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Phonon group velocity and thermal conduction in superlattices
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With the use of a face-centered cubic model of lattice dynamics we calculate the group velocity of acoustic
phonons in the growth direction of periodic superlattices. Comparing with the case of bulk solids, this com-
ponent of the phonon group velocity is reduced due to the flattening of the dispersion curves associated with
Brillouin-zone folding. The results are used to estimate semiquantitatively the effects on the lattice thermal
conductivity in Si/Ge and GaAs/AlAs superlattices. For a Si/Ge superlattice an order of magnitude reduction
is predicted in the ratio of superlattice thermal conductivity to phonon relaxation time@consistent with the
results of P. Hyldgaard and G. D. Mahan, Phys. Rev. B56, 10 754~1997!#. For a GaAs/AlAs superlattice the
corresponding reduction is rather small, i.e., a factor of 2–3. These effects are larger for the superlattices with
larger unit period, contrary to the recent measurements of thermal conductivity in superlattices.
@S0163-1829~99!05028-6#

The propagation and scattering of acoustic phonons in a
multilayered structure are of both fundamental and practical
interest. The basic propagation characteristics of phonons in
superlattices have been extensively studied, both theoreti-
cally and experimentally.1 Recently, thermal transport in
semiconducting2–16 multilayered structures has attracted
much attention due to potential application to quantum-well
lasers and thermoelectric devices.17

The thermal conductivities both parallel2,5,6 and
perpendicular3,10–13to the interfaces of semiconductor super-
lattices have been measured by several groups, and signifi-
cant reductions compared with the values in bulk materials
are reported. The thermal conductivity measured in the in-
plane direction is smaller than the average conductivity of
the bulk constituents and decreases with decreasing superlat-
tice period. Chen,9 and Hyldgaard and Mahan14 suggested
that diffuse superlattice-phonon interface scattering is the
key factor in explaining the thermal-conductivity reduction
in the direction parallel to the layer interfaces.

A more dramatic reduction has been found in the thermal
conductivity in the growth direction for both GaAs/AlAs and
Si/Ge superlattices.3,10–13Over a wide range of temperatures
~80–330 K!, Capinski and co-workers10–12 made measure-
ments with GaAs/AlAs samples of various repeat distances.
At 300 K they observed that the thermal conductivity is three
times to an order of magnitude less than that of bulk GaAs,
depending on the repeat distance. Leeet al.13 measured a
series of Si/Ge superlattices and found that the thermal con-
ductivity of their samples fell below the conductivity of SiGe
alloys, but above the conductivity ofa-Si. Again, at high
temperatures, for some of their samples, there was over an
order of magnitude decrease compared to the average of the
conductivity of the bulk silicon and germanium.

Chen and Neagu8 and Chen9 attributed the large reduction
of the thermal conductivity in GaAs/AlAs and Si/Ge super-
lattices to diffuse interface scattering or dislocation scatter-
ing of phonons, depending on the thickness of bilayers. An

alternative approach was taken by Hyldgaard and Mahan.15

They considered the possibility that the thermal conductivity
in a superlattice is reduced because the phonon group veloc-
ity is decreased relative to its value in the bulk constituents.
They employed a simple-cubic lattice model, and predicted
that due to this effect there should be an order of magnitude
reduction in the thermal conductivity of a (232)-Si/Ge su-
perlattice. However, they have not shown how this reduction
changes as the length of the unit period is varied. In the
present work we employ a face-centered cubic~fcc! lattice
dynamics model, and study the group-velocity effect more
systematically than Hyldgaard and Mahan.15 We show for
Si/Ge superlattices how the reduction in the conductivity
changes with the repeat distance of the superlattice. We also
make similar calculations with model parameters appropriate
for GaAs/AlAs superlattices to consider if the experimental
results of Capinski and co-workers10–12 can be explained by
the reduction in phonon group velocity.

Here we note that the lattice thermal conductivityk at a
temperatureT is given by the formula

k5(
l

kl , ~1!

kl5tlCph~vl!vl,z
2 5tlCph~vl!vl

2 cos2 ul , ~2!

Cph~v!5
~\v!2

kBT2
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wherel is a set of quantum numbers specifying a phonon
state, which we choose for superlattice phonons asl
5(ki ,q, j ) with ki the wave vector parallel to the layer in-
terfaces,q the wave number in the growth direction, andj the
index specifying both the phonon mode and frequency band.
Also in Eq. ~2! t is the relaxation time of phonons,v is the
angular frequency,v is the magnitude of the phonon group
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velocity, andu is the angle between the group velocity and
the direction of the heat flow. In the experiments the thermal
conductivity normal to the interfaces (z direction! has been
measured, so we writevl cosul5vl,z in Eq. ~2!.

Now we consider a periodic superlattice whose unit pe-
riod consists of two fcc lattices~lattice A and latticeB) di-
vided by an interface between two adjacent~001! planes of
atoms parallel to thex-y plane~see Fig. 1!. In latticeA(B),
atoms of massMA (MB) are connected to their 12 nearest
neighbors by springs of stiffnessK, i.e., we assume the same
magnitude of atomic force constants forA-A, B-B, andA-B
pairs. The spacing between the nearest neighbors is taken to
be A2a. Thus, the thickness of sublatticeA(B) is dA
5nAa (dB5nBa), wherenA (nB) is the number of atomic
layers and the length of unit period isD5dA1dB .

We writeulmn to be the displacement of an atom from an
equilibrium position r lmn5(xlm ,zn)5( la,ma,na) in the
Nth period of the lattice. The displacement vector that satis-
fies Bloch’s theorem required for the periodicity in thez
direction takes the form

ulmn5uñ exp@ i ~ki•xlm1qND2vt !#, ~4!

for (N21)nAB<n,NnAB , where n5NnAB1ñ with nAB
5nA1nB the number of atoms inz direction in the unit
period, and 1<ñ<nAB . In Eq. ~4! ki5(kx ,ky) is common
to latticesA and B, and q is the Bloch wave number. The
equation of motion satisfied byulmn is18
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where Mn5MA or MB depending on the siten, and the
equations of motion forülmn

y and ülmn
z are obtained by a

cyclic permutation of the subscripts and the superscript in
Eq. ~5!. These equations determine 3nAB frequenciesv as
the functions ofki andq (0<q<p/D).

We apply the above formulas to Si/Ge and GaAs/AlAs
superlattices with different length of a unit period. Hence,
first we determine the parameters involved in the fcc model
so that the model may best approximate the constituent ma-
terials of the superlattices. Here we note that silicon and
germanium take diamond structures where a unit cell con-
sists of two identical atoms. So, in applying the fcc model we
assign MA (523MSi)59.32310223 g and MB (52
3MGe)52.41310222 g for a Si/Ge superlattice, whereMSi
and MGe are the atomic masses of silicon and germanium,
respectively. We also assume the lattice constantã52a
55.5431028 cm, which is the mean value of the lattice
constants of bulk silicon and germanium. The force constant
is taken to beK54.223104 g s22. These parameters give
the bulk sound velocities in the@100# direction tabulated in
Table I.

For a GaAs/AlAs superlattice we also consider only
acoustic vibrations and replace two atoms in a unit cell of
each material with a single atom in the fcc lattice. Thus, the
chosen values areMA (5MAlAs)51.69310222 g and
MB(5MGaAs)52.40310222 g and the lattice constantã
52a55.6431028 cm and K53.353104 g s22. The cal-
culated sound velocities are also given in Table I.

We have shown in Fig. 2 the dispersion curves in the
(535)-Si/Ge and (535)-AlAs/GaAs superlattices for

FIG. 1. Structure of a unit period in the (nA3nB) superlattice
consisting of two fcc lattices with different masses.

TABLE I. Comparison between the calculated~calc! and ex-
perimental~expt! sound velocities of the bulk longitudinal~l! and
transverse~t! modes in the@100# direction ~in units of 105 cm/s!.

I v l
calc v l

expt v t
calc v t

expt

Si 8.48 8.34 5.86 5.90
Ge 4.97 5.18 3.58 3.67
GaAs 4.71 4.71 3.33 3.33
AlAs 5.65 5.61 3.96 3.96

FIG. 2. Dispersion relations of phonons in the growth direction
of ~a! a (535)-Si/Ge superlattice and~b! a (535)-AlAs/GaAs
superlattice. Frequency@n I #

max ~with I 5Si, Ge, GaAs, and AlAs!
indicates the maximum frequency of the bulkI material calculated
by the fcc model.
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phonons propagating in the growth direction. The frequency
gaps at the center and boundary of the folded Brillouin zone
are larger for the Si/Ge superlattice because of the larger
mass differences of the constituent atoms, and hence the re-
ductions of phonon group velocity towards the zone center
and boundary are also larger in the Si/Ge superlattice. Here
we note that the calculated sound velocities coincide very
well with the experimental values but the fcc model predicts
the maximum phonon frequencies at the zone boundary
„vA

max52pnA
max5(8K/MA)1/2

…, which are about 20%
smaller than the measured values of the bulk materials con-
sidered.

In order to check our computer code we have calculated
the lattice specific heat. As expected, the specific heats per
atom of superlattices take values in between those of the
constituent bulk materials at low temperatures, and approach
the universal classical value of 3kB in the high-temperature
limit.

We show in Figs. 3~a! and 3~b! the frequency dependence
of the density of states~DOS! weighted by the square of the
group velocity perpendicular to the interfaces, defined by

^vz
2~v!&[

1

V (
l

d~v2vl!vl,z
2

5
1

~2p!3 (
j
E dSl

vl
vl,z

2 uvl5v , ~6!

wherevl,z5dvl /dq, anddSl is an element of a constant-
frequency surface in the Brillouin zone.

In the low-frequency region the calculated weighted DOS
for an (n3n)-superlattice takes values between those of the
bulk solids, but it is suppressed considerably at high frequen-
cies due to the flattening of the phonon dispersion curves
caused by the zone folding effects. As the number of mono-
layersn in a unit period increases, the weighted DOS starts
to deviate from thev2 dependence at lower frequencies. We
find that the weighted DOS is essentially the same for all
values ofn larger than about 10. There exists no contribution
to this quantity from the frequencies higher than the maxi-
mum frequencyvB

max of the bulk solid of the heavier con-
stituent. This is because the phonons in this frequency range
are well localized inside the lighter layer~A! of the unit
period and have no effect on the heat conduction in super-
lattices.

Now we consider the ratiok̃ of the thermal conductivity
to phonon relaxation time defined by

FIG. 3. Densities of states weighted by the squaredz component
~the component in the growth direction! of the group velocity.~a!
(n3n)-Si/Ge superlattices withn51, 5, and 10, and~b!
(n3n)-AlAs/GaAs superlattice withn51, 5, and 10. For compari-
son the same quantities of bulk solids are also shown by dashed
lines. FIG. 4. The ratiok̃ of thermal conductivity to phonon relaxation

time. ~a! (n3n)-Si/Ge superlattices withn51, 2, 5, and 10, and~b!
(n3n)-AlAs/GaAs superlattices withn51, 2, 5, and 10. The cor-
responding values of the bulk solids are shown by dashed lines.

Insets show the variation ofk̃ @normalized by the values of~a! bulk
silicon and~b! bulk AlAs at T5300 K# with the number of mono-
layersn in a unit cell. The results atT550, 100, and 300 K are
plotted.

PRB 60 2629PHONON GROUP VELOCITY AND THERMAL . . .



k̃[(
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kl /tl5(
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2 . ~7!

The temperature dependences of this ratio~per volume! are
shown in Figs. 4~a! and 4~b! for the Si/Ge and AlAs/GaAs
superlattices, respectively. The magnitude ofk̃ for the
(232)-Si/Ge superlattice relative to those for the bulk sili-
con and germanium is very similar to the result by Hyld-
gaard and Mahan,15 i.e., there is an order of magnitude re-
duction at high temperatures. However, atT51000 K the
absolute magnitude for the (232)-Si/Ge superlattice we ob-
tained is about 40% of their result. This should be due to the
fact that different lattice dynamics models are used to evalu-
atek̃. Although a large reduction ofk̃ is found for the Si/Ge
superlattices, the reduction ink̃ for AlAs/GaAs superlattices
is modest. At room temperaturesk̃ is about 1/2 and 1/3 of
the corresponding values for the bulk GaAs and AlAs, re-
spectively.

As the number of atomic layersn in a unit period in-
creases,k̃ decreases, but it saturates forn.10 as shown in
the insets. Thisn dependence common to the Si/Ge and
AlAs/GaAs superlattices is contrary to the experimental re-
sults, i.e., the thermal conductivity of AlAs/GaAs superlat-
tices at room temperatures is reduced as the numbern is
decreased. Also we see that at very low temperaturesk̃ is
found between the curves of bulk solids irrespective ofn, but
it starts to deviate from the bulk lines as temperature in-

creases. The temperature at which this deviation starts corre-
sponds roughly to the frequency of the lowest phonon stop
band in the dispersion relations.

To summarize, based on the fcc lattice model, we have
calculated the phonon group velocities and estimated their
contributions to the lattice thermal conductivity in Si/Ge and
AlAs/GaAs superlattices in the growth direction. We found
that the reduction of the group velocity near the folded
Brillouin-zone center and edges yields a reduction in the
thermal conductivity that is less than that found experimen-
tally for AlAs/GaAs superlattices. This implies that while the
phonon group velocity makes a very significant contribution
to the reduction of the thermal conductivity in superlattices,
other mechanisms must also play an important role. Possible
effects other than phonon focusing19 include the change in
the rate of anharmonic scattering, especially due to mini-
umklapp scattering,20 isotope scattering,21 and also scattering
arising from the roughness of the layer interfaces.

Finally, we note that the reduction of the thermal conduc-
tivity in the microstructures such as dielectric quantum wires
has also been reported.22,23More interestingly, the possibility
of quantized thermal conductance at low temperatures is
suggested.24
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