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Abstract. We address a framework to reduce the unwrapping errors of
the measurement system using a digital multiple-wavelength phase-
shifting algorithm. In particular, the following framework is proposed: �1�
smooth the raw phase by smoothing the sine and cosine images of the
phase computation of the inverse tangent function; �2� locate and re-
move the incorrectly unwrapped points by the monotonicity condition of
the phase map; �3� obtain the unwrapped phase map for the shortest
wavelength without smoothing; �4� detect holes and fill them to preserve
as much useful information as possible. Experiments demonstrated that
the proposed framework significantly alleviated the measurement errors
caused by the phase noise. © 2009 Society of Photo-Optical Instrumentation
Engineers. �DOI: 10.1117/1.3251280�

Subject terms: structured light; phase shifting; phase unwrapping; multiple
wavelength; phase error.
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Introduction

ver the years, phase-shifting algorithms are widely used
or 3-D profile measurement due to their measurement
peed and accuracy. For these methods, a phase unwrap-
ing algorithm is usually necessary to obtain continuous
hase maps. Typically, the surface smoothness is assumed
or the phase unwrapping step—namely, the object surface
eight changes cannot be beyond 1 /4 of the wavelength
sed. However, in numerous situations, this requirement is
ery difficult to satisfy, and objects with step-height exist
verywhere, especially in the manufacturing field. There-
ore, determining how to measure these objects using
hase-shifting methods is vital, with broad applications in-
luding manufacturing, medical sciences, and computer sci-
nces.

The limitations of a single-wavelength phase algorithm
re significantly alleviated if a two- or multiple-wavelength
echnique is employed. Especially when a multiple-
avelength technique is utilized, the measurement can be
erformed point by point without any spatial phase unwrap-
ing; therefore, the step-height is not a problem at all. Over
he years, extensive research has been conducted on two- or

ultiple-wavelength phase-shifting techniques1–14 and tem-
oral phase unwrapping.15,16 All these efforts were intend-
ng to measure the step-height object or alleviate the limi-
ations of phase unwrapping.

In general, for a phase-shifting technique, the longer the
avelength used, the larger the phase noise induced. The
hase noise is proportional to the wavelength of the fringe
mage used. To completely eliminate the step-height prob-
ems, a multiple-wavelength phase-shifting �MWPS� tech-
ique chooses the longest wavelength fringe to cover the
hole projection area, but its drawback is that the noise
ight be too large to recover the signal. In comparison with

091-3286/2009/$25.00 © 2009 SPIE
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a single-wavelength phase-shifting technique that uses a
shorter wavelength, this technique is more sensitive to
phase noise. Therefore, the noise plays a significantly larger
role for the multiple-wavelength phase shifting technique.
Reducing the phase noise is vital for the success of this
technique to measure objects with larger surface reflectivity
variations. In this research, we propose a framework to al-
leviate the problem caused by the phase noise of the
MWPS. It should be noted that wavelength as defined in
this paper is different from that defined in physics. The
wavelength here indicates the spatial width of the fringe
stripes, i.e., number of pixels per fringe stripe. Experiments
are presented to demonstrate that the proposed frame sig-
nificantly alleviated the measurement phase errors caused
by the phase noise.

Section 2 introduces the multiple-wavelength phase-
shifting algorithm. Section 3 explains the detailed proce-
dures of the proposed technique. Section 4 introduces the
system setup. Section 5 shows some experimental results,
and Sec. 6 summarizes the work.

2 Multiple-Wavelength Phase-Shifting Algorithm
Phase-shifting algorithms are widely used due to their mea-
surement speed and surface noncontact nature. For a single-
wavelength phase-shifting algorithm, a number of fringe
images having the same wavelength ��� with certain phase
shift are used to obtain the phase �. For example, three
fringe images of a three-step phase-shifting algorithm with
a phase shift of 2� /3 can be represented as

Ik�x,y� = I��x,y� + I��x,y�cos�2�h�x,y�
�

+
2k�

3
� , �1�

where k=0,1 ,2, I��x ,y� is the average intensity, I��x ,y� the
intensity modulation, and h�x ,y� is the spacial distance.
The phase to be solved for is
October 2009/Vol. 48�10�1
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�x,y� =
2�h�x,y�

�
. �2�

In general, ��x ,y�, ranges from −� to +� by direct cal-
ulation of the fringe images. The real phase, ��x ,y�,
hould be continuous as a function of ��x ,y�:

�x,y� = 2�m�x,y� + ��x,y� , �3�

here m�x ,y� are integers. If only a single fringe stripe is
sed, ��x ,y�=��x ,y� and m�x ,y��0, and no phase un-
rapping is necessary. However, if multiple fringe stripes

re used, m�x ,y� are not always zeros, and a phase-
nwrapping algorithm is required to remove the 2� discon-
inuities by detecting the correct integers, m�x ,y�, from the
eighborhood points.17 Although numerous phase-
nwrapping algorithms have been proposed, none can
00% correctly retrieve the true phase value especially for
tep-height objects.

For a multiple-wavelength phase-shifting �MWPS� algo-
ithm, different wavelengths are used to measure step-
eight. For each wavelength, the phase-shifting algorithm
s employed to obtain the phase. In this research, we use the
avelength �k=N��k+1�, k=1,2 ,3 , . . .. Assume that the pro-

ector has a resolution of W�H and the fringe stripes are
ertical. If we choose �1=W, there is no need for phase
nwrapping for this phase map because the single fringe
overs the whole area—that is,

1�x,y� = �1�x,y� . �4�

ere, �1�x ,y� represents the unwrapped phase, and

1�x ,y� the wrapped phase.
For the phase �2�x ,y�, ms�x ,y� are not always zeros and

eed to be detected. Because �1=N�2, we have �2=N�1.
ombining with Eq. �3�,

2�x,y� = Round�N�1�x,y�
2�

−
�2�x,y�

2�
� . �5�

ere operator Round�X� is to compute the closest integer
alue of X. This means that the wrapped phase, �2�x ,y�,
an be unwrapped pixel by pixel by referring to the un-
rapped longer wavelength phase �1�x ,y�.
Once �2�x ,y� is obtained, we can use it to correct
�x ,y�. In general, for � =� /N,

������
����	


���	
����	�

�	���	
��� �����

����� ���
�����	�
����	

Fig. 1 Proposed framework to reduce
3 k k−1

ptical Engineering 105601-

Downloaded from SPIE Digital Library on 21 Feb 2010 to 1
mk�x,y� = Round�N�k−1�x,y�
2�

−
�k�x,y�

2�
� , �6�

and

�k�x,y� = 2�mk�x,y� + �k�x,y� . �7�

Since the unwrapped phase is obtained pixel by pixel with-
out accessing its neighborhood pixels, this technique can be
used to measure surface profile with arbitrary step-height,
and the measurement noise is close to that using a single-
wavelength phase-shifting technique with the shortest
wavelength. Because only integers are to be obtained using
the longer wavelength, the noise of the longer wavelength
will not significantly affect the measurement. However, our
experiments found that for weak signals, this would be
problematic. This paper addresses a framework to handle
this problem.

3 Framework
The proposed framework is shown in Fig. 1. The process-
ing procedures are:

1. Apply Gaussian filtering first to remove the random
noise.

2. Detect the incorrectly unwrapped points based on
phase monotonicity.

3. Unwrap the shortest wavelength phase without
smoothing for the final measurement.

4. Detect holes that should be filled and fill them.
5. Last, use the phase to calculate the coordinates.

The details of each step are described in the following
sections.

3.1 Phase Noise Reduction—Gaussian Smoothing
Random phase noise is one of the largest error sources
contributing to the incorrectly calculated integers, m�x ,y�.
It can be shown that the longer the wavelength, the larger
the phase noise. In this section, without losing generosity,
the longest wavelength is used to illustrate the noise effect.

The signal-to-noise ratio �SNR� of the fringe images
plays a key role for the phase noise. The SNR is most
significantly affected by the ambient light, the sampling
bits number of the camera, the brightness of the fringe im-
ages, and the sensor noise. The SNR is usually reflected by
the value of data modulation, ��x ,y�= I��x ,y� / I��x ,y�, for a
phase-shifting algorithm, with 1 being the best when the
ambient light is always 0. However, in practice, it is very
difficult to ensure such measurement conditions. Moreover,

�����
�������
��	�	��

���� ���
����	


���
���	�

������	
��������	�

oise influence for the MWPS algorim.
�

�
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onsidering the digital sampling of the camera, the brighter
he fringe images, the better the quality of data. If the sur-
ace reflectivity varies across the surface, it also affects the
easurement.
To analyze the effect of noise, we took two sets of fringe

mages under the same room lighting condition. The only
ifference is their overall brightness by adjusting the aper-
ure of the camera during data acquisition. Figure 2 shows
ne of the longest wavelength fringe images for each set.
igure 2�a� is the brighter fringe image, and Fig. 2�b�
hows its corresponding darker fringe image where the
ringe is barely seen. The corresponding phases for this
avelength are shown in Fig. 2�c� and 2�d�, respectively.
he phase noise is larger for the darker fringe images. To
isualize the phase noise better, the slope of the phase is
emoved, and the noise is plotted in Fig. 3. This figure
learly shows that the dimmer fringe phase error is already
pproximately �0.18 rad. From Eq. �5�, the phase error
ill be multiplied by an integer number N�N=2,3 , . . . �. For

he minimum N=2, the phase error that affects the final
hase unwrapping is already �0.36 rad, which is approxi-
ately 0.72 / �2��=11.5%. For high-quality measurement,

his error has to be reduced.

(a)

100 200 300 400
0

1

2

3
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5

6

Pixel

P
ha
se

(r
ad
)

320th column phase

(c)

Fig. 2 Comparison between the brighter fringe i
lighting condition, but with different camera aper
�c� cross section of phase for brighter fringe ima
image.
ptical Engineering 105601-
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Because the noise of the phase is random, a Gaussian
smoothing filter can be used to reduce it. In general, a 2-D
Gaussian filter can be written as

G�x,y� =
1

a
exp� �x − x0�2 + �y − y0�2

2��2 � , �8�

where a=�x�y exp	��x−x0�2+ �y−y0�2� / �2��2�
dx dy.
�x0 ,y0� is the center of the filter, and � is the standard
deviation. The wrapped phase is usually computed using an
inverse tangent function:

��x,y� = tan−1�N�Ik�
D�Ik�

� , �9�

where N�Ik� is the numerator as a function of the fringe
images, and D�Ik� is the denominator as a function of the
fringe images. The Gaussian smoothing is applied to the
numerator and the denominator separately:

Ñ�Ik� = N�Ik�x,y���G�x,y� ,

and

(b)
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(d)

and darker fringe images under the same room
� Brighter fringe image; �b� darker fringe image;
�d� cross section of the phase for darker fringe
P
ha
se
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)

mages
ture. �a
ge; and
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˜ �Ik� = D�Ik�x,y���G�x,y� ,

here operator � represents convolution, and X̃ means the
moothed value of X. �This notation holds for the remain-
ng discussion.� It can be shown that this operation removes
nly the random phase noise without introducing phase er-
ors. After smoothing, the phase becomes

˜ �x,y� =
Ñ�Ik�x,y��

D̃�Ik�x,y��
.

By applying a 7�7 Gaussian filter for the numerator
nd the denominator, the phase is plotted in Fig. 4�a� for the
hase shown in Fig. 3�b�. The random phase noise is sig-
ificantly reduced. The difference between the smoothed
hase and the raw phase is plotted in Fig. 4�b�, which com-
rises only random noise. The most significant noise has
een reduced to approximately �0.025 rad, which is more
han 7 times smaller. Moreover, from this example, it can
een seen that the denoising does not affect the major phase
alue, it only reduces the random noise, as expected.
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(a)

Fig. 3 Cross sections of phase noise for differen
�b� darker fringe images.
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Fig. 4 The smoothing influence on the phase e
smoothed phase and the original phase.
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3.2 Incorrectly Unwrapped Points Detection—Phase
Monotonicity

The denoising step reduces only the random noise, for
some surfaces with lower SNR, especially when the surface
reflectivity varies drastically across the surface. For the low
surface reflectivity points, the fringe is barely visible, and
the phase noise is so significant that the previous step can-
not completely eliminate its influence. And some points
might still be incorrectly unwrapped. Thus, those bad
points have to be detected and removed.

From the configuration of the system, it is clear that the
phase is monotonic along the direction perpendicular to the
fringe stripes. These constraints will help detect the incor-
rectly unwrapped points line by line. Assuming that the
fringe stripes are horizontal, vertically the phase should be
monotonically increasing �or decreasing�. Assuming that
the phase is increasing, we have

�̃�x,y� 	 �̃�x,y + 1� .

Therefore, any point that does not satisfy this condition
should be regarded as an incorrectly unwrapped point.
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tness fringe images. �a� Brighter fringe images;
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.3 Raw Unwrapped Phase Recovering
he Gaussian smoothing is not desirable for the final mea-
urement, since it removes the details. If the long-
avelength fringe images are used, the random noise is

ignificant, and filtering improves the measurement. How-
ver, for shorter wavelengths, the random phase noise is not
o dramatic, and the smoothing actually removes a lot of
etails. Therefore, the raw phase data without smoothing
eeds to be preserved. In this research, the correct integers,

˜ K�x ,y�, are obtained using the smoothed phase but are
pplied to the raw wrapped phase to achieve the original
nwrapped phase data—that is,

K�x,y� = �K�x,y� + m̃K�x,y� � 2� .

.4 Useful Information Preservation—Hole
Detection and Filling

o alleviate the effect of the low SNR points, a higher
hreshold ��h� is desired for the phase calculation. But a
ower threshold ��l� is required for the final measurement
o preserve as much useful information as possible. This is

dilemma! In this research, we propose a method called
ole detection and filling to provide a solution.

Assume that for the higher threshold, �h, the background
oints are marked by a mask Mh�x ,y�=0, and for the lower
hreshold, �l, the background points are marked by the

ask Ml�x ,y�=0. The hole detection and filling is to find
oints that satisfy Ml�x ,y��0 and Mh�x ,y�=0.

For these points, we first find the single individual con-
ected component to form a single hole. For each hole, the
oundary �x0
x
x1, y0
y
y1� is found, and a subimage
ith ��x0−1:x1+1, y0−1:y1+1�� is formed. This subimage

s then unwrapped using a conventional phase-unwrapping
lgorithm to obtain the unwrapped phase �s

l �Ref. 18�.
nce this subimage is unwrapped, within this subimage, for
oints that have already been unwrapped using the
ultiple-wavelength algorithm, we take the difference:

� = ��s
l�x,y� − �h�x,y��/P ,

or Mh�x ,y�=1 and Ml�x ,y�=1, where P is the total num-
er of points that have already been unwrapped using
igher threshold �h. The final unwrapped phase values
ithin this hole are calculated using the following equation:

f�x,y� = ��h�x,y� Mh�x,y� = 1

�s
l�x,y� − �� Mh�x,y� = 0 and Ml�x,y� = 1

0 otherwise
� .

�10�

nce all these holes are filled, the final unwrapped phase
ap can be obtained, which can be further used for coor-

inate calculation.
It should be noted that for the hole-filling step, we as-

ume that the traditional phase-unwrapping algorithm can
orrectly unwrap those points. However, since no phase-
nwrapping algorithm is 100% correct, there might be still
ome errors introduced in these areas. But because the
hase unwrapping is performed within holes, it will not
ptical Engineering 105601-
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propagate beyond their own regions; thus, the incorrectly
unwrapped phase will not affect the remaining area.

4 System Setup
The structured light system contains a digital-light-
processing �DLP� projector and a charge-coupled device
�CCD�. The DLP projector used is a Samsung SP-
P310MEMX projector with a resolution of 800�H�
�600�V�. The projection distance range is 0.5 to 2.8 m.
The digital micromirror device �DMD� chip used for this
projector is 0.55 in. The CCD camera is a digital CCD
camera �Pulinx TM6740-CL� with an image resolution of
640�480. The camera sensor pixel size is 7.4 �m�H�
�7.4 �m�V�. It uses a Computar M0814-MP lens with a
focal length of 8 mm at F/1.6 to 16C. The exposure time
used for the camera is approximately 8.33 ms. The frame
grabber used in this system is a Matrox Solios XCL with
CameraLink interface.

5 Experiments
To verify the performance of the proposed framework, we
use a six-wavelength phase-shifting algorithm with a long-
est wavelength of �1=600 and N=2. The measured object
is a human face, as shown in Fig. 5�a�. Figures 5�b�–5�d�
show the shortest wavelength fringe images.

Figure 6 shows the phase map of all fringe images with-
out any smoothing. This figure shows that the phase un-
wrapping is unnecessary for the longest wavelength phase
map. It also shows that the phase noise is significant for the
background. Since the background does not contain useful
information, it is removed by setting a threshold for �.

Figure 7 shows the final unwrapped phase map after
each step. Figure 7�a� shows the phase map without any
post-processing using a threshold of �=0.05 to remove the
background. In the upper half of the image, there are a lot
of white spots �noise�. Once the Gaussian filter �7�7� is
applied, most of these white spots are removed, as shown in
Fig. 7�b�. However, there is still some noise in this map,
such as the white area inside the ellipse of Fig. 7�b�. The
vertical monotonicity constraint is then applied, and the
result is shown in Fig. 7�c�. This figure shows that the
white spots are drastically less. However, this also gener-
ates a lot of small holes �black spots�. Last, the hole detec-
tion and filling step is applied, and the final result is shown
in Fig. 7�d�. It can be seen that with the proposed approach,
all the phases are smooth, without white or black spots in
the major measurement area.

(a) (b) (c) (d)

Fig. 5 Shortest wavelength phase-shifted fringe images. �a� Object;
�b� fringe image �0�; �c� fringe image �2� /3�; and �d� fringe image
�4� /3�.
October 2009/Vol. 48�10�5
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For a low threshold, as shown in the previous example,
he holes are small. Even bilinear interpolation is sufficient
o fill those holes. However, if a larger threshold is used,
he holes will be larger, and the bilinear interpolation might
e problematic. To verify the performance of our hole-
lling algorithm, we reprocessed the same set of fringe

mages using a much higher threshold, �h=0.15; the phase
ap before hole filling is shown in Fig. 8�a�. It clearly

hows that the holes are much larger. We then apply our
ole detection and filling step with a lower threshold of
l=0.05 to remove the background. The result is shown in
ig. 8�b�. The final phase map is still very smooth. This
xperiment demonstrated that our hole detection and filling
pproach performs satisfactorily.

To visualize the 3-D geometric shape of the measure-
ent, we convert the phase to coordinates using the method

ntroduced in Ref. 19. The 3-D geometry of the phase map
hown in Fig. 7�d� and Fig. 8�b� are shown in Fig. 9. The
rst row of this figure shows the 3-D geometry generated
rom the phase map shown Fig. 7�d� at different viewing
ngles, and the second row shows the 3-D geometry con-

(a)

(d)

Fig. 6 Phase map computed from each wave
=75; �e� �5=37.5; and �f� �6=18.75.
ptical Engineering 105601-
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verted from the phase map shown in Fig. 9. It can be seen
that both 3-D geometries are very smooth, with high qual-
ity.

As a comparison, we reconstructed the 3-D geometry
using a threshold of 0.05 without adopting our proposed
framework; the result is shown in Fig. 10. It can be seen
that the 3-D geometry has a lot of spikes that are phase

(a) (b) (c) (d)

Fig. 7 Phase map after each step with the threshold of �=0.05. �a�
After applying the � threshold to be 0.05; �b� after applying the 7
�7 Gaussian filter; �c� after removing the bad points using monoto-
nicity constraint; and �d� after detecting and filling holes.

(c)

(f)

�a� �1=600; �b� �2=300; �c� �3=150; �d� �4
(b)

(e)

length.
October 2009/Vol. 48�10�6
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rrors caused by the noise. These experiments demonstrate
hat our proposed framework can significantly alleviate the
hase-unwrapping errors caused by the noise.

Conclusion
his paper has presented a framework to reduce the phase
rror for a digital multiple-wavelength phase shifting algo-
ithm. Gaussian filtering is used to reduce the most signifi-
ant random noise to alleviate its influence on the shorter
avelength phase unwrapping, the monotonic condition is

(a) (b)

ig. 8 Hole filling. �a� Final phase map for higher threshold �h
0.15 without hole filling; �b� phase map after detecting and filling
oles using the lower threshold of �l=0.05.

(a) (b)

(c) (d)

ig. 9 3-D geometric shape of the phase map after coordinate cal-
ulations. The first row used 3-D geometry generated from the
hase map shown in Fig. 7�d�, and the second row used the 3-D
eometry converted from the phase map shown in Fig. 8�b�.
ptical Engineering 105601-
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used to further remove those incorrectly unwrapped phase
points, the original phase map is unwrapped using the
phase-unwrapping integer numbers obtained using the
smoothed phase map to preserve the original data, and last
holes generated by the too-large threshold used in the pre-
vious step are detected and filled. Experiments demonstrate
that the proposed framework could significantly reduce the
phase errors for such an algorithm.
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