spectrum for the oscillator in Fig. 9.

' In practical situations, one does sometimes find that doubling
the @ of the tank improves thé . by exactly 6 dB, while

the transistor and its bias current are unchanged. This can arise
when the change d@ is purely due to improvement in the loss

ghw _ 2 Vi(wo +Aw) (C1 resistance, and that the middle term in the square brackets of
Nje = (CL/C2)gmeV2E \ Oy Yme (43) is much smaller than the other two terms. This may have
2%T wo \2 (O been the case especially for designers using discrete MOSFET's
T (Q2P, (ZAw) Cy or B\_]T transistors, Where the transconductanee for a given cur-
2 — rentis not within the designer’s control. For an integrated circuit
|y ImE <%> 1y Ime cos™1(x) designer this need not be so, because the size of the transistor
Ime 1 Ime Q should be scaled down witl),,. to maintain just the necessary

2kTF 1 w, \2 Imo/ gme range of 3-5 as explained earlier. In this case the noise

= (Q)—QPS (QAw) (44)  factor " in Leeson’s formulation is unchanged, while the signal
power P, has doubled. The mprovement@f will be 9 dB

which is apparently Leeson’s formula with an inverse deperach time? is doubled by halving?, [29], [3‘/]

dence or)?! Closer examination of (44), however, shows that On the other handSN »~ can be significantly changed by dif-

both the signal powef’, and the noise figuré’ so defined, ferent combinations of tank parameters with the same quality

far from being independent parameters, are usually also strdagtor . Assuming a typical case, for example, that the loss

functions of@). No conclusions could therefore really be drawmnesistanceR, of the inductor dominates the loss of the tank

about the) dependence of the oscillator noise performance @md scales linearly with the inductanEe. Doubling the induc-

the basis of Leeson’s formulation. tance and halving the capacitances therefore leaves both the
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devices driving the circuit. Such oscillators share a basic char-
acteristic that is the Class-C operation of the active devices. The
voltage as well as current variables in steady state will still be pe-
fi(ve,v2,..vm) v riodic so that Fourier series expansion can be applied to extract

the harmonics and dc bias and oscillation amplitude can still be

b1 ( i )
isn .
@ @ determined by balancing the currents at feedback nodes. With
| @ high @ resonators the voltages on different resonator nodes will
b2

fa(v1,v2,..vm) : . . . . -
will be in pulses. The notion that the gating of active devices cre-

v2
@ Hio) ates image components and such components interact with the

response at the original interferences through an effective feed-
back is still valid, so that the exact characteristics of the active
. . devices are unimportant in the noise part of the analysis. Since
] = any excess gm will be canceled by the negative feedback, the
inverse dependence of the interference response on the offset
- fu(vi,v2,..vu) . frequency will still hold, as does the odd symmetry between the
pair of sidebands at low-offset frequencies. In a l@wescil-
@ @ lator the harmonics of a resonator voltage cannot be neglected,
so that more unknown variables are associated with the har-
monics where more equations can be set up to solve them. Once
the steady-state solutions are known, however, the equations for
small interference responses will still be linear and readily solv-
able.
of the tank and its resonance frequency unchanged. The comin the extreme case of an arbitrary passive network driven
bined change in resistance and capacitance, however, calgesn arbitrary number of active devices, the solution can also
gme IN (43) to be halved, as well as the requirgd,, so that be formulated, assuming that the active devices are arbitrary
3 dB can be gained either in achievab‘@;“c orinthe required voltage controlled current sources, as shown in Fig. 16. There
current consumption without improving the quality of the inare A/ voltage variables, represented by veciocontrolling
ductor! Indeed, we note that most recently published oscillas effective active devices denoted by vecforThe network
tors with integrated inductors have very small capacitors, whigdbiased by} current sourcesg.
gave them respectable phase noise performance at a reasonable
current consumption, even though the integrated indyctors con- v(t) = [v1 (Dva(t) - - - var(t)] (45)
tinue to have a poor quality factor of between three—six at 1 GHz.
one’s ability to i : - : Ig =[Tyilez- - Iyn] (46)
y to improve phase noise by reducing capacitance,
however, is limited by the parasitic capacitors associated with F@) =A@ f2(8) - far(B)]- (47)
the circuit, which have higher losses and which tend to increase ) o ) )
the required tuning range for the desired frequency. A higher TO @ccount for discontinuities iff, such as the piecewise
tuning range in capacitance may also result in higher variabili§aracteristic of an FET, up & pieces of gating functions can
of oscillation amplitude, which in turn affects noise to carrigp® defined for each component fiy as shown in (48) at the
ratio. bottom of the next page, whegét) is a matrix of gating func-
An additional advantage of the phase noise model by (42){gns andf,(#) are differentiable functions representing seg-
that the role of current consumption (as opposed to power cdReNts off(?). o
sumptionPpc, or the signal poweP,) is explicitly stated. In- [N steady state, the nodal voltageare periodic. Thereforg
deed, there is an almost one-to-one relationship betwéep 1S a_lso pgrlodlc in tlmg. Both can be repre.sen.ted with a Fourier
and bias current,. This point is important in RF oscillator de-Series with the coefficient of theth harmonic given by
signs for mobile communications, where power consumption is (x/e0)
extremely important [38], [39]. V(jnw,) = ;U_o/ ’ w(t) - eIt gt (49)
7S —(x/wo)

be sinusoidal, but the currents fed back from the active devices
isn2

Fig. 16. Model of an arbitrary oscillator.

V. GENERAL FORMULATION FOR LC OSCILLATOR ANALYSIS (= feon)
. Wo ’ —jnwat
From the discussion in Sections Il and Ill, it should already Figna,) = 27 /_(W/w )f(t) reTdt (50)

be clear that the analysis on the Colpitts oscillator is applicable ’
to most well-known LC oscillators. Since the vast majority ofvheren = 0, 1, 2, --- N. Although in theoryN can be arbi-
such oscillators effectively employ a single LC resonator, thearily high, in practical oscillators the selectivity of the passive
topological differences lie in the different resonator (tappind3LC network rapidly reduces the higher harmonics e neg-
nodes from which the active devices are driven and to which thegible levels relative to the fundamental componentat 1.
latter’s currents are fed back, and indeed the number of actéssuming/ is a finite (and most likely small) integer above
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which |V (jnw,)| is negligible, then Kirschhoff’s current law establiste A/ (N + 1) nodal current equations at the upper and
(KCL) can be applied to each of the networld$ nodes at dc lower sidebands, respectively
as well as at all thev harmonics ofv and f. At dc ) ) )

AV, [i(nw, + Aw)] - Y[i(nw, + Aw)] + F,[i(nw, + Aw)]

F(0)=1Ip (51)

=1, [i(nw, + Aw)], n=012---N (59)
whereas at thath harmonic
V(jnwo) - Y (jnw,) + F(jnw,) = 0. (52) AV [j(nw, — Aw)] - Y]i(nw, — Aw)] + Fi[j(nw, — Aw)]
In (52) theM by M matrixY (jnw, ) is the admittance matrix of =0 n=0,1,2,---N. (60)

the passive network at thegh harmonic of the oscillation. From . . .
(51) and (52) the unknown vectof¥ (jnw,)| can be solved, Note that (30) and (31) are linear in terms of the real and imag-
either analytically or numerically. inary parts of the unknowns in (54) and (55). Once the unper-

To study the effect of a small interfering signal on the stead Irbed oscillation has been solved by solving equations (51) and

state oscillation, we apply a small sinusoidal current to eakh?) &ither analytically or numerically, equations (59) and (60)

node, as shown by the lightly shaded parts in Fig. 16, at are solvable analytically, using standard linear algebra.
offset frequencyAw of each harmonia, n = 0, 1,2, --- N In order to apply the results we derived in the previous

andAw < w,/2. Flicker noise can therefore also be analyze&,ectior's to signal-dependent noise sources, we seek to find

as shown in (53) at the bottom of the page. Expanding both tRB equivalent (signal—inde.pendent) nqise source that has_the
voltagew and the current vector into a Taylor seriggpy first Same psd as the real noise source it represents for a given
expandingf,, which is differentiable, before multiplying by pattern of oscillating voltage or current in time. The first step

the gating function) and neglecting the second- and high-ordBrfinding the equivalent is to defin& noise sources, ;.(t)

terms for small interferences, we can focus on the two sidebargs ©ach current-dependent noise souige(?). If the average
around each harmonic as a result of modulation by the gatifig™ent during thekth time interval, during whichy,..(t) =
functions. Trigonometry can be used to collect systematicafly -1 +i1 <t < t/k +il, (i =1, 2, --- andT = 27 /w,) is
all individual terms of voltage perturbatiafw in the current Zmk @nd the psd ok, is the same as that ef,, for a constant
perturbationA f at the upper and lower sidebands of each hapias Of ik, Nm/(“’v Lni), thenn,, () can be approximately
monic. Having neglected higher order terms, the relations J&Presented by, () during the same time interval. Putting

mk
tweenAw, Af andl,, islinear, so thatlinear transferfunctionsaII K intervals together we have

and equations can be defined. Denoting K K
() = > () gmi(t) = D i (t)
AV, [j(nw, + Aw)] 2:2 2:2

it [V'vu,ln N Cjeldn Tt V'vu,l\/fn N ejQUMH ] (54) 2 > 1 . . .
AV [j(nw, — Aw)] Qmk + - ; = sin(4mams ) cos(iw,t) | (61)
=[Viip - VL ST V4 o JOinin 55 B
[" tn € thin "€ ] (53) wherec,,,,. = (tx — tr—1)/T. Assuming the:/ , (¢)'s are un-
AF[5(nw, + Aw)] ' correlated with one another, then [40]
it [Fuln N CJQF“M' Tt Fu]\ln N GJQF“ M ] (56) K
AF[j(nw, — Aw)] Np(w) = Z
— [-Flln Ledfran L Eian - eIOFinn ] (57) el
. 2 oo
] 1
I,,.[i(nw, + Aw)] ' . OéilkN(w’ L) + <_> Z
=[Lgpr - €% oo Ly - edfenr ] (58) T/ e
. . 2
we can now relate theM (N 4 1) unknown response voltages N(w — iy, Tput) - <Sln(z7ramk)> (62)
in (54) and (55) to the interfering current sources in (58) and ’ i
K K K
f(t) =diag(g(t) - f,(t)) = Zglk(t) < fara(t) Z!hk(t) “far2(t) - Zng(t) 'fng(t)] . (48)
k=1 k=1 k=1

Ton = [Lon1 - cos((nw, + Aw)t+ 05p1) -+ Lspns - cos((nw, + Aw)t + Gsnnr) |- (53)



HUANG: PHASE NOISE TO CARRIER RATIO IN LC OSCILLATORS 979

In the case of white noise, the approximation of [35] can be Measurements on phase noise to carrier ratio also show that

applied, as in the derivation of (39), to obtain simple expressiotige agreement with the formula derived in this paper is within 1

of equivalent noise source psd. dB, the repeatability of any phase noise measurement and the ac-
curacy with which circuit parameters have been independently
measured. The phase noise model in this paper can therefore be

VI. CONCLUSION

used in practical designs with confidence.

A general formulation for the analysis of arbitrary oscillators

This paper has sought to overcome one of the major shdnas been outlined in this paper, in the spirit of the Colpitts oscil-
comings of many existing papers on phase noise, whichlé&or analysis. The conclusions of the latter analysis, however,
to embed the conclusion of phase noise in the fundamershbuld apply to most existing LC oscillators, as the important
(starting-point) assumption of an analysis. A CMOS Colpitisiechanisms in the conversion to phase noise are largely inde-
oscillator is used as an example to illustrate the fundamenpendent of the exact construction of an LC oscillator.

mechanism of additive noise to phase noise conversion. The
active device in a well-designed oscillator operates in Class-C
mode. The switching action of the active device modulates
the interfering signal, so that DSB signals result for an SSB
input. The interaction between the upper and lower sidebandi]
responses forms a feedback loop, and stability of the oscillation
dictates that the feedback be negative, which is achieved wherp)
the image sideband becomes opposite in sign to the signal at the
original sideband. The balance of current at the two frequencies
also dictates that the two responses are equal in amplitudegg;
The resulting odd symmetry in the power spectrum is the same
as that of a phase modulated signal. The negative feedback!
loop will be effectively broken when the offset frequency is |5
too far away from the carrier, so that the transimpedance of the
resonator is too low to maintain the link between modulated [©]
current and gate voltage. In this case, the response is that qf;
the resonator alone and no conversion to phase noise takes
place. The details of the transistor and the passband width of®!
the resonator are otherwise unimportant, except in determininggj
the crossover frequency between conversion to phase and no
conversion. [10]
Noise sources associated with a switching transistor are af-
fected by the duty cycle in which the latter conducts current[11]
This has been taken into account in this paper in the identifica-
tion of all white noise sources in the Colpitts oscillator. [12]
Exact expression for the steady-state amplitude of a CMOS
Colpitts oscillator has also been derived here. Prediction of a2
plitude is therefore made independent of simulation and much
easier. An analytical expression of amplitude, together with thél4]
analytical expression of phase noise, allows an analytical ex-
pression of noise to carrier ratio to be established, that is comzis)
pletely described by circuit parameters and contains no interme-
diate variables. The influence of the LC resonator quality factor{lﬁ]
bias current, value of capacitances, as well as the transistor's
transconductance coefficient on th&/ C ratio, respectively, is  [17]
explicit. [18]
Controlled experiments have been carefully devised to verify
the theory derived in the paper. The predicted oscillation ampli-
tude is consistently within 1 dB of measurements. The predicte[ilg]
duty cycle also matches measured values by the same accuracy.
The oscillator response (as well as its image) to an injected irf20]
terfering current agrees with what the theory predicts within the
accuracy with which parameters of the passive tank can be meg4]
sured. At an 80—-MHz range, this accuracy is better than 1 dB,
The crossover frequency between phase and additive noise aﬁa]
indeed its very existence have been confirmed by experiments.
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