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P❤❛s❡ s❡♣❛r❛t✐♦♥ ✐♥ ❛ ❧❛tt✐❝❡ ♠♦❞❡❧ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t♦r ✇✐t❤ ♣❛✐r ❤♦♣♣✐♥❣
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❲❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❡①t❡♥❞❡❞ ❍✉❜❜❛r❞ ♠♦❞❡❧ ✇✐t❤ ♣❛✐r ❤♦♣♣✐♥❣ ✐♥ t❤❡ ❛t♦♠✐❝ ❧✐♠✐t ❢♦r ❛r❜✐tr❛r②
❡❧❡❝tr♦♥ ❞❡♥s✐t② ❛♥❞ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥s✐❞❡r❡❞ ❝♦♥s✐sts ♦❢ ✭✐✮ t❤❡ ❡✛❡❝t✐✈❡
♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥ U ❛♥❞ ✭✐✐✮ t❤❡ ✐♥t❡rs✐t❡ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s I✱ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❤♦♣♣✐♥❣
♦❢ ❡❧❡❝tr♦♥ ♣❛✐rs ❜❡t✇❡❡♥ ♥❡❛r❡st✲♥❡✐❣❤❜♦✉r s✐t❡s✳ ❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛ s✐♠♣❧❡ ❡✛❡❝t✐✈❡
♠♦❞❡❧ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t♦r ✇✐t❤ ✈❡r② s❤♦rt ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤ ✐♥ ✇❤✐❝❤ ❡❧❡❝tr♦♥s ❛r❡ ❧♦❝❛❧✐③❡❞ ❛♥❞ ♦♥❧②
❡❧❡❝tr♦♥ ♣❛✐rs ❤❛✈❡ ♣♦ss✐❜✐❧✐t② ♦❢ tr❛♥s❢❡rr✐♥❣✳ ❚❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s ♦❢
t❤✐s ♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ✇✐t❤✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✱ ✇❤✐❝❤ tr❡❛ts t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥
t❡r♠ ❡①❛❝t❧② ❛♥❞ t❤❡ ✐♥t❡rs✐t❡ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤✐♥ t❤❡ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❤❛✈❡ ❛❧s♦
♦❜t❛✐♥❡❞ r✐❣♦r♦✉s r❡s✉❧ts ❢♦r ❛ ❧✐♥❡❛r ❝❤❛✐♥ ✭d = 1✮ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ▼♦r❡♦✈❡r✱ ❛t T = 0 s♦♠❡
r❡s✉❧ts ❞❡r✐✈❡❞ ✇✐t❤✐♥ t❤❡ r❛♥❞♦♠ ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❛♥❞ t❤❡ s♣✐♥✲✇❛✈❡ ❛♣♣r♦①✐♠❛t✐♦♥✮ ❢♦r
d = 2 ❛♥❞ d = 3 ❧❛tt✐❝❡s ❛♥❞ ✇✐t❤✐♥ t❤❡ ❧♦✇ ❞❡♥s✐t② ❡①♣❛♥s✐♦♥s ❢♦r d = 3 ❧❛tt✐❝❡s ❛r❡ ♣r❡s❡♥t❡❞✳ ❖✉r
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✭❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ n ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ✮ s❤♦✇s t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡rs✱ t❤❡ s②st❡♠
❝❛♥ ❡①❤✐❜✐t ♥♦t ♦♥❧② t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s✿ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✭❙❙✮ ❛♥❞ ♥♦♥♦r❞❡r❡❞ ✭◆❖✮✱ ❜✉t ❛❧s♦
t❤❡ ♣❤❛s❡ s❡♣❛r❛t❡❞ st❛t❡s ✭P❙✿ ❙❙✕◆❖✮✳ ❚❤❡ s②st❡♠ ❝♦♥s✐❞❡r❡❞ ❡①❤✐❜✐ts ✐♥t❡r❡st✐♥❣ ♠✉❧t✐❝r✐t✐❝❛❧
❜❡❤❛✈✐♦✉r ✐♥❝❧✉❞✐♥❣ tr✐❝r✐t✐❝❛❧ ♣♦✐♥ts✳
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❚❤❡r❡ ❤❛s ❜❡❡♥ ♠✉❝❤ ✐♥t❡r❡st ✐♥ s✉♣❡r❝♦♥❞✉❝t✐✈✐t②
✇✐t❤ ✈❡r② s❤♦rt ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤✳ ❚❤✐s ✐♥t❡r❡st ✐s ❞✉❡ t♦
✐ts ♣♦ss✐❜❧❡ r❡❧❡✈❛♥❝❡ t♦ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ s✉♣❡r❝♦♥❞✉❝✲
t♦rs ✭❝✉♣r❛t❡s✱ ❞♦♣❡❞ ❜✐s♠✉t❤❛t❡s✱ ✐r♦♥✲❜❛s❡❞ s②st❡♠s✱
❢✉❧❧❡r❡♥❡s✮ ❛♥❞ ❛❧s♦ t♦ t❤❡ s❡✈❡r❛❧ ♦t❤❡r ❡①♦t✐❝ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ ♠❛t❡r✐❛❧s ✭❢♦r ❛ r❡✈✐❡✇✱ s❡❡ ❬✶✱ ✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✮✳ ■t ❝❛♥ ❛❧s♦ ❣✐✈❡ r❡❧❡✈❛♥t ✐♥s✐❣❤t ✐♥t♦ ❜❡❤❛✈✐♦✉r
♦❢ str♦♥❣❧② ❜♦✉♥❞❡❞ ❢❡r♠✐♦♥ ♣❛✐rs ♦♥ t❤❡ ♦♣t✐❝❛❧ ❧❛tt✐❝❡s✳
❚❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣

st❛t❡s ❤❛✈❡ ❜❡❡♥ ❡✈✐❞❡♥❝❡❞ ✐♥ ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❝✉rr❡♥t❧②
✐♥t❡♥s❡❧② ✐♥✈❡st✐❣❛t❡❞ ♠❛t❡r✐❛❧s ✐♥❝❧✉❞✐♥❣ ✐r♦♥✲♣♥✐❝t✐❞❡s✱
❝✉♣r❛t❡s ❛♥❞ ♦r❣❛♥✐❝ ❝♦♥❞✉❝t♦rs ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✷✕✶✷❪
❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳
■♥ ♦✉r ✇♦r❦ ✇❡ ✇✐❧❧ st✉❞② ❛ ♠♦❞❡❧ ✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❛ ❧♦❝❛❧ ♣❛✐r s✉✲
♣❡r❝♦♥❞✉❝t♦r ✇✐t❤ ♦♥✲s✐t❡ ♣❛✐r✐♥❣ ✭✐✳ ❡✳ t❤❡ ♠♦❞❡❧ ♦❢ ❤❛r❞
❝♦r❡ ❜♦s♦♥s ♦♥ ❛ ❧❛tt✐❝❡ ❬✶✱ ✶✸✕✶✺❪✮ t♦ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡
♣❛✐r ❜✐♥❞✐♥❣ ❡♥❡r❣②✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥s✐❞❡r❡❞ ❤❛s t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

Ĥ = U
∑

i

n̂i↑n̂i↓−I
∑

〈i,j〉

(

ρ̂+i ρ̂
−
j + ρ̂+j ρ̂

−
i

)

−µ
∑

i

n̂i, ✭✶✮

✇❤❡r❡ n̂i =
∑

σ n̂iσ✱ n̂iσ = ĉ+iσ ĉiσ✱ ρ̂
+
i = (ρ̂−i )

† = ĉ+i↑ĉ
+
i↓❀

ĉiσ ✭ĉ+iσ✮ ❞❡♥♦t❡s t❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ✭❝r❡❛t✐♦♥✮ ♦♣❡r❛t♦r ♦❢
❛♥ ❡❧❡❝tr♦♥ ✇✐t❤ s♣✐♥ σ =↑, ↓ ❛t t❤❡ s✐t❡ i✱ ✇❤✐❝❤ s❛t✐s❢②
❝❛♥♦♥✐❝❛❧ ❛♥t✐❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s

{ĉiσ, ĉ+jσ′} = δijδσσ′ , {ĉiσ, ĉjσ′} = {ĉ+iσ, ĉ+jσ′} = 0, ✭✷✮

∗ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r❀ ❡✲♠❛✐❧✿ ❦❛❦♦♥r❛❞❅❛♠✉✳❡❞✉✳♣❧

✇❤❡r❡ δij ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳
∑

〈i,j〉 ✐♥❞✐❝❛t❡s t❤❡

s✉♠ ♦✈❡r ♥❡❛r❡st✲♥❡✐❣❤❜♦✉r s✐t❡s i ❛♥❞ j ✐♥❞❡♣❡♥❞❡♥t❧②✳
z ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs✳ µ ✐s
t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ ❡❧❡❝tr♦♥s✿

n =
1

N

∑

i

〈n̂i〉, ✭✸✮

✇✐t❤ 0 ≤ n ≤ 2 ❛♥❞ N ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❧❛tt✐❝❡
s✐t❡s✳ ❚❤❡r❡ ❛r❡ t✇♦ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✿
✭✐✮ t❤❡ ✐♥t❡rs✐t❡ ♣❛✐r ❤♦♣♣✐♥❣ ✐♥t❡r❛❝t✐♦♥ I✱ ❞❡t❡r♠✐♥✐♥❣
t❤❡ ❡❧❡❝tr♦♥ ♣❛✐r ♠♦❜✐❧✐t② ❛♥❞ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❧♦♥❣✲
r❛♥❣❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r ✐♥ t❤❡ s②st❡♠ ❛♥❞ ✭✐✐✮ t❤❡
♦♥✲s✐t❡ ❞❡♥s✐t②✲❞❡♥s✐t② ✐♥t❡r❛❝t✐♦♥ U ✱ ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡s
✭t♦❣❡t❤❡r ✇✐t❤ I✮ t♦ t❤❡ ♣❛✐r ❜✐♥❞✐♥❣ ❡♥❡r❣② ❜② r❡❞✉❝✐♥❣
✭U > 0✮ ♦r ❡♥❤❛♥❝✐♥❣ ✭U < 0✮ ✐ts ✈❛❧✉❡✳ ❚♦ s✐♠♣❧✐❢② ♦✉r
❛♥❛❧②s✐s ✇❡ ❞♦ ♥♦t ✐♥❝❧✉❞❡ ✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮ t❤❡ s✐♥❣❧❡
❡❧❡❝tr♦♥ ❤♦♣♣✐♥❣ t❡r♠ ✭tij✮ ❛s ✇❡❧❧ ❛s ♦t❤❡r ✐♥t❡r✲s✐t❡ ✐♥✲
t❡r❛❝t✐♦♥ t❡r♠s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐t✲
✉❛t✐♦♥ ✇❤❡♥ t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ♠♦❜✐❧✐t② ✐s ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ t❤❡ ♣❛✐r ♠♦❜✐❧✐t② ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ■♥ t❤❡ ♣r❡s✲
❡♥❝❡ ♦❢ t❤❡ tij t❡r♠✱ ♠♦❞❡❧ ✭✶✮ ✐s ❝❛❧❧❡❞ t❤❡ P❡♥s♦♥✲❑♦❧❜✲
❍✉❜❜❛r❞ ✭P❑❍✮ ♠♦❞❡❧ ❬✶✻✕✷✸❪ ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ tij 6= 0
✇✐❧❧ ❜❡ ♣♦✐♥t❡❞ ♦✉t ✐♥ s❡❝t✐♦♥ ❱■✳
▼♦❞❡❧ ✭✶✮ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡✱

❡✛❡❝t✐✈❡ ♠♦❞❡❧ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t♦r ✇✐t❤ ❧♦❝❛❧ ❡❧❡❝tr♦♥
♣❛✐r✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ tij = 0 ❧✐♠✐t ❝❛♥
❜❡ ✉s❡❞ ❛s st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛ ♣❡rt✉r❜❛t✐♦♥ ❡①♣❛♥s✐♦♥
✐♥ ♣♦✇❡rs ♦❢ t❤❡ ❤♦♣♣✐♥❣ tij ❛♥❞ ♣r♦✈✐❞❡s ❛ ❜❡♥❝❤♠❛r❦
❢♦r ✈❛r✐♦✉s ❛♣♣r♦①✐♠❛t❡ ❛♣♣r♦❛❝❤❡s ❛♥❛❧②③✐♥❣ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ✜♥✐t❡ ❜❛♥❞✇✐❞t❤ ♠♦❞❡❧s✳

■♥ t❡r♠s ♦❢ ♣s❡✉❞♦s♣✐♥ ❝❤❛r❣❡ ♦♣❡r❛t♦rs {~̂ρi} ❍❛♠✐❧✲
t♦♥✐❛♥ ✭✶✮ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ s♣❡❝✐❛❧ ❳❨✲♠♦❞❡❧ ✇✐t❤
❛ s✐♥❣❧❡ ✐♦♥ ❛♥✐s♦tr♦♣② ✐♥ ❛ tr❛♥s✈❡rs❡ ✜❡❧❞ ✭✐♥ t❤❡ z✲



✷

❞✐r❡❝t✐♦♥✮

Ĥ = 2U
∑

i

(ρ̂zi )
2 − I

∑

〈i,j〉

(

ρ̂+i ρ̂
−
j + ρ̂+j ρ̂

−
i

)

+

− µ̄
∑

i

(2ρ̂zi + 1)−NU/2, ✭✹✮

✇❤❡r❡ ρ̂zi = 1
2 (n̂i − 1) ❛♥❞ µ̄ = µ− U/2 ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ♦♣❡r❛t♦rs {~̂ρi} s❛t✐s❢②
st❛♥❞❛r❞ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s ❢♦r ♠♦♠❡♥t✉♠ ♦♣❡r❛✲
t♦rs✿

[ρ̂zi , ρ̂
±
j ] = ±ρ̂±i δij , [ρ̂+i , ρ̂

−
j ] = 2ρ̂zi δij , ✭✺✮

✇❤❛t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✷✮✳ ❍♦✇❡✈❡r✱ ♦♥❡ s❤♦✉❧❞
str❡ss t❤❛t {ρ̂zi } t❛❦❡s ♦♥ ❢♦✉r ✈❛❧✉❡s {−1/2, 0, 0,+1/2}✱
❛s ❢♦r S = 1 ♠♦❞❡❧ ✇✐t❤ ❞♦✉❜❧② ❞❡❣❡♥❡r❛t❡❞ 0 ✈❛❧✉❡✱
✇❤❡r❡❛s (ρ̂+i )

2 = (ρ̂−i )
2 = 0✱ ❛s ✐♥ t❤❡ S = 1/2 s②st❡♠✳

❈♦♥❞✐t✐♦♥ ✭✸✮ ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ r❡❛❞s✿

1

2
(n− 1) =

1

N

∑

i

〈ρ̂zi 〉. ✭✻✮

■t ♠❡❛♥s t❤❛t ♠❛❣♥❡t✐❝ ✜❡❧❞ µ̄ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛ ✜①❡❞
✈❛❧✉❡ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ (n− 1)/2✳
❚❤❡ ✐♥t❡r❛❝t✐♦♥s U ❛♥❞ I ✇✐❧❧ ❜❡ tr❡❛t❡❞ ❛s t❤❡ ❡✛❡❝✲

t✐✈❡ ♦♥❡s ❛♥❞ ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t♦ ✐♥❝❧✉❞❡ ❛❧❧ t❤❡ ♣♦ss✐✲
❜❧❡ ❝♦♥tr✐❜✉t✐♦♥s ❛♥❞ r❡♥♦r♠❛❧✐③❛t✐♦♥s ❧✐❦❡ t❤♦s❡ ❝♦♠✲
✐♥❣ ❢r♦♠ t❤❡ str♦♥❣ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ♦r ❢r♦♠
t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❡❧❡❝tr♦♥s ❛♥❞ ♦t❤❡r ❡❧❡❝tr♦♥✐❝ s✉❜✲
s②st❡♠s ✐♥ s♦❧✐❞ ♦r ❝❤❡♠✐❝❛❧ ❝♦♠♣❧❡①❡s ❬✶❪✳ ■♥ s✉❝❤
❛ ❣❡♥❡r❛❧ ❝❛s❡ ❛r❜✐tr❛r② ✈❛❧✉❡s ❛♥❞ s✐❣♥s ♦❢ U ❛♥❞ I
❛r❡ ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r✳ ■t ✐s ♥♦t❛❜❧❡ t❤❛t ❢♦r♠❛❧❧②
I ✐s ♦♥❡ ♦❢ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ t❤❡ ❈♦✉❧♦♠❜ ✐♥✲
t❡r❛❝t✐♦♥ Iij = −(1/2)(ii|e2/r|jj) ❬✷✹❪✱ ❞❡s❝r✐❜✐♥❣ ❛ ♣❛rt
♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❜♦♥❞✲❝❤❛r❣❡ ✐♥t❡r❛❝t✐♦♥✱ ❛♥❞ ✐t s✐❣♥ ♦❢
t❤❡ ❈♦✉❧♦♠❜✲❞r✐✈❡♥ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ✐s t②♣✐❝❛❧❧② ♥❡❣❛✲
t✐✈❡ ✭r❡♣✉❧s✐✈❡✱ I < 0✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t✐✈❡ ❛ttr❛❝t✐✈❡
♦❢ t❤✐s ❢♦r♠ ✭I > 0✮ ✐s ❛❧s♦ ♣♦ss✐❜❧❡ ❬✷✺✕✷✼❪ ❛♥❞ ✐♥ ♣❛rt✐❝✉✲
❧❛r ✐t ❝❛♥ ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ❡❧❡❝tr♦♥s ✇✐t❤ ✐♥✲
t❡rs✐t❡ ✭✐♥t❡r♠♦❧❡❝✉❧❛r✮ ✈✐❜r❛t✐♦♥s ✈✐❛ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡
❤♦♣♣✐♥❣ ✐♥t❡❣r❛❧ ❬✷✺❪✱ ♦r ❢r♦♠ t❤❡ ♦♥✲s✐t❡ ❤②❜r✐❞✐③❛t✐♦♥
t❡r♠ ✐♥ ❣❡♥❡r❛❧✐③❡❞ ♣❡r✐♦❞✐❝ ❆♥❞❡rs♦♥ ♠♦❞❡❧ ❬✷✻✱ ✷✼❪✳

❚❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❳❨ ♦r❞❡r ♦❢ ♣s❡✉❞♦s♣✐♥s ~̂ρi ✭❢♦r
I > 0✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❙❙ ♣❤❛s❡ ✭s✲♣❛✐r✐♥❣ s✉✲
♣❡r❝♦♥❞✉❝t✐♥❣✮✱ ✇❤❡r❡❛s t❤❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❳❨ ♦r✲
❞❡r ✭❢♦r I < 0✮ ✕ t♦ t❤❡ η❙ ♣❤❛s❡ ✭η✲♣❛✐r✐♥❣ s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❡①t❡r✲
♥❛❧ ✜❡❧❞ ✐♥ t❤❡ ❳❨✲❞✐r❡❝t✐♦♥ ❝♦♥❥✉❣❛t❡❞ ✇✐t❤ t❤❡ ♦r✲
❞❡r ♣❛r❛♠❡t❡r ✭∆ = ∆SS = 1

N

∑

i 〈ρ̂−i 〉✱ ❢♦r I > 0 ❛♥❞

∆ηS = 1
N

∑

i exp (i
~Q · ~Ri)〈ρ̂−i 〉✱ ❢♦r I < 0✱ ~Q ✐s ❛ ❤❛❧❢ ♦❢

t❤❡ s♠❛❧❧❡st r❡❝✐♣r♦❝❛❧ ❧❛tt✐❝❡ ✈❡❝t♦r✮ t❤❡r❡ ✐s ❛ s②♠♠❡tr②
❜❡t✇❡❡♥ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❛♥❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❝❛s❡s
✭❡①❝❡♣t ❢♦r ❛♥ ♦❜✈✐♦✉s r❡❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠✲
❡t❡r✮ ❢♦r ❧❛tt✐❝❡s ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ✐♥t❡r♣❡♥❡tr❛t✐♥❣ s✉❜✲
❧❛tt✐❝❡s ✭s✉❝❤ ❛s ❢♦r ❡①❛♠♣❧❡ ❙❈ ♦r ❇❈❈ ❧❛tt✐❝❡s✮✱ t❤✉s
✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ I > 0 ❝❛s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
▲❡t ✉s str❡ss t❤❛t t❤❡ s②♠♠❡tr② ✐s ❜r♦❦❡♥ ❜② t❤❡ s✐♥❣❧❡
❡❧❡❝tr♦♥ ❤♦♣♣✐♥❣ t❡r♠ tij 6= 0 ✭❝❢✳ s❡❝t✐♦♥ ❱■✮✳

❚❤❡ ✜rst ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ♦❢ ♠♦❞❡❧ ✭✶✮
❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜② ❇❛r✐ ❬✷✽❪ ❛♥❞ ❍♦ ❛♥❞ ❇❛rr② ❬✷✾❪
✉s✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞ ✐♥ ♦r❞❡r t♦ ❡①❛♠✐♥❡ t❤❡ ✐♥✲
st❛❜✐❧✐t② ♦❢ t❤❡ ▼♦tt ✐♥s✉❧❛t♦r t♦ s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ❢♦r
t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❤❛❧❢✲✜❧❧❡❞ ❜❛♥❞ ✭n = 1✮✳ ❚❤❡ ❡❢✲
❢❡❝ts ♦❢ ❞✐❛❣♦♥❛❧ ❞✐s♦r❞❡r ♦♥ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❢♦r
U = 0 ❛♥❞ n = 1 ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❬✸✵❪✱ ❛rr✐✈✲
✐♥❣ ❛t ❛ s❛t✐s❢❛❝t♦r② q✉❛❧✐t❛t✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ q✉✐t❡ ❛
♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥ts ✐♥ ❛♠♦r♣❤♦✉s s✉♣❡r❝♦♥✲
❞✉❝t♦rs✳

■♥ t❤❡ ❛♥❛❧②s✐s ✇❡ ❤❛✈❡ ❛❞♦♣t❡❞ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❛♣✲
♣r♦❛❝❤ ✭❱❆✮ ✇❤✐❝❤ tr❡❛ts t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥ U ❡①✲
❛❝t❧② ❛♥❞ t❤❡ ✐♥t❡rs✐t❡ ✐♥t❡r❛❝t✐♦♥s I ✇✐t❤✐♥ t❤❡ ♠❡❛♥✲
✜❡❧❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✭▼❋❆✮✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❞❡r✐✈❡❞ ❡①❛❝t
❣r♦✉♥❞ st❛t❡ r❡s✉❧ts ❢♦r ❛ ❧✐♥❡❛r ❝❤❛✐♥ ✭d = 1✮✳ ▼♦r❡✲
♦✈❡r✱ ❛t T = 0 s❡✈❡r❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ r❛♥❞♦♠
♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❘P❆✮ ❛♥❞ t❤❡ s♣✐♥✲✇❛✈❡ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ✭❙❲❆✮ ✭❢♦r d = 2 ❛♥❞ d = 3 ❧❛tt✐❝❡s✮ ❛♥❞ ✇✐t❤✐♥
t❤❡ s②st❡♠❛t✐❝ ❧♦✇ ❞❡♥s✐t② ❡①♣❛♥s✐♦♥s ✭▲❉❊✮ ✭❢♦r d = 3
❧❛tt✐❝❡s✮ ❛r❡ ♣r❡s❡♥t❡❞✳

❲✐t❤✐♥ t❤❡ ❱❆ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❢ ♠♦❞❡❧ ✭✶✮ ❤❛✈❡
❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✸✶✱ ✸✷❪ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥
❝♦♥❝❡♥tr❛t✐♦♥ n✱ ❜✉t t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ st❛t❡s
✇✐t❤ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❤❛✈❡ ♥♦t ❜❡❡♥ ❞✐s❝✉ss❡❞✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r♦♣✲
❡rt✐❡s ♦❢ ♠♦❞❡❧ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮ ❢♦r ❛r❜✐tr❛r② ❝❤❡♠✐❝❛❧
♣♦t❡♥t✐❛❧ ❛♥❞ ❛r❜✐tr❛r② ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❲❡ ❢♦✲
❝✉s ♦♥ t❤❡ st❛t❡s ✇✐t❤ ♣❤❛s❡ s❡♣❛r❛t✐♦♥✱ ✇❤✐❝❤ ❤❛✈❡ ♥♦t
❜❡❡♥ ❛♥❛❧②③❡❞ t✐❧❧ ♥♦✇✳ ❆r❜✐tr❛r② ✈❛❧✉❡s ♦❢ ♦♥✲s✐t❡ ✐♥t❡r✲
❛❝t✐♦♥ U ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ r❛♥❣❡ ♦❢ ♣❛✐r ❤♦♣♣✐♥❣
✐♥t❡r❛❝t✐♦♥ I ✐s r❡str✐❝t❡❞ t♦ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs✳ ❖✉r
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✜♥❞s t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❡❧❡❝tr♦♥
❝♦♥❝❡♥tr❛t✐♦♥✱ t❤❡ s②st❡♠ ❝❛♥ ❡①❤✐❜✐t t❤❡ s✉♣❡r❝♦♥❞✉❝t✲
✐♥❣ ♦r❞❡r❡❞ ❛♥❞ ♥♦♥♦r❞❡r❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ❛s ✇❡❧❧
❛s t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠✳ ❚r❛♥s✐t✐♦♥s ❜❡✲
t✇❡❡♥ ✈❛r✐♦✉s st❛t❡s ❛♥❞ ♣❤❛s❡s ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞
❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❤❛t ✐♠♣❧✐❡s ❡①✐st❡♥❝❡ ♦❢ tr✐❝r✐t✐❝❛❧ ♣♦✐♥ts
♦♥ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s✳ ❲❡ ♣r❡s❡♥t ❞❡t❛✐❧❡❞ r❡s✉❧ts ❝♦♥✲
❝❡r♥✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣❤❛s❡ ❞✐❛❣r❛♠s ❛♥❞ t❤❡r♠♦❞②✲
♥❛♠✐❝ ♣r♦♣❡rt✐❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ ♣❛r❛♠❡t❡rs✱
❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ ❛♥❞ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ n✳ ❇②
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣❤❛s❡ s❡♣❛r❛t❡❞ st❛t❡s ❛♥❞ ♣r❡✲
s❡♥t✐♥❣ s❡✈❡r❛❧ ♥❡✇ r❡s✉❧ts ❢♦r ❧❛tt✐❝❡s ♦❢ ✈❛r✐♦✉s ❞✐♠❡♥✲
s✐♦♥s ❞❡r✐✈❡❞ ❜❡②♦♥❞ ❱❆ ✭r✐❣♦r♦✉s s♦❧✉t✐♦♥ ❢♦r ❛ ❝❤❛✐♥
✭d = 1✮✱ ❘P❆ ❢♦r ❙◗ ❛♥❞ ❙❈ ❧❛tt✐❝❡s ❛♥❞ ▲❉❊ ✐♥ d = 3✮
♦✉r ♣❛♣❡r s✉❜st❛♥t✐❛❧❧② ❡①t❡♥❞s ❛♥❞ ❣❡♥❡r❛❧✐③❡s t❤❡ r❡✲
s✉❧ts ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ♦❢ ♣r❡✈✐♦✉s ♣❛♣❡rs ❝♦♥❝❡r♥✐♥❣ t❤❡
♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ❬✸✶✱ ✸✷❪✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ■■ ✇❡
❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡r❡ ❛r❡ ❛❧s♦
❞❡r✐✈❡❞ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ ❢r❡❡ ❡♥❡r❣✐❡s ♦❢ ❤♦♠♦❣❡✲
♥❡♦✉s ♣❤❛s❡s ❛♥❞ st❛t❡s ✇✐t❤ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ❛s ✇❡❧❧ ❛s
❡q✉❛t✐♦♥s ❞❡t❡r♠✐♥✐♥❣ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r ♣❛r❛♠✲
❡t❡r ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ✐♥ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s
♦❜t❛✐♥❡❞ ✐♥ ❱❆✳ ■♥ s❡❝t✐♦♥ ■■■ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡r✲
t✐❡s ♦❢ t❤❡ s②st❡♠ ❛t ③❡r♦ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡s❡♥t ❡①✲
❛❝t ❣r♦✉♥❞ st❛t❡ r❡s✉❧ts ❢♦r ❛ ❝❤❛✐♥ ✭s❡❝t✐♦♥ ■■■❆✮✱ ❞✐❛✲



✸

❣r❛♠s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❱❆ ✭s❡❝t✐♦♥ ■■■ ❇✮ ❛s ✇❡❧❧ ❛s r❡✲
s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❣♦✐♥❣ ❜❡②♦♥❞ ❱❆
❢♦r d = 2, 3 ❧❛tt✐❝❡s ✭s❡❝t✐♦♥ ■■■ ❈ ❛♥❞ s❡❝t✐♦♥ ■■■❉✮✳ ❙❡❝✲
t✐♦♥ ■❱ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ✜♥✐t❡ t❡♠♣❡r❛t✉r❡
♣❤❛s❡ ❞✐❛❣r❛♠s ❞❡r✐✈❡❞ ✇✐t❤✐♥ t❤❡ ❱❆ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ
✭s❡❝t✐♦♥ ■❱❆✮ ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n ✭s❡❝t✐♦♥ ■❱❇✮✳ ❙♦♠❡
♣❛rt✐❝✉❧❛r t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡ t❤❡r♠♦❞②✲
♥❛♠✐❝ ♣❛r❛♠❡t❡rs ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ❱✳ ❋✐♥❛❧❧②✱
s❡❝t✐♦♥ ❱■ ✐s ❞❡✈♦t❡❞ t♦ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ s✉♣♣❧❡♠❡♥t❛r②
❞✐s❝✉ss✐♦♥✳ ❚❤❡ ❛♣♣❡♥❞✐❝❡s r❡♣♦rt s♦♠❡ r❡❧❡✈❛♥t ❞❡t❛✐❧s✿
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ s✐t❡✲❞❡♣❡♥❞❡♥t s❡❧❢✲❝♦♥s✐st❡♥t ❱❆
❡q✉❛t✐♦♥s ✭❆✮✱ ♣❛rt✐❝❧❡✲❤♦❧❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭❇✮✱ ❛♥❞ s❡✲
❧❡❝t❡❞ ❛♥❛❧②t✐❝❛❧ ❱❆ r❡s✉❧ts ✭❈✮✳

■■✳ ❚❍❊ ❱❆❘■❆❚■❖◆❆▲ ▼❊❚❍❖❉

❚❤❡ ❢r❡❡ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❛s ✇❡❧❧ ❛s t❤❡ s❡❧❢✲
❝♦♥s✐st❡♥t ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s
✐♥ t❤❡ s②st❡♠ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠✲
❡t❡r ❛r❡ ❞❡r✐✈❡❞ ✇✐t❤✐♥ s✐t❡✲❞❡♣❡♥❞❡♥t ❱❆ ✐♥ ❆♣♣❡♥❞✐①
❆✳ ❘❡str✐❝t✐♥❣ ♦✉r ❛♥❛❧②s✐s t♦ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs ❛♥❞
❛ss✉♠✐♥❣ ♥♦ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r t❤❡
❣r❛♥❞ ♣♦t❡♥t✐❛❧ ♣❡r s✐t❡ ♦❜t❛✐♥❡❞ ✐♥ ❱❆ ✐s ❣✐✈❡♥ ❜②✿

ω(µ̄) =
Ω

N
= −µ̄+ 2I0|∆|2 − 1

β
ln(2Z), ✭✼✮

✇❤❡r❡

Z = cosh
(

β
√

µ̄2 + 4|I0∆|2
)

+ exp (βU/2) ,

µ̄ = µ− U/2, I0 = zI, ∆∗ =
1

N

∑

i

〈ρ̂+i 〉,

❛♥❞ β = 1/(kBT )✳ ❚❤❡ ❢r❡❡ ❡♥❡r❣② ♣❡r s✐t❡✿ f = ω + µn
✐s ❞❡r✐✈❡❞ ❛s

f(n) = µ̄(n− 1) + (U/2)n+ 2I0|∆|2 − 1

β
ln(2Z). ✭✽✮

❚❤❡ ❣r❛♥❞ ♣♦t❡♥t✐❛❧ ω ✐s ♠✐♥✐♠✐③❡❞ ✐♥ t❤❡ s②st❡♠ ❝♦♥✲
s✐❞❡r❡❞ ❢♦r ✜①❡❞ µ✱ ✇❤❡r❡❛s t❤❡ ❢r❡❡ ❡♥❡r❣② f t❛❦❡s t❤❡
♠✐♥✐♠✉♠ ✇❤❡♥ n ✐s ✜①❡❞✳
❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✭✸✮ ❛♥❞ ❛ ♠✐♥✲

✐♠✐③❛t✐♦♥ ♦❢ ω ✭♦r f✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣
♦r❞❡r ♣❛r❛♠❡t❡r |∆| ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❧❢✲❝♦♥s✐st❡♥t
❡q✉❛t✐♦♥s ✭❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s✮✿

µ̄ sinh
(

β
√

µ̄2 + 4|I0∆|2
)

Z
√

µ̄2 + 4|I0∆|2
= n− 1, ✭✾✮

|∆|





1

I0
−

sinh
(

β
√

µ̄2 + 4|I0∆|2
)

Z
√

µ̄2 + 4|I0∆|2



 = 0. ✭✶✵✮

■♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s t❤❡ ❞♦✉❜❧❡ ♦❝❝✉♣❛♥❝② ♣❡r s✐t❡
❞❡✜♥❡❞ ❛s D = 1

N

∑

i 〈n̂i↑n̂i↓〉✱ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

D =
n

2

[

1− 1

n

exp (βU/2)

Z

]

. ✭✶✶✮

❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❧♦❝❛❧❧② ♣❛✐r❡❞
❡❧❡❝tr♦♥s np = 2D ❛♥❞ t❤❡ r❛t✐♦ np/n = 2D/n✳ ◆♦✲
t✐❝❡ t❤❛t D ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝♦♥❞❡♥s❛t❡ ❞❡♥s✐t②
✭❛ ❢r❛❝t✐♦♥ ♦❢ ♣❛✐rs ✐♥ t❤❡ ❝♦♥❞❡♥s❛t❡✮ n0✳ ❚❤❡s❡
q✉❛♥t✐t✐❡s ❞✐✛❡r ❡✈❡♥ ✐♥ t❤❡ ❱❆ ❛t T = 0✿ D = n/2
❛♥❞ n0 = |〈ρ̂+〉|2 = (1/4)n(2− n) ✐♥ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣
♣❤❛s❡✳
❊q✉❛t✐♦♥s ✭✾✮✕✭✶✵✮ ❛r❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r T ≥ 0

❛♥❞ ✇❡ ♦❜t❛✐♥ |∆| ❛♥❞ n ✇❤❡♥ µ ✐s ✜①❡❞ ♦r |∆| ❛♥❞
µ ✇❤❡♥ n ✐s ✜①❡❞✳ ❚❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣❤❛s❡ ✭❙❙✮ ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② ♥♦♥✲③❡r♦ ✈❛❧✉❡ ♦❢ |∆|✱ ✇❤❡r❡❛s |∆| = 0
✐♥ t❤❡ ♥♦♥✲♦r❞❡r❡❞ ✭♥♦r♠❛❧✮ ♣❤❛s❡ ✭◆❖✮✳
❊q✉❛t✐♦♥ ✭✶✵✮ ✐s ♦♥❧② t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❛♥ ❡①✲

tr❡♠✉♠ ♦❢ ✭✼✮ ✭♦r ✭✽✮✮ t❤✉s t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✾✮✕✭✶✵✮ ❝❛♥
❝♦rr❡s♣♦♥❞ t♦ ❛ ♠✐♥✐♠✉♠ ♦r ❛ ♠❛①✐♠✉♠ ✭♦r ❛ ♣♦✐♥t ♦❢
✐♥✢❡❝t✐♦♥✮ ♦❢ ω ✭♦r f✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐♥✲
✐♠❛ ❝❛♥ ❜❡ ❧❛r❣❡r t❤❛♥ ♦♥❡✱ s♦ ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ✜♥❞
t❤❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢
✭✼✮ ✭♦r ✭✽✮✮✳
❲❡ s❛② t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✾✮✕✭✶✵✮ ❝♦rr❡s♣♦♥❞s t♦

❛ ♠❡t❛st❛❜❧❡ ♣❤❛s❡ ✐❢ ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠✐♥✐♠✉♠ ♦❢
t❤❡ ❢r❡❡ ❡♥❡r❣② f ♦r ❣r❛♥❞ ♣♦t❡♥t✐❛❧ ω ❛♥❞ t❤❡ st❛❜✐❧✐t②
❝♦♥❞✐t✐♦♥

∂µ

∂n
> 0 ✭✶✷✮

✐s ❢✉❧✜❧❧❡❞✳ ❖t❤❡r✇✐s❡✱ ✇❡ s❛② t❤❛t t❤❡ ♣❤❛s❡ ✐s ✉♥st❛❜❧❡✳
❆ st❛❜❧❡ ✭❤♦♠♦❣❡♥❡♦✉s✮ ♣❤❛s❡ ✐s ❛ ♠❡t❛st❛❜❧❡ ♣❤❛s❡ ✇✐t❤
t❤❡ ❧♦✇❡st ❢r❡❡ ❡♥❡r❣② ✭❛♠♦♥❣ ❛❧❧ ♠❡t❛st❛❜❧❡ ♣❤❛s❡s ❛♥❞
t❤❡ ♣❤❛s❡ s❡♣❛r❛t❡❞ st❛t❡s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✮✳
P❤❛s❡ s❡♣❛r❛t✐♦♥ ✭P❙✮ ✐s ❛ st❛t❡ ✐♥ ✇❤✐❝❤ t✇♦ ❞♦♠❛✐♥s

✇✐t❤ ❞✐✛❡r❡♥t ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✿ n+ ❛♥❞ n− ❡①✐st
✐♥ t❤❡ s②st❡♠ ✭❝♦❡①✐st❡♥❝❡ ♦❢ t✇♦ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s✮✳
❚❤❡ ❢r❡❡ ❡♥❡r❣✐❡s ♦❢ t❤❡ P❙ st❛t❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡
❡①♣r❡ss✐♦♥✿

fPS(n+, n−) = mf+(n+) + (1−m)f−(n−), ✭✶✸✮

✇❤❡r❡ f±(n±) ❛r❡ ✈❛❧✉❡s ♦❢ ❛ ❢r❡❡ ❡♥❡r❣② ♦❢ t✇♦ s❡♣❛r❛t✲
✐♥❣ ♣❤❛s❡s ❛t n± ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦✇❡st ❤♦♠♦❣❡✲
♥❡♦✉s s♦❧✉t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ♣❤❛s❡✱ m ✐s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡
s②st❡♠ ✇✐t❤ ❛ ❝❤❛r❣❡ ❞❡♥s✐t② n+✱ 1−m ✐s ❛ ❢r❛❝t✐♦♥ ✇✐t❤
❞❡♥s✐t② n− ✭n+ > n−✮ ❛♥❞ mn+ + (1−m)n− = n✳ ❚❤❡
♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ✭✶✸✮ ✇✐t❤ r❡s♣❡❝t t♦ n+ ❛♥❞ n− ②✐❡❧❞s
t❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧s ✐♥ ❜♦t❤ ❞♦✲
♠❛✐♥s✿

µ+(n+) = µ−(n−) ✭✶✹✮

✭❝❤❡♠✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭s♦✲
❝❛❧❧❡❞ ▼❛①✇❡❧❧✬s ❝♦♥str✉❝t✐♦♥✮✿

µ+(n+) =
f+(n+)− f−(n−)

n+ − n−
, ✭✶✺✮

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ ❡q✉❛❧✐t② ♦❢ ❣r❛♥❞ ♣♦t❡♥t✐❛❧s ♣❡r
s✐t❡ ✐♥ ❞♦♠❛✐♥s✿ ω+(µ+) = ω−(µ−)✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡
tr❛♥s✐t✐♦♥s ✇✐t❤ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ n ✐♥ t❤❡ s②s✲
t❡♠ ❝♦♥s✐❞❡r❡❞ ❢♦r ✜①❡❞ µ ❝❛♥ ❧❡❛❞ t♦ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡



✹

r❡❣✐♦♥s ♦❢ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ r❛♥❣❡
n− < n < n+ ♦♥ t❤❡ ❞✐❛❣r❛♠s ♦❜t❛✐♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ n✳ ■♥ t❤❡s❡ r❡❣✐♦♥s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ❝❛♥ ❜❡
♠❡t❛st❛❜❧❡ ❛s ✇❡❧❧ ❛s ✉♥st❛❜❧❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ n✲
❞❡♣❡♥❞❡♥❝❡ ♦❢ µ ✭❝❢✳ ✭✶✷✮✮✳ ■♥ t❤❡ P❙ st❛t❡s t❤❡ ❝❤❡♠✲
✐❝❛❧ ♣♦t❡♥t✐❛❧ µ = µ+(n+) = µ−(n−) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✐✳❡✳ ∂µ/∂n = 0✳ ❋♦r ♠♦r❡ ❞❡✲
t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ ▼❛①✇❡❧❧✬s ❝♦♥str✉❝t✐♦♥ ✇❡ r❡❢❡r t❤❡
r❡❛❞❡r t♦ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱ ❡✳ ❣✳ ❬✸✹✱ ✸✺❪✳
■♥ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ♦♥❡ t②♣❡ ♦❢ P❙ st❛t❡s ❝❛♥

♦❝❝✉r✱ ✇❤✐❝❤ ✐s ❛ ❝♦❡①✐st❡♥❝❡ ♦❢ ❙❙ ❛♥❞ ◆❖ ♣❤❛s❡s✳
■♥ t❤❡ ♣❛♣❡r ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡♥✲

t✐♦♥✳ ❆ s❡❝♦♥❞ ✭✜rst✮ ♦r❞❡r tr❛♥s✐t✐♦♥ ✐s ❛ tr❛♥s✐t✐♦♥
❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ✇✐t❤ ❛ ✭❞✐s✲✮❝♦♥t✐♥✉♦✉s
❝❤❛♥❣❡ ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r ❛t t❤❡ tr❛♥s✐t✐♦♥ t❡♠♣❡r✲
❛t✉r❡✳ ❆ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡ ❛♥❞
t❤❡ P❙ st❛t❡ ✐s s②♠❜♦❧✐❝❛❧❧② ♥❛♠❡❞ ❛s ❛ ✏t❤✐r❞ ♦r❞❡r✑
tr❛♥s✐t✐♦♥✳ ❆t t❤✐s tr❛♥s✐t✐♦♥ ❛ s✐③❡ ♦❢ ♦♥❡ ❞♦♠❛✐♥ ✐♥
t❤❡ P❙ st❛t❡ ❞❡❝r❡❛s❡s ❝♦♥t✐♥✉♦✉s❧② t♦ ③❡r♦ ❛t t❤❡ tr❛♥s✐✲
t✐♦♥ t❡♠♣❡r❛t✉r❡✳ ❙❡❝♦♥❞ ♦r❞❡r tr❛♥s✐t✐♦♥s ❛r❡ ❞❡♥♦t❡❞
❜② s♦❧✐❞ ❧✐♥❡s ♦♥ ♣❤❛s❡ ❞✐❛❣r❛♠s✱ ✇❤❡r❡❛s ❞♦tt❡❞ ❛♥❞
❞❛s❤❡❞ ❝✉r✈❡s ❞❡♥♦t❡ ✜rst ♦r❞❡r ❛♥❞ ✏t❤✐r❞ ♦r❞❡r✑ tr❛♥✲
s✐t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❜t❛✐♥❡❞ ❛r❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡✲

s♣❡❝t t♦ ❤❛❧❢✲✜❧❧✐♥❣ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡✲❤♦❧❡ s②♠♠❡✲
tr② ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮✱ s♦ t❤❡ ❞✐❛❣r❛♠s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
♦♥❧② ✐♥ t❤❡ r❛♥❣❡ µ̄ ≤ 0 ❛♥❞ 0 ≤ n ≤ 1✳ ❚❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥ ❢♦r♠✉❧❛s ♦❢ ✈❛r✐♦✉s t❤❡r♠♦❞②♥❛♠✐❝ ♣❛r❛♠❡t❡rs ❛♥❞
q✉❛♥t✐t✐❡s s✉❝❤ ❛s ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ s✉♣❡r❝♦♥❞✉❝t✲
✐♥❣ ♦r❞❡r ♣❛r❛♠❡t❡r✱ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ❛♥❞ ❢r❡❡ ❡♥❡r❣②
✉♥❞❡r t❤❡ ❡❧❡❝tr♦♥✲❤♦❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥
❆♣♣❡♥❞✐① ❇✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✐♥

❈✴❈✰✰ ✇✐t❤ s♦✉r❝❡ ❝♦❞❡s ❢r♦♠ ❬✸✸❪✳ ❚❤❡ ♠✐♥✐♠❛ ❤❛✈❡
❜❡❡♥ ❢♦✉♥❞ ❜② ✉s✐♥❣ ❇r❡♥t✬s ♠❡t❤♦❞ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥
❛♥❞ ❞♦✇♥❤✐❧❧ s✐♠♣❧❡① ♠❡t❤♦❞ ✐♥ ♠✉❧t✐❞✐♠❡♥s✐♦♥s✳ ❲❡
❤❛✈❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞ ✉s✐♥❣
❞❡r✐✈❛t✐✈❡ t♦ s♦❧✈❡ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s✳

■■■✳ ❚❍❊ ●❘❖❯◆❉ ❙❚❆❚❊

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣r♦✉♥❞ st❛t❡ ✭●❙✮ ♦❢ ♠♦❞❡❧ ✭✶✮✳
■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ tij t❡r♠✱ t❤❡ ♣❛r✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢

♣❛rt✐❝❧❡s ❛t ❡❛❝❤ s✐t❡ ✐s ❛ ❣♦♦❞ q✉❛♥t✉♠ ♥✉♠❜❡r✳ ❚❤✉s✱
♦♥❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ Ĥ ✐♥t♦ s❡❝t♦rs s♣❡❝✲
✐✜❡❞ ❜② t❤❡ ♣❛r✐t② ♦❢ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ❛t ❡❛❝❤ s✐t❡
✭ni✮✳ ❲✐t❤✐♥ ❛♥② s❡❝t♦r✱ t❤❡ s②st❡♠ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡✈❡♥
s❡❣♠❡♥ts✱ ✇✐t❤✐♥ ✇❤✐❝❤ ♣❛✐rs ❛r❡ ❝♦♥✜♥❡❞ ✭t❤❡ s✉❜s♣❛❝❡
✇✐t❤ ❡①❝❧✉❞❡❞ s✐♥❣❧② ♦❝❝✉♣✐❡❞ s✐t❡s✮ ✐♥t❡r❧❡❛✈❡❞ ❜② ♦❞❞

s❡❣♠❡♥ts ✭t❤❡ s✉❜s♣❛❝❡ ✇✐t❤ ❡①❝❧✉❞❡❞ ❞♦✉❜❧② ♦❝❝✉♣✐❡❞
s✐t❡s✮✳
❙✐♥❝❡ I 6= 0✱ t❤❡ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ t❤❡ ♦❞❞ ❛♥❞ ❡✈❡♥

r❡❣✐♦♥s ✇✐❧❧ ❝♦st ❡♥❡r❣②✱ s♦ ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t
t❤❡ ❣r♦✉♥❞ st❛t❡ ✇✐❧❧ ❜❡ ❡✐t❤❡r ❛ s✐♥❣❧❡ ✐♥✜♥✐t❡❧② ❧❛r❣❡
❡✈❡♥ s❡❣♠❡♥t ♦r ❛ s✐♥❣❧❡ ♦❞❞ s❡❣♠❡♥t ❢♦r ✜①❡❞ µ✳ ❖♥❧②
✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❣r❛♥❞ ♣♦t❡♥t✐❛❧s ♣❡r s✐t❡ ✭✐t ✐s t❤❡
❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✮ ♦❢ t❤❡ s❡❣♠❡♥ts ❛r❡ ❡q✉❛❧ t❤❡r❡ ✐s

♣♦ss✐❜✐❧✐t② ♦❢ ❝♦❡①✐st❡♥❝❡ ♦❢ ❜♦t❤ t②♣❡s ♦❢ s❡❣♠❡♥ts ✐❢
N → +∞ ✕ ✐t ❛♣♣❡❛rs ❛s ❛ ✜rst ♦r❞❡r ❧✐♥❡ ♦♥ t❤❡ ●❙
♣❤❛s❡ ❞✐❛❣r❛♠✳
❚❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t ✇❤❡♥ n ✐s ✜①❡❞✳ ■♥ s✉❝❤ ❝❛s❡

t❤❡ P❙ st❛t❡s ❝❛♥ ♦❝❝✉r ✐♥ ❞❡✜♥✐t❡ r❛♥❣❡s ♦❢ n✳ ❚❤❡ r❡❛✲
s♦♥ ❢♦r t❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t t❤❡
❡♥❡r❣② ♦❢ ❛ s✐♥❣❧❡ ❜♦✉♥❞❛r② ✭✐♥t❡r❢❛❝❡✮ ❜❡t✇❡❡♥ ♦❞❞ ❛♥❞
❡✈❡♥ s❡❣♠❡♥ts ❜❡ EI ✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡rs✐t❡ ❜♦✉♥❞✲
❛r✐❡s ✇✐❧❧ ✐♥❝r❡❛s❡ ❛s Nγ ✭✇❤❡r❡ γ < 1✮ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
❢r♦♠ t❤❡♠ t♦ t❤❡ t♦t❛❧ ❢r❡❡ ❡♥❡r❣② NγEI/N = EI/N

1−γ

❞✐s❛♣♣❡❛rs ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t N → +∞✳
❲✐t❤✐♥ t❤❡ s✉❜s♣❛❝❡ ❡①❝❧✉❞✐♥❣ t❤❡ ❞♦✉❜❧❡ ♦❝❝✉♣❛♥❝②

♦❢ s✐t❡s ✭❜② ❡❧❡❝tr♦♥s ❢♦r n < 1 ♦r ❤♦❧❡s ❢♦r n > 1✮ t❤❡
♣r♦❞✉❝t ρ̂+i ρ̂

−
j = 0 ❢♦r ❛♥② i 6= j✱ ✐✳ ❡✳ t❤❡ I t❡r♠ ❞♦❡s

♥♦t ❝♦♥tr✐❜✉t❡✳ ❊✛❡❝t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮ ❢♦r t❤✐s ❝❛s❡

t❛❦❡s t❤❡ ❢♦r♠ ĤI = U
∑

i n̂i↑n̂i↓ − µ
∑

i n̂i ❛♥❞ t❤❡ ❝❛❧✲

❝✉❧❛t✐♦♥s ♦❢ t❤❡ ●❙ ❣r❛♥❞ ♣♦t❡♥t✐❛❧ ωNO = 〈ĤI〉/N ❛♥❞

t❤❡ ●❙ ❡♥❡r❣② ENO = 〈ĤI + µ
∑

i n̂i〉/N ❛r❡ q✉✐t❡ ♦❜✈✐✲
♦✉s✳ ❆s ❛ r❡s✉❧t ✐♥ t❤❡ ❧✐♠✐t β → +∞ ❢r♦♠ ✭✽✮ ❛♥❞ ✭✾✮
♦♥❡ ♦❜t❛✐♥s ❢♦r ✜①❡❞ n ✐♥ t❤❡ ◆❖ ♣❤❛s❡✿

ENO(n) = 0, ❢♦r n < 1 (µ̄ = −U/2),
ENO(n) = U(n− 1), ❢♦r n > 1 (µ̄ = U/2),
ENO = 0, ❢♦r n = 1 (µ̄ = 0).

✭✶✻✮

❚❤✐s ●❙ ✐s ✐♥✜♥✐t❡❧② ❞❡❣❡♥❡r❛t❡ ❢♦r N → ∞✳ ❋♦r n ≤ 1
✭n > 1✮✱ nN ((2− n)N) s✐t❡s ❛r❡ ♦❝❝✉♣✐❡❞ ❜② ❡❧❡❝tr♦♥s
✭❤♦❧❡s✮ ❛♥❞ t❤❡ s♣✐♥s ♦❢ ❛❧❧ ♣❛rt✐❝❧❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t
♦❢ ❡❛❝❤ ♦t❤❡r✳ ■♥❝❧✉s✐♦♥ ♦❢ t❤❡ ✐♥t❡rs✐t❡ s♣✐♥✲s♣✐♥ ❛♥❞
❞❡♥s✐t②✲❞❡♥s✐t② ✐♥t❡r❛❝t✐♦♥s ❝❛♥ r❡♠♦✈❡ t❤✐s ❞❡❣❡♥❡r❛❝②
❛♥❞ ❣❡♥❡r❛t❡ ✈❛r✐♦✉s ♠❛❣♥❡t✐❝ ❛♥❞ ❝❤❛r❣❡ ♦r❞❡r✐♥❣s✳ ❚❤❡
♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ❛r❡ ♥♦t s✉♣♣r❡ss❡❞ ✐♥ t❤✐s st❛t❡✳ ❋♦r
n 6= 1 t❤❡r❡ ✐s ♥♦ ♦r❞❡r ♣❛tt❡r♥ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ♣❛rt✐❝❧❡s✱ ✇❤❡r❡❛s ❢♦r n = 1 ▼♦tt ♣❤❛s❡ ✇✐t❤ ♦♥❡✲
❡❧❡❝tr♦♥✲♣❡r✲s✐t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭✇✐t❤ r❛♥❞♦♠ ❞✐r❡❝t✐♦♥ ♦❢
❡❧❡❝tr♦♥ s♣✐♥ ♣❡r s✐t❡✮ ♦❝❝✉rs✳
❋r♦♠ ✭✼✮ ❛♥❞ ✭✾✮ ❢♦r ✜①❡❞ µ̄ ❛♥❞ β → +∞ ♦♥❡ ♦❜t❛✐♥s✿

ωa
NO(µ̄) = 0 (n = 0,◆❖ ✕ ❡♠♣t②),
ωb
NO(µ̄) = −µ̄− U/2 (n = 1,◆❖ ✕ ▼♦tt),
ωc
NO(µ̄) = −2µ̄ (n = 2,◆❖ ✕ ❢✉❧❧).

✭✶✼✮

❚❤❡ ❛✈❡r❛❣❡ ♦❝❝✉♣❛♥❝② ♦❢ s✐t❡s ❝❛♥ ♦♥❧② ❜❡ ✐♥t❡❣❡r ❢♦r
✜①❡❞ µ̄✱ ✇❤❛t ❝❛♥ ❜❡ ✐♥t✉✐t✐✈❡❧② ✉♥❞❡rst❛♥❞ ✐❢ ♦♥❡ r❡✲
❛❧✐③❡s t❤❛t 〈n̂i〉 = 0, 1, 2 ♦♥❧② ❛♥❞ ❡✈❡r② s✐t❡ ✐s ❡q✉✐✈❛✲
❧❡♥t ✭t❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s✐t❡s ✐♥

ĤI✮✳ ❚❤❡ st❛t❡ ω
a
NO ✭◆❖ ✕ ❡♠♣t②✮ ✐s st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t

t♦ ωb
NO ✭◆❖ ✕ ▼♦tt✮ ✐❢ U < −2µ̄ ✭❛♥❞ µ̄ < 0✮✱ ✇❤❡r❡❛s

ωc
NO < ωb

NO ✐❢ U < 2µ̄ ✭❛♥❞ µ̄ > 0✮✳
❲✐t❤✐♥ t❤❡ s✉❜s♣❛❝❡ ❡①❝❧✉❞✐♥❣ t❤❡ s✐♥❣❧❡ ♦❝❝✉♣❛♥❝② ♦❢

s✐t❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❝❤❛r❣❡ ♦♣❡r❛t♦rs ❛r❡ ρ̂zi = ±1/2✱
(ρ̂zi )

2 = 1/4 ❢♦r ❡❛❝❤ s✐t❡✳ ❚❤✉s✱ ❢r♦♠ ✭✹✮✱ t❤❡ ❡✛❡❝t✐✈❡
❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤✐s ❝❛s❡ t❛❦❡s t❤❡ ❢♦r♠✿

ĤII = −I
∑

〈i,j〉

(

ρ̂+i ρ̂
−
j + ρ̂+j ρ̂

−
i

)

− µ̄
∑

i

(2ρ̂zi + 1) ✭✶✽✮

✇✐t❤ ❛✉①✐❧✐❛r② ❝♦♥❞✐t✐♦♥ ✭✻✮✳ ĤII ❤❛s t❤❡ ❢♦r♠ ♦❢ t❤❡ ❳❨
q✉❛♥t✉♠ s♣✐♥ ♠♦❞❡❧ ✭S = 1/2✮ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ❡①t❡r♥❛❧



✺

✜❡❧❞ µ̄ = µ− U/2 ✐♥ t❤❡ z✲❞✐r❡❝t✐♦♥✱ s✉❝❤ t❤❛t t❤❡ ❛✈❡r✲
❛❣❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❤❛s ❛ ✜①❡❞ ✈❛❧✉❡ ❡q✉❛❧ t♦ (n− 1)/2
✭❝❢✳ ✭✻✮✮✳ ❚❤❡ ●❙ ❡♥❡r❣② ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✽✮ ✐s ❞❡r✐✈❡❞
❛s

ESS(n) =
1

N
〈ĤII + µ

∑

i

n̂i〉 = EXY (n) +
1

2
Un, ✭✶✾✮

✇❤❡r❡ EXY (n) = − I
N 〈∑〈i,j〉

(

ρ̂+i ρ̂
−
j + ρ̂+j ρ̂

−
i

)

〉✳ ❚❤❡ ●❙

❣r❛♥❞ ♣♦t❡♥t✐❛❧ ✐♥ t❤✐s ❝❛s❡ ❤❛s t❤❡ ❢♦r♠

ωSS(µ̄) = EXY (n(µ̄))− µ̄n(µ̄), ✭✷✵✮

✇❤❡r❡ ✐t ✐s ✉♥❞❡r❧✐♥❡❞ t❤❛t µ̄ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳
❆s ✐t ❢♦❧❧♦✇s ❢r♦♠ ♣r❡✈✐♦✉s ❛♥❛❧②③❡s ❬✶✸✱ ✶✹❪ t❤❡ ●❙ ♦❢

♠♦❞❡❧ ✭✶✽✮ ❡①❤✐❜✐ts t❤❡ ❧♦♥❣✲r❛♥❣❡ ❳❨ ♦r❞❡r ❢♦r d ≥ 2
❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡ ✐♥ t❤❡ ✇❤♦❧❡ ❝♦♥❝❡♥tr❛t✐♦♥ r❛♥❣❡
0 < n < 2✳ ❋♦r d = 1✱ ♦♥❧② t❤❡ s❤♦rt r❛♥❣❡ ❳❨ ❝♦rr❡❧❛✲
t✐♦♥s ❛r❡ ❞❡✈❡❧♦♣❡❞ ❬✸✻❪✱ ♥❡✈❡rt❤❡❧❡ss ❡✈❡♥ ❛r❜✐tr❛r② s♠❛❧❧
✐♥t❡r❝❤❛✐♥ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ✐♥❞✉❝❡ t❤❡ r❡❛❧ ❧♦♥❣✲r❛♥❣❡ ♦r✲
❞❡r ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✳
❚❤❡ ❙❙ ♣❤❛s❡ ✇✐❧❧ ❜❡ r❡❛❧✐③❡❞ ✐❢ ENO > ESS ❢♦r ✜①❡❞ n

✭✐❢ ωNO > ωSS ❢♦r ✜①❡❞ µ̄✮✳ ❋♦r ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡
♣❤❛s❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ t❤❡ ◆❖ ✭❊qs✳ ✭✶✻✮ ❛♥❞ ✭✶✼✮✮ ❛♥❞
t❤❡ ❙❙ ✭❊qs✳ ✭✶✾✮ ❛♥❞ ✭✷✵✮✮ ♣❤❛s❡s ❛♥❞ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢
t❤❡ ●❙ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❙❙ ♣❤❛s❡ ❢♦r ✈❛r✐♦✉s ❞✐♠❡♥s✐♦♥s
❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ♦r t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧
♦♥❡ ❤❛s t♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠♦❞❡❧ ✭✶✽✮ ❛t T = 0✳
▲❡t ✉s str❡ss t❤❛t ✐❢ n ✐s ✜①❡❞ ♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r ❛❧s♦

t❤❡ P❙ st❛t❡ ✐♥ ✇❤✐❝❤ ♦♥❡ ❞♦♠❛✐♥ ✐s ✐♥ t❤❡ ◆❖ ♣❤❛s❡
❛♥❞ t❤❡ ♦t❤❡r ✐s ✐♥ t❤❡ ❙❙ ♣❤❛s❡ ❛♥❞ ✇❤✐❝❤ ❡♥❡r❣② ✐s
❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✶✸✮✳ ❍♦✇❡✈❡r✱ t❤❡ ●❙ ❡♥❡r❣② ♦❢ t❤❡
P❙ ✭❙❙✕◆❖✮ st❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♠♦st ❝❛s❡s
♦♥❧② ♥✉♠❡r✐❝❛❧❧② ❜② ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ❡♥❡r❣② ❣✐✈❡♥
❜② ✭✶✸✮✳ ■♥ t❤❡ ◆❖ ❞♦♠❛✐♥ nNO = 1 ✭▼♦tt ♣❤❛s❡ ✇✐t❤
♦♥❡✲❡❧❡❝tr♦♥✲♣❡r✲s✐t❡ ❝♦♥✜❣✉r❛t✐♦♥✮✱ ✇❤❡r❡❛s ❝♦♥❝❡♥tr❛✲
t✐♦♥ ✐♥ t❤❡ ❙❙ ❞♦♠❛✐♥ ✐s ❞❡♣❡♥❞❡♥t ♦♥ U/I0 ✭❛♥❞ ❛♣✲
♣r♦❛❝❤ ✉s❡❞✮✳

❆✳ ❊①❛❝t r❡s✉❧ts ✐♥ d = 1

❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥s ♦❢ ♠♦❞❡❧ ✭✶✽✮ ❢♦r ❛r❜✐tr❛r② n ❝❛♥
❜❡ ❞❡r✐✈❡❞ ❢♦r d = 1 ❛♥❞ d = +∞✳ ❋♦r d = 1✱ ❜② ♠❛❦✐♥❣
✉s❡ t❤❡ ❡①❛❝t r❡s✉❧ts ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ❡♥❡r❣② ♦❢ d = 1
❳❨ ♠♦❞❡❧ ✐♥ ❛ tr❛♥s✈❡rs❡ ✜❡❧❞ ❬✸✻✕✸✾❪ ♦♥❡ ♦❜t❛✐♥s✿

E1D
XY = −2|I0|

1

π
sin

πn

2
, ✭✷✶✮

✇❤❡r❡ I0 = 2I ✭❜❡❝❛✉s❡ z = 2✮✳ ◆♦t✐❝❡✱ t❤❛t ❞✉❡ t♦ ❛ ✇❡❧❧
❦♥♦✇♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ♣❧❛♥❛r ❢❡rr♦♠❛❣♥❡t ❛♥❞
❛♥t✐❢❡rr♦♠❛❣♥❡t ❢♦r ❧♦♦s❡ ♣❛❝❦❡❞ ✭❛❧t❡r♥❛t✐♥❣✮ ❧❛tt✐❝❡s
✇✐t❤ ♥❡❛r❡st✲♥❡✐❣❤❜♦✉r ❬✹✵✱ ✹✶❪✱ t❤❡ r❡s✉❧ts ❢♦r E1D

XY ❛r❡
t❤❡ s❛♠❡ ❢♦r ❜♦t❤ s✐❣♥s ♦❢ I✳ ❚❤✉s✱ ❢r♦♠ ✭✶✾✮ ❛♥❞ ✭✷✶✮
✇❡ ❤❛✈❡

E1D
SS =

1

2
Un− 2|I0|

1

π
sin

πn

2
✭✷✷✮

❛♥❞ t❤❡ ❡①❛❝t ❡①♣r❡ss✐♦♥s ❢♦r ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ ❛♥❞
t❤❡ s✉♣❡r✢✉✐❞ ❞❡♥s✐t② js ✭t❤❡ s❤♦rt✲r❛♥❣❡ ♦r❞❡r ♣❛r❛♠❡✲
t❡r✮ ❛r❡✿

µ̄1D
SS =

∂E1D
SS

∂n
− 1

2
U = −|I0| cos

πn

2
, ✭✷✸✮

j1Ds =
∣

∣〈ρ̂+i ρ̂−i+1〉
∣

∣ =
1

π
sin

πn

2
, ✭✷✹✮

✇❤❡r❡ i + 1 ❞❡♥♦t❡s t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉r ♦❢ t❤❡ i✲s✐t❡✳
❋♦r I0 > 0 ✭❙❙ ❝❛s❡✮ ❢❡rr♦♠❛❣♥❡t✐❝ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥
❳❨ ❝♦♠♣♦♥❡♥ts ♦❢ ♥❡✐❣❤❜♦✉r✐♥❣ ♣s❡✉❞♦s♣✐♥s ❛r❡ ♣r❡s❡♥t
〈ρ̂+i ρ̂−i+1〉 > 0✱ ✇❤❡r❡❛s ❢♦r I0 < 0 ✭η❙ ❝❛s❡✮ ❛♥t✐❢❡rr♦♠❛❣✲

♥❡t✐❝ ❝♦rr❡❧❛t✐♦♥s ♦❝❝✉r 〈ρ̂+i ρ̂−i+1〉 < 0✳ ❋r♦♠ ✭✷✸✮ ♦♥❡ ♦❜✲
t❛✐♥s t❤❛t t❤❡ ❙❙ ❝❛♥ ❡①✐st ✐♥ t❤❡ r❛♥❣❡ −1 < µ̄/|I0| < 1✳
◆♦t✐❝❡ t❤❛t st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✷✮ ✐s ❛❧✇❛②s ❢✉❧✜❧❧❡❞ ✐♥
t❤❡ ❙❙ ♣❤❛s❡✳
❚❤❡ ●❙ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❜t❛✐♥❡❞ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✿

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄ ✭♣❛♥❡❧ ✭❛✮✮✱ ❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n
✇✐t❤♦✉t ✭♣❛♥❡❧ ✭❜✮✮ ❛♥❞ ✇✐t❤ ✭♣❛♥❡❧ ✭❝✮✮ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢
t❤❡ P❙ st❛t❡✳ ❆t ❤❛❧❢✲✜❧❧✐♥❣ t❤❡r❡ ✐s ♥♦ ♣❤❛s❡ s❡♣❛r❛t✐♦♥
❛♥❞ t❤❡ ◆❖ ✲ ▼♦tt ♣❤❛s❡ ✐s st❛❜❧❡ ❢♦r U/I0 > 4/π✳ ❚❤❡
❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t st❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
❡①❛❝t r❡s✉❧ts ✐♥ d = 1 ❛r❡ ❞❡♥♦t❡❞ ❜② ❞♦tt❡❞ ❧✐♥❡s ✭✐❢ t❤❡②
❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥ ❱❆✮✳ ◆♦t✐❝❡ t❤❛t ❢♦r
❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ∂µ/∂n > 0 ✐♥ t❤❡ r❛♥❣❡s ♦❢ t❤❡ P❙
st❛t❡ ♦❝❝✉rr❡♥❝❡✳

❇✳ ❱❛r✐❛t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✭d → +∞✮

❋♦r 1 < d <∞ t❤❡r❡ ❛r❡ ♥♦ ❡①❛❝t s♦❧✉t✐♦♥s ❢♦r ♠♦❞❡❧
✭✶✽✮ ❛✈❛✐❧❛❜❧❡ ✭❡①❝❡♣t ♦❢ t❤❡ ▲❉❊ ❢♦r d = 3 ✕ s❡❡ ❬✶✸✱
✶✹✱ ✸✶❪✮ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ♥❡❝❡ss❛r②
t♦ ✜♥❞ ESS ✳ ❚❤❡ s✐♠♣❧❡st ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✐s t❤❡ ❱❆
✇❤✐❝❤ ❛t T = 0 ❣✐✈❡s ✭t❤❡ β → +∞ ❧✐♠✐t ♦❢ ✭✽✮✕✭✶✵✮ ❢♦r
∆ 6= 0✮

ESS =
1

2
Un− 1

2
|I0|n(2− n), ✭✷✺✮

|∆|2 = js =
1

4
n(2− n), ✭✷✻✮

❛♥❞

µ̄SS = −|I0|(1− n). ✭✷✼✮

❊q✉❛t✐♦♥ ✭✷✼✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❙❙ ♣❤❛s❡ ❝❛♥ ❡①✐st ✐♥ t❤❡
r❛♥❣❡ −1 < µ̄/|I0| < 1✳ ◆♦t✐❝❡ t❤❛t np = 2D = n✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t ❛❧❧ ❡❧❡❝tr♦♥s ✐♥ t❤❡ s②st❡♠ ❛r❡ ❧♦❝❛❧❧② ♣❛✐r❡❞
✐♥ t❤❡ ❙❙ ♣❤❛s❡ ❛t T = 0✱ ✇❤❡r❡❛s t❤❡ ✜♥✐t❡ ✈❛❧✉❡ ♦❢ t❤❡
❞❡♣❧❡t✐♦♥ n′ = n− 2n0 ✭n0 = |∆|2✮ ❛t T = 0 ✐s ❞✉❡ t♦ t❤❡
❤❛r❞✲❝♦r❡ ❡✛❡❝t ❬✶✸❪✳
❚❤❡ ●❙ ❡♥❡r❣② ♦❢ t❤❡ P❙ st❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②

♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ✭✶✸✮✳ ■♥ t❤❡ ◆❖ ❞♦♠❛✐♥ nNO = 1 ✭▼♦tt
♣❤❛s❡✮✱ ✇❤❡r❡❛s ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❙❙ ❞♦♠❛✐♥ ✐s ❞❡♣❡♥✲

❞❡♥t ♦♥ U/I0 ❛♥❞ nSS = 1±
√

U/I0 − 1 ✭1 ≤ U/I0 ≤ 2✮✳
■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst ♦r❞❡r ❙❙✲◆❖ ❜♦✉♥❞❛r② ♦♥
t❤❡ U/I0 ✈s✳ µ̄/I0 ●❙ ❞✐❛❣r❛♠ ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥
(µ̄/I0)

2 + 1 = U/I0✳



✻

� � � � � � � � � � � � � � � � � � � � � � � � � � �
� � �

� � �

� � �

� � �

� � �

� � �

� � �
� � � � � � �

� 	 �

� � � �
� � � � � � � �

�

�
�� �

� � � �

� �

� � � � � � � � � � � � � � � � � �
� � �

� � �

� � �

� � �

� � �

� � �� � �

�

� �

� �

�
�� �

�

� � � �

� � � � � � � � � � � � � � � � � �
� � �

� � �

� � �

� � �

� � �

� � �

� � � �

� � �

�

� �

�
�� �

�

� �

� �

❋■●✳ ✶✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ●r♦✉♥❞ st❛t❡ ♣❤❛s❡ ❞✐❛❣r❛♠s✿ ✭❛✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄/I0✱ ✭❜✮ ❛♥❞ ✭❝✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n ✇✐t❤♦✉t ❛♥❞ ✇✐t❤
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ P❙ st❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❉♦tt❡❞✱ ❞❛s❤❡❞✱ ❞❛s❤❡❞✲❞♦tt❡❞ ❛♥❞ s♦❧✐❞ ❧✐♥❡s ❞❡♥♦t❡ t❤❡ ❜♦✉♥❞❛r✐❡s ❢♦r d = 1

✭❡①❛❝t r❡s✉❧ts✮✱ d = 2 ✭❘P❆✱ ❙◗ ❧❛tt✐❝❡✮✱ d = 3 ✭❘P❆✱ ❙❈ ❧❛tt✐❝❡✮✱ ❛♥❞ d → +∞ ✭❱❆ r❡s✉❧t✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆t ❤❛❧❢✲✜❧❧✐♥❣ ✭n = 1✮
t❤❡ ◆❖ ✭▼♦tt st❛t❡✮ ✐s st❛❜❧❡ ❛❜♦✈❡ t❤❡ ❡♥❞ ♦❢ t❤❡ P❙✕❙❙ ❧✐♥❡✳ ❚❤❡ ◆❖✕❙❙ tr❛♥s✐t✐♦♥ ❢♦r µ̄/I0 = −1 ✭♣❛♥❡❧ ✭❛✮✮ ✐s s❡❝♦♥❞
♦r❞❡r✱ ❛❧❧ ♦t❤❡r tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ✭♣❛♥❡❧s ✭❛✮✱ ✭❜✮✮ ❛r❡ ✜rst ♦r❞❡r✳

❚❤❡ ●❙ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❜t❛✐♥❡❞ ✐♥ ❱❆ ❛r❡ s❤♦✇♥
✐♥ ✜❣✉r❡ ✶✳ ❚❤❡ ❱❆ ♣❤❛s❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ❞❡♥♦t❡❞ ❜②
s♦❧✐❞ ❧✐♥❡s✳ ❙✐♠✐❧❛r❧② ❛s ✐♥ s❡❝t✐♦♥ ■■■❆ ♦♥❡ ✜♥❞s t❤❛t
∂µ/∂n > 0 ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ✐♥ t❤❡ r❛♥❣❡s ♦❢ t❤❡
P❙ st❛t❡ ♦❝❝✉rr❡♥❝❡✳
❋♦r ❤②♣❡r❝✉❜✐❝ ❧❛tt✐❝❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ d = ∞ t❤❡ ❱❆

❜❡❝♦♠❡s t❤❡ ❡①❛❝t t❤❡♦r② ❢♦r ♠♦❞❡❧ ✭✶✮ ✭❛s ✇❡❧❧ ❛s ❢♦r
♠♦❞❡❧ ✭✶✽✮✮✳

❈✳ ❘❛♥❞♦♠ ♣❤❛s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭d = 2, 3✮

●♦✐♥❣ ❜❡②♦♥❞ ❱❆ ❢♦r 1 < d < +∞ ❛ r❡❧✐❛❜❧❡ ❛♣♣r♦❛❝❤
✐s t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❘P❆ ❬✶✸✱ ✶✹❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s
❜❡❡♥ ♣r♦✈❡♥ t♦ ❜❡ ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡
✐♥ ♣r♦❜❧❡♠s ♦❢ q✉❛♥t✉♠ ♠❛❣♥❡t✐s♠ ❛♥❞ ✐t ❢✉❧❧② t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❢ ❝r✉✲
❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠ ❢♦r d ≤ 3✳
❚❤❡ ●❙ ❡♥❡r❣② ♦❢ ♠♦❞❡❧ ✭✶✽✮ ✐s ❣✐✈❡♥ ❜② ✭✶✾✮✱ ✇❤❡r❡
ERPA

XY (n) = − 1
N

∑

~k I~k〈ρ̂
+
~k
ρ̂−~k

〉✳ ρ̂±~k
❛♥❞ I~k ❞❡♥♦t❡ t❤❡

s♣❛❝❡✲❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❝❤❛r❣❡ ♦♣❡r❛t♦rs ❛♥❞ t❤❡
♣❛✐r ❤♦♣♣✐♥❣ ✐♥t❡❣r❛❧✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦✲
t❡♥t✐❛❧ ✐s ❞❡t❡r♠✐♥❡❞ ❜② (n− 1)/2 = (1/N)

∑

i〈ρ̂zi 〉
❚❤❡ ❡♥❡r❣② ERPA

XY ✐s ♦❜t❛✐♥❡❞ ❜② ♠❡❛♥s ♦❢ ●r❡❡♥✬s
❢✉♥❝t✐♦♥s ✉s✐♥❣ t❤❡ s♣❡❝tr❛❧ t❤❡♦r❡♠✱ ❛♥❞ ❜② ❛♣♣❧②✐♥❣
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝✲
t✐♦♥s ❬✶✹❪✳ ❆t T = 0 t❤✐s ②✐❡❧❞s

ERPA
XY =− sin2 θ





R2I0
2

+
R

2N

∑

~k

I~k
B~k

E~k



 ✭✷✽✮

− (1 + cos2 θ)
R

2N

∑

~k

I~k
A~k

E~k

,

✇❤❡r❡ A~k = Rǫ0~k +B~k✱ B~k = RI~k sin
2 θ✱

E~k =
√

A2
~k
−B2

~k
✐s t❤❡ ❝♦❧❧❡❝t✐✈❡ ❡①❝✐t❛t✐♦♥ s♣❡❝✲

tr✉♠✱ ǫ0~k = 2(I0 − I~k)✱ θ ✐s ❣✐✈❡♥ ❜② cos2 θ = (n− 1)2/R2

❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ ♣s❡✉❞♦s♣✐♥ R ✐s ❣✐✈❡♥ ❛s ❛ s♦❧✉t✐♦♥ ♦❢

t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❡q✉❛t✐♦♥

R−1 =
1

N

∑

~k

A~k

E~k

= 1 + 2ψ0, ✭✷✾✮

2ψ0 =
1

N

∑

~k





ǫ0~k + I~ksin
2θ

√

(ǫ0~k
)2 + 2I~kǫ

0
~k
sin2 θ

− 1



 . ✭✸✵✮

❚❤❡ r❡s✉❧t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❙❲❆ ✭❜❡✐♥❣ t❤❡ ❧♦✇❡st
♦r❞❡r ❡①♣❛♥s✐♦♥ ♦❢ ❛❜♦✈❡ ❡q✉❛t✐♦♥✮ ✐s R = 1− 2ψ0 ✇✐t❤
2ψ0 ❞❡t❡r♠✐♥❡❞ ❜② ✭✸✵✮✳
❋♦r t❤❡ ❙❙ ♣❤❛s❡ t❤❡ s♣❡❝tr✉♠ E~k ✐s ❣❛♣❧❡ss ❛♥❞ ❧✐♥❡❛r

✐♥ |~k| ❢♦r s♠❛❧❧ ~k✳ ❖♥❡ ❣❡ts E~k→0 = |~k|s ✇✐t❤ t❤❡ s♦✉♥❞
✈❡❧♦❝✐t② s ❣✐✈❡♥ ❜② s = 2RIa

√
z sin θ ✭~ = 1✮✳

❚❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ✐♥ t❤❡ ❙❙ ♣❤❛s❡ ✐♥ t❤❡ ❘P❆ ✐s
❣✐✈❡♥ ❜② µ̄RPA

SS = I0(n− 1)✱ ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❱❆✳
❚❤❡ q✉❛♥t✉♠ ❝♦rr❡❝t✐♦♥s t♦ t❤✐s ❱❆ r❡s✉❧t ❢♦r µ̄SS ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ❛s ✐♥ ❬✶✹❪ ❛♥❞ ♦♥❡ ♦❜t❛✐♥s✿

µ̄SS = 2I0





n− 1

2
− cos θ

2N

∑

~k

γ~k(1− γ~k)

ǫ~k



 , ✭✸✶✮

✇❤❡r❡ ǫ~k =
√

(1− γ~k)
2 + γ~k(1− γ~k) sin

2 θ✱ γ~k = I~k/I0✳

❖♥❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t ❘P❆ ❛♥❞ ❙❲❆ ❣✐✈❡ ✈❡r② s✐♠✐❧❛r
r❡s✉❧t ❢♦r t❤❡ ♠♦❞❡❧ ✭✶✽✮ ✐♥ t❤❡ ●❙ ❬✶✹✱ ✶✺❪✳ ❚❤❡ r❡s✉❧t✲
✐♥❣ ♣❤❛s❡ ❜♦✉♥❞❛r✐❡s ❢♦r d = 2 sq✉❛r❡ ✭❙◗✮ ❧❛tt✐❝❡ ❛♥❞
d = 3 s✐♠♣❧❡ ❝✉❜✐❝ ✭❙❈✮ ❧❛tt✐❝❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶ ❛♥❞
❞❡♥♦t❡❞ ❜② ❞❛s❤❡❞ ❛♥❞ ❞❛s❤❡❞✲❞♦tt❡❞ ❧✐♥❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❉✳ ▲♦✇✲❞❡♥s✐t② ❡①♣❛♥s✐♦♥ ❢♦r d = 3 ❧❛tt✐❝❡s

■♥ ❬✶✸✱ ✶✹❪ s❡✈❡r❛❧ r✐❣♦r♦✉s r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ●❙
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ♦❢ ❤❛r❞✲❝♦r❡ ❝❤❛r❣❡❞ ❜♦s♦♥s ❤❛✈❡
❜❡❡♥ ❞❡r✐✈❡❞ ❢♦r ✈❛r✐♦✉s ❧❛tt✐❝❡s ✐♥ d = 3 ✉s✐♥❣ ❛ s②st❡♠✲
❛t✐❝ ▲❉❊ ❜❛s❡❞ ♦♥ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡①❛❝t t✇♦✲❜♦❞②
s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡✳ ❚r❛♥s❢♦r♠✐♥❣ t❤❡ r❡s✉❧ts ♦❢ s❡❝✲
t✐♦♥ ❱■ ❇ ❢r♦♠ ❬✶✹❪ ✐♥t♦ ♦✉r ♣r♦❜❧❡♠ ♦♥❡ ❣❡ts ❢♦r n→ 0
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❋■●✳ ✷✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄/I0 ❢♦r ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ U/I0 ✭♥✉♠❜❡rs
❛❜♦✈❡ t❤❡ ❝✉r✈❡s✮✳ ❙♦❧✐❞ ❛♥❞ ❞♦tt❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ s❡❝♦♥❞
♦r❞❡r ❛♥❞ ✜rst ♦r❞❡r tr❛♥s✐t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❛s❤❡❞✲
❞♦tt❡❞ ❝✉r✈❡ ✭❧❛❜❡❧❡❞ ❛s ❚❈P✮ ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ tr✐❝r✐t✐❝❛❧
♣♦✐♥t ❧✐♥❡ ♦♥ t❤❡ kBT/I0 ✈s✳ µ̄/I0 ♣❧❛♥❡✳

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛❝t ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ●❙ ❡♥❡r❣② ♦❢ ❙❙
♣❤❛s❡ ELDE

SS ✐s ❣✐✈❡♥ ❜②

ELDE
SS =

1

2
Un+ ELDE

XY = ✭✸✷✮

=
1

2
Un− 2I0

[

1

2
n− 1

4
αn2 − γz(3/2)

30π2
(2αn)(5/2)

]

,

✇❤❡r❡ α = 1/C ✐s t❤❡ ❡①❛❝t s❝❛tt❡r✐♥❣ ❧❡♥❣t❤ ❢♦r t❤❡ ❝♦♥✲
s✐❞❡r❡❞ ❝❛s❡✱ C = (1/N)

∑

~k(1− I~k/I0)
−1 ✐s t❤❡ ❲❛ts♦♥

✐♥t❡❣r❛❧ ❢♦r ❛ ❣✐✈❡♥ ❧❛tt✐❝❡✱ γ = V0/a
3✱ V0 ✐s t❤❡ ✈♦❧✲

✉♠❡ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧✱ a ✐s t❤❡ ❧❛tt✐❝❡ ❝♦♥st❛♥t✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ❢♦r ❙❈✿ C = 1.51638✱ z = 6✱ γ = 1❀ ❢♦r ❇❈❈✿
C = 1.3932✱ z = 8✱ γ = 1/2❀ ❛♥❞ ❢♦r ❋❈❈✿ C = 1.3446✱
z = 12✱ γ = 1/4✳

❚❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ❤❛s ❛ ❢♦r♠

µ̄LDE
SS = −I0

[

1− αn− γz(3/2)

3π2
α5/2(2n)3/2

]

✭✸✸✮

❛♥❞ t❤❡ s♦✉♥❞ ✈❡❧♦❝✐t② s ✐s ❞❡r✐✈❡❞ ❜②

~
2
s
2 = 4I0Ia

2n(2−n)α
[

1 + α3/2 2γ√
2π2

z3/2n1/2

]

. ✭✸✹✮

❚❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ ▲❉❊ ❛r❡ ✐♥ ✈❡r②
❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❘P❆ r❡s✉❧ts ✭❢♦r ❙❈ ❧❛tt✐❝❡✮ ✐♥ t❤❡
r❛♥❣❡ n < 0.2✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙❙ ♣❤❛s❡ ❜♦✉♥❞❛r② ❞❡✲
r✐✈❡❞ ✇✐t❤✐♥ ▲❉❊ ✐s ♠♦✈❡❞ ❧✐tt❧❡ ❞♦✇♥✇❛r❞s ✐♥ ❝♦♠♣❛r✐✲
s♦♥ ✇✐t❤ t❤❡ ❘P❆ ♦♥❡s✳ ❆♥ ❛♥❛❧②s✐s ♦❢ ▲❉❊ r❡s✉❧ts ♦❜✲
t❛✐♥❡❞ ❢♦r ✈❛r✐♦✉s ❝✉❜✐❝ ❧❛tt✐❝❡s ✐♥ d = 3 s❤♦✇s t❤❛t t❤❡
r❡❣✐♦♥ ♦❢ t❤❡ ❙❙ ♣❤❛s❡ st❛❜✐❧✐t② s❤r✐♥❦s ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♥✉♠❜❡r ♦❢ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs ✐♥ t❤❡ ❧❛tt✐❝❡✳
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❋■●✳ ✸✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❋✐♥✐t❡ t❡♠♣❡r❛t✉r❡ ♣❤❛s❡ ❞✐❛❣r❛♠
♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄/I0 ❛♥❞ U/I0✳ ❙♦❧✐❞ ❛♥❞ ❞♦tt❡❞
❧✐♥❡s ✐♥❞✐❝❛t❡ s❡❝♦♥❞ ♦r❞❡r ❛♥❞ ✜rst ♦r❞❡r tr❛♥s✐t✐♦♥s✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ tr✐❝r✐t✐❝❛❧ ♣♦✐♥t ❧✐♥❡ ✐s ❞❡♥♦t❡❞ ❜② ❞❛s❤❡❞✲❞♦tt❡❞
❧✐♥❡✳

❊✳ ❙✉♠♠❛r② ♦❢ t❤❡ ●❙ r❡s✉❧ts

❚❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ●❙ ♣❤❛s❡ ❞✐❛❣r❛♠s ❞❡✲
r✐✈❡❞ ✐s s✐♠✐❧❛r ❢♦r ❛❧❧ ❧❛tt✐❝❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s ✭d ≥ 1✮ ❛♥❞
❛♣♣r♦❛❝❤❡s ✉s❡❞✳ ❚❤❡r❡ ❛r❡ t✇♦ s❡q✉❡♥❝❡s ♦❢ ♣❤❛s❡ tr❛♥✲
s✐t✐♦♥s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ U/I0 ❢♦r ✜①❡❞ n✿

✭✐✮ ❙❙ → P❙ → ◆❖ ✭❢♦r n 6= 1✮✱

✭✐✐✮ ❙❙ → ◆❖ ✭▼♦tt✮ ✭❢♦r n = 1✮✳

❚❤❡ ❡✛❡❝ts ♦❢ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ✐♥❝r❡❛s❡ ✇✐t❤ ❞❡✲
❝r❡❛s✐♥❣ ❧❛tt✐❝❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ❛♥❞ ❢♦r ❛ ❧✐♥❡❛r ❝❤❛✐♥ t❤❡✐r
✐♥✢✉❡♥❝❡ ♦♥ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐s t❤❡ ♠♦st ♣r♦♠✐♥❡♥t✳ ❚❤✉s
t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥♦✉s ❙❙ ♣❤❛s❡ st❛❜✐❧✐t② ❞❡❝r❡❛s❡s
✇✐t❤ ✐♥❝r❡❛s✐♥❣ d✳ ■♥ d→ +∞ t❤❡ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s
❛r❡ s✉♣♣r❡ss❡❞✳
❖♥❡ s❤♦✉❧❞ ❛❧s♦ ♥♦t✐❝❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ P❙✲◆❖ ❛t

U/I0 = 2 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡
❧❛tt✐❝❡✳ ❚❤❡ P❙ r❡❣✐♦♥ ❡①♣❛♥❞s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞✐♠❡♥✲
s✐♦♥❛❧✐t②✳

■❱✳ ❋■◆■❚❊ ❚❊▼P❊❘❆❚❯❘❊ P❍❆❙❊
❉■❆●❘❆▼❙ ❉❊❘■❱❊❉ ❲■❚❍ ❱❆

❆✳ ❆♥❛❧②s✐s ❢♦r ✜①❡❞ µ

❆❧❧ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❜♦✉♥❞❛r✐❡s✱ ♥❡❝❡ss❛r② t♦ ❝♦♥str✉❝t
t❤❡ ❝♦♠♣❧❡t❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ❢♦r ✜①❡❞ µ✱ ❤❛✈❡ ❜❡❡♥ ♦❜✲
t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② s♦❧✈✐♥❣ t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ✭✾✮✕
✭✶✵✮ ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ❣r❛♥❞ ♣♦t❡♥t✐❛❧ ✭✼✮ ❢♦r t❤❡ s♦✲
❧✉t✐♦♥s ❢♦✉♥❞✳ ❚❤❡ r❡s✉❧t✐♥❣ kBT/I0 ✈s✳ µ̄/I0 ♣❤❛s❡ ❞✐✲
❛❣r❛♠s ♦❜t❛✐♥❡❞ ❢♦r ✈❛r✐♦✉s ✜①❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♦♥✲s✐t❡
✐♥t❡r❛❝t✐♦♥ U/I0 ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ♦✈❡r❛❧❧ ❜❡✲
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❋■●✳ ✹✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ P❤❛s❡ ❞✐❛❣r❛♠s kBT/I0 ✈s✳ n ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ U/I0 ✭❛s ❧❛❜❡❧❡❞✮✳ ❙♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡
s❡❝♦♥❞ ♦r❞❡r ❛♥❞ ✏t❤✐r❞ ♦r❞❡r✑ ❜♦✉♥❞❛r✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳ T ❞❡♥♦t❡s t❤❡ tr✐❝r✐t✐❝❛❧ ♣♦✐♥t✳

❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄ ✐s ❞❡♠♦♥str❛t❡❞
✐♥ ✜❣✉r❡ ✸✳
❋♦r U/I0 ≤ (2/3) ln 2 ♦♥❧② t❤❡ s❡❝♦♥❞ ♦r❞❡r ❙❙✕◆❖

tr❛♥s✐t✐♦♥s ♦❝❝✉r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ tr❛♥✲
s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ✐s ♠❛①✐♠❛❧ ❢♦r U → −∞✱ µ̄ = 0 ❛♥❞ ✐t
❞❡❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ U/I0 ❛♥❞ |µ̄|/I0✳
❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ✐s t❤❡ r❛♥❣❡

(2/3) ln 2 < U/I0 < 2✳ ■♥ t❤✐s r❛♥❣❡ t❤❡ µ̄✲❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ❜❡❝♦♠❡s ♥♦♥✲
♠♦♥♦t♦♥✐❝ ❛♥❞ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ U/I0 t❤❡ ♠❛①✐♠✉♠ ♦❢
t❤❡ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ♠♦✈❡s t♦✇❛r❞s ❤✐❣❤❡r ✈❛❧✉❡s
♦❢ |µ̄|/I0✳ ■♥ t❤✐s r❛♥❣❡ ♦❢ t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥✱ t❤❡
♦r❞❡r ♦❢ t❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥ ❝❤❛♥❣❡s ❢r♦♠ s❡❝♦♥❞
♦r❞❡r t♦ ✜rst ♦r❞❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♦❢ µ̄/I0✳ ❆ tr✐❝r✐t✐❝❛❧

♣♦✐♥t ✭❚❈P✮ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ tr❛♥s✐t✐♦♥
♦r❞❡r✳
❋♦r 2 < U/I0 < +∞ ♦♥❧② t❤❡ ◆❖ ♣❤❛s❡ ✐s st❛❜❧❡ ❛t

❛♥② T ≥ 0✳
❆s ✐t ✇✐❧❧ ❜❡ s❤♦✇❡❞ ✐♥ s❡❝t✐♦♥ ■❱❇ t❤❡ ✜rst ♦r❞❡r

♣❤❛s❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡
P❙ st❛t❡s ✐♥ ❞❡✜♥✐t❡ r❛♥❣❡s ♦❢ n ✐❢ t❤❡ s②st❡♠ ✐s ❝♦♥s✐❞✲
❡r❡❞ ❢♦r ✜①❡❞ n✳

❇✳ ❆♥❛❧②s✐s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n

❚❤❡ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❜②
s❡❧❢✲❝♦♥s✐st❡♥t s♦❧✈✐♥❣ ♦❢ ✭✾✮✕✭✶✵✮ ❛♥❞ ✭✶✹✮✕✭✶✺✮ ❛♥❞ ❝♦♠✲
♣❛r✐♥❣ ❢r❡❡ ❡♥❡r❣✐❡s ✭✽✮ ❛♥❞ ✭✶✸✮✳
❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ ✭✐✮ t❤❡ s❡❝♦♥❞ ♦r✲

❞❡r ❙❙✕◆❖ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ❛♥❞ ✭✐✐✮ t❤❡ ✏t❤✐r❞
♦r❞❡r✑ ❙❙✕P❙ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ❝❛♥ ❜❡ ❛❧s♦ ❡❛s✐❧②
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞✐❛❣r❛♠s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ̄✱ ❜❡❝❛✉s❡

♦❢ ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥ µ̄SS = I0(n− 1) ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥
❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ✐♥ ❙❙ ♣❤❛s❡✳
❚❤❡ tr❛♥s✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ❢♦r ✜①❡❞ n ❝♦rr❡s♣♦♥❞ t♦ t❤❡
s❡❝♦♥❞ ♦r❞❡r ❛♥❞ ✜rst ♦r❞❡r ❙❙✕◆❖ tr❛♥s✐t✐♦♥s ❢♦r ✜①❡❞
µ✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡ ❢♦r t❤❡ P❙✕◆❖ tr❛♥s✐t✐♦♥s ✭❝❢✳ ✭❈✶✮✮✳
❊①❛♠♣❧❡s ♦❢ t❤❡ kBT/I0 ✈s✳ n ♣❤❛s❡ ❞✐❛❣r❛♠s ❡✈❛❧✉✲

❛t❡❞ ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥ U/I0 ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳
❋♦r U/I0 ≤ (2/3) ln 2 t❤❡ P❙ st❛t❡s ❞♦ ♥♦t ♦❝❝✉r ❛♥❞

t❤❡ ♦❜t❛✐♥❡❞ ♣❤❛s❡ ❞✐❛❣r❛♠s ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ❞❡✲
r✐✈❡❞ ✐♥ ❬✸✶❪✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s ❙❙
❛♥❞ ◆❖ ♣❤❛s❡s t❛❦✐♥❣ ♣❧❛❝❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡
✐s s❡❝♦♥❞ ♦r❞❡r ❢♦r ❛r❜✐tr❛r② n✳ ❚❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥
t❡♠♣❡r❛t✉r❡ ✐s ♠❛①✐♠❛❧ ❢♦r U → −∞✱ n = 1 ❛♥❞ ✐t ❞❡✲
❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ U/I0 ❛♥❞ ❞❡❝r❡❛s✲
✐♥❣ n ✭❢♦r n ≤ 1✮ ✕ ❝❢✳ ✜❣✉r❡ ✹❛✳
■♥ t❤❡ r❛♥❣❡ (2/3) ln 2 < U/I0 < 2 ✇✐t❤ ✐♥❝r❡❛s✐♥❣

U/I0 t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛✲
t✉r❡ ♠♦✈❡s t♦✇❛r❞s ❧♦✇❡r ❝♦♥❝❡♥tr❛t✐♦♥s ✭❢♦r n < 1✮✳ ■♥
❛ ❞❡✜♥✐t❡ r❛♥❣❡ ♦❢ U/I0 ❛♥❞ n t❤❡ P❙ st❛t❡ ❙❙✕◆❖ ✐s
st❛❜❧❡✳ ❋♦r 1 < U/I0 < 2 t❤❡ P❙ st❛t❡ ❡①t❡♥❞s ❢r♦♠ t❤❡
❣r♦✉♥❞ st❛t❡ ✭❝❢✳ ✜❣✉r❡s ✹❞✱ ❡✱ ❢ ❛♥❞ ✜❣✉r❡ ✶❝✮✱ ✇❤❡r❡❛s
❢♦r (2/3) ln 2 < U/I0 ≤ 1 ✐t ✐s st❛❜❧❡ ♦♥❧② ❛t ✜♥✐t❡ t❡♠✲
♣❡r❛t✉r❡s ✭❝❢✳ ✜❣✉r❡s ✹❜✱ ❝✮✳ ❚❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ❢♦r t❤❡
♣❤❛s❡ s❡♣❛r❛t✐♦♥ ✭❞❡♥♦t❡❞ ❛s T✱ ✇❤✐❝❤ ✐s ❛ tr✐❝r✐t✐❝❛❧

♣♦✐♥t✱ ❚❈P✮ ❧✐❡s ♦♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ❙❙✕◆❖ s❡❝♦♥❞ ♦r❞❡r
❧✐♥❡✳
❇❡t✇❡❡♥ U/I0 = 2 ❛♥❞ U/I0 → +∞ ♦♥❧② t❤❡ ◆❖ ♣❤❛s❡

✐s st❛❜❧❡ ❛t ❛♥② T ≥ 0 ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ tr❛♥s✐t✐♦♥s✳
❋♦r ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ n t❤❡ kBT/I0 ✈s✳ U/I0 ♣❤❛s❡ ❞✐❛✲

❣r❛♠s ♦❢ t❤❡ s②st❡♠ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳ ❆❧❧ ♦❢ t❤❡
tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ U/I0✳
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❋■●✳ ✻✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ ✭❛✮ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r ♣❛r❛♠❡t❡r |∆| ✭❜✮ t❤❡ r❛t✐♦ np/n ❛♥❞
✭❝✮ t❤❡ s♣❡❝✐✜❝ ❤❡❛t c/kB ♣❧♦tt❡❞ ❢♦r✿ µ̄/I0 = −0.1 ❛♥❞ U/I0 = −0.5 ✭❆✮✱ U/I0 = −0.25 ✭❇✮✱ U/I0 = 0.75 ✭❈✮ ❛s ✇❡❧❧ ❛s ❢♦r✿
µ̄/I0 = −0.8 ❛♥❞ U/I0 = −0.25 ✭❉✮✱ U/I0 = 0.25 ✭❊✮✱ U/I0 = 0.75 ✭❋✮ U/I0 = 1.25 ✭●✮✳ ■♥ t❤❡ ♣❛♥❡❧ ✭❝✮ t❤❡ ❧✐♥❡s ❈✲❋ ❛♥❞ ❉✲❇
❛r❡ ♥♦t ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✳

■♥ t❤❡ r❛♥❣❡ 0 < n < 1 t❤❡ ❞✐❛❣r❛♠s ❛r❡ r❛t❤❡r s✐♠✐❧❛r
❛♥❞ t❤❡② ❝♦♥s✐st ♦❢ t❤r❡❡ r❡❣✐♦♥s ✭❡①❡♠♣❧❛r② ❞✐❛❣r❛♠s ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡s ✺❛✱ ❜✮✳ ❚❤❡ r❡❣✐♦♥s ♦❢ ❙❙ ❛♥❞ ◆❖ ♣❤❛s❡s
st❛❜✐❧✐t② ❛r❡ s❡♣❛r❛t❡❞ ❜② s❡❝♦♥❞ ♦r❞❡r ❜♦✉♥❞❛r② ♦r✱ ❢♦r
❧❛r❣❡r ♦♥✲s✐t❡ r❡♣✉❧s✐♦♥✱ ❜② t❤❡ r❡❣✐♦♥ ♦❢ P❙ st❛t❡ ♦❝❝✉r✲
r❡♥❝❡✳ ❋♦r ❤❛❧❢✲✜❧❧✐♥❣ ✭n = 1✱ µ̄ = 0✮ ♦♥❧② ❤♦♠♦❣❡♥❡♦✉s
♣❤❛s❡s ❛r❡ ♣r❡s❡♥t ♦♥ t❤❡ ❞✐❛❣r❛♠ ✭✜❣✉r❡ ✺❝✮✳ ❚❤❡ T✲
♣♦✐♥t✱ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❙❙✕◆❖ tr❛♥s✐t✐♦♥
♦r❞❡r✱ ✐s ❧♦❝❛t❡❞ ❛t kBT/I0 = 1/3 ❛♥❞ U/I0 = (2/3) ln 2
✭❢♦r n = 1✮✳
❚❤❡ ♣♦ss✐❜❧❡ s❡q✉❡♥❝❡s ♦❢ tr❛♥s✐t✐♦♥s ✇✐t❤ ✐♥❝r❡❛s✐♥❣

t❡♠♣❡r❛t✉r❡s ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ♦r❞❡rs ♦❢ t❤❡♠ ❛r❡ ❧✐st❡❞
❜❡❧♦✇✿

✭✐✮ ❙❙→◆❖✿ s❡❝♦♥❞ ♦r❞❡r ❢♦r n 6= 1 ❛♥❞ s❡❝♦♥❞ ♦r❞❡r
♦r ✜rst ♦r❞❡r ❢♦r n = 1 ✭❛♥❞ U/I0 < 2✮✱

✭✐✐✮ P❙→◆❖✿ ✑t❤✐r❞ ♦r❞❡r✑✱ ✐t ❝❛♥ t❛❦❡ ♣❧❛❝❡ ♦♥❧② ❢♦r
n 6= 1 ✭❛♥❞ 1 < U/I0 < 2✮✱

✭✐✐✐✮ ❙❙→P❙→◆❖✿ ❜♦t❤ ✑t❤✐r❞ ♦r❞❡r✑✱ ✐t ❝❛♥ t❛❦❡ ♣❧❛❝❡
♦♥❧② ❢♦r n 6= 1 ✭❛♥❞ (2/3) ln 2 < U/I0 < 2✮✳

◆♦t✐❝❡ t❤❛t ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ✉s✉❛❧❧② s✉♣♣r❡ss❡s
❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❛ s②st❡♠ ✇❤❛t ❢❛✈♦✉rs ♦❝❝✉rr❡♥❝❡ ♦❢ ❤♦✲
♠♦❣❡♥❡♦✉s ♣❤❛s❡s r❛t❤❡r t❤❛♥ P❙ st❛t❡s✳ ■♥ t❤❡ ♠♦❞❡❧
❝♦♥s✐❞❡r❡❞ t❤❡ P❙ st❛t❡ ❝❛♥ ❞❡✈❡❧♦♣ ❛t ❤✐❣❤❡r t❡♠♣❡r❛✲
t✉r❡s t❤❛♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙❙ ♣❤❛s❡✳ ❚❤✐s r❛t❤❡r ✉♥✲
✉s✉❛❧ ❜❡❤❛✈✐♦✉r ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ✐♥t❡r♣❧❛② ❜❡✲

t✇❡❡♥ t❤❡ ♣❛✐r ❤♦♣♣✐♥❣ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ t❤❡ ♦♥✲s✐t❡ r❡♣✉❧✲
s✐♦♥✳

❱✳ ❚❍❊❘▼❖❉❨◆❆▼■❈ P❘❖P❊❘❚■❊❙ ✭❱❆✮

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ r❡♣r❡s❡♥t❛t✐✈❡ ❞❡♣❡♥✲
❞❡♥❝✐❡s ♦❢ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ✜①❡❞
♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭✜❣✉r❡s ✻✕✽✮✳
■♥ ♣❛rt✐❝✉❧❛r ❢♦r ✜①❡❞ µ̄ ✭✜❣✉r❡ ✻✮✱ ♦♥❡ ❝❛♥ s✐♥❣❧❡

♦✉t t✇♦ ❧✐♠✐t✐♥❣ t②♣❡s ♦❢ t❤❡r♠♦❞②♥❛♠✐❝ ❜❡❤❛✈✐♦✉r ♥❡❛r
tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ TSS ✿ ✭✐✮ t❤❡ ❧♦❝❛❧ ♣❛✐r r❡❣✐♠❡

❛♥❞ ✭✐✐✮ t❤❡ ♣❛✐r ❜r❡❛❦✐♥❣ r❡❣✐♠❡✳ ■♥ ❜❡t✇❡❡♥✱ t❤❡r❡ ✐s
❛ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❣✐♠❡s ✭s❡❡ ❡✳ ❣✳ t❤❡ ♣❧♦ts
np/n ✈s✳ kBT/I0 ✐♥ ✜❣✉r❡ ✻❜✮✳
❋♦r ❧❛r❣❡ ♦♥✲s✐t❡ ❛ttr❛❝t✐♦♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❧♦❝❛❧❧②

♣❛✐r❡❞ ❡❧❡❝tr♦♥s np = 2D ❡①❤✐❜✐ts ♥♦ s❤❛r♣ ❢❡❛t✉r❡ ❛s t❤❡
t❡♠♣❡r❛t✉r❡ ✐s ❧♦✇❡r❡❞ t❤r♦✉❣❤ TSS ✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲
♣❛✐r❡❞ ❡❧❡❝tr♦♥s ❛t TSS ✐s ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥
✐s t♦ t❤❡ st❛t❡ ♦❢ ❞②♥❛♠✐❝❛❧❧② ❞✐s♦r❞❡r❡❞ ♣❛✐rs ✭♦♥❧② ❢♦r
|U |/I0 ≫ 1 ❛♥❞ U < 0✱ t❤❡ ❧♦❝❛❧ ♣❛✐r r❡❣✐♠❡✮✳
■♥ t❤❡ s❡❝♦♥❞ ❧✐♠✐t✱ ❢♦r ♦♥✲s✐t❡ r❡♣✉❧s✐♦♥ U . 2I0✱ np

❤❛s ❛ s❤❛r♣ ❜r❡❛❦ ❛t TSS ❛♥❞ ❛ s✉❜st❛♥t✐❛❧ ❢r❛❝t✐♦♥ ♦❢ s✐♥✲
❣❧❡ ♣❛rt✐❝❧❡s ❝❛♥ ❡①✐sts ❛❜♦✈❡ TSS ✳ ❲❡ ❝❛❧❧ t❤✐s t❤❡ ♣❛✐r

❜r❡❛❦✐♥❣ r❡❣✐♠❡✳ ❆s t❡♠♣❡r❛t✉r❡ ✐s ❧♦✇❡r❡❞✱ t❤❡ ❝♦♥❞❡♥✲
s❛t❡ ❣r♦✇t❤s ❜♦t❤ ❢r♦♠ ❛ ❝♦♥❞❡♥s❛t✐♦♥ ♦❢ ♣r❡✲❡①✐st✐♥❣
♣❛✐rs ❛♥❞ ❢r♦♠ ❜✐♥❞✐♥❣ ❛♥❞ ❝♦♥❞❡♥s❛t✐♦♥ ♦❢ s✐♥❣❧❡ ♣❛rt✐✲
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❋■●✳ ✼✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ ✭❛✮ t❤❡ s♣❡❝✐✜❝ ❤❡❛t c/kB ✱ ✭❜✮ t❤❡ r❛t✐♦ np/n✱ ❛♥❞ ✭❝✮ t❤❡ ❢r❛❝t✐♦♥s
m1 ❛♥❞ m2 ♦❢ t❤❡ s②st❡♠ ✇✐t❤ ❛ ❝❤❛r❣❡ ❞❡♥s✐t② n+ ❛♥❞ n−✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥ t❤❡ ✐♥s❡ts t❤❡r❡ ❛r❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥✲
❞❡♥❝✐❡s ♦❢ t❤❡ ❡♥tr♦♣② s/kB ✭❛✮ ❛♥❞ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ̄/I0 ✭❜✮✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r✿ n = 0.8 ❛♥❞
U/I0 = 1.25 ✭❆✮✱ n = 0.7 ❛♥❞ U/I0 = 1 ✭❇✮✱ ❛♥❞ n = 0.2 ❛♥❞ U/I0 = 0.75 ✭❈✮✳

� � � � � � � � �

� �

�

� � � � � � � � � � � � � � � � � �
� � � �

� � � �

� � � �

� � � �

� � �

� � �

�

�
�

�

�

�

�

	 �

	 �

�

� �

� �

��
� �

	

� �
�

� � �
� � � � � � � � � � �

� � � � � � � � �

� � � �

� � �

� � � � � � � � � � � � � � 	 � � �

� � � � �

� � � � �

� � � �

� � � �

� � � �

� � � 


� � � �

�

�

�

�

�

� � � � � � � � � � � �� � �

�

	 � 	 �

� � � �

� �

� � � �

�

���
�

	
� � � � � � � � � � � � � � � � � �

� � �

� � �

� � �

� � �

� � �

� � �� � �

�

�
� �

� ���

�

�

❋■●✳ ✽✳ ✭❈♦❧♦r ♦♥❧✐♥❡✮ ❈♦♥❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ ✭❛✮ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ̄/I0✱ ✭❜✮ t❤❡ ❢r❡❡ ❡♥❡r❣② f/I0✱ ❛♥❞ ✭❝✮ t❤❡
r❛t✐♦ np/n ❢♦r U/I0 = 1.25 ❛t ✜①❡❞ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r✿ kBT/I0 = 0.025 ✭❆✮✱ kBT/I0 = 0.05 ✭❇✮✱
kBT/I0 = 0.075 ✭❈✮✱ ❛♥❞ kBT/I0 = 0.1 ✭❉✮✳ ❚❤❡ ❞❛s❤❡❞ ❛♥❞ ❞♦tt❡❞ ❧✐♥❡s ♦♥ ♣❛♥❡❧s ✭❛✮ ❛♥❞ ✭❜✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧♦✇❡st ❛♥❞
❤✐❣❤❡st ❡♥❡r❣② ❤♦♠♦❣❡♥❡♦✉s ♠❡t❛st❛❜❧❡ ♣❤❛s❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❉❡t❛✐❧s ✐♥ t❡①t✳

❝❧❡s✳ ❋♦r s♠❛❧❧ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s✱ ✐❢ n≪ 1 ✭µ̄ ≈ −1✮✱ t❤❡r❡
✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧❧② ♥♦ ♣r❡✲❢♦r♠❡❞ ♣❛✐rs ❛t TSS ✳
◆♦t✐❝❡ t❤❛t ♥♦♥✲③❡r♦ ✈❛❧✉❡ ♦❢ np ❞♦❡s ♥♦t ✐♠♣❧② t❤❛t

❧♦❝❛❧ ♣❛✐rs ❛r❡ ✐♥ ❝♦❤❡r❡♥t st❛t❡ ❛♥❞ ❡✈❡♥ s✐❣♥✐✜❝❛♥t ✈❛❧✲
✉❡s ♦❢ np/n ❛r❡ ♣♦ss✐❜❧❡ ✐♥ t❤❡ ◆❖ ♣❤❛s❡✳ ■♥ t❤❡ ❧✐♠✐t
T → +∞ np ✐♥❝r❡❛s❡s t♦ np/n→ 0.5 ✭❡❛❝❤ ♦❢ ❢♦✉r st❛t❡s
❛t ❛ ❣✐✈❡♥ s✐t❡ ❝❛♥ ❜❡ ♦❝❝✉♣✐❡❞ ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✲
✐t②✮✳ ❚❤❡ ❝♦♥❞❡♥s❛t❡ ❞❡♥s✐t② ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣r♦①✐✲
♠❛t❡❞ ❛s n0 ≈ |∆|2 ❛t ❧❡❛st ❢♦r n≪ 1✱ n0 6= D✮ ✈❛♥✐s❤❡s
❢♦r T ≥ TSS ✱ ❜✉t t❤❡ ❞♦✉❜❧② ♦❝❝✉♣✐❡❞ st❛t❡s ❛r❡ st✐❧❧ t❤❡r✲
♠❛❧❧② ❡①❝✐t❡❞ ❛❜♦✈❡ TSS ✭D 6= 0✮✳
■♥ ✜❣✉r❡ ✻❛ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡ s✉✲

♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r ♣❛r❛♠❡t❡r ∆ ❛r❡ ♣r❡s❡♥t❡❞✱ ✇❤❡r❡
♦♥❡ ❝❛♥ s❡❡ ❝❧❡❛r❧② t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ t❤❡ ♦r❞❡r
♣❛r❛♠❡t❡r ✭❧✐♥❡s ❈ ❛♥❞ ●✮✳ ❚❤❡ ♦t❤❡r ❧✐♥❡s ❝♦rr❡s♣♦♥❞
t♦ s❡❝♦♥❞ ♦r❞❡r tr❛♥s✐t✐♦♥s✳
❋✐♥❛❧❧②✱ ❧❡t ✉s ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡

s♣❡❝✐✜❝ ❤❡❛t ❛t ❝♦♥st❛♥t ✈♦❧✉♠❡ c = −T
(

∂2ω
∂T 2

)

µ̄
✭✜❣✲

✉r❡ ✻❝✮✳ ❚❤❡ ◆❖ ♣❤❛s❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ r❡❧❛t✐✈❡❧②
❜r♦❛❞ ♠❛①✐♠✉♠ ✐♥ c ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡s
✐♥ ❛ s❤♦rt✲r❛♥❣❡ ❡❧❡❝tr♦♥✐❝ ♦r❞❡r✐♥❣ ✭✐♥ ❤✐❣❤❡r t❡♠♣❡r❛✲
t✉r❡s✱ ♥♦t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✮✳ ❚❤❡ ♥❛rr♦✇ ♣❡❛❦ ✐♥ c(T )
✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✜rst ♦r❞❡r tr❛♥s✐t✐♦♥✱ ✇❤✐❧❡ t❤❡ λ✲
♣♦✐♥t ❜❡❤❛✈✐♦✉r ✐s t②♣✐❝❛❧ ❢♦r t❤❡ s❡❝♦♥❞ ♦r❞❡r tr❛♥s✐t✐♦♥✳
▲❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♥♦✇ ♦♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡ P❙ st❛t❡ ❛♥❞ t❤❡✐r
❝❤❛♥❣❡s ❛t t❤❡ ✏t❤✐r❞ ♦r❞❡r✑ tr❛♥s✐t✐♦♥s ❢♦r ✜①❡❞ ❡❧❡❝✲
tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ n ✭✜❣✉r❡s ✼ ❛♥❞ ✽✮✳ ❆s ❛♥ ❡①✲
❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢✿

✭✐✮ t❤❡ s♣❡❝✐✜❝ ❤❡❛t c = −T
(

∂2f
∂T 2

)

n
✱ ✭✐✐✮ t❤❡ ❡♥tr♦♣②

s = − ∂f
∂T ✱ ✭✐✐✐✮ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣❛✐r❡❞ ❡❧❡❝tr♦♥s np/n✱

✭✐✈✮ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ̄/I0✱ ❛♥❞ ✭✈✮ t❤❡ ❢r❛❝t✐♦♥s
m1 = (n− n−)/(n+ − n−) ❛♥❞m2 = 1−m1 ✭s✐③❡s ♦❢ ❞♦✲
♠❛✐♥s✮ ✇✐t❤ ❛ ❝❤❛r❣❡ ❞❡♥s✐t② n+ ❛♥❞ n− ✭✜❣✉r❡ ✼✮ ❛s ✇❡❧❧
❛s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢✿ ✭❛✮ µ̄/I0✱ ✭❜✮ f/I0
❛♥❞ ✭❝✮ np/n ✭✜❣✉r❡ ✽✮✳

❚❤❡r♠♦❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ♣♦s✲
s✐❜❧❡ s❡q✉❡♥❝❡s ♦❢ tr❛♥s✐t✐♦♥s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛✲
t✉r❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✼✳ ❚❤❡ ❧❛❜❡❧ ✭❆✮ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❝❛s❡ ♦❢ P❙→◆❖ tr❛♥s✐t✐♦♥✳ ❆t s✉❝❤ ❛ tr❛♥s✐t✐♦♥ t❤❡
s♣❡❝✐✜❝ ❤❡❛t c ❡①❤✐❜✐ts ❛ ✜♥✐t❡ ❥✉♠♣ ❛t tr❛♥s✐t✐♦♥ t❡♠✲
♣❡r❛t✉r❡✱ ✇❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡
❡♥tr♦♣② s ✭❝❢✳ ✜❣✉r❡ ✼❛✮✳ ❚❤❡ ❧✐♥❡s ❧❛❜❡❧❧❡❞ ❜② ✭❇✮ ❝♦r✲
r❡s♣♦♥❞ t♦ ❙❙→P❙→◆❖ ❝❛s❡✳ ❆t t❤❡ ❙❙✲P❙ tr❛♥s✐t✐♦♥
t❤❡r❡ ✐s ❛❧s♦ ❛ ✜♥✐t❡ ❥✉♠♣ ✐♥ c✱ ❤♦✇❡✈❡r t❤❡ c ✐♥ t❤❡ P❙
st❛t❡ ✐s ❧❛r❣❡r t❤❛♥ t❤❛t ✐♥ t❤❡ ❙❙ ♣❤❛s❡✱ ❝♦♥tr❛r② t♦ t❤❡
P❙✲◆❖ tr❛♥s✐t✐♦♥✱ ✇❤❡r❡ t❤❡ ❥✉♠♣ ❤❛s ❛♥ ♦♣♣♦s✐t❡ s✐❣♥✳
❋✐♥❛❧❧②✱ t❤❡ ❧✐♥❡s ✭❈✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❛s❡ ♦❢ s❡❝♦♥❞
♦r❞❡r ❙❙→◆❖ tr❛♥s✐t✐♦♥✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ r❛t✐♦ ♦❢ ❧♦✲
❝❛❧❧② ♣❛✐r❡❞ ❡❧❡❝tr♦♥s np ✐s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✼❜✳ ❖♥



✶✶

t❤❡ ✐♥s❡t ♦❢ ✜❣✉r❡ ✼❜ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ✐s s❤♦✇♥ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t µ̄ ✐♥ t❤❡ ❙❙
♣❤❛s❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ T ✭❝❢✳ ✭❈✷✮✮✳ ■♥ ✜❣✉r❡ ✼❝ t❤❡r❡
❛r❡ s❤♦✇♥ ❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡ ❢r❛❝t✐♦♥s ♦❢ t❤❡ s②st❡♠
m1 ❛♥❞ m2 ✇✐t❤ ❝❤❛r❣❡ ❞❡♥s✐t② n+ ❛♥❞ n−✱ r❡s♣❡❝t✐✈❡❧②✳
❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ✭❆✮ t❤❡ ❙❙ ❞♦♠❛✐♥ ✇✐t❤ ❧♦✇❡r
❝♦♥❝❡♥tr❛t✐♦♥ ✭n−✮ ✈❛♥✐s❤❡s ❛t ✏t❤✐r❞ ♦r❞❡r✑ tr❛♥s✐t✐♦♥✳

❚❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ̄/I0 ❛♥❞ t❤❡ ❢r❡❡ ❡♥❡r❣②
f/I0 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ❢♦r U/I0 = 1.25 ❛♥❞
kBT/I0 = 0.05 ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✽❛ ❛♥❞ ✜❣✉r❡ ✽❜✱
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r n < n− t❤❡ ❙❙ ♣❤❛s❡ ✐s st❛❜❧❡ ❛♥❞ ✐ts
❢r❡❡ ❡♥❡r❣② ✐s t❤❡ ❧♦✇❡st ♦♥❡✳ ■♥ t❤❡ r❛♥❣❡ n− < n < n+

t❤❡ P❙ st❛t❡ ❤❛s t❤❡ ❧♦✇❡st ❡♥❡r❣② ✭s♦❧✐❞ ❧✐♥❡✮✳ ❚❤❡ s♦✲
❧✉t✐♦♥s ♦❢ ✭✾✮✕✭✶✵✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦✇❡st ❡♥❡r❣②
♦♥❡s ✭t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ✇✐t❤ t❤❡ ❧♦✇❡st ❡♥❡r❣②✮
❛r❡ t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② st❛❜❧❡ ✐✳ ❡✳ ∂µ̄/∂n > 0 ✐♥ t❤❡✐r ❡①✲
✐st❡♥❝❡ r❛♥❣❡s ✭❞❡♥♦t❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ✜❣✉r❡s ✽❛✱ ❜✮✳
❆t ♣♦✐♥t ❧❛❜❡❧❧❡❞ ❛s X t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ♠❡t❛st❛❜❧❡
♣❤❛s❡s ♦❝❝✉rs✱ ❡❣✳ ❢♦r n < nX t❤❡ ❢r❡❡ ❡♥❡r❣② fSS ♦❢
t❤❡ ❙❙ ♣❤❛s❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ❡♥❡r❣② fNO ♦❢ t❤❡ ◆❖
♣❤❛s❡✱ ✇❤❡r❡❛s fSS > fNO ❢♦r n > nX ✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s
✐♥ ✜❣✉r❡s ✽❛✱ ❜ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s
✇✐t❤ t❤❡ ❤✐❣❤❡st ❡♥❡r❣②✳ ❖♥❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡
❞❡s❝r✐❜❡❞ ❝❛s❡ ❢♦r U/I0 = 1.25 ❛♥❞ kBT/I0 = 0.05 ✐♥ t❤❡
✇❤♦❧❡ r❛♥❣❡ ♦❢ t❤❡ P❙ st❛t❡ ♦❝❝✉rr❡♥❝❡ t✇♦ ❤♦♠♦❣❡♥❡♦✉s
♣❤❛s❡s ❛r❡ ♠❡t❛st❛❜❧❡✱ ✇❤❡r❡❛s ✐♥ t❤❡ r❛♥❣❡s ♦❢ t❤❡ ❤♦✲
♠♦❣❡♥❡♦✉s ♣❤❛s❡s st❛❜✐❧✐t② t❤❡r❡ ✐s ♦♥❡ ♠❡t❛st❛❜❧❡ ♣❤❛s❡
❛t t❤❡ ♠♦st✳ ❚❤❡ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ µ̄/I0 = n− 1 ✐s ❝❤❛r✲
❛❝t❡r✐st✐❝ ❢♦r t❤❡ ❙❙ ♣❤❛s❡✱ ✇❤❡r❡❛s ✐♥ t❤❡ P❙ st❛t❡ µ̄/I0
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ sq✉❛r❡ ❞❡♣❡♥✲
❞❡♥❝❡ ♦❢ fSS ❛♥❞ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ fPS ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ n✳

❚❤❡ ❛♥♦♠❛❧♦✉s ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ✇✐t❤
❞♦♣✐♥❣ ✐♥ t❤❡ ❧♦✇❡st ❡♥❡r❣② ♠❡t❛st❛❜❧❡ ❤♦♠♦❣❡♥❡♦✉s
♣❤❛s❡s ♥❡❛r X✲♣♦✐♥t ✭✐✳ ❡✳ ❛♥ ❛❜r✉♣t ❞r♦♣ ❛t X✲♣♦✐♥t✮
✐s ❛ s✐❣♥❛❧ t❤❛t ✐t ✐s t❤❡r♠♦❞②♥❛♠✐❝❛❧❧② ♠♦r❡ ❝♦♥✈❡♥✐❡♥t
t♦ ♣❤❛s❡ s❡♣❛r❛t❡ ✐♥t♦ t✇♦ s✉❜s②st❡♠s ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t
❡❧❡❝tr♦♥ ❞❡♥s✐t✐❡s n− ❛♥❞ n+ ✭✜❣✉r❡ ✽❛✮✳ ❚❤❡ ❞❡♥s✐t②
r❛♥❣❡ ❢♦r ✇❤✐❝❤ t❤❡ P❙ ♦❝❝✉rs ❝❛♥ ❜❡ r❡❛❞✐❧② ❢♦✉♥❞ ❜②
t❤❡ ▼❛①✇❡❧❧✬s ❝♦♥str✉❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ■■✳

❚❤❡ n✲❞❡♣❡♥❞❡♥❝✐❡s ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ̄/I0✱
t❤❡ ❢r❡❡ ❡♥❡r❣② f/I0 ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣❛✐r❡❞
❡❧❡❝tr♦♥s np/n = 2D/n ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ✐♥s❡ts ♦❢ ✜❣✲
✉r❡ ✽❛ ❛♥❞ ✜❣✉r❡ ✽❜ ❛♥❞ ✐♥ ✜❣✉r❡ ✽❝✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r
U/I0 = 1.25 ❛t s❡✈❡r❛❧ ✜①❡❞ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡② ❛r❡
♦❜t❛✐♥❡❞ ❢♦r✿ kBT/I0 = 0.025 ✭❆✮✱ kBT/I0 = 0.05 ✭❇✮✱
kBT/I0 = 0.075 ✭❈✮✱ ❛♥❞ kBT/I0 = 0.1 ✭❉✮✳

❆t ✏t❤✐r❞ ♦r❞❡r✑ tr❛♥s✐t✐♦♥s ✭❙❙✲P❙ ❛♥❞ P❙✲◆❖✮ t❤❡
t❤❡r♠♦❞②♥❛♠✐❝ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s µ̄✱ np/n✱ s✱ f ❛r❡
❝♦♥t✐♥✉♦✉s✱ ✇❤❡r❡❛s t❤❡ c ❡①❤✐❜✐ts ❛ ✜♥✐t❡ ❥✉♠♣ ❛s ❛t
t❤❡ s❡❝♦♥❞ ♦r❞❡r tr❛♥s✐t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦♥❡ s❤♦✉❧❞ ♥♦t✐❝❡
t❤❛t t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r ❢♦r ✏t❤✐r❞ ♦r❞❡r✑ tr❛♥s✐t✐♦♥s ✐s
t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐✛❡r❡♥❝❡ n+ − n− ✭♥♦t∆✱ ✇❤✐❝❤ ✐s t❤❡
♦r❞❡r ♣❛r❛♠❡t❡r ✐♥ ♦♥❡ ❞♦♠❛✐♥✮ ❛♥❞ ✐ts ❝❤❛♥❣❡ ✐s ❞✐s❝♦♥✲
t✐♥✉♦✉s ❛t tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡✳ ❙✉❝❤ tr❛♥s✐t✐♦♥s ❛r❡
♣r❡s❡♥t ✐❢ t❤❡ s②st❡♠ ✐s ❝♦♥s✐❞❡r ❢♦r ✜①❡❞ n ❛♥❞ t❤❡② ❛r❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ ✜rst ♦r❞❡r tr❛♥s✐t✐♦♥s ❛t ✜①❡❞ µ̄✳

❱■✳ ❋■◆❆▲ ❘❊▼❆❘❑❙

❲❡ ❤❛✈❡ st✉❞✐❡❞ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t♦r
✇✐t❤ ✈❡r② s❤♦rt ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤ ✭✐✳ ❡✳ ✇✐t❤ t❤❡ ♣❛✐r s✐③❡
❜❡✐♥❣ ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ r❛❞✐✉s ♦❢ ❛♥ ❡✛❡❝t✐✈❡ ❧❛tt✐❝❡
s✐t❡✮ ❛♥❞ ❝♦♥s✐❞❡r❡❞ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ s✐♥❣❧❡ ♣❛rt✐✲
❝❧❡ ♠♦❜✐❧✐t② ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣❛✐r ♠♦❜✐❧✐t② ❛♥❞
❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❲❡ ❤❛✈❡ ❡✈❛❧✉❛t❡❞ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s
❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♠♦❞❡❧ ❛t ✜①❡❞
µ ❛♥❞ ❛t ✜①❡❞ n ❛♥❞ ❞❡t❡r♠✐♥❡❞ t❤❡ r❛♥❣❡s ♦❢ t❤❡ P❙
♦❝❝✉rr❡♥❝❡ ✐♥ t❤❡ s②st❡♠✳
❖♥❡ s❤♦✉❧❞ str❡ss t❤❛t ✇✐t❤✐♥ t❤❡ ❱❆ t❤❡ ♦♥✲s✐t❡ U

t❡r♠ ✐s tr❡❛t❡❞ ❡①❛❝t❧②✳ ❚❤✉s✱ t❤❡ ♠❛❥♦r ❝♦♥❝❧✉s✐♦♥s ♦❢
♦✉r ♣❛♣❡r ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ s②st❡♠ ✇✐t❤ U ❛r❡ r❡❧✐❛❜❧❡ ❢♦r ❛r❜✐tr❛r② U ✳ ❚❤❡ ♠❡❛♥✲
✜❡❧❞ ✉s❡❞ ❢♦r t❤❡ ✐♥t❡rs✐t❡ t❡r♠ ✐s ❜❡st ❥✉st✐✜❡❞ ✐❢ t❤❡ Iij
✐♥t❡r❛❝t✐♦♥s ❛r❡ ❧♦♥❣✲r❛♥❣❡❞ ♦r ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❛r❡st
♥❡✐❣❤❜♦✉rs ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✳ ❚❤❡ ❞❡r✐✈❡❞ ❱❆ r❡s✉❧ts
❛r❡ ❡①❛❝t ✐♥ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s d→ +∞✱
✇❤❡r❡ t❤❡ ▼❋❆ tr❡❛t♠❡♥t ♦❢ t❤❡ ✐♥t❡rs✐t❡ ✐♥t❡r❛❝t✐♦♥ I
t❡r♠ ❜❡❝♦♠❡s t❤❡ r✐❣♦r♦✉s ♦♥❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❱❆ ②✐❡❧❞s
❡①❛❝t r❡s✉❧ts ✭✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t✮ ❢♦r Iij ♦❢ ✐♥✜✲
♥✐t❡ r❛♥❣❡ ✭Iij = (1/N)I ❢♦r ❛♥② (i, j)✮ r❡❣❛r❞❧❡ss ♦❢ t❤❡
❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ s②st❡♠ ❬✷✾❪✳
❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ str♦♥❣❧② ❞❡♣❡♥❞❡♥t ♦♥

t❤❡ r❛t✐♦ ♦❢ U/I✱ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❡s ♦❢
t❤❡ ♣❛✐r ❜✐♥❞✐♥❣ ❡♥❡r❣② Eb ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ♣❛✐r ♠♦❜✐❧✲
✐t② tp✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ♣❛✐r ✐♥ ❛ s②st❡♠✱ ✐✳ ❡✳ ❢♦r
n→ 0✱ ✇❡ ❤❛✈❡ Eb = −U + 2I0✱ tp = 2I ✭t❤❡ ♣❛✐r ❡✛❡❝✲
t✐✈❡ ♠❛ss ✐s m∗

p = 1/(2tp) = 1/(4I)✮ ❬✸✶❪ ❛♥❞ ✐♥❝r❡❛s✐♥❣
n ❝❛♥ ♠♦❞✐❢② Eb✳ ❚❤❡r❡ ❛r❡ t✇♦ ✇❡❧❧ ❞❡✜♥❡❞ ❧✐♠✐ts ♦❢ t❤❡
♠♦❞❡❧✿ ✭✐✮ t❤❡ ❧♦❝❛❧ ♣❛✐r r❡❣✐♠❡ ❛♥❞ ✭✐✐✮ t❤❡ ♣❛✐r ❜r❡❛❦✐♥❣

❧✐♠✐t✳ ■♥ ❜❡t✇❡❡♥ t❤❡r❡ ✐s ❛ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ t❤❡ t✇♦
r❡❣✐♠❡s ❢♦r ✜①❡❞ µ✳
❚❤❡ ❧♦❝❛❧ ♣❛✐r ❧✐♠✐t ✐s r❡❛❧✐③❡❞ ❢♦r ❧❛r❣❡ ♣❛✐r ❜✐♥❞✐♥❣

❡♥❡r❣② ✭✐✳ ❡✳ ❢♦r U < 0✮✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ t✇♦ ✐♥t❡r✲
❛❝t✐♦♥s✿ t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥ U ❛♥❞ t❤❡ ✐♥t❡rs✐t❡ ♣❛✐r
❤♦♣♣✐♥❣ I ❝♦♦♣❡r❛t❡ ❛♥❞ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ✐s ❞❡t❡r✲
♠✐♥❡❞ ❜② ♣❛✐r ♠♦❜✐❧✐t② ✭✐✳ ❡✳ ❜② I✮✳ ❚❤❡ ❙❙✲◆❖ tr❛♥s✐t✐♦♥
✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ✐s s❡❝♦♥❞ ♦r❞❡r ❛♥❞ ✐s t♦ t❤❡
◆❖ ♣❤❛s❡ ❜❡✐♥❣ ❛ st❛t❡ ♦❢ ❞②♥❛♠✐❝❛❧❧② ❞✐s♦r❞❡r❡❞ ❧♦❝❛❧
♣❛✐rs✳
❚❤❡ ♦♣♣♦s✐t❡ r❡❣✐♠❡ ✐✳ ❡✳ t❤❡ ♣❛✐r ❜r❡❛❦✐♥❣ ❧✐♠✐t ✐s r❡✲

❛❧✐③❡❞ ❢♦r s✉❜st❛♥t✐❛❧ ✈❛❧✉❡s ♦❢ U > 0✳ ❘❡♣✉❧s✐✈❡ U ❞❡st❛✲
❜✐❧✐③❡s ♦♥✲s✐t❡ ♣❛✐r✐♥❣ ❛♥❞ ❝♦♠♣❡t❡s ✇✐t❤ I✳ ❆s ✇❡ ❤❛✈❡
s❤♦✇♥ ❛❜♦✈❡✱ t❤❡ ✐♥❝r❡❛s✐♥❣ U ✿ ✭✐✮ ❢♦r ✜①❡❞ µ ✐t ❝❤❛♥❣❡s
✜rst t❤❡ ♥❛t✉r❡ ♦❢ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s t♦
❛ ❞✐s❝♦♥t✐♥✉♦✉s t②♣❡ ❛♥❞ t❤❡♥ ✐t s✉♣♣r❡ss❡s s✉♣❡r❝♦♥❞✉❝✲
t✐✈✐t② ❢♦r |µ̄|/I0 = |n− 1| → 1✱ ✭✐✐✮ ✐t st❛❜✐❧✐③❡s t❤❡ ♣❤❛s❡
s❡♣❛r❛t✐♦♥ st❛t❡ ✭❙❙✕◆❖✮ ✐♥ ❞❡✜♥✐t❡ r❛♥❣❡s ♦❢ n ❛♥❞ t❡♠✲
♣❡r❛t✉r❡✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡
♦❢ t❤❡ tr✐❝r✐t✐❝❛❧ ♣♦✐♥t ♦♥ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s✳ ❲✐t❤ ✐♥✲
❝r❡❛s✐♥❣ U/I0 t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛✲
t✉r❡ ♠♦✈❡s t♦✇❛r❞s ❧♦✇❡r ❝♦♥❝❡♥tr❛t✐♦♥s ✭❢♦r n < 1✮✳ ■♥
❞❡✜♥✐t❡ r❛♥❣❡ ♦❢ U/I0 ❛♥❞ n t❤❡ P❙ st❛t❡ ❙❙✕◆❖ ✐s st❛❜❧❡✳
❋♦r 1 < U/I0 < 2 t❤❡ P❙ st❛t❡ ❡①t❡♥❞s ❢r♦♠ t❤❡ ❣r♦✉♥❞
st❛t❡✱ ✇❤❡r❡❛s ❢♦r (2/3) ln 2 < U/I0 ≤ 1 ✐t ✐s st❛❜❧❡ ♦♥❧②
❛t ✜♥✐t❡ t❡♠♣❡r❛t✉r❡s✳



✶✷

❋✐♥❛❧❧②✱ ❢♦r ❧❛r❣❡ U ✭U/I0 > 2✮✱ t❤❡ s②st❡♠ r❡♠❛✐♥s
✐♥ ❛ ♥♦r♠❛❧ st❛t❡ ❛t ❛❧❧ t❡♠♣❡r❛t✉r❡s ❢♦r ❛♥② ❝❤❡♠✐❝❛❧
♣♦t❡♥t✐❛❧ ♦r ❝♦♥❝❡♥tr❛t✐♦♥✳

❈♦♠♣❛r✐♥❣ t❤❡ ❱❆ r❡s✉❧ts ❛t T = 0 ✇✐t❤ t❤❡ ♦t❤❡r ♦♥❡s
✭❡①❛❝t ♦♥❡s ❢♦r d = 1 ❝❤❛✐♥✱ ❘P❆ ♦♥❡s ❢♦r d = 2 sq✉❛r❡
❧❛tt✐❝❡ ❛♥❞ d = 3 ❝✉❜✐❝ ❧❛tt✐❝❡s✮✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡
❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❞✐❛❣r❛♠s ✐s s✐♠✐❧❛r✳ ■t ✐♠♣❧✐❡s
t❤❛t t❤❡ ❱❆ ❝❛♥ ❣✐✈❡ q✉❛❧✐t❛t✐✈❡❧② r❡❛s♦♥❛❜❧❡ r❡s✉❧ts ❛❧s♦
❢♦r ❧❛tt✐❝❡s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✐t②✳ ❍♦✇❡✈❡r✱ ♦♥❡ s❤♦✉❧❞
str❡ss t❤❛t ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥s ❞✉❡ t♦ q✉❛♥t✉♠ ✢✉❝t✉❛✲
t✐♦♥s ❝♦♥♥❡❝t❡❞ ✇✐t❤ Iij ✐♥t❡r❛❝t✐♦♥s t❤❡ r❡❣✐♦♥s ♦❢ t❤❡
❤♦♠♦❣❡♥❡♦✉s ❙❙ ♣❤❛s❡ ♦❝❝✉rr❡♥❝❡ ❛r❡ ❡①t❡♥❞❡❞ ✐♥ ❝♦♠✲
♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❱❆ r❡s✉❧ts✳ ▼♦r❡♦✈❡r✱ ✐♥ ❛ ❧✐♥❡❛r ❝❤❛✐♥
♦♥❧② t❤❡ s❤♦rt✲r❛♥❣❡ ♦r❞❡r ♦❝❝✉rs ❛t T = 0 ✐♥ ❝♦♥tr❛r② t♦
t❤❡ ❱❆ ❛♥❞ ❘P❆ ✭❙❲❆✮ ✐♥ d ≥ 2✱ ✇❤❡r❡ t❤❡ ❧♦♥❣✲r❛♥❣❡
♦r❞❡r ✐s ♣r❡s❡♥t✳

❖♥❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ❢♦r d < +∞ t❤❡ ❱❆ ♦✈❡r❡s✲
t✐♠❛t❡s tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ❛♥❞ ❣✐✈❡s ✐♥❝♦rr❡❝t ❝♦♥✲
❝❡♥tr❛t✐♦♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡♠ ✭kBTSS ∼ −1/ ln(n/2) ❢♦r
n≪ 1✱ ❝❢✳ ✭❈✸✮✮✳ ❋♦r d = 3 ✐❞❡❛❧ ❇♦s❡ ❣❛s ✇✐t❤ k2 s♣❡❝✲
tr✉♠ ✭t❤❡ U ≪ 0 ❛♥❞ n≪ 1 ❧✐♠✐t ♦❢ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞✲
❡r❡❞✮ t❤❡ n✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❙❙✕◆❖ t❡♠♣❡r❛t✉r❡ ✐s
TSS ∼ n2/3✱ ✇❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
❘P❆✱ ❡✈❡♥ ❢♦r ✜♥✐t❡ ✈❛❧✉❡s ♦❢ U/I0 ❬✶✸✱ ✹✷❪✳ ❚❤❡ ❘P❆
♣r❡❞✐❝ts ❛❧s♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ tr✐❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ ✜♥✐t❡
t❡♠♣❡r❛t✉r❡s ❬✹✷❪ ✐♥ d = 3✱ ✇❤❛t ❝♦♥✜r♠s t❤❛t t❤❡ ❱❆
❝❛♥ ❣✐✈❡ q✉❛❧✐t❛t✐✈❡❧② r❡❛s♦♥❛❜❧❡ r❡s✉❧ts ❛❧s♦ ❢♦r r❡❛❧ ❧❛t✲
t✐❝❡s ✐♥ ✜♥✐t❡ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ ❘P❆ r❡s✉❧ts ❢♦r d = 2 ❛t
T > 0 ❬✶✸✱ ✹✷❪ ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ▼❡r♠✐♥✲❲❛❣♥❡r
t❤❡♦r❡♠ ❬✹✸❪✱ ✇❤✐❝❤ ♣r♦♦❢s t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❧♦♥❣✲r❛♥❣❡
♦r❞❡r ❢♦r d ≤ 2 ❛t T > 0✳ ■♥ d = 2 ♦♥❡ ❤❛s t❤❡ ❑♦st❡r❧✐t③✲
❚❤♦✉❧❡ss✲t②♣❡ tr❛♥s✐t✐♦♥ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡✳

❚❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ s②st❡♠s ✐♥
✇❤✐❝❤ t❤❡ s✐♥❣❧❡ ❡❧❡❝tr♦♥ ♠♦❜✐❧✐t② ✭s✐♥❣❧❡ ❡❧❡❝tr♦♥ ❤♦♣✲
♣✐♥❣✮ ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣❛✐r ♠♦❜✐❧✐t② ✭❦✐♥❡t✐❝ ❡♥✲
❡r❣② ♦❢ ♣❛✐rs✮ ❛♥❞ ✐t ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ ✜rst ❛♣♣r♦①✐♠❛✲
t✐♦♥✳ ▲❡t ✉s ❝♦♠♠❡♥t ♦♥ t❤❡ ✜♥✐t❡ ❡❧❡❝tr♦♥ ❜❛♥❞✇✐❞t❤
❡✛❡❝ts✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❤♦♣♣✐♥❣ t❡r♠

∑

i,j,σ tij ĉ
+
iσ ĉjσ

❜r❡❛❦s ❛ s②♠♠❡tr② ❜❡t✇❡❡♥ I > 0 ✭❢❛✈♦✉r✐♥❣ ❙❙✮ ❛♥❞
I < 0 ✭❢❛✈♦✉r✐♥❣ η❙✮ ❝❛s❡s✳ ❚❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❢ t❤❡
P❡♥s♦♥✕❑♦❧❜✕❍✉❜❜❛r❞ ♠♦❞❡❧ ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥
t❤♦s❡ ♦❜t❛✐♥❡❞ ❢♦r ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮ ❬✶✻✕✷✸❪✱ ❡✈❡♥ ✐♥ t❤❡
❣r♦✉♥❞ st❛t❡✳ ❲❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t s♠❛❧❧ ❜✉t ✜♥✐t❡ s✐♥❣❧❡
❡❧❡❝tr♦♥ ❤♦♣♣✐♥❣ tij ✇✐❧❧ ♥♦t q✉❛❧✐t❛t✐✈❡❧② ❛❧t❡r t❤❡ ♣❤❛s❡
❞✐❛❣r❛♠s✱ ❛t ❧❡❛st ❢♦r t❤❡ ❝❛s❡ kBTSS >

∑

j t
2
ij/U ✳ ❚❤❡

♠❛✐♥ ❡✛❡❝t ♦❢ tij ✭❢♦r |U | ≫ tij ✱ U < 0✮ ✐s ❛ r❡♥♦r♠❛❧✐③❛✲
t✐♦♥ ♦❢ t❤❡ ♣❛✐r ❤♦♣♣✐♥❣ t❡r♠ Iij → Iij + 2t2ij/|U | ❛♥❞ ❛♥
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❡✛❡❝t✐✈❡ ✐♥t❡rs✐t❡ ❞❡♥s✐t②✲❞❡♥s✐t② r❡✲
♣✉❧s✐♦♥ ∼ t2ij/|U |✳ ❋♦r U < 0 ❛♥❞ I < 0 t❤❡ ❝❤❛r❣❡ ❞❡♥✲
s✐t② ✇❛✈❡ st❛t❡ ❝❛♥ ❛❧s♦ ♦❝❝✉r ❬✶✼✱ ✶✽❪✳ ❋♦r U > 0 ❛♥❞
❜♦t❤ s✐❣♥s ♦❢ I t❤❡ tij t❡r♠ ❣❡♥❡r❛t❡s ♠❛❣♥❡t✐❝ ❝♦rr❡❧❛✲
t✐♦♥s ❝♦♠♣❡t✐♥❣ ✇✐t❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦♥❡s ❛♥❞ ✐ts ❡✛❡❝ts
❡ss❡♥t✐❛❧❧② ♠♦❞✐❢② t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ❛♥❞ t❤❡ ♣r♦♣❡r✲
t✐❡s ♦❢ ♥♦r♠❛❧ st❛t❡ ✭♣❛rt✐❝✉❧❛r❧② ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ tij✮✳
■♥ s✉❝❤ ❛ ❝❛s❡ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ❛❧s♦ ✈❛r✐♦✉s
♠❛❣♥❡t✐❝ ♦r❞❡r✐♥❣s✳ ▼♦r❡♦✈❡r✱ s❡✈❡r❛❧ ♣❤❛s❡ s❡♣❛r❛t✐♦♥
st❛t❡s ✐♥✈♦❧✈✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣✱ ❝❤❛r❣❡ ❛♥❞ ✭♦r✮ ♠❛❣✲
♥❡t✐❝ ♦r❞❡r✐♥❣s ❝♦✉❧❞ ❛❧s♦ ❜❡ st❛❜❧❡ ❢♦r n 6= 1✳ ❋♦r ❧❛r❣❡r
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❋■●✳ ✾✳ ●r♦✉♥❞ st❛t❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❞❡♥s✐t②✲
❞❡♥s✐t② ✐♥t❡r❛❝t✐♦♥ W ❜❡t✇❡❡♥ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs ❢♦r ❤❛❧❢✲
✜❧❧✐♥❣ ♦❜t❛✐♥❡❞ ✇✐t❤✐♥ ❱❆ ✭s♦❧✐❞ ❧✐♥❡s✮✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❞❡✲
♥♦t❡ t❤❡ r✐❣♦r♦✉s ❜♦✉♥❞❛r✐❡s ❢♦r ✶❉✲❝❤❛✐♥✳ ❆❧❧ tr❛♥s✐t✐♦♥s
❜❡t✇❡❡♥ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s✳ I0 = zI✳

✈❛❧✉❡s ♦❢ tij t❤❡ st✉❞✐❡s ♦❢ ●❙ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❢ t❤❡ ❤❛❧❢✲
✜❧❧❡❞ P❑❍ ♠♦❞❡❧ ❢♦r d✲❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡s ❤❛✈❡ ❜❡❡♥
❞❡t❡r♠✐♥❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ✭❜r♦❦❡♥ s②♠♠❡tr②✮ ❍❛rtr❡❡✲
❋♦❝❦ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❍❋❆✮ ❛♥❞ ❜② t❤❡ s❧❛✈❡✲❜♦s♦♥ ♠❡❛♥✲
✜❡❧❞ ♠❡t❤♦❞ ✭❙❇▼❋❆✮ ✐♥ ❬✶✼❪✳ ❋♦r d = 1 t❤❡ ❞✐❛❣r❛♠s
s✉♣♣♦rt❡❞ ❛❧s♦ ❜② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠✲❧✐♠✐t ✜❡❧❞
t❤❡♦r② ❛♥❞ ❡①❛❝t ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ st✉❞✐❡s ❬✶✽❪ ❛r❡ s❤♦✇♥ t♦
❝♦♥s✐st ♦❢ ❛t ❧❡❛st ♥✐♥❡ ❞✐✛❡r❡♥t ♣❤❛s❡s ✐♥❝❧✉❞✐♥❣ s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣ st❛t❡s✱ ❜♦♥❞ ❧♦❝❛t❡❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❛♥❞
❝❤❛r❣❡✲❞❡♥s✐t②✲✇❛✈❡ st❛t❡s ❛s ✇❡❧❧ ❛s ♠✐①❡❞ ♣❤❛s❡s ✇✐t❤
❝♦❡①✐st✐♥❣ s✐t❡ ❛♥❞ ❜♦♥❞ ♦r❞❡r✐♥❣s✳ ❚❤❡ st❛❜✐❧✐t② r❛♥❣❡
♦❢ t❤❡ ❜♦♥❞✲t②♣❡ ♦r❞❡r✐♥❣s s❤r✐♥❦s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❧❛t✲
t✐❝❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ❛♥❞ ❢♦r d→ +∞ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s
✐♥✈♦❧✈❡ ❡①❝❧✉s✐✈❡❧② s✐t❡✲❧♦❝❛t❡❞ ♦r❞❡r✐♥❣s✳ ❖♥❡ s❤♦✉❧❞ ♥♦✲
t✐❝❡ t❤❛t t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r② ❛t T = 0 ❛♥❞ n = 1 ❞❡t❡r✲
♠✐♥❡❞ ❜② t❤❡ ❍❋❆ ❛♥❞ ❙❇▼❋❆ ✭tij 6= 0✮ ❛r❡ ✐♥ ❛❣r❡❡✲
♠❡♥t ✇✐t❤ ♦✉r ❱❆ r❡s✉❧t U/I0 = 1✱ ❡✈❡♥ ❢♦r r❡❧❛t✐✈❡❧②
❧❛r❣❡ tij ✭❡s♣❡❝✐❛❧❧② ❢♦r I > 0✮ ❬✶✼❪✳ ❖❜✈✐♦✉s❧②✱ ❢♦r tij 6= 0
t❤❡ tr❛♥s✐t✐♦♥ ✐s t♦ t❤❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ▼♦tt ♣❤❛s❡✳
❚❤❡ ✐♥t❡rs✐t❡ ❞❡♥s✐t②✲❞❡♥s✐t② ✐♥t❡r❛❝t✐♦♥s Wij ❝❛♥ ✐♥✲

tr♦❞✉❝❡ ♠✐①❡❞ ♣❤❛s❡s ❛♥❞ ✭♦r✮ ♣❤❛s❡ s❡♣❛r❛t✐♦♥s ❜❡t✇❡❡♥
❝❤❛r❣❡ ♦r❞❡r✐♥❣s ❛♥❞ s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ❬✹✹❪✳ ❚❤❡ ❣r♦✉♥❞
st❛t❡ ♣❤❛s❡ ❞✐❛❣r❛♠ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥W ❜❡t✇❡❡♥
♥❡❛r❡st ♥❡✐❣❤❜♦✉rs ✭❛❞❞❡❞ ❛ t❡r♠ (W/2)

∑

〈i,j〉 n̂in̂j t♦

❍❛♠✐❧t♦♥✐❛♥ ✭✶✮✮ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❤❛❧❢✲✜❧❧✐♥❣ ✐s ♣r❡s❡♥t❡❞
✐♥ ✜❣✉r❡ ✾ ✭❝❢✳ ✇✐t❤ ❬✹✺❪✱ ✇❤❡r❡ t❤❡ ❝❛s❡ tij 6= 0 ❤❛s
❜❡❡♥ ❛♥❛❧②③❡❞✮✳ ❋♦r s✉✣❝✐❡♥t❧② str♦♥❣ ✐♥t❡rs✐t❡ r❡♣✉❧s✐♦♥
W > 0 t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❤❛r❣❡ ♦r❞❡r❡❞ ✭❈❖✮ ♣❤❛s❡ ♦❝✲

❝✉rs ✭✇✐t❤ nQ = (1/N)
∑

i〈n̂i〉 exp (i ~Q · ~Ri)✮✱ ✇❤❡r❡❛s ✐♥✲
t❡rs✐t❡ ❛ttr❛❝t✐♦♥ W < 0 ✐♥tr♦❞✉❝❡ t❤❡ P❙ st❛t❡ ✐♥ ✇❤✐❝❤
t✇♦ ◆❖ ♣❤❛s❡s ❝♦❡①✐sts ✭✇✐t❤ n+ = 2 ❛♥❞ n− = 0✱ ✐✳ ❡✳
❡❧❡❝tr♦♥ ❞r♦♣❧❡ts✱ P❙❬◆❖✴◆❖❪✮✳ ❋♦r d = 1 t❤❡ r❡❣✐♦♥s
♦❢ t❤❡ ❙❙ ✭♦r η❙✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ I✮ ❛♥❞ ❈❖
♣❤❛s❡s ♦❝❝✉rr❡♥❝❡ ❛r❡ ❡①t❡♥❞❡❞✱✇❤❡r❡❛s ❛ r❡❣✐♦♥ ♦❢ t❤❡
◆❖ ✭▼♦tt✮ ♣❤❛s❡ ✐s r❡❞✉❝❡❞✳ ❚❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r



✶✸

✭✐♥ d = 1✮✱ s✐♠✐❧❛r❧② ❛s ✐♥ s❡❝t✐♦♥ ■■■❆✱ ✐s ❛ s❤♦rt✲r❛♥❣❡
♦r❞❡r ✇❤❡r❡❛s t❤❡ ❈❖ ✐s ❛ ❧♦♥❣✲r❛♥❣❡ ♦r❞❡r ✭❝❢✳ ❛❧s♦ ❬✹✻❪✮✳
❚❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ n ❛♥❞ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ

❛r❡ ✭t❤❡r♠♦❞②♥❛♠✐❝❛❧❧②✮ ❝♦♥❥✉❣❛t❡❞ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❜✉❧❦
s②st❡♠s✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ ✜t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ r❛t❤❡r
t❤❛♥ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ❛ ❝♦♥tr♦❧❧❡❞ ✇❛② ❡①♣❡r✐♠❡♥t❛❧❧②✳ ■♥
s✉❝❤ ❛ ❝❛s❡ µ ✐s ❛ ❞❡♣❡♥❞❡♥t ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤
✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t❡♠♣❡r❛t✉r❡✱ t❤❡ ✈❛❧✉❡ ♦❢ n✱ ❛♥❞
♦t❤❡r ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭❝❢✳ ✭✸✮✮✳ ❚❤✉s t❤❡ ♦❜t❛✐♥❡❞
♣❤❛s❡ ❞✐❛❣r❛♠s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛r❡
q✉✐t❡ ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐♥ r❡❛❧ s②st❡♠s n ❝❛♥ ✈❛r② ✐♥
❛ ❧❛r❣❡ r❛♥❣❡✳
❆❧t❤♦✉❣❤ ♦✉r ♠♦❞❡❧ ✐s ✭✐♥ s❡✈❡r❛❧ ❛s♣❡❝ts✮ ♦✈❡rs✐♠♣❧✐✲

✜❡❞✱ ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ❡①♣❡r✐✲
♠❡♥t❛❧ ❞❛t❛ ❢♦r r❡❛❧ ♥❛rr♦✇✲❜❛♥❞ ♠❛t❡r✐❛❧s ❛♥❞ ✐t ❝❛♥ ❜❡
✉s❡❞ ❢♦r ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✈❛r✐♦✉s s②st❡♠s ♠❡♥✲
t✐♦♥❡❞ ❜❡❧♦✇ ❛♥❞ ✐♥ s❡❝t✐♦♥ ■✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦✉r r❡s✉❧ts
♣r❡❞✐❝t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ✭❙❙✕◆❖✮
♥❡❛r t❤❡ ▼♦tt st❛t❡ ❛♥❞ ❞❡s❝r✐❜❡ ✐ts ♣♦ss✐❜❧❡ ❡✈♦❧✉t✐♦♥
❛♥❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ❛♥❞
❛ ❝❤❛♥❣❡ ♦❢ n ✭µ̄✮✳
❖❢ ❝♦✉rs❡ t❤❡ P❙ ✐♥st❛❜✐❧✐t② ✐s s♣❡❝✐✜❝ t♦ t❤❡ s❤♦rt✲

r❛♥❣❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ♠♦❞❡❧✳ ❲❤❡♥
t❤❡ ✭✉♥s❝r❡❡♥❡❞✮ ❧♦♥❣✲r❛♥❣❡ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥s ❛r❡
✐♥❝❧✉❞❡❞ t❤❡ ❧❛r❣❡✲s❝❛❧❡ P❙ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐s ♣r❡✲
✈❡♥t❡❞ ❛♥❞ ♦♥❧② ❛ ❢r✉str❛t❡❞ P❙ ❝❛♥ ♦❝❝✉r ✭♠❡s♦s❝❛❧❡✱
♥❛♥♦s❝❛❧❡✮ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ♣♦ss✐❜❧❡ t❡①✲
t✉r❡s ❬✹✼✕✹✾❪✳
❚❤❡ ❡❧❡❝tr♦♥ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ ❙❙ ✐s s❤♦✇♥

❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ s❡✈❡r❛❧ s②st❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r s♣❡✲
❝✐❛❧ ❝❛s❡s ♦❢ ▲❛2❈✉❖4+δ ❛♥❞ ▲❛2−x❙rx❈✉❖4+δ✱ ♠✉♦♥
❛♥❞ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠ ✐♥t❡r❢❡r❡♥❝❡ ♠❡❛s✉r❡✲
♠❡♥ts s✉❣❣❡st t❤❛t t❤❡ ❡❧❡❝tr♦♥ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♠♦✈❡
❜❡②♦♥❞ ❧♦❝❛❧ ✈❛r✐❛t✐♦♥s t♦ ❢♦r♠ ❢✉❧❧② ♣❤❛s❡ s❡♣❛r❛t❡❞
r❡❣✐♦♥s ❬✻✕✽❪✳ ❖r❣❛♥✐❝ ❝♦♠♣♦✉♥❞s ❛❧s♦ ❡①❤✐❜✐t t❤❡
s✉♣❡r❝♦♥❞✉❝t♦r✲✐♥s✉❧❛t♦r ♣❤❛s❡ s❡♣❛r❛t✐♦♥s ❛s ❛ r❡s✉❧t
♦❢ t❤❡ ❡①t❡r♥❛❧ ♣r❡ss✉r❡ ✭❡✳ ❣✳ q✉❛s✐✲♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
✭❚▼❚❙❋✮2P❋6 ❬✶✵❪✱ ✭❚▼❚❙❋✮2❘❡❖4 ❬✶✶❪✮ ❛♥❞ ❢❛st ❝♦♦❧✲
✐♥❣ r❛t❡ t❤r♦✉❣❤ t❤❡ ❣❧❛ss✲❧✐❦❡ str✉❝t✉r❡ tr❛♥s✐t✐♦♥ ✭❡✳ ❣✳
κ✲✭❊❚✮2❈✉❬◆✭❈❖✮2❪❇r ❬✶✷❪✮✳ ❋✐♥❛❧❧② ✇❡ ♠❡♥t✐♦♥ t❤❡
❢❛♠✐❧② ♦❢ ✐r♦♥✲♣♥✐❝t✐❞❡s✱ ❡✳ ❣✳ ✐♥ ❇❛1−x❑x❋❡2−y❙❡2✱
✇❤❡r❡ ♠❡s♦s❝♦♣✐❝ P❙ ❜❡t✇❡❡♥ ❙❙ ❛♥❞ ✐♥s✉❧❛t✐♥❣ ✭♠❛❣✲
♥❡t✐❝✮ ♣❤❛s❡s ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ ❬✸✱ ✹❪✳
❚❤❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ❘P❆ s♦❧✉t✐♦♥s ✇✐❧❧ ❜❡ ❡①♣❧♦r❡❞

❢✉rt❤❡r ✐♥ s✉❜s❡q✉❡♥t ♣✉❜❧✐❝❛t✐♦♥ ❬✹✷❪✳ ■t ✐s ♦❢ ✐♥t❡r❡st t♦
❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts ♦❢ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛s ✇❡❧❧ ❛s
t❤❡ ✐♠♣❛❝t ♦❢ ❞❡♥s✐t②✲❞❡♥s✐t② ❬✹✻✱ ✺✵❪ ❛♥❞ ♠❛❣♥❡t✐❝ ❬✺✶❪
✐♥t❡r❛❝t✐♦♥s ♦♥ t❤❡ ♣❤❛s❡ ❞✐❛❣r❛♠s ♦❢ ♠♦❞❡❧ ✭✶✮✳

❆❈❑◆❖❲▲❊❉●▼❊◆❚❙

❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ t❤❛♥❦ ❚✳ ❑♦st②r❦♦ ❛♥❞
●✳ P❛✇➟♦✇s❦✐ ❢♦r ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❛ ❝❛r❡❢✉❧ r❡❛❞✲
✐♥❣ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❚❤❡ ✇♦r❦ ✭❑✳ ❑✳✮ ❤❛s ❜❡❡♥ ✜✲
♥❛♥❝❡❞ ❜② ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❈❡♥t❡r ✭◆❈◆✱ P♦❧❛♥❞✮ ❛s ❛
r❡s❡❛r❝❤ ♣r♦❥❡❝t ✐♥ ②❡❛rs ✷✵✶✶✲✷✵✶✸✱ ❣r❛♥t ◆♦✳ ❉❊❈✲
✷✵✶✶✴✵✶✴◆✴❙❚✸✴✵✵✹✶✸✳ ❑✳ ❑✳ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦

t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ❛♥❞ ▼✐♥✐str② ♦❢ ❙❝✐❡♥❝❡ ❛♥❞
❍✐❣❤❡r ❊❞✉❝❛t✐♦♥ ✭P♦❧❛♥❞✮ ❢♦r t❤❡ ♣❛rt✐❛❧ ✜♥❛♥❝✐❛❧ s✉♣✲
♣♦rt ❢r♦♠ ❊✉r♦♣❡❛♥ ❙♦❝✐❛❧ ❋✉♥❞ ✕ ❖♣❡r❛t✐♦♥❛❧ Pr♦✲
❣r❛♠♠❡ ✏❍✉♠❛♥ ❈❛♣✐t❛❧✑ ✕ P❖❑▲✳✵✹✳✵✶✳✵✶✲✵✵✲✶✸✸✴✵✾✲
✵✵ ✕ ✏Pr♦✐♥♥♦✇❛❝②❥♥❡ ❦s③t❛➟❝❡♥✐❡✱ ❦♦♠♣❡t❡♥t♥❛ ❦❛❞r❛✱

❛❜s♦❧✇❡♥❝✐ ♣r③②s③➟♦➧❝✐ ✑✳

❆♣♣❡♥❞✐① ❆✿ ❙✐t❡✲❞❡♣❡♥❞❡♥t s❡❧❢✲❝♦♥s✐st❡♥t ❱❆
❡q✉❛t✐♦♥s

❲✐t❤✐♥ t❤❡ ❱❆ t❤❡ ♦♥✲s✐t❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ✐s tr❡❛t❡❞
❡①❛❝t❧② ❛♥❞ t❤❡ ✐♥t❡rs✐t❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ❞❡❝♦✉♣❧❡❞
✇✐t❤✐♥ t❤❡ ▼❋❆ ✭s✐t❡✲❞❡♣❡♥❞❡♥t✮✿

ρ̂+i ρ̂
−
j →

〈

ρ̂+i
〉

ρ̂−j +
〈

ρ̂−j
〉

ρ̂+i −
〈

ρ̂+i
〉 〈

ρ̂−j
〉

. ✭❆✶✮

❆ ✈❛r✐❛t✐♦♥❛❧ ❍❛♠✐❧t♦♥✐❛♥ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

Ĥ0 =
∑

i

[

Un̂i↑n̂i↓ − µn̂i − 2χ∗
i ρ̂

−
i − 2χiρ̂

+
i +

+ χ∗
i∆i + χi∆

∗
i ] , ✭❆✷✮

✇❤❡r❡ χi =
∑

j 6=i Iij∆j ✱ ∆∗
i = 〈ρ̂+i 〉 ❛♥❞ ni = 〈n̂i〉✳ Ĥ0

❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❡❛s✐❧② ❛♥❞ ❛ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r
t❤❡ ❣r❛♥❞ ♣♦t❡♥t✐❛❧ Ω ✐♥ t❤❡ ❣r❛♥❞ ❝❛♥♦♥✐❝❛❧ ❡♥s❡♠❜❧❡ ✐♥
t❤❡ ❱❆ ✐s

Ω = − 1

β
ln
{

❚r
[

exp(−βĤ0)
]}

,

✇❤❡r❡ β = 1/(kBT )✳ ❚❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ ♦♣❡r❛t♦r Â ✐s
❞❡✜♥❡❞ ❛s

〈Â〉 =
❚r

[

exp(−βĤ0)Â
]

❚r
[

exp(−βĤ0)
] .

❚rB̂ ♠❡❛♥s ❛ tr❛❝❡ ♦❢ ♦♣❡r❛t♦r B̂ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ❋♦❝❦
s♣❛❝❡✳
❚❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ❣r❛♥❞ ♣♦t❡♥t✐❛❧ ♦❜t❛✐♥❡❞

✐♥ t❤❡ ❱❆ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

Ω =
∑

i

Ωi =
∑

i

{

χ∗
i∆i + χi∆

∗
i +

U

2
− µ− 1

β
ln (2Zi)

}

,

✭❆✸✮
✇❤❡r❡

Zi = exp (βU/2) + cosh
(

β
√

µ̄2 + 4|χi|2
)

,

❛♥❞ µ̄ = µ− U/2✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r
♦❢ ❡❧❡❝tr♦♥s ❛t i✲s✐t❡ ✐s ❣✐✈❡♥ ❜②

ni − 1 = 〈n̂i〉 − 1 =
µ̄ sinh(β

√

µ̄2 + 4|χi|2)
Zi

√

µ̄2 + 4|χi|2
✭❆✹✮

❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ♦♣❡r❛t♦r ❛t i✲s✐t❡
✐s ❞❡r✐✈❡❞ ❛s

∆∗
i = 〈ρ̂+i 〉 =

sinh(β
√

µ̄2 + 4|χi|2)
Zi

√

µ̄2 + 4|χi|2
χ∗
i ✭❆✺✮



✶✹

s♦ ♦♥❡ ❤❛s ❛ s❡t ♦❢ 2N s❡❧❢✲❝♦♥s✐st❡♥t ❡q✉❛t✐♦♥s t♦ s♦❧✈❡
❝♦♥s✐st✐♥❣ ♦❢✿ ✭✐✮ N ❡q✉❛t✐♦♥s ✐♥ ❢♦r♠ ♦❢ ✭❆✹✮ ❛♥❞ ✭✐✐✮
N ❡q✉❛t✐♦♥s ✐♥ ❢♦r♠ ♦❢ ✭❆✺✮ ✭t✇♦ ❡q✉❛t✐♦♥s ❢♦r ❡❛❝❤ s✐t❡
❢r♦♠ N s✐t❡s✮✳

❚❤❡ ❢r❡❡ ❡♥❡r❣② ✐s ♦❜t❛✐♥❡❞ ❛s F = Ω+ µ〈N̂e〉✱ ✇❤❡r❡
N̂e =

∑

i n̂i✱ 〈N̂e〉 = nN ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s ✐♥ t❤❡
s②st❡♠ ✭n ✐s ❞❡✜♥❡❞ ❜② ✭✸✮✮✳
❚❤❡ ❞♦✉❜❧❡ ♦❝❝✉♣❛♥❝② Di ♦❢ t❤❡ s✐t❡ i ✐s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

Di = 〈n̂i↑n̂i↓〉 =
ni

2

[

1− 1

ni

exp (βU/2)

Zi

]

=
∂Ωi

∂U
, ✭❆✻✮

✇❤❡r❡ ni ✐s ❞❡✜♥❡❞ ❜② ✭❆✹✮✳
❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ s❡t ✭❆✹✮✕✭❆✺✮ ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦

❛ ♠✐♥✐♠✉♠✱ ❛ ♠❛①✐♠✉♠ ♦r ❛ ♣♦✐♥t ♦❢ ✐♥✢❡❝t✐♦♥ ♦❢ t❤❡
❣r❛♥❞ ♣♦t❡♥t✐❛❧ ✭❆✸✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡
s❡t ✭❆✹✮✕✭❆✺✮ ❢✉❧✜❧ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ♠✐♥✐✲
♠✉♠ ♦❢ Ω ✇✐t❤ r❡s♣❡❝t t♦ {∆i}Ni=1✳ ❚♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ st❛❜❧❡ ✭♦r ♠❡t❛st❛❜❧❡✮ st❛t❡s ♦❢ t❤❡ s②s✲
t❡♠✱ ♦♥❡ s❤♦✉❧❞ ✜♥❞ ❛ ♠✐♥✐♠✉♠ ♦❢ Ω ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧
∆i✳
❖♥❡ ❝❛♥ s❤♦✇ ❡❛s✐❧② t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥❡❣❧❡❝t❡❞ s♣❛✲

t✐❛❧ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♦r❞❡r ♣❛r❛♠❡t❡r
✭✐✳ ❡✳ ∆ = ∆i ❢♦r ❡✈❡r② s✐t❡ i✮ ❊qs✳ ✭❆✸✮✕✭❆✺✮ r❡❞✉❝❡ t♦
❊qs✳ ✭✼✮ ❛♥❞ ✭✾✮✕✭✶✵✮ ♦❜t❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ■■✳

❆♣♣❡♥❞✐① ❇✿ ❚❤❡ ♣❛rt✐❝❧❡✲❤♦❧❡ tr❛♥s❢♦r♠❛t✐♦♥

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♣❛rt✐❝❧❡✲❤♦❧❡ tr❛♥s❢♦r♠❛t✐♦♥
J = J↑J↓ ♦♥ t❤❡ ❛❧t❡r♥❛t❡ ❧❛tt✐❝❡ ❞❡✜♥❡❞ ❛s

J :
ĉ+iσ ⇒ (−1)λi ĉiσ,
ĉiσ ⇒ (−1)λi ĉ+iσ,

(❢♦r σ =↑, ↓),

✇❤❡r❡ λi = 0 ✐❢ i ∈ A ❛♥❞ λi = 1 ✐❢ i ∈ B ✭A✱ B ❧❛❜❡❧ t✇♦
s✉❜❧❛tt✐❝❡s ✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❧❛tt✐❝❡✮✳ ❚❤❡♥ t❤❡ ♦♣❡r❛t♦rs
❛♣♣❡❛r✐♥❣ ✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✮ ❛r❡ tr❛♥s❢♦r♠❡❞ t♦

n̂iσ ⇒ 1− n̂iσ, n̂i ⇒ 2− n̂i, ρ̂+i ⇒ −ρ̂−i ✭❇✶✮

✇❤❡r❡❛s t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣❛r❛♠❡t❡rs ❛♥❞ ❛✈❡r✲
❛❣❡s✿ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧✱ ❢r❡❡ ❡♥❡r❣②✱ s♣❡❝✐✜❝ ❤❡❛t✱
s✉♣❡r❝♦♥❞✉❝t✐♥❣✲♦r❞❡r ♣❛r❛♠❡t❡r ❛♥❞ ❞♦✉❜❧❡ ♦❝❝✉♣❛♥❝②
tr❛♥s❢♦r♠ ❛s ❢♦❧❧♦✇s

µ(2− n) = −µ(n) + U, ( µ̄(2− n) = −µ̄(n) ) ✭❇✷✮

f(2− n) = f(n) + U(1− n), ✭❇✸✮

c(2− n) = c(n), ✭❇✹✮

∆(2− n) = −∆∗(n), ✭❇✺✮

D(2− n) = D(n) + 1− n, ✭❇✻✮

r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ ❛♥② ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞
♠♦❞❡❧ ✐♥ t❤❡ r❛♥❣❡ 0 ≤ n ≤ 1 ✇❡ ❝❛♥ ✜♥❞ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡ r❛♥❣❡ 1 ≤ n ≤ 2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♣❤❛s❡ ❞✐❛❣r❛♠s ❛r❡ s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ❤❛❧❢✲✜❧❧✐♥❣✳

❆♣♣❡♥❞✐① ❈✿ ❙♦♠❡ ❛♥❛❧②t✐❝❛❧ ❱❆ r❡s✉❧ts

❋r♦♠ t❤❡ s❡t ✭✾✮✕✭✶✵✮ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡✲
t✇❡❡♥ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ✐♥ ❜♦t❤ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s✿

µ̄NO =
U

2
+ ✭❈✶✮

+
1

β
ln
n− 1 +

√

(n− 1)2 − n(n− 2) exp (−βU)

2− n
,

µ̄SS = I0(n− 1). ✭❈✷✮

❚❤❡ ❢♦r♠✉❧❛ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❙❙✕◆❖
tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ TSS ✭t❤❡ ❧✐♠✐t ∆ → 0 ♦❢ ❡q✉❛✲
t✐♦♥s ✭✾✮✕✭✶✵✮✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

βSS =
2

U
ln

[

sinh (βSS |µ̄SS |)
|n− 1| − cosh (βSSµ̄SS)

]

, ✭❈✸✮

✇❤❡r❡ βSS = 1/(kBTSS)✳
▲❡t ✉s str❡ss t❤❛t TSS ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❡q✉❛✲

t✐♦♥ ❝❛♥ ❜❡ ♥♦t ♦♥❧② ❛ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ❜❡t✇❡❡♥
st❛❜❧❡ ♣❤❛s❡s ❜✉t ❛❧s♦ ❛ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ❜❡t✇❡❡♥
♠❡t❛st❛❜❧❡ ♣❤❛s❡s ✭❡✳ ❣✳ ✐♥ t❤❡ r❡❣✐♦♥s ♦❢ P❙ st❛t❡s st❛❜✐❧✲
✐t②✮ ♦r ✉♥st❛❜❧❡ ♣❤❛s❡s✳ ❍♦✇❡✈❡r✱ ❛❧❧ s❡❝♦♥❞ ♦r❞❡r tr❛♥✲
s✐t✐♦♥ t❡♠♣❡r❛t✉r❡s ✇❤✐❝❤ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ■❱ ❜②
❝♦♠♣❛r✐s♦♥ ♦❢ ❢r❡❡ ❡♥❡r❣✐❡s ❢✉❧✜❧❧ ✭❈✸✮✳ ❋r♦♠ ✭❈✸✮ ♦♥❡
❝❛♥ ♦❜t❛✐♥ TSS ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n ✭♦r µ̄ ✕ ❝❢✳ ✭❈✷✮✮✳ ■♥
t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡s ✐t ②✐❡❧❞s

kBTSS(U → −∞) = 2kBTSS(U = 0) =

= 2I0(n− 1) ln−1

(

n

2− n

)

. ✭❈✹✮

❚❤❡ ❚❈P✲❧✐♥❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

tanh(β❚I0|n− 1|) =
(

1

|n− 1|β❚I0
+ |n− 1|

)−1

. ✭❈✺✮

Pr♦❥❡❝t✐♦♥s ♦❢ ❚❈P ♣♦✐♥ts ♦♥ t❤❡ kBT/I0✲µ̄/I0 ♣❧❛♥❡ ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷ ❜② ❞❛s❤❡❞✲❞♦tt❡❞ ❝✉r✈❡✳
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