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Abstract.Phase transitions for the quantum field interaction Ag*+mie?,
m$/i< 1 are established in two dimensional space time.

1. Introduction

We present a direct proof of the existence of phase transitions in quantum field
theory. We consider here the simplest interaction for which a phase transition
is expected, namely the

ot +imie,  mp/A<kl, (1.1)

perturbation of the free field of mass m,. We give a complete proof in space time
dimension d=2. Our same methods apply in principle to arbitrary even P(¢),
models without cutoff.

To define the interaction (1.1) for d=2 we require Wick ordering. We denote
Wick ordering of P with respect to the covariance (—A4+md)~" by :P:, . Then
scaling and re Wick ordering leads to an equivalent theory with the bare mass
O(0)~ ! and the interaction which we study, see [13], is

P(@): o= (@P =D e -0, o>, (1.2)

It is the occurrence of two distinct minima, separated by a large barrier, which
suggests the occurrence of phase transitions for the interaction (1.2). The two
pure phases are ground states localized (in ¢ space) near the two minima ¢ = +a.

In the case we consider, the polynominal P(¢) is invariant under the symmetry
transformation @— — ¢, while the pure phases are interchanged by the symmetry.
We note, however, that symmetry breaking is a distinct issue from the existence
of phase transitions. Just as in statistical mechanics, where phase transitions
may occur without symmetry breaking [11], we expect phase transitions in ficld
theory for certain P(¢) models which do not possess a symmetry group, such as
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for the interaction
> P(@)=(p*—0°)* +e0> —po,

foro>» 1, e< 1, and pu=yuf(e, o).

The method we use here to study the interaction (1.2) is to generalize the ¢’
bounds [3,8,2,6,5] in order to estimate perturbations of the measures for the
interacting ground state. These estimates follow from the Osterwalder-Schrader
positivity and the Euclidean invariance of the theory, combined with bounds
we prove in Section 2 on the vacuum energy per unit volume. The existence of
long range order (phase transitions and symmetry breaking) follow by a variant
of a statistical mechanics argument due to Peierls. As a consequence, we find
that the Dirichlet ¢* theory (1.2) has a non-unique vacuum for ¢> 1. The two
phases are separated by an external field —u¢ added to P(¢) of (1.2).

In a separate article [7], we generalize our convergent weak coupling ex-
pansion to yield a cluster expansion for the interaction (1.2). This expansion
allows us to introduce boundary conditions (other than zero Dirichlet) which
yield two distinct pure phases. In each pure phase we obtain from the cluster
expansion a model with a unique vacuum, which satisfies the Wightman axioms
with a mass gap. Of course, it would be of interest to pursue the particle structure
of the model (1.2) via the cluster expansion.

In contrast to our detailed study based on the cluster expansion, our present
paper gives a simple, direct proof that phase transitions occur. An alternative
approach to the problem of phase transitions has been announced in [1], but the
proof has not appeared.

We now introduce some notation and explain the Peierls argument. Let
ACR? be a square, centered at the origin, and let 4 4, be the Laplace operator
with zero Dirichlet boundary conditions on the boundary 04 of A. Let do, ,
denote the Gaussian measure over &(R?*) wit mean zero and covariance
(—4,+¢e*) 1 Let

VA)= [, P(p(x)):dx, (1.3)

where :P: denotes Wick ordering with respect to the covariance (—4 ,+¢%) 7"

We let
. JA(p)e " Wdg
A= 1 ————~j R 14
D= e T g, (14)

and in order to ensure that P-defined by (1.2) is equivalent to (1.1), we also choose
e=¢"’

For P given by (1.2), plus a linear term, the limit 4/R? in (1.4) exists for

A= fo(x))... p(xu(xy,..., x)dx, ved,
and also for 4=exp Q with Q defined by (1.9), as well as for

A= HX +(4))

defined below.



Phase Transitions for ¢3 Quantum Fields 205

For each unit lattice square 4=4, centered at je Z>, we define the averaged
field

()= { so(x)dx .

Essentially ¢(4) is the low momentum field in 4, so we expect that ¢(4) char-
acterizes phase transitions in A. We define a localizing function of the averaged
field

1 if @(d)e(ab)

0 otherwise.

Aan(4)= {

We use the particular functions
X+ = X©0,00) and y_ =X(- »,0)

to separate phases and to establish the existence of long range order.

Lattice squares 4;, 4; are nearest neighbors if [i —j|=1. Let /" be a collection
of nearest neighbor pairs and let |47 denote the cardinality of 4. Assume there
exists a constant K >0 such that

<H(A,A’)ef/ X—(A)X+(A')>§6*KW| . (1.5)

Theorem 1.1. Consider a P(@), quantum field theory defined by (1.3}1.4).
If (1.5) holds for K sufficiently large and for all A", then for any two lattice squares
A;and 4,

<X+(Ai)X—(Aj)>§ 1/8.

Corollary 1. If the field ¢ has a ¢~ — @ symmetry (for example if P and the
boundary conditions are both even) then {y(A)) = }. In this case,

| (Ax=(4))) = x (A <x (4212 1/8,,
which establishes the existence of long range order.
In order to establish symmetry breaking, we consider the model
P, p): = (p? —6?)?Jo?: — uo
= P(p):—po,
2

with : P: given by (1.2). The estimates in this paper are uniform for 0Su<o™".
Then we find

(1.6)

Corollary 2. For the interaction defined by (1.3), (1.4), and (1.6),
‘11151(‘)1 (4(4),>0.8.

Proof. For pu=+0, the : P(¢, p): model has a unique vacuum, as a corollary
of the Lee-Yang theorem [12]. Thus as dist(4, 4')— oo,

(@ (A = ot (A (A,
= (A (A= (A)))
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where we use clustering and translation invariance. Thus by the theorem,

AP (L= (4)) ) 21/8,

which has the solution (y,(4)>,>0.8. By FKG inequalities, {y..(4)), is monotone
in g, as u~0. Thus lirrol {x+(4), exists and is greater than 0.8>3.
B

Theorem 1.2. Let K be given, and let a ¢* quantum field be defined by (1.3),
(1.4), and (1.6). For o sufficiently large, (1.5) holds for all collections A" of nearest
neighbor pairs.

Proof of Theorem 1.1. Let A, be a square, centered at the origin, containing
4;, 4; and large enough (depending on i and j) so that

2+ dist(4,, 4) < %md <dist(04, {4,,4}). (1.7)

A configuration is defined as a map from lattice squares in A, to +1. Given a
configuration c, a subset Y Cc™Y(+1) is said to be + connected if any two lattice
squares of Y can be connected by a path of nearest neighbor squares belonging
to Y. The definition of — connected is analogous. Each configuration introduces
a decomposition of A, into + and — connected components {X,(c)}. Let X;
and X; be components containing 4; and 4; respectively. Let y; be the outermost
contour in 0X, Technically, y; is defined to be the boundary of the component
of R*\X; which contains the point at co. At least one of the contours y; or y; must
separate 4; from 4;. Supposing this contour is y;, we define

Y= YL\aAO s

i.e. the portion of y; not contained in d4,,.
Letting |y| denote the length of y, we assert that

Iyl +-dist(y, {4, 4;) =110y (1.8)
If y,n8A,=40, then there is nothing to prove, since the shortest contour with a

given radius (= dist(y, {4, 4;})) is a square, and for this case, the circumference is
eight times the radius. Now suppose y,n 04, 0. Then

1
dist(y, {4;, Aj}>§ %diSt(Ai’ A,‘)é 18 |04,

S dist(0A4,, {4,, 4}
1
717l

A IIA

by (1.7). Thus
1yil +dist(y, {4;, 4,1 = [yl -+ 04, +3 [yl
= 1pyf.

Since

| Tac 4o () +x () =1,
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we have
{4, > Z (A HA Xc(A)
where ZC is the sum over conﬁguratlons ¢ with c(AL-)z 1, c(4;)=~1and [ [, omits

4; and 4;. Let y=1(c) be defined as above, and let 4" =.47(y) be the set of nearest
neighbor pairs bordering y. Then

<X+(Ai)x~(Aj >= Zy Z(c p(e) = y)<X+(A')X j HA Ao A)(A

= Z (x4 nA AeN(y) A+ (A)y (4>
< Zy e—Klvl .

The sum ranges over y’s resulting from contours vy, enclosing A, and separating 4,
from 4, There are at most 31”1 such contours of length |y, with a fixed startmg
point. We choose as starting point the point of y; lying on the line (4,, 4)) and
closest to 4;. With |y fixed, this can be chosen in at most 11}y| ways, by (1,8). Thus
Ay (4> < 1/8 for K sufficiently large.

In order to prove Theorem 1.2, we study perturbations of the interacting
Euclidean measure defined by polynomials of the form

Q& X)= 2021 QY X), (1.9)
where

QN X)=0"1 Y 4cx & 4, —o?)dx, (1.10)

0,(EF, X)=(Ino)~ ZA cx &P L, 2(x (4% :dx, (1.11)

Q&Y. X)= ZlA i G & (4)—o(4)), (1.12)

Qa1 1, X)=0 e+ 1) Yy cx &Y 25 1 [, 10l(x) — @l(x):dx. (1.13)
In (1.13), x and «’ denote ultraviolet cutoffs, and

0k, K<,
For k=0, :¢}: =0. Let | X| denote the area of the subset X C R%. Qur main technical
estimate is the following theorem, which will be proved in Section 3.

Theorem 1.3. There is a constant K| and a 6>0 such that for all Q defined by
(1.9)~1.13), with |EP| <1 and for (- defined by (1.2)(1.4), and (1.6) with ¢ suffi-
ciently large

{<eQ(€,X)>‘ < Killoga)?lx]

Proof of Theorem 1.2, assuming Theorem 1.3. For each pair (4, 4,)e 4" we
write

X+(Ai)X—(Aj):(X(O,o'/2) + X2, oo))(X(—oo, —e/2) T X(=as2, 0)

as a sum of four terms. We shall bound each term for any even M by
e 10 ()™, v=1,2,3. By using the Cauchy formula for derivatives in the
variable £ as in [2] we have

oMMy =0

dé ! (1.15)

lg M Q
}<€Q>_M.2(; '§[é<\§M>+l

et
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In each case we choose M =2{¢/8] to optimize the above bound. Here [x] denotes
the integer part of x.
For instance, we bound the term ¥, /2, (40X~ o, —o2)(4;) b
M
-M d er
dey
Each of the remaining three terms is bounded by yo,,/2)(4) O x(—4/2.0/(4 ). Note
that on the support of yo 4/2)(4),
P(4)\?

iraizo- (2]

[0~ (@(d)— (4 )]" =

£=0

=

W A~

o [o?— [, 0(x)*dx]+ gaﬁz[jd :o(x)? 1 dx— 1 p(A4)?: +O(Ino)].

Here O(Ino) is a Wick ordering constant. Since ¢~ *0O(ln¢)—0 one has for suffi-
ciently large ¢ either
M

Yoo di)S0” (jA 2:dx—a?)

or
Yo.a2)( 4S04 c(x)?dx — 1 p(4)* M.

The factor y_,/.0)(4;) is bounded by the same expressions with 4; replacing 4,.
Now we can apply (1.15) to each pair of squares. Since a single square 4, occurs
in Q; or Q, in at most four pairs (4, 4,)e A", the factorials are bounded by

(MY < ([T
The theorem now follows from

I Tx+ () -(A)) £ Pt [ []1 g o1
< eO(log o')szl —a|H|/4 )

In the last line we have used Stirling’s formula (with n={[¢]),
n! <Q2nn)¥(n/e)" .

Note that the weakly divergent bound exp(O(Ins)) per square from Theorem
1.3 is bounded by the strongly convergent factor exp(— O(o)).

2. Bounds on Vacuum Energy per Unit Volume

In this section we give upper and lower bounds on the vacuum energy per unit
volume. The upper bound is more elementary, and we'consider it first. Let {0A|
denote the length of the boundary of A.

Proposition 2.1. There is a constant O(1) independent of o and A such that
e A (2.1)
for all A satisfying o|0A| Z|Al.
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Proof. We translate ¢ by the function o f(x), where
0= f()=0"2[, (=4 +07 ) x, ndy=1.

(Note that the Dirichlet Green’s function is less than the free Green’s function.)
By convexity of the exponential,

{e"dp=exp(fWdo).
Hence for W(p) a Wick ordered polynomial without a constant term,
|Wde=0 and [e"dez=1.

Thus we need only compute the constant in the exponent after translation. The
purpose of the translation is to eliminate the leading term O(g?|A|). There is a
constant term associated with V(A4) and a constant associated with the change
of measure dqo—»d((p + 0 f). The constant associated with V(A) of (1.3) is

{4 Plof(x))dx=0{, (f(x)*—1)%dx
<262 [, (1 f(x))dx
=2 [ (440" = (=4, +07 )7 1(x, ydxdy
+2 fga fa (= A+072) 7 x, y)dxdy.
In the first term, A and 4, agree except on 94, so that the difference kernel con-
tributes only along the boundary d4. Scaling the length scale ¢ back to one shows
that this term is O(o|dA|). The second term is integrated with one variable in and

one variable outside of A. Again scaling the length back to one we obtain a con-
tribution O(s|dA|). Thus

J4 Plo f(x))dx £ 0(a|0A) = 0(4]),

where the last inequality follows by our restriction on the volumes.

The constant associated with the translation of the Gaussian measure do, -1 4
is

30X [ (=4 +0 2> =3[, f(x)dx=0(4)),
and the proof for p=0 is complete. For u> 0, we use the Griffiths inequality

i j‘ e*[V(A)-w(A)]d(p >0
d =

to complete the proof.
The lower bound on the vacuum energy concerns the perturbed Euclidean
measure

fervantee gy (2.2)

This bound, which is slowly divergent as ¢ — oo (see Theorem 1.3), is sufficient for
the present paper. Bounds uniform in ¢ may be found in [7]. By Schwarz’
inequality, it is sufficient to establish separately the bounds

[ e4de(Pa- 1A <Ol v=273, (2.3)
j‘e—ZV(A)e“-de(Pq_ - OWinald] 4 (2.4)
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Proposition 2.2. There is a constant independent of o and A such that (2.3) and
(2.4) hold.

Proof. The main point is that the low momentum modes of Q, and Q5 are
suppressed, thereby introducing an effective mass into the covariance. In technical
terms, this idea emerges as the following fact: The Laplace operator of a bounded
region, with Neumann boundary data, has A, =0 as the lowest eigenvalue, and
the next eigenvalue A, is strictly positive. The eigenspace corresponding to 4, =0
is the space of functions which are constant on each connected component of the
bounded region.

We write Q5 (and £P') as a sum of four terms so that in a single term, each
lattice square 4 occurs only once in the sum over nearest neighbor pairs. By
Holders inequality, it is sufficient to consider a single such term. Let A= {{4, 4')}}
be the corresponding set of nearest neighbor pairs of lattice squares, and let 4
be the Laplace operator with Neumann data on

U(A,A’)EM adud’.

Let dp, be the Gaussian measure with covariance (—4,+0¢ %)~ '. By con-
ditioning [10] and factorization of d¢ , across boundary lines, it is sufficient to
consider a single pair of lattice squares. The required bound reduces to

fetoReso=ogep  <exp[3(16Re&)*(y, (=4, +0~ ) p]=0(1),

where y=y,— y4 is the difference of the characteristic functions of 4 and 4’. To
establish the bound O(1), independent of ¢, we use the fact that y is perpendicular
to the functions which are constant on 4uA’, and so the lowest eigenvalue 1, =0
of 4, does not contribute.

For the case v=2, it suffices to estimate

g st @2(4) = p(4)?:/log ad(pm ,

where the Gaussian measure d¢, has a covariance corresponding to Neumann
boundary conditions on the boundary 64 of the lattice square 4. Let P, be the
orthogonal projection onto the subspace of L, spanned by y, and let

A:(IOgU)_l(“Ad¢f+UA2)71(XA_PA)-

Then by a standard computation (see also [ 71)

S - . — 1 - _ 1 2
je‘“"‘””‘” «)(A)z)./logﬂ)d@w___‘e 3 rin(I—4), er|§€7HAH27

where || - ||3 is the Hilbert-Schmidt norm and we use 0< A <1, true for o> 1. In
fact, since y ,— P, annihilates the eigenspace of 4 ,- corresponding to the eigenvalue
41 =0, we see that for large ¢

HAH%.S_( ?.;2 )»; 2)/[1120'<%,

This completes the proof.
For the case v=1, we note that when || <1,

— 0o X1 +1n%k) < (@(x)— 62)*: +é0: 02 (x)~— 02, (2.5)
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with Wick ordering with respect to a unit mass. By standard methods the vacuum
energy per unit volume corresponding to the polynomial on the right is O(s%In%s),
see [9]. The proof of (2.4) for u=0 then reduces to scaling by ¢~ 2. We introduce
the external field ug directly into (2.5). Again, for p sufficiently small, we obtain
the lower bound (2.5) by removing Wick ordering, and this completes the proof
of (2.4). We omit the discussion of v=4.

3. Local Perturbations of the Interaction

In this section we extend the ¢’ bounds to localized perturbations of the type
Q(¢, X), and thereby prove Theorem 1.3. We make two modifications to the basic
¢’ bound argument [3,8, 2, 5]. The first is that we consider perturbations of the
measure such as

Ay — 4 0(x)*1dx,

which, while localized in a bounded region 4, cannot be expressed as a local
perturbation of the Hamiltonian. Secondly, by using Euclidean invariance of the
physical measure (A= R?), we show that it suffices to consider the case where X
is a large rectangle. In the case X =rectangle, we work in a finite volume and obtain
bounds uniform in A. This allows the passage to the limit 4 /R? The ¢ bounds
have the form

To(f)=H+O0)isupp f|

rather than the cruder estimate
T o(f)=H+O0(1)diam supp f|.

We do not require estimates on f5, [cf. 8, 2] which measures surface effects on the
vacuum energy due to removing or adding parts of the interaction associated
with a bounded region. (We remark that estimates on f, are poor because of the
small mass ¢~ ' in the covariance.) Dirichlet data provide a further complication
to such estimates.

Let

H{o)=H, (0)+07 > ., ((p(x)? —6?)*:dx (3.1)
be the Hamiltonian with Dirichlet boundary conditions at x= +/. Here H, (o)

is the free Hamiltonian with the same boundary conditions and mass ¢~ 1. Then
H, (o) and Ho) act on the time zero Fock space

F =LY (RY), dug,))- (3.2)

Here du, , is the Gaussian measure defined by the condition that the vacuum
Q. for Hy ; is represented by the function {. Let Q; be the vacuum for H (o) and
let E{c) be the vacuum energy, so that

(H{0)— E(0))2,=0.

Recall that H/(o) is a direct sum of a free Hamiltonian associated with the region
|x|=! and an operator with compact resolvent associated with the region |x| <1,
so that the existence of Q, follows.
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Lemma 3.1. There is a constant independent of ¢ and a sequence l,— 0
(possibility dependent on o) such that

—E,_[{0)£—E (g)+consta, (3.3)
for any a=0.

Proof. By Proposition 2.1, there is a constant independent of ¢ and [ such that

[Ze(l)= — E,+const ! (3.4)

for I sufficiently large. Choose [, to be a one-sided maximum of e, so that for
positive [ <1,

eD=elly).
Since e(l)-> 00 as [->o0, there is a sequence of such [, [;—co. This completes the

proof.
The Euclidean Fock space is

H=AH (=1L )= LAS (R*), dpy-1. 1),

where A;=R x [ —I,[]. For each time t there is a natural imbedding J,: % —. %
from & to the time ¢t subspace of /. We also introduce spacetime rectangles

Yr =[-TO0Ix[-11]

Xr=[-TTIx[-L1].
For each ae(—1, 1), we also introduce the Fock spaces

F(a, =L (RY), d,, )
and

A (—1+2a,1),a>0

A (=1L 1-2a),a>0.
The space #(— 1+ 2a, ) is determined by placing zero Dirichlet data on the line
x=[ and also on the symmetric line x= —1!+2a obtained by reflecting the line
x=1[about the line x=gq, for a>0. The definition of #' (-1, [—2a), a>0, is similar.
The measure dy, , is Gaussian, and its covariance is given explicitly in [5]. It is
characterized by the following property: Let I, be the natural injection from

polynominals on #'(R') to generalized polynomials on &'(R?) defined by the
formula

LH(f)=(f @9,).

Here f € #(R") and ¢ on the left above is a field (linear function) defined on
S(RY), while ¢ on the right is a field on ¥ (R?). We extend I, to polynomials,

1Q(@( 1) §LIN) = QUASS1)). - LA 1)) ,

so that I, can be regarded as an identification map. Then dyu, , is characterized
by the fact that [, is isometric from % (a, [) into # ' (—1+2a, 1) (a>0)or A (1, 14+ 2a)
(a<0). We use the fact that conditional expectation onto the line x=a,a>0, of a
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function supported in the region a<x<l, is independent of the location of
Dirichlet boundary data in the region x<a. In particular these conditional ex-
pectations, defined in #(—1+2q, 1) and in (-1, ) coincide, see [5]. In order to
give this statement a meaning, we identify the x=a functions of the fields in these
two spaces. However, this identification is not a unitary map between the Hilbert
spaces.

Proposition 3.2. Let [=1; be as in Lemma 3.1. There is a constant independent
of &, a, 0, and i such that for a Z0(1)a and for | sufficiently large,

”Jﬁ_: zer(Yz, 1)e+ Q& Yo, a)JQ“?/TeEz é econst a(lno)? .
Proof. Let

A=J# e VU2 0e- Qe 20

and let O(&, X, ) be the sum of Q(¢, Y, ) and its time reflextion about the x-axis.
Then

AA* =J* e*V(Xz,l)e‘Q(ésxz,a)J .
2 2

Since AA* is self adjoint and positivity preserving, there is a unit vector
ve L (¥ (RY), dp,, ) such that

|A]*=]|44%] = lim o, (AAxyoy N
s lim ”UHL/N<QO (AARNQg
21\1,1_1};10<'Q0,1a (AA*)NQO,O;‘:/N .
The inner product can be written in Euclidean form, yielding
JAIP< Jim (femV om0 G X Y

é lim (je“V(XZN,z—a)d(pu_l A )UN
N- 0 ’ @

I eV Kan, ) pQTE Xaw, ] Y 1/N (3.5)
<e e lim ... | 2N
N—=ow
<P E fim | LMY,
- N—w
where we use Lemma 3.1. Here the norm |[... |} is the operator norm from % (a, [)

to Z(—a,l). The norm is estimated by an integral. For vectors v, € #(+a,l),
we have by the Schwarz inequality

KT o, e Xam T Xon L S (T 0 Y0 M Lyiagn-

. He ViXan, a)eQ &, XN, a)H . -
dPo-1, 4

By Proposition 2.2, the second factor is bounded by exp[const(ing)*Na]. We
bound the first factor as in [5]. For a = O(l)o and [ large, we have the hyper-
contractive bound

f‘ I, U+)‘2d(tDa‘1 A= H+ - HI+aU+HL2(d% A
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Thus the norm || ... || in (3.5) satisfies
I 1 <exp[O(a)(ino)?]
and using (3.5), the proof is complete.

Theorem 3.3. The limit A7R? in (1.4) exists for
A=e%% and A= ][], 1.(4).

Proof. We prove convergence for exp(zQ) in two steps. First in the ultraviolet
cutoff case Q=0Q,, the existence of the limit A/R? for 4=0Q" exists by Griffiths’
inequality. (Because of the use of full Dirichlet data, this argument is special to
¢*.) We expand exp(zQ,) in a power series in z. Using term by term convergence,
and a ¢’ bound to give a uniform bound on the sum, we obtain convergence for
exp(zQ,). We then remove the momentum cutoff by considering the difference
exp(zQ,)—exp(zQ,.) as a power series. By Proposition 2.2 (and 3.2) we have a
uniform bound which is o(1) as k, K¥'—o0. Here we use the bound on Q,, cf. {6,
Chapters 2 and 5].

To prove the convergence for A= IIy.(4) note that since <H sexp(i&;p()) 4
converges so does {y(p(4))) for e L,. Using the fact that y.,. <1 we need only
establish

A =) (@D A=t — ) @(A))5-0

uniformly in A for a suitable sequence y, € L;. To deal with the singularities of
x5 it suffices to show

H

(@ J‘% (e

(b) ey,

are bounded uniformly in € and A. (a) is an immediate consequence of the ¢ bound.
(b) follows from integration by parts, e.g.

) o
éezrp(d)> =i dx < ¢ etC_rp(A)>
e a=—ifadx(Gorg ™),

= —i{4dx(@D [dy(—A+62) x, 1) Pe()D 4

and Proposition 3.2,

For the remainder of this paper, we take A= R?. The bounds of Proposition 3.2
extend to this case, and prove Theorem 1.3 for (sufficiently long) rectangles (cf.
[4]). The problem is to allow X to be an arbitrary union of lattice squares. Let T,
denote time translation, (f, x)—(t+a,x) and let # denote time inversion,
(¢, x)=(—1, x), and let T, and £ act on functions of the Euclidean field ¢(t, x).

Proposition 3.4. Let A, B, and C be functions of ¢ localized in the time intervals
(—o0, —1),(—1,0), and (0, o) respectively, and suppose B=0. Then

[KABC) = {CRC (T AR A) H* lim ([, To(BZB ™))
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Proof. We use the positivity condition of Osterwalder-Schrader (positivity of
the inner product in the physical Hilbert space). The result then follows from the
Schwarz inequality and the density of L in L,.

Proof of Theorem 1.3. Let i=(iy,i;)€ Z% Given &, let £(iy, N) and &(i, N) be
multiindices defined by
& if dp=j; and [i,—jo|=N
0 otherwise
& if Jip—jol=N and i, —j|SEN
0 otherwise.

&, N);= {

é(l: N)j: {

Consider the case Q,=0. By repeated use of Proposition 3.4 in the x, direction
and again after Euclidean rotation in the x-direction we conclude that when X  is
an N x N rectangle

<eQ(€,XN)>§ nio A}Lrg <eQ(é(io,N))>1/N
= ]_L'eX Z\}l_{?o <€Q(§(i’N))>1/N2 .
By Theorem 3.3 with A=A,=[~1,[]x R we have

4 = lim <{¢ .
< > Figs < >A1

To express the last term in Fock space let

A=J% e Ve QEEN Yo m g

Then

(eQEENYS  — (QANQ)
<[4y

< peonst N2(log )2

Here we have applied Proposition 3.2 with a = N. Hence combining these estimates
we have

g 2 2
(28D < [ gy €51 1080 = pKallox LI

In the case of Q5 we apply the same argument with appropriate reflections, as in
Proposition 3.2.
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