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Abstract Since the glass is a birefringent material, the
analysis of residual stress in glass is usually carried out by
means of photoelastic methods. This paper considers the
automation of the “test fringes” method which is based on
the use of a Babinet compensator or of a beam subjected to
bending. In particular, two automated methods are pro-
posed: the first one is based on the use of the centre fringe
method in monochromatic light and the second one is based
on the use of RGB photoelasticity in white light. The
proposed methods have been applied to the analysis of
membranal residual stresses in some tempered glasses,
showing that they can effectively replace manual methods
of photoelastic analysis of residual stresses in glass.

Keywords Glass . Residual stresses . Digital
photoelasticity . Image processing

Introduction

It is known that photoelasticity can be used for residual
stress analysis of glass [1–3]. The development of digital
photoelasticity [4, 5] allows the user to automate the
analysis of residual stress in glass as shown in Ref. [6] in
the case of the phase shifting method.

Residual stresses in a glass specimen can be easily
detected by inserting a Babinet compensator or even a
simple bent beam in front of or behind the glass. The
resulting fringes, which are sometimes called test fringes
[1], effectively reveal the presence of residual stresses. For
example, Figure 1 shows the isochromatic fringes in the
glass specimen alone (a, b), in the bent beam alone (c)
and finally the resulting fringes in the glass specimen
superimposed to the bent beam (d). The shape of the
resulting fringes clearly reveals the residual stress. As can
be seen in Fig. 1, the vertical reference fringes are
modulated by the residual stresses in the glass specimen.
The deviation of the fringes immediately puts in evidence
the presence of residual stresses, although in a qualitative
way. Another effect of the reference fringes is that, in
general, the retardation in the glass specimen increases.
This is a favourable effect because it increases the
retardation in zones, near the 0 order fringes, where it is
too low.

The quantitative analysis can be performed using the
laborious manual technique based on the use of compensation
methods.

In this paper the automation of the test fringes method is
proposed by using two methods:

1. the Centre Fringe Method (CFM) in monochromatic
light [4];

2. the RGB photoelasticity in white light [7–9].

The paper also shows the application of the proposed
methods to the analysis of membranal residual stresses in
some tempered glasses, in particular a household shelf and
the rear window of a car.

The glass specimen and the bent beam must be placed in
such a way that the principal stresses in both elements are
properly aligned, like in the cases of the manual method
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based on the Babinet compensator and of the Fourier
transform method of fringe analysis [10].

Theory

In the test fringes method, a system of carrier fringes (see
Fig. 2) is superimposed on the glass specimen placed in a
circular polariscope. Such a system of carrier fringes is
obtained by using a Babinet compensator or a bent beam,
which is a specimen subjected to bending. In the present
work, the second solution has been used.

Use of Monochromatic Light

In the case of monochromatic light source, the intensity
emerging from the dark field circular polariscope shown in
Fig. 2 is given by the relationship valid for the Fourier
transform method of fringe analysis [10]. Without consid-

ering the disturbances due to background intensity and
noise, this relationship can be written as follows:

I ¼ I0
2

1� sin2 a � acð Þ cos 2p dc � dð Þ � cos2 a � acð Þ cos 2p dc þ dð Þ� �
ð1Þ

where I0 is the maximum light intensity, αc and α are the
angles that define the directions of the maximum principal
stress respectively in the carrier and in the glass (Fig. 2(b)),
δc is the retardation (known) in the carrier and δ is the
retardation in the glass specimen. The retardation δ is
related to the membranal residual stresses σ1, σ2 (σ1≥σ2)
existing in the glass by the relationship

d ¼ Cld

l
s1 � s2ð Þ ð2Þ

where Cλ is the stress optical coefficient, d is the glass
thickness and λ is the wavelength of the light source.

Equation (1) shows that in photoelasticity, unlike to what
happens in other optical methods such as holography and
moiré, the light intensity depends on two parameters related
to the stress field, i.e. the retardation δ and the isoclinic
angle α. Only in special conditions:

a� ac ¼ 0� or a� ac ¼ �90� ð3Þ

the light intensity depends only on the retardation. In these
cases equation (1) provides:

I ¼ I0
2

1� cos 2p dc � dð Þ½ � ð4Þ

where the upper sign applies to α−αc=0° and the lower to
α−αc=±90°. In these cases equation (4) gives the total
retardation as follows:

for a� ac ¼ 0� : dtot ¼ dc þ d ð5Þ

for a� ac ¼ �90� and dc > d : dtot ¼ dc � d ð6Þ

(a)(a)

(d)(d)

(b)(b)

(c)(c)

Fig. 1 (a), (b) isochromatic fringes in the glass specimen alone, (c)
carrier fringes in the bent beam alone, (d) resulting isochromatic
fringes (test fringes) due to the superposition of the glass specimen
and of the bent beam
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Fig. 2 (a) polariscope, (b)
orientation of the optical
elements. (c: carrier, P,A:
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plates, σ1,σ2: glass principal
stresses, σ1c,σ2c: carrier
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for a� ac ¼ �90� and dc < d : dtot ¼ � dc � dð Þ ð7Þ
The equations (5)–(7) can be written as

dtot ¼ dc � dj j ð8Þ
where the upper sign applies to α−αc=0° and the lower to
α−αc=±90°.

From equations (5)–(8) it follows:

d ¼ dtot � dcj j for a � ac ¼ 0�; or
a � ac ¼ �90�; dc > d :

(
ð9Þ

d ¼ dtot þ dc for a � ac ¼ �90�; dc < d ð10Þ
Once the retardation δ in the glass is known, the

difference of principal stresses is obtained by using
equation (2). Especially at the edges (usually compressed,
that is σ1=0), the value of the boundary stress is:

s2 ¼ � l
Cd

d ð11Þ

Use of the Centre Fringe Method (CFM)

In the case of a carrier with retardation linearly varying in x
direction (vertical carrier fringes) and glass with constant
retardation in x direction (horizontal glass fringes), the total
retardation (Fig. 3) given by equation (8) can be rewritten
as follows

dtot x; yð Þ ¼ dcðxÞ � dðyÞj j ð12Þ

The retardation in the compensator can be written as:

dcðxÞ ¼ dci �
x� xi
p

ð13Þ

where dci is the retardation at the carrier fringe of abscissa
xi, p is the pitch of the carrier fringes and the sign should be
considered positive if the carrier retardation is increasing
with the abscissa x and vice versa. Taking account of (13),
equation (12) can be written as:

dtot x; yð Þ ¼ dci �
x� xi
p

� dðyÞ
����

���� ð14Þ

Considering the points at which dtot ¼ dci on the glass
plate superimposed to the carrier, i.e. the centres of the
fringe having retardation dci ¼ i and abscissa x (Fig. 3),
equation (14) becomes

dtot x; yð Þ ¼ dci ¼ dci �
x� xi
p

� dðyÞ
����

���� ð15Þ

which lead to the following relationship

dðyÞ ¼ x� xij j
p

ð16Þ

Equation (16) shows that the retardation δ(y) can be
evaluated by selecting a fringe of ascissa xi and retardation
dci ¼ i on the carrier and determining the x coordinates of
the centres of the fringe of the same order i on the glass.

According to equation (16), and with reference to Fig. 3,
the procedure for the determination of δ(y) is based on the
following steps:

1. selection of a fringe of order i (retardation dci and
abscissa xi) on the carrier,

2. selection of the fringe of the same order i (retardation
dtot ¼ dci ) on the glass plate,

3. determination of the x coordinates of the centre of the
fringe by a centre fringe extraction procedure (see
Appendix),

4. evaluation of the retardation δ(y) on the glass plate by
equation (16).

Use of White Light

As previously said, after the superposition of the reference
fringes, the retardation is, in general, increased. This effect
may enhance the accuracy of methods based on the use of
white light, which can be prone to large errors for low levels of
retardation, like in the case of the RGB method [7].

Equation (4) can also be written as follows:

I ¼ I0sin
2p dc � dð Þ ð17Þ

x

i

x−xix−xix−xi

x

xxii

y

i

r

p

Fig. 3 Isochromatic fringes in glass superimposed on the carrier
(down) and in the carrier alone (up) in monochromatic light
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In white light, ignoring for simplicity the error due to the
quarter-wave plates [9], equation (17) becomes:

Iwj ¼ 1

lj2 � lj1

Zlj2
lj1

I0 lð ÞT lð ÞTc lð ÞFj lð Þsin2p l0
l

� dc0
Cc
l

Cc
0

� d0
Cl

C0

� �
dl; j ¼ R;G;Bð Þ ð18Þ

where T(λ) and Tc(λ) denote the transmittance of the glass
and of the carrier, δ0 and δ0

c denote the retardation in the
glass and in the carrier at the reference wavelength λ0,
Cl=C0 and Cc

l=C
c
0 denote the dispersion of birefringence

[11, 12] in the glass and in the carrier. If the dispersions of
the two materials are equal, it follows that:

Cc
l

Cc
0

¼ Cl

C0
ð19Þ

and consequently equation (18) becomes:

Iwj ¼ 1

lj2 � lj1

Zlj2
lj1

I0 lð ÞT lð ÞTc lð ÞFj lð Þsin2 p
l0
l

Cl

C0
dc0 � d0
� �	 


dl; j ¼ R;G;Bð Þ

ð20Þ

According to equation (20), the search procedure of
RGB photoelasticity yields the total retardation

dtot0 ¼ dc0 � d0
�� �� ð21Þ

Fig. 7 Tempered glasses used in the experiments (dimensions in
mm): (a) household shelf, (b) rear window of car

Fig. 6 Polycarbonate specimen (dimensions in mm) used both as
carrier and as a calibration beam for the RGB method
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Fig. 5 Approximated spectral distributions of the filters R, G and B
of the used camera
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Fig. 4 Spectrum of emission of the fluorescent lamps with discrete
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In the carrier alone, equation (20) provides:

Icwj ¼
1

lj2 � lj1

Zlj2
lj1

I0 lð ÞTc lð ÞFj lð Þsin2p l0
l

� Cl

C0
dc0dl; j ¼ R;G;Bð Þ ð22Þ

In this case RGB photoelasticity yields the retardation
δ0

c in the carrier.
Note that the calibration step of RGB photoelasticity and

the determination of the retardation in the carrier alone
should be both done on the carrier superimposed to a
sample of the same glass to be analysed, but free from
residual stresses. In this research, the calibration has been
performed in the carrier alone; this is equivalent to admit
that it is:

T lð ÞTc lð Þ ¼ Tc lð Þ ð23Þ

namely, that the transmittance of the glass is:

T lð Þ ¼ 1 ð24Þ

Once dtot0 and dc0 are determined, the retardation δ0 in the
glass plate is calculated using the same relationships
obtained in monochromatic light [see equations (9)–(10)],
that are written as follows:

for α−αc=0° and for α−αc=±90° with dc > d,
equation (9) becomes

d0 ¼ dtot0 � dc0
�� �� ð25Þ

whereas for α−αc=±90° with dc < d, equation (10)
becomes

d0 ¼ dtot0 þ dc0 ð26Þ

a(a)
b(b)

c(c)

δδ cc== 33 22 11 00 11 22

δδ ttoott 33 22 11 00 11 22

Carrier: Compression TensionFig. 8 Shelf: isochromatic
fringes in the carrier alone in
white (a) and monochromatic
(b) light and (c) at the ROI of
the glass superimposed to the
carrier
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Fig. 9 Shelf: (a) isochromatic fringes in the ROI (the dark fringes used for the CFM method are marked-up), (b) Retardation δ along the direction
r normal to the contour of the glass determine by the CF method
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In order to avoid confusion, it is advisable to operate in
the field of validity of equation (25) i.e.: α−αc=0°, or
α−αc=±90° with dc > d.

Experiments

The experiments have been performed using a circular
polariscope in dark field having quarter wave plates
corrected for the wavelength of yellow monochromatic
light (λ0=589 nm). It has been used:

1. the following light sources:

a. monochromatic sodium vapor lamps that emit at he
reference wavelength (λ0=589 nm),

b. fluorescent lamps of the energy saving kind
(Philips Master 7L-D Super 80 18 watt/827)
with discrete spectral emission (Fig. 4) having

three main narrow band peaks at the following
wavelengths: λR=612 nm (red), λG=546 nm
(green), λB=436 nm (blue);

2. an RGB camera, model JVC KY-F30 3CCD, with three
independent CCD sensors, whose approximate spectral
responses are shown in Fig. 5, with a spatial resolution
of 768x576 pixels and with 256 gray levels per color;

3. a polycarbonate (MM PSM1) specimen (Fig. 6) used
both as calibration beam and as carrier, and two
tempered glass plates (Fig. 7) used for the analysis of
residual stresses.

During the acquisition, the magnification has been
regulated in such a way that the fringe gradient does not
exceed 0.1 orders/pixel [11]. As mentioned above, the
calibration procedure, required for the RGB method, was
performed using the same specimen (Fig. 6) used as a
carrier, in which the maximum fringe orders δ=3 have been
produced.

In the case of the RGB method, the search of the
retardation was performed using the technique based on the
use of a subset of the calibration table [9].

Experimental Results with the Centre Fringe Method
in Monochromatic Light

Figure 8 shows the isochromatic fringes in the carrier alone
and in the shelf (at the ROI, Fig. 7(a)) superimposed on the
carrier. The carrier fringes are deformed due to the residual
stresses in the glass. In particular, if the boundary residual
stresses in glass are compressive, the resulting fringes
(glass superimposed on the carrier) bend toward the
compression zone of the carrier (provided that the photoe-
lastic constants of the glass and the carrier have the same
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Fig. 10 Shelf: error e = δCF−δPS between the results obtained by the
CFM and the phase shifting method based on six acquisitions
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Fig. 11 Car rear window: (a) isochromatic fringes in the ROI (the light fringes used for the CFM method are marked-up), (b) Retardation δ along
the direction r normal to the contour of the glass determined by the CF method
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sign). This feature allows the user to identify the sign of the
residual stress at the boundary, provided that the sign of the
stress in the carrier in known.

Figure 9(a) shows the fringes at the ROI of the shelf. In
particular the analysed section is located at the fringe of
order 1 in the tensile zone of the carrier. Figure 9(b) shows
the retardation along the chosen section as determined by
the relationship (16) and by using a six acquisitions phase
shifting method [13] for comparison. Almost identical
results are obtained by the simplified phase shifting method
based on three acquisition [6] and with the phase shifting
method in white light [14]. Near the beveled edge of the
glass, the retardation is irregular and thus the graph has
been truncated near the boundary; in such a case the
retardation must be extrapolated at the boundary according

to well known procedures as in the case of manual methods
[15, 16].

Figure 10 shows the errors e with respect to the phase
shifting method (e = δCF−δPS). These errors are generally
lesser than ±0.025 fringe orders. Similar results are
obtained for the other sections, where the errors lie within
the limits mentioned above with some peaks around ±0.05
fringe orders.

Figure 11(a) shows the fringes in the ROI of the rear
window of the car (see Fig. 7(b)). The analysed section is
located at the fringe of order 1.5 in the tensile zone of the
carrier. Figure 11(b) shows the retardation along the chosen
section as determined by the relationship (16) and the
results obtained with the phase shifting method based on
six acquisitions [13] for comparison. The errors with

δδ cc== 33 22 11 00 11 22 33

δδ ttoott== 33 22 11 00 11 22

Carrier: Compression                                          TensionFig. 12 White light
isochromatic fringes in dark
field in the carrier alone (up)
and on the shelf superimposed
to the carrier in the shelf (down)
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respect to the phase shifting method, e ¼ dCF � dPS , are
generally lesser than ±0.025 fringe orders, as in the
previous case.

Experimental Results in White Light: RGB Photoelasticity
with Carrier Fringes

Figure 12 shows the white light isochromatic fringes in the
carrier alone and in the shelf superimposed on the carrier at
the ROI (Fig. 7(a)).

It was chosen the same measurement section considered
for the centre fringe method (located at the fringe of order 1
in the tensile zone of the carrier). In this section the
conditions of validity of equation (25) are verified; for this
purpose one can simply choose the measuring section (in
the glass superimposed on the carrier) in such a way that it
is not crossed by the 0 order fringe visible in the glass
(Fig. 12); this fringe is easily recognizable because it is the
only one appearing black in white light. Figure 13 shows
the total retardation dtot0 and the retardation δ0 in the glass
determined by equation (25) where dc0 ¼ 1. For comparison,
the figure shows the results obtained by the phase shifting
method based on six acquisitions.

Fig. 14 shows the errors with respect to the phase
shifting method and, for comparison, the errors obtained by
the CFM (also shown in Fig. 10). These errors, except for
some isolated peaks, are lesser than ±0.05 fringe orders.
Similar results are obtained in other sections. The errors of
the RGB method, higher than the ones of the CFM, can be
due in part to the assumptions made respect to the
dispersion of birefringence [see equation (19)] and to the
transmittance of the glass [see equations (23)–(24)].

The measurement section of the rear window is the same
as that considered for the CFM. In this section the
conditions of validity of equation (25) are verified, as in
the previous case. Fig. 15 shows the total retardation dtot0

and the retardation δ0 in the car rear window determined by
equation (25), where dc0 ¼ 1:5. For comparison, Fig. 15
shows the results obtained by the phase shifting method

0 2 4 6 8 10 12 14 16
-0.1

-0.075

-0.05

-0.025

0

0.025

0.05

distance from edge, r [mm]

er
ro

r,
 e

 [
fr

in
ge

 o
rd

er
s]

CF Method

RGB Method

Fig. 14 Shelf: error e between the results obtained by the RGB
method (e = δ0−δPS) and by the CFM (e=δCF−δPS) respect to the
phase shifting method with six acquisitions

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

distance from edge, r [mm]

re
ta

rd
at

io
n 

[f
ri

ng
e 

or
de

rs
]

Phase Shifting Method (δPS)

RGB Method (δ0)

RGB Method (δ
0
tot)

Fig. 15 Rear window of car:
retardation δ along the direction
r normal to the contour of the
glass determine by RGB
photoelasticity with carrier
fringes

Exp Mech



based on six acquisitions. Figure 16 shows the error with
respect the phase shifting method and, for comparison, the
error obtained by the CFM. These errors, except for some
isolated peaks, are lower than ±0.02 fringe orders.

Conclusions

The photoelastic analysis of residual stresses in glass is often
based on the use of a Babinet compensator type, or even a
simple bent beam, superimposed on the glass specimen. The
resulting isochromatic fringes, which are sometimes called
test fringes, effectively reveal the presence of residual stresses.
This paper proposes the automation of the test fringes method
using either the centre fringe method in monochromatic light
or RGB photoelasticity in white light.

The quantitative analysis, that does not require additional
experimental equipment, shows that the errors (determined
by a comparison with results obtained by phase shifting
methods) are contained within ±0.025 fringe orders for the
centre fringe method and within ±0.05 fringe orders for
RGB photoelasticity. Compared to the phase shifting
method (which requires from 3 to 6 acquisitions), the
proposed methods have the advantage to require only a
single acquisition.

Compared to RGB photoelasticity, the centre fringe
method is more easy to apply because it does not require
calibration. Conversely, the fringe centre method is limited
to straight edges with fringes parallel to the boundaries. In
cases in which it can be applied, the classic centre fringe
method, now rarely used, in general, proves to be highly
effective and easy to use for the analysis of membranal
residual stress in glass plates, by using the automated test
fringes method described in this paper.

Appendix

Extraction of Fringe Centre

In this paper the centre fringe extraction has been carried
out performing a binarization of the image and applying a
thinning algorithm to the binarized image. In particular, for
the dark fringes, the following operations are performed:

& determination of average and maximum intensities, Im
and IM, on the image containing only the carrier (see
Fig. 17);

& determination of a threshold value of the dark fringes
given by S=Im−0.65 (IM−Im)—see Fig. 17;

& binarization of the image made by letting 1 the intensity
of pixels in which I<S (Fig. 18);

& consecutive application of median filtering operations, with
circular window increasing from 5 to 13 pixels, in order to
eliminate irregularities in the shape of the binarized fringes
caused by electronic noise and image defects;

& determination of the positions of the fringes centres by a
thinning algorithm, applied to binarized fringes;

& storage of the x, y coordinates of pixels belonging to the
fringe under consideration using a simple tracking
algorithm.

In the case of the light fringes (corresponding to
intermediate fringe orders), the same procedure can be
applied, considering a different formulation of the threshold
value, i.e. S′=Im+0.65 (IM−Im), and letting 1 the intensity of
the pixels in which I>S′.
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The software was written using the MATLAB program-
ming language. For further details on the method of fringe
centre please refer to the copious bibliography on the topic [4].
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