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Among modified theories of gravity, the teleparallel f(7') gravity is an intensively discussed model in the
literature. The best way to investigate its viability is to derive observable predictions which yield evidence
or constraints for the model, when compared with actual observations. In this paper we derive the photon
sphere and the perihelion shift for weak f(T') perturbations of general relativity. We consistently calculate
first order teleparallel perturbations of Schwarzschild and Minkowski spacetime geometry, with which we

improve and extend existing results in the literature.
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I. INTRODUCTION

With the observation of gravitational waves of merging
black holes [1] and the first direct picture of a black hole
shadow in the center of the galaxy M87 [2], the possibilities
to observe the behavior of gravity in the strong field regime
has increased enormously. The newly obtained data is the
perfect basis to understand the viability range of general
relativity and possible modified gravity theories, suggested
as its generalization. Here we derive the influence of a
teleparallel modification of general relativity on the photon
sphere of black holes and on the perihelion shift of elliptic
orbits in spherical symmetry. This is a step to investigate
the influence of teleparallel gravity on more realistic
spinning black holes with axial symmetry.

Teleparallel theories of gravity are formulated in terms of
a tetrad of a spacetime metric and a spin connection, instead
of in terms of a spacetime metric and its Levi-Civita
connection [3]. This structure allows for the construction
of a huge variety of theories of gravity beyond general
relativity, among them the most famous model, the so-
called f(T) gravity [4,5]. In this theory, the Lagrangian is
given by an arbitrary function f of the torsion scalar 7,
which defines the teleparallel equivalent formulation of
general relativity (TEGR). Numerous viability criteria for
f(T) gravity have been derived in the context of cosmology
[6-9]. However, not much work has been done in spherical
and axial symmetry, mostly due to the lack of analytic
solutions of the field equations. To solve the f(7T') gravity
field equations in spherical symmetry in all generality for
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arbitrary f is a difficult task. The main challenge is to find
the tetrad, to which one can consistently associate a
vanishing spin connection. This tetrad does not only have
to satisfy the symmetric part and antisymmetric part
(the spin-connection part) of the field equations [10] but
also must yield a torsion scalar which vanishes for the
Minkowski spacetime limit. A further subtlety is that some
solutions of the f(7T) field equations yield a constant
torsion scalar 7. In this case f(7) gravity is identical to
TEGR plus a cosmological constant and nothing new is
obtained. The latter feature is for example present in the
first study which tried to find spherically symmetric
solutions [11] and also in a later study which used the
Noether’s symmetry approach to find solutions [12].

There are only a few publications deriving exact sol-
utions with the correct field equations (see e.g., [13]). In
addition, some regular black hole solutions (perturbatively
and exact) have been found correctly in [14,15]. When one
considers matter, there are some works which have studied
the possibility of constructing stars or wormhole solutions
in different teleparallel theories of gravity [16-24]. Overall
the issue of finding exact spherically symmetric solutions in
f(T) gravity is still an open problem.

Instead of looking for full analytical solutions, an
alternative way to study the astrophysical effects of
modified theories of gravity is to employ perturbation
theory. The influence of deviations from TEGR can be
investigated, by setting f(7) =T + (1/2)eaT?. This
model contains TEGR (and GR) in the limit the perturba-
tion parameter € or the coupling constant @ goes to zero. It
is assumed that the deviation from TEGR is small, (¢ < 1),
and hence, only first order terms in e are relevant in all
calculations. In this paper, we consider perturbations
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around two different background geometries: Minkowski
spacetime and Schwarzschild spacetime.

For the first case we keep the exponent p > 1/2 and
solve the spherically symmetric perturbative f(7) field
equations in vacuum. We find that, to first order, the
teleparallel perturbation of general relativity has no influ-
ence at all. This finding is in conflict with results found
earlier in [25]. A problem with these earlier derivations is
that the f(7) field equations presented in [25], Egs. (8)
through (10), do not have Schwarzschild geometry as a
solution for f(7T) = T and vanishing matter. Moreover the
tetrad used there does not yield a torsion scalar which
vanishes in the Minkowski spacetime limit. These short-
comings made us redo the calculations, while paying
particular attention to the consistency of the perturbation
theory.

For the second case, the first order field equations are
more involved and cannot be solved for general p. To find
the astrophysical impact of the parameter p, we derive
perturbative solutions for p =2 to 10, from which we
calculate the circular particle orbits for massless particles
and the perihelion shift for nearly circular massive particle
orbits. The circular orbits of massless particles define the
photon sphere, which is interesting in particular, since it
defines the edge of the shadow of the black hole. For p = 2
the perihelion shift has already been studied in the literature
and we recover the results from [26]. Comparing our
calculation with the previous one demonstrates explicitly
that the covariant formulation of teleparallel gravity works
well. We employ a vanishing spin connection and a
nondiagonal tetrad, while in [26] a nonvanishing spin
connection a diagonal tetrad was used.

The main aim of this paper is to present a careful
derivation of the first order f(7) field equations in the
single tetrad framework for the models mentioned above
and to derive the perturbative solutions around Minkowski
and Schwarzschild geometry. Eventually this procedure
gives insights about the phenomenological consequences of
the teleparallel corrections to general relativity. This work
prepares a more general study where we will derive the
phenomenological consequences of teleparallel perturba-
tions of Kerr geometry, with and without cosmological
constant.

The article is structured as follows: In Sec. II we give an
overview about the covariant formulation of f(T) gravity
and then, we find the corresponding field equations for any
spherically symmetric spacetime. Section III is devoted to
studying the weak power-law f(T) model for perturbations
around Minkowski and Schwarzschild geometries to find
the correct metric coefficients which solve the first order
field equations. The particle motion phenomenology for the
squared power-law f(T) case for the Schwarzschild back-
ground is studied in Sec. IV, deriving the deviation from
TEGR (or GR) of the photon sphere and the perihelion
shift. We conclude our main results in Sec. V.

Throughout the paper we denote i, and h,* for the
tetrad and its inverse, respectively, where Latin indices refer
to tangent space indices and Greek to spacetime indices.
Our signature convention is (+,—, —, —) and we work in
units where G = ¢ = 1.

II. COVARIANT FORMULATION OF f(T)
GRAVITY IN SPHERICAL SYMMETRY

Throughout this paper we employ the covariant formu-
lation of teleparallel gravity [27] in the Weitzenbock gauge,
also called the pure tetrad formalism. That means we
consider a tetrad, its torsion, and a vanishing spin con-
nection. All degrees of freedom are encoded in the tetrad
which, in the end, solves the symmetric and the antisym-
metric part of the f(7) field equations, and yields a
vanishing torsion scalar in the Minkowski spacetime limit.
We would like to stress that this is as equivalent as
considering a nonvanishing spin connection and another
tetrad, which together solve the symmetric and antisym-
metric parts of the field equations [27-29].

A. Covariant teleparallel gravity

The fundamental variables in teleparallel theories
of gravity are the tetrad of a Lorentzian metric
g = n,0° ® 6°, which can be expressed in local coordi-
nates as

0 = he,dx*, e, = haﬂaﬂ,
ga(eb) - 5Z = G = nabhauhbw (1)

and a flat, metric compatible spin connection that is
generated by local Lorentz matrices A%,

a)ahﬂ = a)ahy(A) = Aucay(A_l)cbv ”abAacAhd = Nea>

(2)
which poses torsion
Tam/ = 2<8[ﬂhav] + wab[ﬂhbv]>' (3)

In the Weitzenbock gauge, the spin connection is set to be
zero (0, = 0) and so, the torsion tensor reduces to
T¢,, = 0),h",. From here on we will work in the
Weitzenbock gauge. This is equivalent to having a non-
vanishing spin connection and a tetrad which solve their
respective antisymmetric part of the field equations.
A detailed discussion about this equivalence can be found
in Refs. [27-29].

The teleparallel equivalent of general relativity is con-
structed from the action

1

Swor = [l (50T + Lala®). @)
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where k* = 8z, |h| = det(h®,) = \/=g is the determinant
of the tetrad, £, (g, V) is the matter Lagrangian for matter
minimally coupled to gravity via the metric generated by
the tetrads, and the so-called torsion scalar 7 reads as
follows:

T =179,
1 1
=3 (haggpﬂhby +2h, " h, + 5’7ab9""9”> TWT" oo
(5)

The superpotential S,/ is given by S, :%(K””a -
h#*T;* +h,'T)**) in terms of the contortion tensor
KW, =3(T",+ T/ —T",), and the appearing compo-
nents of the metric are understood as a function of the
tetrads.

The modified teleparallel theory of gravity we are
investigating is f(7T) gravity, which is a straightforward
generalization of the action (4) as follows:

S = [ @bl (5 A1)+ Lala ). 6)

The function f is an arbitrary function of the torsion scalar.
Variation with respect to the tetrad h¢, yields the field
equations [27]

1 1
Zf(T)haM + fT (Tbuasblw + Eav(hsam/)) + fTTSaMDaL/T
1, P
= EK ®a s (7)

with ©,# being the energy-momentum tensor of the matter
field, fr = 0f/OT and frr = 0>f/OT?. They can be
|

VA 0
0  v/Bcos(¢)sin(0)
0  /Bsin(¢)sin(0)
0 V/Bcos(6)

he, =

rewritten purely in terms of spacetime indices by contrac-
tion with g,, and h“; to take the form

1
op — 5’(2@0/2' (8)

H
Their symmetric part is sourced by the energy-momentum
tensor, while their antisymmetric part is a vacuum con-
straint for the matter models we consider. The latter is equal
to the variation of the action with respect to the flat spin-
connection components [28,29],

1
= —K'2®(

Hgp) =3

o Hig) =0. ©)
The explicit form of these equations can be found for
example in Eqgs. (26) and (30) in [30] by setting the scalar
field ¢ to zero. We do not display these here since we will

derive the spherically symmetric field equations directly
from (7).

B. Spherical symmetry in f(7T') gravity

In this section, the f(7T') field equations for a spherically
symmetric spacetime will be derived. Let us first start with
the following spherically symmetric metric in standard
spherical coordinates (z,r,0, ¢):

ds? = Ad#* — Bdr* — 2(d6* + sin*0d¢?),  (10)

where A = A(r) and B = B(r) are positive functions which
depend on the radial coordinate. This means we consider
the outside region of possible black holes. To calculate the
field equations, we employ the following off-diagonal
tetrad [16]:

0 0
rc?s(q’z) cos(@) —rsin(¢) s.in(Q) (an
rsin(¢)cos(@)  rcos(¢) sin(6)
—rsin(0) 0

This tetrad together with a vanishing spin connection consistently defines a spherically symmetric teleparallel geometry.
Hence, it is consistent to derive the f(7') field equations (7) from this tetrad with vanishing spin connection. Equivalently
one could choose a diagonal tetrad with a nonvanishing spin connection [31], as was done in [26].

For this setup the torsion scalar becomes

7 _2VB(r) = D(rA'(r) — A(r) y B(r) + A(r))

r?A(r)B(r)

(12)

Clearly, if A — 1 and B — 1 (Minkowski limit), the torsion scalar vanishes. Calculating the field equations (7) contracted
with /¢, and an anisotropic fluid energy-momentum tensor, defined by the energy density p = ®°, the radial and the lateral
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pressures —p, = ©', and —p, = ©?, respectively, we find the nonvanishing independent spherically symmetric f(7) field

equations are the diagonal components H¥, (no sum taken),

1,  rB(VB-1)A"+A(rB' +2B%? -2B) (VB-1) 1
—x2p = T —f, 13
SKP 2 PAR Sr+ B fTT+4f (13)
1 r(VB—2)A"+2A(VB - 1 1
_szr:_ ( ) > ( )fT__fv (14)
2 2r-AB 4
1, —r*BA” + rA(-rA'B' —4B32A' + 2B(rA" + 3A")) + A*(=2rB' — 8B** + 4B2 1 4B)
2= 812 A B’ J1
rA' =2A(VB - 1) 1
T'frr——~f, 15
wA(nB() Tyl (15)

where primes denotes derivatives with respect to the radial
coordinate. There are only three independent equations
since H?, ~ H%,. This also demonstrates that the tetrad
(11) is a so-called good tetrad, i.e., it solves the antisym-
metric field equations Hy,,) = 0 with vanishing spin con-
nection. We like to remark here that our choice of tetrad is
not the only good tetrad in this sense. The tetrad presented
in [10] could be chosen equally well from this point of
view. However not all of these good tetrads, in the sense of
the field equations, yield consistently a torsion scalar that
vanishes for the Minkowski spacetime limit.

A consistency check of the field equations is to set
f(T)=T, hence fr =1 and fyr =0, and to see if for
p=p,=p; =0, Schwarzschild geometry [A(r)=
B(r)~! = 1-2M/r] solves the field equations, which is
the case.

The last remark leads us to the point that the equations we
derived above differ from the spherically symmetric f(7)
field equations in [25]. First, their field equations (8)—(10)
are not solved by Schwarzschild geometry for f(7) =T
and p = p, = p; =0, as it is the case for our equations.
Second the off-diagonal tetrad they choose has the problem
that its torsion scalar does not vanish for the Minkowski
spacetime limit, which means that it is not the correct tetrad
to which one associates a vanishing spin connection.

We will now solve the f(T) field equations for a specific
power-law choice for f to first order in a perturbation
around Minkowski and Schwarzschild spacetime geometry.

In each instance we will compare our results and the ones
obtained in [25,26].

III. WEAK POWER LAW f(T) GRAVITY

In this section we turn our focus to a power-law f(7T')
model that reads as

f(r) = T—Q—%eaT", (16)

where a and p are constants and € < 1 is a small tracking
parameter that, similarly as was done in [26], is used to
make the series expansion in a coherent way. It allows us
to easily track quantities that are considered to be small
throughout our calculations.

Since we are interested in perturbations of a
Schwarzschild background, the ansatz we employ for the
metric coefficients is

Am:1J¥+mm, (17)
mazo—%94+ww, (18)

where a(r) and b(r) are functions of the radial coordinate.
If one uses the above metric coefficients in the f(7) power-
law spherically symmetric field equations (13)—(15) and
then expands up to first order in €, the equations become

—1\ptlop-3(p — 20,2 _ p A (r
yer = (a2 Gy gz s - ) )

1 -2 3(p—1)  d(r 2 Dalr 2p(r

Leep, = o EIZ0=D 40) 6=l o0
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—_1\rtlop=5(, _
geen = e(-aTE 2P Z D o 204 o 5p)
Loy G =0d(r) (' =1a(r) p(@?+1)0'(r) (' —1)b(r)
+gd' () + T Y . A ) (21)

where yu = (1 —2M/r)"/? was introduced for simplicity and we assumed that the energy-momentum tensor is zero to zeroth

order in ¢. The latter assumption is necessary in order to have Schwarzschild geometry as consistent zeroth order solution.

As usual in perturbation theory at this stage, the small parameter € drops out of the equations and they can be solved for the

first order perturbations a(r) and b(r). Equation. (20) is an algebraic equation for b(r) that can be easily solved, yielding

(=127 2(p = )P (u=1)* (42 = 1)a(r)
20,2, \p + 4 Tt

p(rip) p p p

rd (r) K2r?

b(r)=a . (22)

Inserting this result for b(r) in (19) and (21), while setting p, = p;, we obtain one remaining partial differential equation,

which can be solved for a(r),

2 @23 (A= D + (S + T2 + 3+ 1)p? = (9 + 3442 + 3 + 1)p)r3r (= L=y

In order to continue solving the equations, we will separate
the study into two branches: (A) M =0, and p, = p; =
—p = —A as it was studied in Ref. [25], with the additional
constraint p > 1/2 to guarantee well-defined field equa-
tions. We redo the calculations of [25], since we find a
completely different result for the M =0. (B) M #0,
p=p,=p;=0and p =2to 10. For p = 2 we reproduce
the result from [26].

A. Minkowski background (M =0)

If one assumes p > 1/2, perturbations around a
Minkowski background can be studied by setting M =0
(u = 1). It can immediately be seen from Egs. (19)-(21)
that the influence of the teleparallel perturbation (e.g., the
terms proportional to ) drops out. As a consequence one
obtains the usual first order (A)dS Schwarzschild spacetime
geometries as solutions of the perturbed field equations
with a cosmological constant as first order matter source,
i.e., p, = p; = —p = —A. The perturbation functions a(r)
and b(r) are easily determined from (19)—(21). The metric
coefficients A(r) and B(r) become

Alr) =1+ €<C2 —?—;:@Aﬂ), (24)

1
B(r)=1+ €<_C1 + §K2Ai’2>, (25)
r

for all p > 1/2. Here C; and C, are integration constants
labeling the linearized Schwarzschild solution of general
relativity and a constant shift of the Minkowski metric
respectively. Usually they are chosen to be C; = 2M and

(u—1)p?

L L —0. (23)

C, =0. The A term appears due to a nonvanishing
cosmological constant we assumed as a first order matter
source.

The solutions we find are completely different to the
ones presented in [25]. The source of this discrepancy lies
in our choice of the tetrad (11), to which we associate a
vanishing spin connection. The tetrad chosen in the
previous work had the drawback that its torsion scalar,
see Eq. (9) in [25], does not vanish in the Minkowski
spacetime limit A — 1, B — 1, but gives 8/r%. In turn this
leads to an infinite action for Minkowski spacetime. As we
mentioned earlier, our tetrad avoids this complication by
having a vanishing torsion scalar for the Minkowski
spacetime limit.

B. Schwarzschild background M # 0

In this section, we will focus our study on perturbations
of Schwarzschild geometry (M # 0) induced by weak
power-law f(T) gravity

f(y=T+ %aeTP, (26)

exemplary for p = 2 to p = 4, since a solution for general
p cannot be obtained. For higher integer values of p the
solutions have a similar form, but it is not further insightful
to display the long expressions.
The general structure of the vacuum solutions, i.e.,
p=p,=p; =0, forall pis
A(r)=1 —2TM+€<—%+ C, +aa(r)>, (27)

084064-5
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B(r) =

1 (Q _ 2C2M)
=

o T € (1_2_11/;)2 +al_9(r)>. (28)

r r

The integration constants C; and C, are determined in a
power series expansion in % such that the zeroth and first
order terms in this expansion vanish. Physically this means
we use the integration constants to avoid an influence of the
teleparallel perturbation in the weak field, respectively,
|

large distance, limit. After the integration constants have
been found, the solutions take the form

A(r) =1 —ZTM + ead(r), (29)

B(r) = ﬁ—l—el;(r). (30)

r

For p = 2 we reproduce the solutions found in [26]

Ar)=1-—+¢|l-—+C,—a
r r

M3

M e(-S M 6Mr+ P 1601202 (1) oM
( [ “— 2 T o ")) GY

B(r) =

8(3M? — TMr + 2r?)

25M —23r

L e (%_ZC’ZM)—a—
AN

1

3MP3(1 —2M4)3/2 " (1 -

iy 2;3,»((1 _—_MM>>D G2)

r

which can be expressed conveniently in terms of the variable u = (1 —2M/r)'/?, giving

C
A(r) =/ﬂ+e(—71+cz—a

51— 937 — 1284° + 45u* = 3 — 12(1 = 34%) 1n(/4)) (33)

6r2(1 — p2)?

1 (S = (1—p2)Cy) 63 —24u + 124> + 64> — T5u* + 2445 — 121n(u)
B(r):2+€< I +a 53 5 . (34)
H p 6r°u* (1 — p?)
Determining the integration constants from the % expansions
16a 16a 1 1 16a 1 1
A(r) ~ <W+ C2> - (74— C1> P + O(ﬁ) ,B(r) ~ <3—M+ C, - 2MC2> ;—f— 0(;) (35)

yields C, = —16a/(3M?) and C; = —16a/ M. For easy comparison with previous approaches we display the solutions (33)
and (34) one more time with this choice of integration constants

13 —99p% + 128u3 — 45u* + 3ub + 12(1 — 3p?) In(u)

A(r) = p* + ea

62(1— 112)? ’

(36)

1 1+ 24p — 12p% — 6443 + 75u* — 244° + 121n(u)
ea .

(37)

(38)

p 6r2ut (1 — pi?)
The leading order terms for the torsion scalar (12) for the weak squared power-law case in a Schwarzschild background
behaves as
- 2(u—1)? N 13 = 36u + 108u? — 18443 + 135u* — 36> + 121In(u)
=- ea .
ur’ 6r*u’

For the specific choice of C; and C, we find that in the M — 0 limit A(r) — 1, B(r) — 1, and T — 0. This result coincides

with the one presented in [26].

For p =3 and p =4 we find similar solutions that can be expressed as

A(r) = u? + eaa(r),

1 n
B(r) = — + eab(r),
u

—+ eal (r). (39)

084064-6



PHOTON SPHERE AND PERIHELION SHIFT IN WEAK F(T) ...

PHYS. REV. D 100, 084064 (2019)

i p=3

a(r) = [<280u'2 + 945u"" + 1120410 — 82954 + 69848 + 1806047 — 37632u6 + 12604° + 865204

— 629093 — 100804 — 7560(74> — 1)ulog(u) + 1784 + 2520](315r*u(u® — 1)4)~!,

(40a)

b(r) = 3780 — 19040410 + 2740540 + 1656048 — 8148047 + 5644846 + 4410045 — 77280p* + 239403

+ 10080y — 95534 + 7560u log (1) + 5040] (315745 (u? — 1)3)71,

(40b)

T(r) = [7(u — 1)(6300u'" — 303804° + 4490548 + 854547 — 88055u° + 742334° + 12493u* — 496677

+27193p% — 10607u — 2520) + 7560u log (u)](315ru* (p* — 1)?)~1.

(i) p=4

(40c¢)

a(r) = —4[-6435u'8 + 36960u'7 — 321754'° — 221760u" + 552552u'* + 1456001 — 1963962
+1693120u"" + 2642640u'0 — 5436288u° 4 33033018 + 74954887 — 6846840° — 4804800°
+ 3912986+ + 2882880u> + 55139u% + 720720(114% — 1)p? log(u) — 480480y

+ 45045) (15015752 (4 — 1))~

(41a)

b(r) = —4[12012047 — 842985416 + 194040045 — 600604+ — 714168043 + 1019818812 + 3443440y!!
— 2081079040 + 135907201° + 1222221048 — 2061259247 + 450450046 + 8888880u° — 6666660

+ 72072043 + 1451534y — 7207202 log (1) — 10810804 + 135135] (150157546 (u* —

) (41b)

T(r) = 2[1441440u2 log(u) — 2(u — 1)(2102104' — 1443585u'5 + 3379695u'* — 1004685u'3 — 92274452
+15024783u'! — 2704974'0 — 21081287u° + 18275173u® + 47316437 — 15880949u° + 7362271y°

+2197111p* — 3388469y + 1656571% + 225225 — 45045)] (15015784 (u* —

For the other higher values of p the calculation follows the
same scheme and their solutions are similar to the above
ones. Since they are lengthy and not insightful, we will not
present them explicitly.

IV. PARTICLE MOTION PHENOMENOLOGY

To relate the influence of a teleparallel modification of
general relativity to observables, we study the motion of
test particles in the background solution defined by the
metric coefficients (31) and (32). We explicitly derive the
photon sphere around the black hole and the perihelion
shift of nearly circular orbits. Nowadays the photon sphere
is of particular interest since it defines the edge of the
shadow of a black hole while the perihelion shift was
already derived in [26], but on the basis of an erroneous
solution, as we discussed above.

A. Geodesic equation and effective potential

The worldline ¢(7) of test particles in a curved spacetime
is determined by the Euler-Lagrange (EL) equations

1H*)~1. (41c¢)
f
of the Lagrangian
2L = Guq" g
= <1 - ZTM + ea(r)> - (ﬁ + eb(r)) i?
— r20% = P2 sin? 0¢°, (43)

where ¢*(7) = (#(7), x(1),0(7), (7)), and ¢* denotes the
derivative of ¢* with respect to the affine parameter z. The
perturbation functions a(r) and b(r) under consideration
can be read off in (31) and (32).

To solve the EL equations we employ the usual scheme
for spherically symmetric spacetimes: we restrict ourselves
to motion in the equatorial plane and set 0 = /2, and we
derive the usual conserved quantities the energy k and
angular momentum #

084064-7
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oL 2M ;
k — == (1 - ea(i’)) 1, (44)
o,
h_acjﬁ re¢. (45)

We obtain the effective potential to first order in € from the
constancy of the Lagrangian, expressed in terms of the
conserved quantities

a(r) k2 1 . K
<l—el_¥) 1_¥— <1_¥+€b(r)>r2—7

+ O(€?) = o, (46)

where o = 0 for massless particles and ¢ = 1 for massive
particles. For further calculations we rearrange Eq. (46) as

1, 1, 1r/, 2M\ 1 oM
0= =kt (1-22) 4 26(1-22
2" 72 +2r2< r)+26< r>

+3 [kz <la_(r2)TM +b(r) (1 - ZTM»

—b(r) 2 (1 - 2—M>2 — ob(r) <1 - 2—M> 2] . (47)

r r

\N|

so we can read off the effective potential to first order in e

1 1 2M\ [ h?
V(I") = —§k2+§ (1 _}") <r2+6)

+ g k2 <1a_(r2)TM +b(r) (1 - ZTM»

(o B) (2] e

1.
SR V() =0, (49)

from

For the analysis of the perihelion shift, it is necessary to
reparametrize r(z) as r(¢), which amounts to the equation

1 1 1 /dr\2 r*

B. Photon sphere and perihelion shift

For circular orbits (e.g., » = const, i = 0) the effective
potential and its derivative have to vanish. We perturb the
radial coordinate of the circular orbit r. = ry + ery, the
angular momentum i = hg + €hy, and the energy k = k¢ +
ek, and solve both equations V = 0 and V' = 0 order by
order. For circular photon orbits, ¢ = 0, solving the zeroth
order equations yields

ro=3M,  hyy = £3V3keM (51)

and the first order perturbation gives, for the different
values of p, the following numerical values:

(p=2) i~ 141338000 x 1076
(p=3) r ~—1362.5400 x 10—6%, (52)
a
(p=4) r ~121.3220 x 10_6%’
(p=5) r ~—102582x 10-6%, (53)
(p=06) r~83757x 107,
(p=17) r ~-0.6670 x 10‘6%, (54)
(p=8) 100521 x 107
(p=9) r ~—0.0040 x 10‘6%, (55)
(p=10) r, ~0.0003 x 10—6%. (56)

We clearly see that for positive @ and even p the
teleparallel perturbation of general relativity yields a larger
photon sphere around a spherically symmetric black hole
and thus predicts a larger black hole shadow. For odd p a
smaller shadow is predicted. Moreover it is evident that the
larger p the smaller the first order influence of the tele-
parallel perturbation. The relation between the photon
sphere and teleparallel perturbations of general relativity
is investigated here for the first time.

For circular timelike orbits, ¢ = 1, it is also possible to
solve the equations V=0 and V' =0. However the
appearing expressions are not very insightful. The impor-
tant observation is that teleparallely perturbed general
relativity, not surprisingly, allows for circular orbits, which
will be the starting point for the derivation of the perihelion
shift now. We consider a perturbation around a circular
orbit r, and plug the ansatz r(¢) = r. + ry(¢) into (50)
and obtain

d q 2 c + p 4
< d;)/’> _ plret ) hzr(/) V(re+rg).  (57)

Assuming that the ratio r,/r, is small, the right-hand side

can be expanded into powers of this parameter to second
order

dry\ 2 e r
(d_;) z—FV(rc)ré—f—O(r—g), (58)
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where we used that for circular orbits V(r.) =0 and
V'(r.) =0, as discussed above. The solution r, thus

oscillates with the wave number K = ;—%V” (r.) and
the perihelion shift is given by

1
A¢p = 27{(?— 1) = 271(’%

h
W—1). (59)

To derive the explicit expression for the perihelion shift for
massive objects we consider the potential V with ¢ = 1, see
(48), its first derivative V' and its second derivative V. We
evaluate the equations V(r.) =0 and V'(r.) =0 with
h = hg + eh; and k = ky + ek;. The zeroth order of these
equations determines hg(r.) and ky(r.) as

VMr, 2M —r,

e kor =+ ——m——.
r.—3M 0= Vre(re —3M)

The first order determines £, (r.) and k,(r.). Depending on
the choice of the sign of &, we obtain two different
solutions for /; (the sign of k is irrelevant here)

o = & (60)

— r%(2Ma(rc) —rc(rc—ZM)a/(Vc))
hy =T NN . (61)

The sign labeling /4 refers to the sign chosen of the zeroth
order A, which was chosen to calculate ;. There is no
need to derive k; explicitly, since it does not enter the
perihelion shift equation. Having obtained the constants of
motion for the circular orbit we can derive the perihelion
shift by plugging the values into V" (r, ko, hg, hy) to obtain
V"(r.) alone. Due to the different solutions for the
constants of motion there exist two options to derive the
perihelion shift

Ag(ho. hiy ), Ag(ho-, hy-), (62)
which are related to each other through

Ap(ho-, hy-) = —4m = Ag(ho, hyy ). (63)

Expanding the perihelion shift into a power series in the
variable g = ¥ yields

Ap(hy hyy) =6mq+ 277> + O(¢*) + e;r&,bp +O(e?).
(64)

Aq’)p is the leading order teleparallel perturbation of the
usual GR result. For the different values of p it is given by

Appr = S—Zz Ap,s= —ﬁ

A =20 Ry, =S

Ay = &?{"0 Apyr = —L?fn

Apys = 14333‘1]4 Apyo = —36516;‘116,

Aporo = 2R (63

The qualitative behavior of the perihelion shift is always the
same, only the numerical values differ. As for the photon
sphere, the higher p, the smaller the influence of the
teleparallel perturbation and corrections to the perihelion
shift appear only in higher orders in g.

Since the influence of the teleparallel perturbation
decreases with higher power in p the most strict bound
on « is obtained for p = 2 and is the one obtained in [26].

We expect to be able to find stronger bounds from the
upcoming study on teleparallel perturbations of rotating
black holes.

V. CONCLUSION

In this paper we presented the first order influence of a
teleparallel power-law f(T') gravity perturbation of general
relativity, in spherical symmetry. The central results of this
article are as follows:

(i) To first order, a power-law perturbation of the type
f(T) =T +5TP yields no teleparallel correction to
Minkowski spacetime for p > 1/2.

(ii) The explicit derivation of the first order teleparallel
f(T)=T+5TP corrections to Schwarzschild
geometry for p = 2to p = 10, displayed in Egs. (33)
and (34) for p =2 and in (40) and (41) for p =3
and p = 4, respectively. The perturbed solutions for
higher power-law parameter p have the same struc-
ture but they are lengthy and for this reason, we do
not present them.

The latter allowed us to calculate the teleparallel modifica-
tions of the photon sphere and the perihelion shift: two
observables which are experimentally accessible and can be
used to check the viability of f(7) models. For both
observables we find that the larger p, the smaller the influence
of the teleparallel modification. Thus, the p = 2 model is
most constraint from the perihelion shift of mercury, which is
|at| 0 = 2.20 x 10?° km? according to [26]. We expect to
find further, stronger constraints, for the different models by
studying rotating black holes and their phenomenology.

The results we presented improve and extend existing
results on first order power-law f(7) models, which were
presented in [25,26]. In the first article the tetrad chosen
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was not compatible with a vanishing spin connection and
the field equations were incorrect. During our derivations,
we paid particular attention to present all necessary steps in
the perturbation theory, so that our results are easily
reproducible.

An important opportunity that our presented approach
here offers is to investigate the connection between the
vanishing of the first order contributions of teleparallel
corrections around Minkowski spacetime and the nonvan-
ishing of the corrections around Schwarzschild geometry,
with the degrees of freedom of f(T') gravity; the latter being
debated in the literature [32-34]. Here we considered static
perturbations; in the future, nonstatic spherically and axially
symmetric gravitational waves from weak power-law f(7T')
gravity will be investigated and complement the gravita-
tional wave analysis of f(7) gravity around Minkowski and
FLRW geometry [32,35,36] and also at the astrophysical
level with compact binary coalescences [37].

This paper is a first step towards a complete phenom-
enological catalog of observables, which shall be derived in

weak power-law f(T)-gravity to systematically check its
consistency with observations. The next step in this
program is to consider axially symmetric perturbations
around Kerr spacetime, to derive the change in the photon
regions, which will have an imprint on the predictions of
the shape of the black hole’s shadow.
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