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❆❜str❛❝t

P❤②s✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❞✐r❡❝t✐✈✐t② ◗✲❢❛❝t♦r q✉♦t✐❡♥t ❛♥❞ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐s✲

tr✐❜✉t✐♦♥s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r ❛♥t❡♥♥❛s ♦❢ ❛r❜✐tr❛r② s❤❛♣❡ ❛♥❞ s✐③❡ ✉s✐♥❣ ❛♥

♦♣t✐♠✐③❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥✳ ❆ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ♦✛❡rs ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s

❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ♦❢ t❤❡ ❛♥t❡♥♥❛ str✉❝t✉r❡✳

❋✐♥✐t❡ s✐③❡❞ ❛♥t❡♥♥❛s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥ ♣❛r❛♠❡t❡rs ✐♥ ❛ ♠❡t❤♦❞ ♦❢

♠♦♠❡♥ts ❢♦r♠✉❧❛t✐♦♥✳ ■t ✐s ❛❧s♦ s❤♦✇♥ t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥✲

❡r❣② ❝❛♥ ❜❡ ♥❡❣❛t✐✈❡ ❢♦r ❡❧❡❝tr✐❝❛❧❧② ❧❛r❣❡ ♦❜❥❡❝ts✳ ❚❤✐s ❡✛❡❝t ✐s ♠✐t✐❣❛t❡❞ ❜②

❛ ❍❡❧♠❤♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳ ▼♦r❡♦✈❡r✱ ✐t ✐s s❤♦✇♥ t❤❛t

t❤❡ ♦♣t✐♠❛❧ ❝❤❛r❣❡ ❞❡♥s✐t② ❢♦r ❛ s♠❛❧❧ ❛♥t❡♥♥❛ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② s❡✈❡r❛❧

❝✉rr❡♥t ❞❡♥s✐t✐❡s✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❢♦r s♠❛❧❧ ❛♥❞ ❧❛r❣❡ ❛♥t❡♥♥❛s ❛r❡ ✉s❡❞

t♦ ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧ts✳

✶ ■♥tr♦❞✉❝t✐♦♥

❈❤✉ ✉s❡❞ s♣❤❡r✐❝❛❧ ✇❛✈❡s t♦ ❡①♣r❡ss t❤❡ st♦r❡❞ ❛♥❞ r❛❞✐❛t❡❞ ❡♥❡r❣✐❡s ♦✉ts✐❞❡ t❤❡
s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ♦❢ ❛♥ ❛♥t❡♥♥❛ str✉❝t✉r❡ ❬✹❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❞♦♠✲
✐♥❛t❡❞ t❤❡ r❡s❡❛r❝❤ ♦♥ s♠❛❧❧ ❛♥t❡♥♥❛s ❛♥❞ ♦✛❡rs ♠❛♥② r❡s✉❧ts ♦♥ t❤❡ ◗✲❢❛❝t♦r✱ ❛♥❞
t❤❡ ❞✐r❡❝t✐✈✐t② ◗✲❢❛❝t♦r q✉♦t✐❡♥t✱ D/Q✱ s❡❡ ❬✷✶❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✳ ❚❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s
♦♥ D/Q ✇❡r❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r② s❤❛♣❡s ✉s✐♥❣ t❤❡ ❢♦r✇❛r❞ s❝❛tt❡r✐♥❣ s✉♠ r✉❧❡
✐♥ ❬✻✱ ✽✱ ✾❪✳ ❨❛❣❤❥✐❛♥ ❛♥❞ ❙t✉❛rt ❞❡r✐✈❡❞ ❜♦✉♥❞s ♦♥ t❤❡ ◗✲❢❛❝t♦r ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧
❛♥t❡♥♥❛s ka≪ 1✱ s❡❡ ❬✷✸❪✳ ■♥ ❬✷✵❪✱ ❱❛♥❞❡♥❜♦s❝❤ ❞❡t❡r♠✐♥❡s ❛♥❛❧♦❣♦✉s ❜♦✉♥❞s ♦♥ Q
❢♦r ♥♦♥✲♠❛❣♥❡t✐❝ ❛♥t❡♥♥❛s✳ ❚❤❡ r❡s✉❧ts ✐♥ ❬✻✱ ✽✱ ✾✱ ✷✵✱ ✷✸❪ ❛r❡ s✐♠✐❧❛r ❢♦r t❤❡ ❝❛s❡ ♦❢
s♠❛❧❧ ❞✐♣♦❧❡ ❛♥t❡♥♥❛s ❝♦♠♣♦s❡❞ ♦❢ ♥♦♥✲♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s✳

■♥ t❤✐s ♣❛♣❡r✱ ♥❡✇ ❜♦✉♥❞s ♦♥ D/Q ❛r❡ ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡
st♦r❡❞ ❡♥❡r❣② ❣✐✈❡♥ ❜② ●❡②✐ ❬✺❪ ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ t♦ ✜♥✐t❡ s✐③❡
❜② ❱❛♥❞❡♥❜♦s❝❤ ❬✶✾❪✳ ❈❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧
❛♥t❡♥♥❛s✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r s✉r❢❛❝❡ ❝✉rr❡♥ts ❛♥❞
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ s❡♣❛r❛t❡s ❢♦r ❡❧❡❝tr✐❝ ❞✐♣♦❧❡s✱ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s ❛♥❞ t❤❡✐r
❝♦♠❜✐♥❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦✉♥❞s ❢♦r t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ❝❛s❡ ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡
❜♦✉♥❞s ✐♥ ❬✻✱ ✽✱ ✾❪✱ ✐♥ t❤✐s ❧✐♠✐t✳ ❚❤❡ ❝♦♠❜✐♥❡❞ ❜♦✉♥❞ ❛❧s♦ r❡s❡♠❜❧❡s t❤❡ ❝♦♠❜✐♥❡❞
❚❊ ❛♥❞ ❚▼ ❜♦✉♥❞ ❜② ❚❤❛❧ ❬✶✼❪ ❢♦r s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s✳

❆♥t❡♥♥❛s ❛r❡ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ❛s s♠❛❧❧ ✐❢ ka ≤ 1 ♦r ka ≤ 1/2✱ ✇❤✐❝❤ ✐s ❛
r❛♥❣❡ ♦❢ ♠❛♥② ✐♥t❡r❡st✐♥❣ ❛♥t❡♥♥❛s✳ ■t ✐s✱ ❤❡♥❝❡✱ ✐♠♣♦rt❛♥t t♦ ❛♥❛❧②③❡ t❤❡ ❛♥t❡♥♥❛
♣❡r❢♦r♠❛♥❝❡ ❢♦r ka ✐♥ t❤✐s r❛♥❣❡✳ ❍❡r❡✱ ❛ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐s ✉s❡❞ t♦ s♦❧✈❡ t❤❡
D/Q ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ✜♥✐t❡ ka✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
❤❛s ❧❛r❣❡ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ s♦❧✈✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s
✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ✭▼♦▼✮✳ ❚❤❡ ♠❛①✐♠✐③✐♥❣ ❝✉rr❡♥ts ❛r❡ ♦❜t❛✐♥❡❞ ❜②
s♦❧✈✐♥❣ ❛ ❧✐♥❡❛r s②st❡♠✳ ❚❤✐s ♠❛❦❡s t❤❡ ❛♣♣r♦❛❝❤ ❛ttr❛❝t✐✈❡ ❛s ✐t ❞❡t❡r♠✐♥❡s t❤❡
♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ D/Q✳

❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ✐♥ ❬✶✾❪ ❛r❡ ✈❡r② ✉s❡❢✉❧ ❛♥❞ ♣r♦❞✉❝❡ s✐♠✐❧❛r
❜♦✉♥❞s ❛s ✐♥ ❬✻✱ ✽✱ ✾❪✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐❧❧✉str❛t❡❞ t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❝❛♥
❜❡ ✐♥❞❡✜♥✐t❡ ❛♥❞ ❡①♣❧✐❝✐t r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❧♦♦♣ t②♣❡ ❝✉rr❡♥ts
t❤❛t ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❢♦r ♦❜❥❡❝ts ♦❢ t❤❡ s✐③❡ ka ≈ 3/2✳ ■t ✐s



✷

s❤♦✇♥ t❤❛t t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ❜② ❛ ❍❡❧♠❤♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡
❝✉rr❡♥t✳

❚❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛r❡ ✐❧❧✉str❛t❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ s♣❤❡r✐❝❛❧ r❡✲
❣✐♦♥ ✐s ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❛t t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞❡♥s✐t✐❡s t❤❛t ❤❛✈❡
✐❞❡♥t✐❝❛❧ ❝❤❛r❣❡ ❞❡♥s✐t✐❡s✳ ❚❤❡ ❝♦♥s✐❞❡r❡❞ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t✐❡s ♦♥ ❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡s✱ ❝❛♣♣❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡s ❬✶✻❪✱ ❛♥❞ ❢♦❧❞❡❞ s♣❤❡r✲
✐❝❛❧ ❤❡❧✐① ❬✸❪ ❛♥t❡♥♥❛s✳ P❧❛♥❛r str✉❝t✉r❡s ❛r❡ ❛♥❛❧②③❡❞ ✐♥ ❞❡t❛✐❧ ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞
❜♦✉♥❞s ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ❜♦✉♥❞s ✐♥ ❬✻✱ ✽✕✶✵✱ ✶✷❪✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ s❡❧❢✲r❡s♦♥❛♥t
str✐♣ ❞✐♣♦❧❡ ❛♥t❡♥♥❛ ❤❛s ❛ ❝✉rr❡♥t ❞❡♥s✐t② t❤❛t ✐s ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞❡♥s✐t②
❛♥❞ ❛❧s♦ ♣❡r❢♦r♠s ❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞✳ ▼♦r❡♦✈❡r✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t
❛♥ ❛rr❛② ♦❢ ❝❛♣❛❝✐t✐✈❡❧② ❧♦❛❞❡❞ ❞✐♣♦❧❡s ♣❡r❢♦r♠s ❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ❢♦r D/Q ✐♥ t❤❡
❝✉rr❡♥t ❞❡♥s✐t② ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✳ ❈❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧
❛♥t❡♥♥❛s ❛r❡ ❞❡r✐✈❡❞ ✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❙❡❝✳ ✸✳ ■♥ ❙❡❝✳ ✹✱ t❤❡ D/Q
❜♦✉♥❞ ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ✜♥✐t❡ s✐③❡ ❛♥t❡♥♥❛s✳ ■♥ ❙❡❝✳ ✺✱
❡①♣❧✐❝✐t ❡①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ t❤❛t ✐❧❧✉str❛t❡s t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣②
✐s ♥❡❣❛t✐✈❡ ❢♦r s♦♠❡ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❧♦♦♣ t②♣❡ ❝✉rr❡♥ts✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❢♦r ❛
s♣❤❡r✐❝❛❧ r❡❣✐♦♥✱ str✐♣ ❞✐♣♦❧❡ ❛♥t❡♥♥❛s ❛♥❞ t✇♦ ❞✐♣♦❧❡ ❛rr❛②s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✻✳
❙❡❝✳ ✼ ❝♦♥t❛✐♥s t❤❡ ❝♦♥❝❧✉s✐♦♥s✳

✷ P❤②s✐❝❛❧ ❇♦✉♥❞s ♦♥ t❤❡ ❉✐r❡❝t✐✈✐t② ◗✲❢❛❝t♦r

◗✉♦t✐❡♥t

❲❡ ❝♦♥s✐❞❡r ❛♥t❡♥♥❛s t❤❛t ❛r❡ ❝♦♥✜♥❡❞ t♦ ❛ ❜♦✉♥❞❡❞ ✈♦❧✉♠❡ V ✱ s❡❡ ❋✐❣✳ ✶✳ ■t ✐s
❛ss✉♠❡❞ t❤❛t t❤❡ ❛♥t❡♥♥❛ str✉❝t✉r❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ ♥♦♥✲♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s✳ ❚❤❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s✱ J ✱ ✢♦✇✐♥❣ ♦♥ t❤❡
❛♥t❡♥♥❛✳

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐r❡❝t✐✈✐t② ◗✲❢❛❝t♦r q✉♦t✐❡♥t✱ D/Q✱ ✇❡ ❡①♣r❡ss t❤❡s❡ q✉❛♥t✐t✐❡s
✐♥ t❡r♠s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ❬✷❪✳ ❚❤❡ ♣❛rt✐❛❧ ❞✐r❡❝t✐✈✐t②✱ D(k̂, ê)✱ ❝❤❛r❛❝t❡r✐③❡s t❤❡
r❛❞✐❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♥t❡♥♥❛✳ ■t ✐s ❞❡✜♥❡❞ ❛s

D(k̂, ê) = 4π
P (k̂, ê)

Prad

, ✭✷✳✶✮

✇❤❡r❡ P (k̂, ê) ❞❡♥♦t❡s t❤❡ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ k̂ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ ê
❛♥❞ Prad ✐s t❤❡ t♦t❛❧ r❛❞✐❛t❡❞ ♣♦✇❡r✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r✱ Q✱ ✐s ❞❡✜♥❡❞ ❛s

Q =
2ωW

Prad

=
2c0kW

Prad

, ✭✷✳✷✮

✇❤❡r❡W = max{We,Wm} ❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
❡♥❡r❣✐❡s✱ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✱ k t❤❡ ✇❛✈❡♥✉♠❜❡r✱ ❛♥❞ c0 t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥
❢r❡❡ s♣❛❝❡✳ ❈♦♠❜✐♥❡ ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ t♦ ❡①♣r❡ss t❤❡ ❞✐r❡❝t✐✈✐t② ◗✲❢❛❝t♦r q✉♦t✐❡♥t ❛s

D(k̂, ê)

Q
=

2πP (k̂, ê)

c0kW
. ✭✷✳✸✮



✸

V

J(r)

kê ^

a
n̂

@V

❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t ❣❡♦♠❡tr② V ✱ ✇✐t❤ ❜♦✉♥❞❛r② ∂V ❛♥❞ ✇✐t❤
♦✉t✇❛r❞ ♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r n̂ ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t② J(r)✳ ❚❤❡ r❛❞✐❛t❡❞ ❢❛r ✜❡❧❞
✐s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ k̂✲❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ê ✐♥ ❢r❡❡ s♣❛❝❡✳ ❚❤❡ ♦❜❥❡❝t ✐s
❝✐r❝✉♠s❝r✐❜❡❞ ❜② ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a✳

❲❡ ♥♦✇ ❡①♣r❡ss D/Q ✐♥ t❡r♠s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② J ✐♥ t❤❡ ❛♥t❡♥♥❛
✈♦❧✉♠❡ V ✳ ◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ♠❛❣♥❡t✐❝ ❝✉rr❡♥ts ❞✉❡ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢
♥♦♥✲♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s✳ ❚❤❡ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ❢r♦♠ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ✐♥ t❤❡
❞✐r❡❝t✐♦♥ k̂ ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ê ✐s

P (k̂, ê) =
ζ0k

2

32π2

∣∣∣∣
∫

V

ê∗ · J(r)ejkk̂·r dV

∣∣∣∣
2

, ✭✷✳✹✮

✇❤❡r❡ k̂ · ê = 0 ✐s ✉s❡❞✱ ζ0 ❞❡♥♦t❡s t❤❡ ❢r❡❡ s♣❛❝❡ ✐♠♣❡❞❛♥❝❡✱ t❤❡ s✉♣❡rs❝r✐♣t✱ ∗✱
❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✱ ❛♥❞ t❤❡ t✐♠❡ ❝♦♥✈❡♥t✐♦♥ ejωt ✐s ✉s❡❞✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡t❡r♠✐♥❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ D/Q✳ ■t ✐s ♥♦t ❝❧❡❛r
❤♦✇ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❡♥❡r❣② ✐♥ ✐ts r❛❞✐❛t❡❞ ❛♥❞ st♦r❡❞ ♣❛rts✱ s❡❡ ❡✳❣✳✱ ❬✹✱ ✺✱ ✶✾✱ ✷✹❪✳
❙✐♠✐❧❛r❧② t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❬✷✵❪ ✇❡ ♦♥❧② ✉s❡ t❤❡ ✈❛❝✉✉♠ t❡r♠s ♦❢ t❤❡ st♦r❡❞
❡♥❡r❣✐❡s✱ s❡❡ ❛❧s♦ ❬✷✷❪✳ ❍❡r❡✱ ✇❡ ✉s❡ t❤❡ r❡s✉❧ts ❜② ❱❛♥❞❡♥❜♦s❝❤ ❬✶✾❪✱ ❛♥❞ ✇r✐t❡ t❤❡

❢r❡❡✲s♣❛❝❡ ♣❛rt ♦❢ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❛s W̃
(e)
vac =

µ0

16πk2
w(e)✱ ✇❤❡r❡

w(e) =

∫

V

∫

V

∇1 · J(r1)∇2 · J
∗(r2)

cos(k|r1 − r2|)

|r1 − r2|

−
k

2

(
k2J(r1) · J

∗(r2)−∇1 · J(r1)∇2 · J
∗(r2)

)
sin(k|r1 − r2|) dV1 dV2, ✭✷✳✺✮

❛♥❞ µ0 ✐s t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ ❢r❡❡ s♣❛❝❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s
W̃

(m)
vac = µ0

16πk2
w(m)✱ ✇❤❡r❡

w(m) =

∫

V

∫

V

k2J(r1) · J
∗(r2)

cos(k|r1 − r2|)

|r1 − r2|

−
k

2

(
k2J(r1) · J

∗(r2)−∇1 · J(r1)∇2 · J
∗(r2)

)
sin(k|r1 − r2|) dV1 dV2. ✭✷✳✻✮



✹

❲❡ ♥♦✇ ❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r D/Q ✐♥ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ✱ ✐✳❡✳✱

D(k̂, ê)

Q
= k3

∣∣∣
∫
V
ê∗ · J(r)ejkk̂·r dV

∣∣∣
2

max{w(e)(J), w(m)(J)}
, ✭✷✳✼✮

✇❤❡r❡ w(e)(J) ❛♥❞ w(m)(J) ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮✳ ❚❤❡ D/Q q✉♦t✐❡♥t ✐s
♠❛①✐♠✐③❡❞ t♦ ♣r♦❞✉❝❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s✱ ✐✳❡✳✱

D(k̂, ê)

Q
≤ max

J
k3

∣∣∣
∫
V
ê∗ · J(r)ejkk̂·r dV

∣∣∣
2

max{w(e)(J), w(m)(J)}
, ✭✷✳✽✮

✇❤❡r❡ J ❛r❡ ❛❧❧ t❤❡ ❛❞♠✐ss✐❜❧❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ✐♥ V ✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♥♦r♠❛❧
❝♦♠♣♦♥❡♥t r❡q✉✐r❡s t❤❛t n̂ · J(r) = 0 ❢♦r r ∈ ∂V ✱ ✇❤❡r❡ n̂ ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t
♥♦r♠❛❧ ♦❢ t❤❡ ❛♥t❡♥♥❛ ✈♦❧✉♠❡ V ✱ s❡❡ ❋✐❣✳ ✶✳

◆♦t❡ t❤❛t ✭✷✳✽✮ ✐s ✐♥✈❛r✐❛♥t ❢♦r ❛♠♣❧✐t✉❞❡ s❝❛❧✐♥❣s J → αJ ✱ ❛♥❞ ✐❢ J0 ✐s ❛ s♦❧✉t✐♦♥

t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ t❤❡♥ J1 = J0/
∫
ê∗ · J0e

jkk̂·r dV ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥
t♦ ✐t✳ ❚❤✐s ♣r♦♣❡rt② ✐s ✉s❡❞ r❡♣❡❛t❡❞❧② ✐♥ t❤❡ ✉♣❝♦♠✐♥❣ s❡❝t✐♦♥s t♦ r❡❢♦r♠✉❧❛t❡ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛①✐♠✐③✐♥❣ ❝✉rr❡♥t ❞❡♥s✐t②✳

❲❡ ✜rst ❛♥❛❧②③❡ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s t♦ ✜♥❞ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s ♦❢ t❤❡
D/Q✲❜♦✉♥❞ ✐♥ ❙❡❝✳ ✸✱ ✐✳❡✳✱ t❤❡ ❝✉rr❡♥t ❡①♣r❡ss✐♦♥s ❛r❡ ❛♥❛❧②③❡❞ ✐♥ t❤❡ ❧✐♠✐t ka→ 0✱
✇❤❡r❡ a ❞❡♥♦t❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ s♠❛❧❧❡st s♣❤❡r❡ t❤❛t ❝✐r❝✉♠s❝r✐❜❡s t❤❡ ❛♥t❡♥♥❛
✈♦❧✉♠❡ V ✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇✐t❤ ✜♥✐t❡ ka ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝✳ ✹✳

✸ ❊❧❡❝tr✐❝❛❧❧② ❙♠❛❧❧ ❆♥t❡♥♥❛s

❚❤❡ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ✭✷✳✹✮ ❛♥❞ st♦r❡❞ ❡❧❡❝tr✐❝ ✭✷✳✺✮ ❛♥❞ ♠❛❣♥❡t✐❝ ✭✷✳✻✮ ❡♥❡r❣✐❡s
s✐♠♣❧✐❢② ✐♥ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❧✐♠✐t✱ k → 0 ❢♦r ✜①❡❞ a✳ ❲❡ ✉s❡ t❤❡ ❡①♣❛♥s✐♦♥s
ejkk̂·r = 1+ jkk̂ ·r+O(k2) ❛♥❞ J = J (0)+ kJ (1)+ o(k) ❛s k → 0✱ ✇❤❡r❡ ∇·J (0) = 0
❛♥❞ ∇·J (1) = −jρ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t②
✐♥ ❙■✲✉♥✐ts ✐s ❣✐✈❡♥ ❜② ρSI = ρ/c0✳ ❚❤❡ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ✭✷✳✹✮ ✐s ❡①♣❛♥❞❡❞ ❛s

∫

V

J(r)ejkk̂·r dV =

∫

V

J (0)(r) + kJ (1)(r) + jkk̂ · rJ (0)(r) +O(k2) dV

= −k

∫

V

r∇ · J (1)(r) +
j

2
k̂ × (r × J (0)(r)) dV +O(k2), ✭✸✳✶✮

❛s k → 0✱ s❡❡ ❬✶✽❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✜rst t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡
❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ t♦ ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡✳ ❚❤❡ ❡❧❡❝tr✐❝ ✭✷✳✺✮ ❛♥❞ ♠❛❣♥❡t✐❝ ✭✷✳✻✮
❡♥❡r❣✐❡s ❤❛✈❡ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥s ❬✺✱ ✶✾✱ ✷✵❪

w(e) = k2
∫

V

∫

V

ρ(r1)ρ
∗(r2)

|r1 − r2|
dV1 dV2 ✭✸✳✷✮

❛♥❞

w(m) = k2
∫

V

∫

V

J (0)(r1) · J
(0)∗(r2)

|r1 − r2|
dV1 dV2, ✭✸✳✸✮



✺

r❡s♣❡❝t✐✈❡❧②✳ ■♥s❡rt t❤❡ ❧❛st t❤r❡❡ ❡①♣r❡ss✐♦♥s ✐♥t♦ ✭✷✳✽✮ t♦ ❣❡t t❤❡ ❜♦✉♥❞

D

Q
≤ max

ρ,J(0)

k3
∣∣∣
∫
V
ê∗ · rρ(r) + 1

2
ĥ

∗
× r · J (0)(r) dV

∣∣∣
2

max
{∫∫

V
ρ(r1)ρ∗(r2)
|r1−r2|

dV1 dV2,
∫
V

∫
V

J(0)(r1)·J
(0)∗(r2)

|r1−r2|
dV1 dV2

} , ✭✸✳✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐③❛t✐♦♥ ĥ = k̂ × ê✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♦♣✲
t✐♠✐③❛t✐♦♥ ❞❡❝♦✉♣❧❡s ✐♥ ρ ❛♥❞ J (0)✱ s❡❡ ❆♣♣✳ ❆✳ ❚❤❡ ❝❛s❡ ✇✐t❤ J (0) = 0 ❝♦rr❡s♣♦♥❞s
t♦ ❛♥ ❛♥t❡♥♥❛ r❛❞✐❛t✐♥❣ ❛s ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ❛♥❞ ✐t ✐s ❛♥❛❧②③❡❞ ✐♥ ❙❡❝✳ ✸✳✶✳ ❚❤❡
❝❛s❡ ✇✐t❤ ρ = 0 ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♥t❡♥♥❛ r❛❞✐❛t✐♥❣ ❛s ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ❛♥❞ ✐t ✐s
❛♥❛❧②③❡❞ ✐♥ ❙❡❝✳ ✸✳✷✳ ■♥ ❣❡♥❡r❛❧✱ ❜♦t❤ q✉❛♥t✐t✐❡s ❝❛♥ ❜❡ ♥♦♥✲③❡r♦ ❛♥❞ t❤✐s ❝❛s❡ ✐s
❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✸✳✸✳

✸✳✶ ❊❧❡❝tr✐❝ ❉✐♣♦❧❡

❆ s♠❛❧❧ ❛♥t❡♥♥❛ t❤❛t r❛❞✐❛t❡s ❛s ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡✱ ✐✳❡✳✱ J (0) = 0 ✐♥ ✭✸✳✹✮✱ ❣✐✈❡s t❤❡
♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

De

Qe

≤ max
ρ

k3

4π

∣∣∫ ê∗ · rρ(r) dV
∣∣2

∫
V

∫
V

ρ(r1)ρ∗(r2)
4π|r1−r2|

dV1 dV2

. ✭✸✳✺✮

❚❤❡ t❡r♠ 4π ✐s ✐♥❝❧✉❞❡❞ t♦ s✐♠♣❧✐❢② t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ t❤❡ ❢r❡❡✲s♣❛❝❡ ●r❡❡♥✬s
❢✉♥❝t✐♦♥✳

❈♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

max
ρ

∣∣∫ ê∗ · rρ(r) dV
∣∣2

∫
V

∫
V

ρ(r1)ρ∗(r2)
4π|r1−r2|

dV1 dV2

, ✭✸✳✻✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t
∫
V
ρ dV = −j

∫
∂V
n̂ · J (1) dS = 0 t❤❛t ❢♦❧❧♦✇s ❢r♦♠ t❤❡

❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ✐✳❡✳✱ n̂ · J (1) = 0 ❛t t❤❡
❜♦✉♥❞❛r②✳ ❲❡ ♥♦t❡ t❤❛t t❤✐s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❤♦♠♦❣❡♥❡♦✉s ❢♦r s❝❛❧✐♥❣s
ρ → αρ ❛♥❞✱ ✐❢ ρa ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✻✮✱ t❤❡♥ ρb = ρa/

∫
ê∗ · rρa dV ✐s ❛♥♦t❤❡r

s♦❧✉t✐♦♥ t♦ ✐t✳ ❚❤✉s✱ ✭✸✳✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

min
ρ

∫

V

∫

V

ρ(r1)ρ
∗(r2)

4π|r1 − r2|
dV1 dV2, ✭✸✳✼✮

s✉❜❥❡❝t t♦ t❤❡ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t ❝♦♥str❛✐♥ts
∫
ê∗ · rρ(r) dV = E0γ ❛♥❞ t❤❡ ❝❤❛r❣❡

❝♦♥s❡r✈❛t✐♦♥ ❝♦♥str❛✐♥t
∫
ρ(r) dV = 0✱ ✇❤❡r❡ E0 ∈ C ❛♥❞ γ ∈ R ❛r❡ ❝♦♥st❛♥ts✳

❚❤✐s ✐s ❛ st❛♥❞❛r❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ✐s ❡❛s✐❧② s♦❧✈❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❜❛s✐s
❢✉♥❝t✐♦♥s ❢♦r ρ ❛♥❞ ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❬✶✺❪✳ ❲❡ ❝❛♥ ❛❧s♦ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥
❛s ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ ✭✸✳✼✮ ✐s
st❛t✐♦♥❛r② ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐❛t✐♦♥s ρ → ρ + δρ′ ❛s δ → 0✳ ❚♦ t❤❡ ✜rst ♦r❞❡r ✐♥ δ✱
✇❡ ❣❡t ∫

V

ρ′(r2)

∫

V

ρ∗(r1)

4π|r1 − r2|
dV1 dV2 = 0, ✭✸✳✽✮



✻

t♦❣❡t❤❡r ✇✐t❤ ∫

V

ê∗ · rρ′(r) dV = 0 ❛♥❞

∫

V

ρ′(r) dV = 0, ✭✸✳✾✮

❢♦r ❛❧❧ ρ′(r)✳ ❚❤✐s s❤♦✇s t❤❛t ρ s❛t✐s✜❡s t❤❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

∫

V

ρ(r1)

4π|r1 − r2|
dV1 = E0ê · r2 + C ❢♦r r2 ∈ V, ✭✸✳✶✵✮

✇❤❡r❡ E0 ✐s t❤❡ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛♥❞ t❤❡ ❝♦♥st❛♥t C ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠
t❤❡ ❝♦♥❞✐t✐♦♥

∫
ρ(r) dV = 0✳ ❚❤✐s ✐s ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ r❡❣✐♦♥ V ✇✐t❤

❝♦♥st❛♥t ♣♦t❡♥t✐❛❧ ❛♥❞ ③❡r♦ t♦t❛❧ ❝❤❛r❣❡ ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ❡①t❡r✐♦r ❡❧❡❝tr✐❝ ✜❡❧❞
E0ê✳ ❆♣♣❧②✐♥❣ ∇2 t♦ ✭✸✳✶✵✮ s❤♦✇s t❤❛t ρ(r2) = 0 ❢♦r r2 ∈ V \ ∂V ✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s
❤❡♥❝❡ ❣✐✈❡♥ ❜② t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ρs✱ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧
❡q✉❛t✐♦♥ ∫

∂V

ρs(r1)

4π|r1 − r2|
dS1 = E0ê · r2 + C ❢♦r r2 ∈ ∂V. ✭✸✳✶✶✮

❚❤✐s ✐s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✉s❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❤✐❣❤✲❝♦♥tr❛st ♣♦❧❛r✐③❛❜✐❧✐t② ❞②❛❞✐❝s ❬✶✸❪✳ ❘❡✇r✐t✐♥❣ ✭✸✳✺✮ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡
♣r❡✈✐♦✉s r❡s✉❧ts✱ ✇❡ ❣❡t

De

Qe

≤
k3

4π

|E0|
2γ2∫

∂V

∫
∂V

ρs(r1)ρ∗s (r2)
4π|r1−r2|

dS1 dS2

=
k3

4π
γ. ✭✸✳✶✷✮

❯s✐♥❣ t❤❡ ❤✐❣❤✲❝♦♥tr❛st ♣♦❧❛r✐③❛❜✐❧✐t② ❞②❛❞✐❝ ♦❢ t❤❡ r❡❣✐♦♥ V ✱

γ = ê∗ · γ∞ · ê =
1

E0

∫

∂V

ê∗ · rρs(r) dS, ✭✸✳✶✸✮

✇❡ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ ❜♦✉♥❞

De(k̂, ê)

Qe

≤
k3

4π
ê∗ · γ∞ · ê. ✭✸✳✶✹✮

❚❤❡ ❜♦✉♥❞ ✭✸✳✶✷✮ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❜♦✉♥❞ ✐♥ ❬✽✱ ✾❪ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❛❜s♦r♣t✐♦♥
❡✣❝✐❡♥❝② η = 1/2✳ ❚❤✐s ✈❡r✐✜❡s t❤❛t η = 1/2 ❢♦r s♠❛❧❧ ❞✐♣♦❧❡ ❛♥t❡♥♥❛s ❛s s❤♦✇♥
✐♥ ❬✻❪✳ ■t ✐s ❛❧s♦ ♦❜s❡r✈❡❞ t❤❛t η ≈ 1/2 ❢♦r ♠❛♥② ♥❛rr♦✇ ❜❛♥❞✱ Q ≫ 1✱ ♠✐♥✐♠✉♠
s❝❛tt❡r✐♥❣ ❛♥t❡♥♥❛s ✱ ✐✳❡✳✱ ✐t ✐s ♥♦t r❡q✉✐r❡❞ t❤❛t ka → 0 ❢♦r t❤❡ ❜♦✉♥❞ ✐♥ ❬✽✱ ✾❪ t♦
❤♦❧❞✳

❚❤❡ ❜♦✉♥❞ ✭✸✳✶✹✮ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷ ❢♦r ❛ s♣❤❡r♦✐❞ ✇✐t❤ ❤❡✐❣❤t ℓz✱ ✇✐❞t❤ ℓx✱
❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ê = x̂✱ s❡❡ ❆♣♣✳ ❇ ❢♦r ❞❡t❛✐❧s✶✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t De/Qe ≤ k3a3

❢♦r ❛ s♣❤❡r❡ ℓx = ℓz✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ Qe ≥ 3/(2k3a3) ❛s D = 3/2 ❢♦r s♠❛❧❧
❞✐♣♦❧❡ ❛♥t❡♥♥❛s✳ ❚❤✐s ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❜♦✉♥❞ ❜② ❚❤❛❧ ❬✶✼❪✳ ❚❤❡ ❜♦✉♥❞ ❛♣♣r♦❛❝❤❡s
De/Qe ≤ 4k3a3/(3π) ❛♥❞ Qe ≥ 9π/(8k3a3) ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❛ ❝✐r❝✉❧❛r ❞✐s❝ ℓz = 0✱ s❡❡
❛❧s♦ ❬✽✕✶✵✱ ✷✸❪✳

✶s❡❡ ❛❧s♦ ❤tt♣✿✴✴✇✇✇✳♠❛t❤✇♦r❦s✳❝♦♠✴♠❛t❧❛❜❝❡♥tr❛❧✴✜❧❡❡①❝❤❛♥❣❡✴✷✻✽✵✻✲❛♥t❡♥♥❛q
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❋✐❣✉r❡ ✷✿ ❇♦✉♥❞s ♦♥ D/(Qk3a3) ❢♦r ❛ s♣❤❡r♦✐❞ ✇✐t❤ ❤❡✐❣❤t ℓz✱ ✇✐❞t❤ ℓx✱ ❡❧❡❝tr✐❝
♣♦❧❛r✐③❛t✐♦♥ ê = x̂✱ ❛♥❞ a = max{ℓx, ℓz}/2✳

✸✳✷ ▼❛❣♥❡t✐❝ ❉✐♣♦❧❡

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ r❛❞✐❛t♦r ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ρ = 0 ✐♥ ✭✸✳✹✮ ❛♥❞ ✐ts
D/Q ♣❡r❢♦r♠❛♥❝❡ ✐s ❜♦✉♥❞❡❞ ❜②

Dm

Qm

≤
k3

4π
max
J(0)

∣∣∣
∫
V

1
2
ĥ

∗
× r · J (0)(r) dV

∣∣∣
2

∫
V

∫
V

J(0)(r1)·J
(0)∗(r2)

4π|r1−r2|
dV1 dV2

, ✭✸✳✶✺✮

✇❤❡r❡ ĥ = k̂× ê✳ ❲❡ ✉s❡ t❤❡ ❛♠♣❧✐t✉❞❡ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ t♦ r❡✇r✐t❡ t❤❡ ♠✐♥✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠ ❛s

min
J(0)

∫

V

∫

V

J (0)(r1) · J
(0)∗(r2)

4π|r1 − r2|
dV1 dV2, ✭✸✳✶✻✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts ∇ · J (0) = 0 ❛♥❞ 1
2

∫
V
ĥ

∗
× r · J (0)(r) dV = H0ν✱ ✇❤❡r❡

H0 ∈ C ❛♥❞ ν ∈ R ❛r❡ ❝♦♥st❛♥ts✳ ❚❤❡ ♣❡rt✉r❜❛t✐♦♥ J (0) → J (0) + δJ (0)′ s❤♦✇s t❤❛t

∫

V

J (0)′(r2) ·

∫

V

J (0)∗(r1)

4π|r1 − r2|
dV1 dV2 = 0, ✭✸✳✶✼✮

∫

V

ĥ
∗
× r · J (0)′(r) dV = 0, ✭✸✳✶✽✮

❛♥❞ ∇·J (0)′ = 0✳ ❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥✿

∫

V

J (0)(r1)

4π|r1 − r2|
dV1 =

H0

2
ĥ× r2 +∇ψ(r2) ❢♦r r2 ∈ V, ✭✸✳✶✾✮

✇❤❡r❡ ψ(r2) ✐s ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❝♦♥str❛✐♥t ∇ · J (0) = 0✱
❛ss✉♠✐♥❣ s✉✣❝✐❡♥t ❝♦♥str❛✐♥t ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞♦♠❛✐♥ ✭❡✳❣✳✱ ▲✐♣s❝❤✐t③✮ ❛♥❞
❢✉♥❝t✐♦♥s t❤❛t ●r❡❡♥✬s ❢♦r♠✉❧❛ ❤♦❧❞ s❡❡ ❡✳❣✳✱ ❬✶✹❪✳ ❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡



✽

❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ✉s✐♥❣ n̂(r) · J (0)(r) = 0 ❢♦r r ∈ ∂V ✱ s❤♦✇s t❤❛t ∇2ψ(r2) = 0
❢♦r r2 ∈ V ✳ ❆♣♣❧②✐♥❣ ∇×∇×· t♦ ✭✸✳✶✾✮ ✐♠♣❧✐❡s t❤❛t J (0)(r2) = 0 ❢♦r r2 ∈ V \ ∂V ✳
❚❤✐s ❣✐✈❡s t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥t ❞❡♥s✐t② J (0)

s (r1)
❛s✿

n̂×

∫

∂V

J (0)
s (r1)

4π|r1 − r2|
dS1 =

H0

2
n̂× (ĥ× r2) + n̂×∇ψ(r2) ❢♦r r2 ∈ ∂V. ✭✸✳✷✵✮

◆♦t❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥s t♦ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ✈❛♥✐s❤✐♥❣
♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛t t❤❡ ❜♦✉♥❞❛r②✱ ✐✳❡✳✱ n̂ · J (0)′(r2) = 0 ❢♦r
r2 ∈ ∂V ✐♥ ✭✸✳✶✼✮✳

❚❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ♦♣t✐♠✐③✐♥❣ J s ✭✸✳✶✺✮ ❜❡❝♦♠❡s

Dm

Qm

≤
k3

4π

|H0|
2ν2

∫
∂V

∫
∂V

J
(0)
s (r1)·J

(0)∗
s (r2)

4π|r1−r2|
dS1 dS2

=
k3

4π
ν. ✭✸✳✷✶✮

✇❤❡r❡ ✇❡ ✐❞❡♥t✐❢② ν ❛s t❤❡ ĥ✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t✳
❚❤❡ ❜♦✉♥❞ ❢♦r ❛ s♣❤❡r♦✐❞ ✇✐t❤ ĥ = ẑ ❛♥❞ s✉r❢❛❝❡ ❝✉rr❡♥ts J = Jφφ̂ ✐s ❞❡♣✐❝t❡❞

✐♥ ❋✐❣✳ ✷✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t Dm/Qm = De/(2Qe) ❢♦r t❤✐s ❝❛s❡✱ s❡❡ ❛❧s♦ ❆♣♣✳ ❇✳ ■♥
♣❛rt✐❝✉❧❛r t❤✐s ❣✐✈❡s Dm/Qm ≤ k3a3/2 ❛♥❞ Dm/Qm ≤ k3a38/3 ❢♦r s♣❤❡r❡s ❛♥❞ ❞✐s❝s✱
r❡s♣❡❝t✐✈❡❧②✳

✸✳✸ ❈♦♠❜✐♥❡❞ ❊❧❡❝tr✐❝ ❛♥❞ ▼❛❣♥❡t✐❝ ❉✐♣♦❧❡s

▼❛①✐♠✐③❛t✐♦♥ ♦❢ ✭✸✳✹✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡
❝❛s❡s✳ ■t ✐s ✜rst ♦❜s❡r✈❡❞ t❤❛t

max
a,b

|αa+ βb|2

max{|a|2, |b|2}
= (α + β)2, ✭✸✳✷✷✮

❢♦r α ≥ 0 ❛♥❞ β ≥ 0✱ s❡❡ ❆♣♣✳ ❆✳ ❘❡♣❧❛❝❡ α ❛♥❞ β ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ✭✸✳✶✷✮ ❛♥❞
♠❛❣♥❡t✐❝ ✭✸✳✶✺✮ ❝❛s❡s✱ ✐✳❡✳✱ α =

√
De/Qe ❛♥❞ β =

√
Dm/Qm t♦ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞

❢♦r ❝♦♠❜✐♥❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ r❛❞✐❛t♦rs✿

D

Q
≤

(√
De

Qe

+

√
Dm

Qm

)2

. ✭✸✳✷✸✮

❚❤❡ ❝♦♠❜✐♥❡❞ ❜♦✉♥❞ ✭✸✳✷✸✮ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷ ❢♦r ❛ s♣❤❡r❡ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥
ê = x̂✳ ■t ✐s s❡❡♥ t❤❛t D/Q ≤ (1 +

√
1/2)2k3a3 ≈ 2.9k3a3 ❢♦r t❤✐s ❝❛s❡✳ ❋♦r ❛♥

❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧✱ s♣❤❡r✐❝❛❧ r❛❞✐❛t♦r✱ t❤❡ ❜♦✉♥❞ r❡❛❞s D/Q ≤ 2.9k30a
3✳ ◆♦t❡ t❤❛t

t❤❡ ❜♦✉♥❞ ✐♥ ❬✽✱ ✾❪ ✐s s❤❛r♣❡r t❤❛♥ ✭✸✳✷✸✮ ❢♦r ❧✐♥❡❛r❧② ♣♦❧❛r✐③❡❞ ❛♥t❡♥♥❛s❀ s❡❡ ❛❧s♦ ❬✼❪
❢♦r t❤❡ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥ ❝❛s❡✳

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✸✳✷✸✮ r❡q✉✐r❡s t❤❛t t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s ❝♦♥tr✐❜✉t❡
❡q✉❛❧❧② ❛♥❞ ❤❛✈❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ê✳ ❚❤✐s ❣✐✈❡s t❤❡ ♣❛rt✐❛❧ ❞✐r❡❝t✐✈✐t② D = 3 ❛♥❞
✐♠♣❧✐❡s t❤❛t Q ≥ 3/2.9(ka)−3 ❢♦r ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ❝♦♠❜✐♥❡❞
❚❊ ❛♥❞ ❚▼ ❜♦✉♥❞ ✐♥ ❬✶✼❪✳



✾

✹ ◆♦♥ ❊❧❡❝tr✐❝❛❧❧② ❙♠❛❧❧ ❆♥t❡♥♥❛s

❚❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ✭✷✳✽✮ ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❛♥❛❧②③❡ D/Q ✐♥ t❡r♠s ♦❢ t❤❡
❝✉rr❡♥t✱ J ✱ t❤❛t ✢♦✇s ♦♥ t❤❡ ❛♥t❡♥♥❛✳ ■t ❛❧s♦ ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ♦♣t✐♠✐③❡ ❛♥
❛♥t❡♥♥❛ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts D/Q ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ D/Q r❛t✐♦✱
✇❡ ♠❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❡✐t❤❡r t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ❣r❡❛t❡r
t❤❛♥ t❤❡ ♦t❤❡r✳

✹✳✶ ❖♣t✐♠✐③❛t✐♦♥ ❋♦r♠✉❧❛t✐♦♥ ❢♦r D/Q

❲❡ ✐❧❧✉str❛t❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ✭✷✳✽✮ ❛ss✉♠✐♥❣ t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣②
✐s ❣r❡❛t❡r t❤❛♥ t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✳ ❚❤✉s✱ ✉s✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ s❝❛❧✐♥❣ ✐♥✲
✈❛r✐❛♥❝❡ ✐♥ ✭✷✳✽✮✱ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣
♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

min
J

∫

V

∫

V

∇1 · J(r1)∇2 · J
∗(r2)

cos(k|r1 − r2|)

|r1 − r2|

−
k

2

(
k2J1 · J

∗
2 −∇1 · J(r1)∇2 · J

∗(r2)
)
sin(k|r1 − r2|) dV1 dV2, ✭✹✳✶✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t
∣∣∣∣
∫

V

ê∗ · J(r)ejkk̂·r dV

∣∣∣∣ = 1. ✭✹✳✷✮

❚♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝❧❛ss ♦❢ ❛❞♠✐ss✐❜❧❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ✇❡ ❛❧s♦ ✐♠♣♦s❡
t❤❡ ❝♦♥❞✐t✐♦♥ ∫

V

∇ · J(r) dV = 0. ✭✹✳✸✮

❚❤❡ ✜rst ❝♦♥str❛✐♥t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦
∫

V

ê∗ · J(r)ejkk̂·r dV = 1, ✭✹✳✹✮

✉s✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ✐♥ ✭✷✳✽✮✱ s❡❡ ❙❡❝✳ ✷✳
❆♥ ❛❧t❡r♥❛t✐✈❡ t❡❝❤♥✐q✉❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞ ♦❢ ❙❡❝✳ ✸ ❢♦r ♦❜t❛✐♥✐♥❣ t❤❡

♦♣t✐♠❛❧ ❝✉rr❡♥ts ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ r❡♣r❡s❡♥t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ✐♥
❛♣♣r♦♣r✐❛t❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ψm✱

J(r) =
M∑

m=1

Jmψm(r), ✭✹✳✺✮

❛♥❞ ❞❡♥♦t❡ J = (J1, J2, . . . , JM)T✳ ■♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐① C ✇✐t❤ ❡❧❡♠❡♥ts

Cmn =

∫

V

∫

V

∇1 ·ψm(r1)∇2 ·ψn(r2)
cos(k|r1 − r2|)

|r1 − r2|

−
k

2

(
k2ψm(r1) ·ψn(r2)−∇1 ·ψm(r1)∇2 ·ψn(r2)

)
sin(k|r1 − r2|) dV1 dV2 ✭✹✳✻✮



✶✵

❢♦r m,n = 1, 2, ...,M ✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ t❤✐s ❜❛s✐s r❡♣r❡s❡♥✲
t❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

min
Jm

M∑

m=1

M∑

n=1

J∗
mCmnJn = min

J

J
H
CJ, ✭✹✳✼✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts

M∑

m=1

Jm

∫
ê∗ ·ψm(r)e

jkk̂·r dV =
M∑

m=1

A∗
m,1Jm = 1 ✭✹✳✽✮

❛♥❞
M∑

m=1

Jm

∫
∇ ·ψm(r) dV =

M∑

m=1

A∗
m,2Jm = 0. ✭✹✳✾✮

■♥ ♠❛tr✐① ♥♦t❛t✐♦♥ A
H
J = f ✱ ✇❤❡r❡✿ A∗

m,1 =
∫
ê∗ · ψm(r)e

jkk̂·r dV✱ A∗
m,2 =

∫
∇ ·

ψm(r) dV✱ ❛♥❞ f = (1, 0)T✳
❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✼✮ t♦ ✭✹✳✾✮ ✐s s♦❧✈❛❜❧❡ ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs

ν✱ ❬✶✺❪✱ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠
(

C A

A
H

0

)(
J

ν

)
=

(
0

f

)
. ✭✹✳✶✵✮

◆♦t❡ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✭✹✳✾✮ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ψm✳ ❘❡t✉r♥✲
✐♥❣ t♦ t❤❡ ♠❛tr✐① C ✇✐t❤ ❡❧❡♠❡♥ts ❣✐✈❡♥ ✐♥ ✭✹✳✻✮✱ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡
✜rst ❦❡r♥❡❧ ✇✐t❤ ❝♦s✐♥❡s ❛s Re(G) ✇❤❡r❡ G ✐s t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ s❝❛❧❛r ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥✳ ❚❤✉s✱ ✇✐t❤ ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥s ♦♥ ❡✳❣✳✱ ❛ st❛♥✲
❞❛r❞ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts s♦❧✈❡r✱ ✇❡ ❝❛♥ ✐♠♣❧❡♠❡♥t t❤❡ ❛❜♦✈❡ ♦✉t❧✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠✳ ❇❡❧♦✇ ✇❡ ✐❧❧✉str❛t❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ♣❧❛♥❛r r❡❝t❛♥❣✉❧❛r
str✉❝t✉r❡s✳

✹✳✷ P❧❛♥❛r ❘❡❝t❛♥❣✉❧❛r ❙tr✉❝t✉r❡s

❈♦♥s✐❞❡r ❛ ♣❧❛♥❛r r❡❝t❛♥❣❧❡ ✐♥ t❤❡ xz✲♣❧❛♥❡ ❛♥❞ ❜r♦❛❞ s✐❞❡ r❛❞✐❛t✐♦♥ k̂ = ŷ ✇✐t❤
❧✐♥❡❛r ♣♦❧❛r✐③❛t✐♦♥ ê = x̂✳ ❆ ❍❡❧♠❤♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✶✹❪ ♦❢ t❤❡ ❝✉rr❡♥t J =
∇J (g)+∇×J (c) s✐♠♣❧✐✜❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✭✷✳✺✮ ✭❛♥❞ ❡q✉✐✈❛❧❡♥t❧②
t❤❡ ♠❛tr✐① C ✐♥ ✭✹✳✻✮✮✳ ■t ✐s s❡❡♥ t❤❛t t❤❡ r❛❞✐❛t✐♦♥ ✐♥ t❤❡ ŷ✲❞✐r❡❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ J (c)✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✶✵✮ t♦ t❤❡ ✐rr♦t❛t✐♦♥❛❧ ♣❛rt ♦❢ t❤❡
❝✉rr❡♥t ❞❡♥s✐t②✱ ✐✳❡✳✱ ✇❡ ✉s❡ J (c) = 0✳

❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡D/Q✲r❛t✐♦ ✭✷✳✽✮ ✉s✐♥❣ ✭✹✳✶✵✮ ②✐❡❧❞s t❤❡ r❡s✉❧t s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳
❚❤❡ ❜♦✉♥❞ ✐s ❞❡♣✐❝t❡❞ ❢♦r kℓx = {0, 0.1, 1, 2, 3} ❛♥❞ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝❛❧
s✐③❡ k3a3 t♦ ❞❡❝r❡❛s❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ka✱ ✇❤❡r❡ a = (ℓ2x + ℓ2z)

1/2✳ ■t ✐s ♦❜s❡r✈❡❞
t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ kℓx = {0, 0.1, 1} ❝❛s❡s ✐♥ t❤❡ ✜❣✉r❡ ❛♥❞ t❤❛t
t❤❡ ❜♦✉♥❞ ✐♥❝r❡❛s❡s s❧✐❣❤t❧② ❢♦r t❤❡ kℓx = {2, 3} ❝❛s❡s✳ ❚❤❡ r❡s✉❧ts ❢♦r kℓx = {2, 3}
❛r❡ ♦♥❧② s❤♦✇♥ ✇❤❡♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ Q✲❢❛❝t♦rs ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s❡❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ Q✲✈❛❧✉❡s ✐♥ ❋✐❣✳ ✸✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❛r❡ ♥♦ s❡✈❡r❡ ❜♦✉♥❞s ♦♥ Q
❢♦r t❤❡s❡ r❛t❤❡r ❧❛r❣❡ str✉❝t✉r❡s✳ ◆♦t❡ t❤❛t ka ≈ 10 ❢♦r kℓx = 2 ❛♥❞ ℓz/ℓx = 20✳ ❚❤❡
✜❣✉r❡s ❛❧s♦ ❝♦♥t❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣r❡ss✐♦♥s ❜❛s❡❞ ♦♥ ✭❈✳✺✮ ✇❤❡r❡ ✐t ✐s ❛ss✉♠❡❞
t❤❛t t❤❡ ❝✉rr❡♥t ✐s ♦❢ t❤❡ ❢♦r♠ J = Jx(x)x̂ ❛♥❞ kℓz ≫ 1✳
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ê

ê

❋✐❣✉r❡ ✸✿ ✭❧❡❢t✮ ❇♦✉♥❞ ♦♥ D/Q ❢♦r ❛ ♣❧❛♥❛r r❡❝t❛♥❣❧❡ ✇✐t❤ s✐❞❡s ℓx ❛♥❞ ℓz ❢♦r
kℓx = {0, 0.1, 1, 2, 3} ❛♥❞ k̂ = ŷ ♥♦r♠❛❧ t♦ t❤❡ r❡❝t❛♥❣❧❡ ❛♥❞ ê = x̂✳ ❚❤❡ s♦❧✐❞
❝✉r✈❡s s❤♦✇ t❤❡ ❜♦✉♥❞s ❞❡t❡r♠✐♥❡❞ ❢♦r ✐rr♦t❛t✐♦♥❛❧ ❝✉rr❡♥ts✱∇×J = 0✱ ✉s✐♥❣ ✭✹✳✶✵✮✳
❚❤❡ ❞❛s❤❡❞ ❝✉r✈❡s s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ✉s✐♥❣ ✭❈✳✺✮✳ ✭r✐❣❤t✮
❘❡s✉❧t✐♥❣ Q ❢❛❝t♦rs✳

✺ ◆❡❣❛t✐✈❡ ❊❧❡❝tr✐❝ ❊♥❡r❣②

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❙❡❝✳ ✹✳✷✱ ✇❡ r❡♠♦✈❡❞ t❤❡ ❧♦♦♣✲❝✉rr❡♥ts J (c) t❤r♦✉❣❤ t❤❡
♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡② ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ r❛❞✐❛t✐♦♥ ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥✳ ■❢
t❤❡ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❞♦♥❡ ✇✐t❤ t❤❡s❡ ❝✉rr❡♥ts✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡② ♠❛②
❝❛✉s❡ ❛ ♥❡❣❛t✐✈❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✭✷✳✺✮✳ ❚❤✐s ❜❡❤❛✈✐♦r ♦❢ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝
❡♥❡r❣② ✐s ✐❧❧✉str❛t❡❞ ❤❡r❡ ✉s✐♥❣ s✐♠♣❧❡ ❡①❛♠♣❧❡s✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✐✳❡✳✱ ∇·J = 0✱ ❝✉rr❡♥t ❞❡♥s✐t② J(r) =
I0δ(̺− a)δ(z)φ̂✱ ✇❤❡r❡ δ ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ❞❡❧t❛ ❞✐str✐❜✉t✐♦♥✱ I0 ✐s ❛ ❝♦♥st❛♥t t❤❛t
❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡ ♦❢ ❝✉rr❡♥t✱ ❛♥❞ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s (̺, φ, z) ❛r❡ ✉s❡❞✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✭✷✳✺✮ r❡❞✉❝❡s t♦

w(e) = −πk3a2I20

∫ 2π

0

cosφ sin

(
2ka sin

φ

2

)
dφ. ✭✺✳✶✮

◆✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ s❤♦✇s t❤❛t w(e) ✐s ♣♦s✐t✐✈❡ ❢♦r ka < 1.5✱ s❡❡ ❋✐❣✳ ✹✳ ❲❤❡♥
t❤❡ ❡❧❡❝tr✐❝ s✐③❡ ♦❢ t❤❡ str✉❝t✉r❡ ✐♥❝r❡❛s❡s✱ t❤❡ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❢♦r
s♦♠❡ ♦❜❥❡❝ts✳ ■t ✐s ♥♦t❡❞ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ✐♥✜♥✐t❡
❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❝✉rr❡♥t✳

❋♦r ❛ r❡❝t❛♥❣✉❧❛r s✉r❢❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥s ℓx, ℓy ✇❡ ✉s❡ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J =
I0δ(z)

(
(δ(y+ℓy/2)−δ(y−ℓy/2))x̂+(δ(x−ℓx/2)−δ(x+ℓx/2))ŷ

)
✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❡❧❡❝tr✐❝❛❧ ❡♥❡r❣② ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳
❋♦r ❛ t❤✐♥ ❝✐r❝✉❧❛r ❛♥♥✉❧✉s ♦❢ r❛❞✐✉s a ❛♥❞ ✇✐❞t❤ ∆ ✇❡ ❝♦♥s✐❞❡r ❛ ❝✉rr❡♥t ❞❡♥s✐t②

♦❢ t❤❡ ❢♦r♠ J = −I0δ(z)φ̂/∆ ❢♦r a − ∆ ≤ ̺ ≤ a ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✱ ✉s✐♥❣ ❝②❧✐♥✲
❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ✐♥t❡❣r❛❧s ❛r❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ t❤❡ s✐♥❣✉❧❛r✐t② ❝❛♥❝❡❧❧❛t✐♦♥
♠❡t❤♦❞s✱ s❡❡ ❋✐❣✳ ✹✳ ■t ✐s s❡❡♥ ❤❡r❡ t❤❛t ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ k✱ t❤❡ st♦r❡❞ ❡♥❡r❣②
✐s ♣r❡❞♦♠✐♥❛♥t❧② ♠❛❣♥❡t✐❝✳ ❲❤❡♥ k ✐♥❝r❡❛s❡s✱ t❤❡ t✇♦ st♦r❡❞ ❡♥❡r❣✐❡s ❛♣♣❡❛r t♦
❡q✉❛❧✐③❡✳
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❋✐❣✉r❡ ✹✿ ✭❧❡❢t✮ ❙t♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❢♦r ❝✐r❝✉❧❛r ✭✺✳✶✮ ❛♥❞ r❡❝t❛♥❣✉❧❛r ❧♦♦♣ ❝✉r✲
r❡♥ts✳ ✭r✐❣❤t✮ ❙t♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❢♦r ❝✐r❝✉❧❛r ❝✉rr❡♥ts ✇✐t❤ ✇✐❞t❤
∆ = 0.005a✳

✻ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

❲❡ ✐❧❧✉str❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✇✐t❤ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ t❤❡ ❝✉rr❡♥t ❞✐str✐✲
❜✉t✐♦♥s ♦♥ s♣❤❡r✐❝❛❧ r❡❣✐♦♥s✱ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❜♦✉♥❞s ♦♥ str✐♣ ❞✐♣♦❧❡s✱ ❛♥❞
♣❧❛♥❛r r❡❝t❛♥❣✉❧❛r ❛rr❛② ❛♥t❡♥♥❛s✳

✻✳✶ ❙♣❤❡r✐❝❛❧ ❘❡❣✐♦♥

■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝✉rr❡♥ts t❤❛t ❣❡♥❡r❛t❡ t❤❡ ♦♣t✐♠❛❧D/Q✲r❛t✐♦s ❛r❡ ♥♦t ✉♥✐q✉❡✳
❲❡ ✐❧❧✉str❛t❡ t❤✐s ❢♦r ❛ s✐♠♣❧❡ ❡❧❡❝tr✐❝ ❝❛s❡✱ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ ka s♦ t❤❛t ✇❡ ❝❛♥
✉s❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ✭✸✳✺✮✳ ❈♦♥s✐❞❡r ❛ s♣❤❡r✐❝❛❧ ✈♦❧✉♠❡ ✇✐t❤ r❛❞✐✉s
a ❛♥❞ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛t✐♦♥ ê = ẑ✳ ❚❤❡ ♦♣t✐♠❛❧ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ ❞❡t❡r♠✐♥❡❞
❢r♦♠ ✭✸✳✶✶✮ ✐s ♦❢ t❤❡ ❢♦r♠ ρ(θ, φ) = ρ0 cos θ✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉rr❡♥t ❞❡♥s✐t②
s❛t✐s✜❡s ∇ · J = −jkρ ✭r❡❝❛❧❧ ρSI = ρ/c0✮ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s♣❤❡r❡✳ ❚❤✐s ❣✐✈❡s

∂

∂θ

(
sin θJθ

)
+
∂Jφ
∂φ

=
−jkaρ0 sin(2θ)

2
✭✻✳✶✮

❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ♠❛♥② s♦❧✉t✐♦♥s✱ ❡✳❣✳✱ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠

J = Jθ0θ̂
(
sin θ −

β

sin θ

)
+

1

sin θ

∂A

∂φ
θ̂ −

∂A

∂θ
φ̂ ✭✻✳✷✮

✇❤❡r❡ Jθ0 = −jkaρ0✱ β ✐s ❛ ❝♦♥st❛♥t✱ ❛♥❞ A = A(θ, φ)✳
❚❤❡ s✐♠♣❧❡st s♦❧✉t✐♦♥ t♦ ✭✻✳✶✮ ✐s ❛ r♦t❛t✐♦♥❛❧❧② s②♠♠❡tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥

t❤❡ θ̂✲❞✐r❡❝t✐♦♥ t❤❛t ✈❛♥✐s❤❡s ❛s θ = 0 ❛♥❞ θ = π✱ ✐✳❡✳✱ J = θ̂Jθ0 sin θ✳ ❚❤✐s ✐s
❛ ❝✉rr❡♥t ❞❡♥s✐t② t❤❛t ❣❡♥❡r❛t❡s ❛ s✐♥❣❧❡ s♣❤❡r✐❝❛❧ ❚▼ ♠♦❞❡✳ ■t ✐s ♥♦t❡❞ t❤❛t t❤❡
❝✉rr❡♥t ❞❡♥s✐t② ♦♥ ❛ ❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡ ❤❛s t❤✐s ❢♦r♠✱ s❡❡ ❋✐❣✳ ✺❛✳ ❆♥ ❛❧t❡r♥❛t✐✈❡
s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✈❛♥✐s❤❡s ❛t θ = π/2✳
❚❤✐s ❣✐✈❡s t❤❡ s♦❧✉t✐♦♥ J = Jθ0θ̂(sin θ−1/ sin θ)✱ s❡❡ ❋✐❣✳ ✺❜✳ ❚❤✐s ❝✉rr❡♥t ❞❡♥s✐t② ✐s
✐♥✜♥✐t❡ ❛t θ = 0 ❛♥❞ θ = π ❛♥❞ r❡s❡♠❜❧❡s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦♥ ❛ ❝❛♣♣❡❞ s♣❤❡r✐❝❛❧
❞✐♣♦❧❡ ❬✶✻❪✳ ❆ t❤✐r❞ s♦❧✉t✐♦♥ ✐s ♦✛❡r❡❞ ❜② β = 0 ❛♥❞ A = A(θ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱
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❋✐❣✉r❡ ✺✿ ❊①❛♠♣❧❡s ♦❢ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s ♦♥ s♣❤❡r❡s ✇✐t❤ t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ρ =
ρ0 cos θ✳ ❛✮ ❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡ ✇✐t❤ J ≈ Jθ0θ̂ sin θ✳ ❜✮ ❝❛♣♣❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡
✇✐t❤ J ≈ Jθ0θ̂(sin θ − 1/ sin θ)✳ ❝✮ ❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❤❡❧✐① ✇✐t❤ J ≈ Jθ0

(
0.15θ̂ sin θ −

φ̂ sign(cos θ) sin2 θ
)
✳

✇❡ ❝♦♥s✐❞❡r t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J = Jθ0
(
0.15θ̂ sin θ − φ̂ sign(cos θ) sin2 θ

)
✱ ❛s t❤✐s

s♦❧✉t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦♥ ❛ s♣❤❡r✐❝❛❧ ❢♦❧❞❡❞ ❤❡❧✐①✱ s❡❡ ❋✐❣✳ ✺❝✳

✻✳✷ ❙tr✐♣ ❉✐♣♦❧❡ ❆♥t❡♥♥❛s

❚❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r r❡❝t❛♥❣❧❡s ✇✐t❤ s✐❞❡ ❧❡♥❣t❤s
ℓy = ξℓx ✇✐t❤ ξ = {0.1, 0.01, 0.001} ✉s✐♥❣ ✭✹✳✶✵✮ ❢♦r ka ≤ 2✳ ❚❤❡ ❝✉rr❡♥t ✐♥ t❤❡ ❝❡♥t❡r
J(x, 0) = Jx(x)x̂ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻ ❢♦r t❤❡ ❤❛❧❢✲✇❛✈❡ ❛♥t❡♥♥❛✱ ✐✳❡✳✱ ka ≈ 1.5✱ ✇❤❡r❡
a = (ℓ2x + ℓ2y)

1/2/2✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝✉rr❡♥ts r❡s❡♠❜❧❡ t❤❡ ❝♦♠♠♦♥❧② ❛ss✉♠❡❞
cos(πx/ℓx) s❤❛♣❡✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞ ♦♥D/Q ♥♦r♠❛❧✐③❡❞ ✇✐t❤ (ka)3 ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳ ❍❡r❡
✐t ✐s s❡❡♥ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡s ✇✐t❤ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡❝t❛♥❣❧❡✳ ▼♦r❡♦✈❡r✱
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❋✐❣✉r❡ ✻✿ ❖♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ✭✹✳✶✵✮ ❢♦r ♣❧❛♥❛r r❡❝t❛♥❣❧❡s ✇✐t❤ s✐❞❡ ❧❡♥❣t❤s
ℓy = ξℓx ✇✐t❤ ξ = {0.1, 0.01, 0.001} ❛♥❞ ka = 1.5 ✭s♦❧✐❞ ❝✉r✈❡s✮✳ ❙✐♠✉❧❛t❡❞ ❝✉rr❡♥ts
♦♥ ❛ str✐♣ ❞✐♣♦❧❡ ❢♦r t❤❡ ✐♥❞✉❝t✐✈❡❧② ❧♦❛❞❡❞ ❛♥❞ t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❛♥❞ ❝❛s❡ r❡s♣❡❝✲
t✐✈❡❧② ✇✐t❤ ℓy = 0.01ℓx ❢♦r ka ≈ {0.28, 1.49} ✭❞❛s❤❡❞ ❝✉r✈❡s✮✳ ❚❤❡♦r❡t✐❝❛❧ ❝✉rr❡♥t
❞✐str✐❜✉t✐♦♥✱ cos(πx/ℓx)✭❞♦tt❡❞ ❝✉r✈❡✮

D/(Qk3a3) ✐s ♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ s✐③❡ ♦❢ t❤❡ str✉❝t✉r❡ ❢♦r ka ≤ 1.5✳
❚❤❡ r❡s✉❧t✐♥❣ ◗✲❢❛❝t♦r ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ✉s✐♥❣ t❤❡ r❛✲

❞✐❛t❡❞ ♣♦✇❡r ✐♥ ❬✶✾❪✱ s❡❡ ❋✐❣✳ ✽✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t Q ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢
t❤❡ ✇✐❞t❤ ♦❢ t❤❡ str✐♣✳ ❚❤❡ ❞✐r❡❝t✐✈✐t② D ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✽✳ ❍❡r❡✱ ✐t ✐s s❡❡♥ t❤❛t
t❤❡ ❞✐r❡❝t✐✈✐t② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝❛❧ s✐③❡ ♦❢ t❤❡ ♦❜❥❡❝t✳

❚❤❡ ❜♦✉♥❞s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❛ ❝❡♥t❡r ❢❡❞ str✐♣ ❞✐♣♦❧❡
✇✐t❤ ℓy = 0.01ℓx✳ ❚❤❡ ❞✐♣♦❧❡ ✐s s❡❧❢✲r❡s♦♥❛♥t ❢♦r ka ≈ 1.49 ✇✐t❤ t❤❡ ❞✐r❡❝t✐✈✐t②
D ≈ 1.63✳ ❚❤❡ ◗✲❢❛❝t♦r ✐s ❡st✐♠❛t❡❞ t♦ Q ≈ 6 ✉s✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡
✐♠♣❡❞❛♥❝❡ ❬✶✶✱ ✷✹❪✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✐♥❞✐❝❛t❡❞ ✇✐t❤ st❛rs ❛t ka ≈ 1.49 ✐♥ ❋✐❣s ✼
t♦ ✽✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉rr❡♥t ❞❡♥s✐t② ✐s ❛❧s♦ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳ ■t ✐s ♦❜s❡r✈❡❞
t❤❛t t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❞✐♣♦❧❡ ❤❛s ❛ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ t❤❛t r❡s❡♠❜❧❡s t❤❡ ♦♣t✐♠❛❧
❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ♦❢ D/Q✱ D✱ ❛♥❞ Q ❛r❡ ❛❧s♦ ❝❧♦s❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐♠❛❧ ✈❛❧✉❡s✳

■t ✐s ❛❧s♦ ✐❧❧✉str❛t✐✈❡ t♦ ❝♦♥s✐❞❡r ❛♥ ✐♥❞✉❝t✐✈❡❧② ❧♦❛❞❡❞ str✐♣ ❞✐♣♦❧❡ ✇✐t❤ t❤❡ s❛♠❡
❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ❧♦❛❞✐♥❣ ❞❡❝r❡❛s❡s t❤❡ r❡s♦♥❛♥❝❡ ✇❛✈❡♥✉♠❜❡r t♦ ka ≈ 0.28 ❛♥❞ t❤❡
♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞ t♦ D ≈ 1.5✱ Q ≈ 1250✱ ❛♥❞ D/(Qk3a3) ≈ 0.054✱ s❡❡ t❤❡
st❛rs ❛t ka ≈ 0.28 ✐♥ ❋✐❣s ✼ t♦ ✽✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❧♦❛❞❡❞
❞✐♣♦❧❡ ✐s ❢❛rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ♦♣t✐♠✉♠ t❤❛♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ✉♥❧♦❛❞❡❞
❞✐♣♦❧❡✳ ❚❤✐s ✐s ❛❧s♦ s❡❡♥ ❢r♦♠ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ✐♥ ❋✐❣✳ ✻✳

✻✳✸ ❆rr❛② ❆♥t❡♥♥❛s

❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❧✐♥❡❛r ❛rr❛②s ❛r❡ ✐❧❧✉str❛t❡❞ ✇✐t❤ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✉s✐♥❣ t❤❡
♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ✭▼♦▼✮ ❢♦r ❞✐♣♦❧❡ ❛♥❞ ❝❛♣❛❝✐t✐✈❡❧② ❧♦❛❞❡❞ ❞✐♣♦❧❡ ❡❧❡♠❡♥ts✳ ❚❤❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐♣♦❧❡ ❛rr❛② ❝♦♥s✐sts ♦❢ n ❡❧❡♠❡♥ts ✇✐t❤ t❤❡ ❧❡♥❣t❤ ℓx ❛♥❞ t❤❡ ✇✐❞t❤
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❋✐❣✉r❡ ✼✿ ❇♦✉♥❞ ♦♥ D/Q ♥♦r♠❛❧✐③❡❞ ✇✐t❤ k3a3 ❢♦r ❛ ♣❧❛♥❛r r❡❝t❛♥❣❧❡ ✇✐t❤ s✐❞❡
❧❡♥❣t❤s ℓy = ξℓx ✇❤❡r❡ ξ = {0.1, 0.01, 0.001}✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r str✐♣ ❞✐♣♦❧❡s
✇✐t❤ ξ = 0.01 ❛♥❞ ka ≈ {0.28, 1.49} ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ st❛rs✳

∆ = ℓx/50 ❛♥❞ ✐♥t❡r✲❡❧❡♠❡♥t s♣❛❝✐♥❣ ℓx✳ ❚❤✐s ❣✐✈❡s ❛♣♣r♦①✐♠❛t❡❧② ❛rr❛②s ✇✐t❤ ❤❛❧❢
❛ ✇❛✈❡❧❡♥❣t❤✱ λ0/2✱ s♣❛❝✐♥❣✳ ❚❤❡ ❛rr❛② ✐s ♠♦❞❡❧❡❞ ❛s ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣ ✇✐t❤ ❛
❣❛♣ ❢❡❡❞ ♠♦❞❡❧✳ ❚❤❡ ♣❛ss✐✈❡ ❛rr❛② ✐s ❛♥❛❧②③❡❞✱ ✇❤❡r❡ ✐❞❡♥t✐❝❛❧ ❧✉♠♣❡❞ r❡s✐st❛♥❝❡s✱
R0✱ ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ❢❡❡❞ ❣❛♣s✳ ❚❤❡ r❡s✐st❛♥❝❡ R0 ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡
❡✛❡❝t✐✈❡ ❛♥t❡♥♥❛ ❛♣❡rt✉r❡ ❛t t❤❡ ✜rst r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ s❡❡ ❬✶✷❪ ❢♦r ❞❡t❛✐❧s✳

❚❤❡ ❞✐♣♦❧❡ ❛rr❛② ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ❢♦r ❛♥t❡♥♥❛s ❝♦♥✜♥❡❞
t♦ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥s✱ s❡❡ ❋✐❣✳ ✸✳ ❚❤❡ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❛rr❛②s ✐s ❛❧✐❣♥❡❞
✇✐t❤ t❤❡ ℓx✲❞✐r❡❝t✐♦♥✳ ❚❤❡ ❛rr❛②s ✇✐t❤ n ❡❧❡♠❡♥ts ❛r❡ ❝✐r❝✉♠s❝r✐❜❡❞ ❜② r❡❝t❛♥❣❧❡s
✇✐t❤ ❤❡✐❣❤t ℓx ❛♥❞ ✇✐❞t❤ ℓz = (n− 1)ℓx+ ℓx/50 ❢♦r n = 1, ..., 10✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✱ ✇❤❡r❡ t❤❡ ❡✛❡❝t✐✈❡ ❛♥t❡♥♥❛ ❛♣❡rt✉r❡ ✐s ♥♦r♠❛❧✐③❡❞ ✇✐t❤
t❤❡ ♣❤②s✐❝❛❧ ❛r❡❛✱ A✳ ❚❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞ ✐s ❞r❛✇♥ ❢♦r kℓx = 0 ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝
r❡s✉❧t ✐♥ ❆♣♣✳ ❈ ❢♦r kℓx = {1, 2}✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
❝❛♣❛❝✐t✐✈❡❧② ❧♦❛❞❡❞ ❞✐♣♦❧❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞✳ ❚❤❡ ❞✐♣♦❧❡ ❛rr❛② ✐s ❛
❢❛❝t♦r ♦❢ 1/15 ❜❡❧♦✇ t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞✳ ❯s✐♥❣ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦♥
t❤❡ ❛rr❛② ♦❢ ❬✶✷❪ ✇❡ s❡❡ t❤❛t t❤✐s ✐s ❞✉❡ t♦ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ♣♦❧❛r✐③❛❜✐❧✐t② ♦❢ t❤❡
❞✐♣♦❧❡ ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡❝t❛♥❣❧❡✳

✼ ❈♦♥❝❧✉s✐♦♥s

❯♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❞✐r❡❝t✐✈✐t② ❛♥t❡♥♥❛ Q q✉♦t✐❡♥t✱ D/Q✱ ❛r❡ ❞❡r✐✈❡❞ ❜❛s❡❞ ♦♥
❛ q✉❛❞r❛t✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ D/Q q✉♦t✐❡♥t ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ♦♥ t❤❡ ❛♥t❡♥♥❛ str✉❝t✉r❡ ❛s ❣✐✈❡♥ ❢r♦♠ t❤❡ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ❛♥❞ t❤❡ ❡①✲
♣r❡ss✐♦♥s ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ✐♥ ❬✺✱ ✶✾✱ ✷✵❪✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐s ♥♦t ❜❛s❡s ♦♥ ❛ s♠❛❧❧
❛♥t❡♥♥❛ ❧✐♠✐t ❛ss✉♠♣t✐♦♥ ♦♣❡♥✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❛♥❛❧②③❡ ❡❧❡❝tr✐❝❛❧❧② ❧❛r❣❡ str✉❝✲
t✉r❡s✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ ❛♥t❡♥♥❛s
❛♥❞ ♥✉♠❡r✐❝❛❧❧② ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♣❛r❛♠❡t❡rs ❢♦r ❛r❜✐tr❛r② s✐③❡ ❛♥t❡♥♥❛s✳ ❚❤❡ ✉♣♣❡r
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❋✐❣✉r❡ ✽✿ Q ❢❛❝t♦r ✭❧❡❢t✮ ❛♥❞ ❞✐r❡❝t✐✈✐t② ✭r✐❣❤t✮ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ D/Q ❜♦✉♥❞ ✐♥ ❋✐❣✳ ✼✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r str✐♣ ❞✐♣♦❧❡s
✇✐t❤ ξ = 0.01 ❛♥❞ ka ≈ {0.28, 1.49} ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ st❛rs✳

❜♦✉♥❞s ❛r❡ ✉s❡❢✉❧ ❛s t❤❡② s❤♦✇ ❤♦✇ t❤❡ s❤❛♣❡ ❛♥❞ s✐③❡ ♦❢ t❤❡ ❛♥t❡♥♥❛ ❣❡♦♠❡tr②
❛✛❡❝t t❤❡ ❛♥t❡♥♥❛ ♣❡r❢♦r♠❛♥❝❡ ❬✻✱ ✽✱ ✾❪✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ❛s ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s
♦❢ ✇❤❛t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❛♥ ❛♥t❡♥♥❛ ✐♥ ❛ ❣✐✈❡♥ ❣❡♦♠❡tr②✳

❚❤❡ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ❡①♣r❡ss❡s t❤❡ ❜♦✉♥❞s ✐♥ t❤❡ ♣♦❧❛r✲
✐③❛❜✐❧✐t② ♦❢ t❤❡ ❛♥t❡♥♥❛ str✉❝t✉r❡✳ ❚❤❡ ❜♦✉♥❞ ♦♥ ♥♦♥✲♠❛❣♥❡t✐❝ ❛♥t❡♥♥❛ str✉❝t✉r❡s
✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❜♦✉♥❞ ✐♥ ❬✻✱ ✽✱ ✾❪ ❛♥❞ ❛❣r❡❡s ✇✐t❤ t❤❡ r❡s✉❧ts ✐♥ ❬✷✸❪ ❢♦r t❤❡ ❞✐✲
r❡❝t✐✈✐t② D = 3/2✳ ■♥ ❬✷✵❪✱ ❱❛♥❞❡♥❜♦s❝❤ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞ ♦♥
Q ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ✉s✐♥❣ ❛ ❧✐♥❡ s❡❛r❝❤ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■♥ ❝♦♥tr❛st✱ t❤❡
r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❛r❡ ❢♦r D/Q ✇❤❡r❡ t❤❡ ❜♦✉♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❚❤✐s
❢♦r♠✉❧❛t✐♦♥ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t❤❡ ♣♦❧❛r✐③❛t✐♦♥s ✭❧✐♥❡❛r✱ ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ❛s
✇❡❧❧ ❛s ❝✐r❝✉❧❛r✮✳ ■t ✐s ❛❧s♦ s❤♦✇♥ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r s✉r❢❛❝❡ ❝✉rr❡♥ts ✐♥
t❤✐s s♠❛❧❧ ka✲❧✐♠✐t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝❛s❡ ✇✐t❤ ❝♦♠❜✐♥❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s
✐s ❛♥❛❧②③❡❞✱ ✇❤❡r❡ ✐t ✐s ♥♦t❡❞ t❤❛t t❤❡ r❡s✉❧ts r❡s❡♠❜❧❡ t❤❡ ♠✐①❡❞ ❚❊ ❛♥❞ ❚▼ ❜♦✉♥❞
✐♥ ❬✶✼❪ ❢♦r s♣❤❡r✐❝❛❧ r❡❣✐♦♥s✳

❲❡ ❛❧s♦ ✐❧❧✉str❛t❡ t❤❛t t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❢♦r ❛ ❣✐✈❡♥ ❝❤❛r❣❡
❞❡♥s✐t②✳ ❚❤❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s ❢♦r ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ✐♥❝❧✉❞❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s
t❤❛t r❡s❡♠❜❧❡ t❤❡ ❝✉rr❡♥t ♦♥ ❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡s✱ ❝❛♣♣❡❞ s♣❤❡r✐❝❛❧ ❞✐♣♦❧❡s✱ ❛♥❞
❢♦❧❞❡❞ s♣❤❡r✐❝❛❧ ❤❡❧✐❝❡s✳

▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛r❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ D/Q ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ✜♥✐t❡
s✐③❡ ❛♥t❡♥♥❛s✳ ❚❤✐s r❡❢♦r♠✉❧❛t❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♦❜t❛✐♥✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞❡♥s✐✲
t✐❡s ❛s ❛ ❧✐♥❡❛r s②st❡♠ t❤❛t ❤❛s ♠❛♥② s✐♠✐❧❛r✐t✐❡s ✇✐t❤ st❛♥❞❛r❞ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts
s♦❧✈❡rs✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ❜♦✉♥❞ ♣❡r❢♦r♠s ✇❡❧❧ ❢♦r ❢❛✐r❧② ❧❛r❣❡ ❛♥t❡♥♥❛s ✇✐t❤ ❤✐❣❤
❞✐r❡❝t✐✈✐t②✳ ■t ✐s ✐❧❧✉str❛t❡❞ t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✐♥ ❬✶✾❪ ❝❛♥ ❜❡ ♥❡❣❛t✐✈❡ ❢♦r
❝❡rt❛✐♥ ❦✐♥❞s ♦❢ ❧♦♦♣ t②♣❡ ❝✉rr❡♥ts ♦♥ ♣❧❛♥❛r str✉❝t✉r❡s✳ ❆❧t❤♦✉❣❤ t❤✐s st♦r❡❞ ❡♥❡r❣②
❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❛s❡ t❤❛t ❝❛♥ ❝❛✉s❡ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s t❤✐s ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ✇✐t❤
❛ ❍❡❧♠❤♦❧t③ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳
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❋✐❣✉r❡ ✾✿ ■❧❧✉str❛t✐♦♥s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ♣❧❛♥❛r
r❡❝t❛♥❣✉❧❛r ❝✐r❝✉♠s❝r✐❜✐♥❣ r❡❣✐♦♥s ✇✐t❤ ❤❡✐❣❤t ℓx✱ ✇✐❞t❤ ℓz✱ ❛♥❞ ♣❤②s✐❝❛❧ ❛r❡❛ A =
ℓxℓz✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ❙✇❡❞✐s❤ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❱❘✮ ❛♥❞ t❤❡ ❙✇❡❞✐s❤
●♦✈❡r♥♠❡♥t❛❧ ❆❣❡♥❝② ❢♦r ■♥♥♦✈❛t✐♦♥ ❙②st❡♠s ✭■▼❚✲❛❞✈❛♥❝❡❞ ❛♥❞ ❜❡②♦♥❞ ❛♥❞ t❤❡
❱■◆◆ ❊①❝❡❧❧❡♥❝❡ ❈❡♥t❡r ❈❤❛s❡✮✳

❆♣♣❡♥❞✐① ❆ ❙♠❛❧❧ ❆♥t❡♥♥❛ ❉❡❝♦✉♣❧✐♥❣

❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✳✹✮ ❞❡❝♦✉♣❧❡s ✐♥t♦ t✇♦ s❡♣❛r❛t❡ ♣r♦❜❧❡♠s✱ ♦♥❡ ❢♦r ρ 6=
0,J = 0 ❛♥❞ ♦♥❡ ❢♦r J 6= 0, ρ = 0 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥t❡♥♥❛s r❛❞✐❛t✐♥❣ ❛s ❛♥ ❡❧❡❝tr✐❝
❞✐♣♦❧❡ ❛♥❞ ❛s ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❦❡② t♦ t❤✐s ❞❡❝♦✉♣❧✐♥❣ ✐s t❤❡
✐♥❞❡♣❡♥❞❡♥t ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ρ ❛♥❞ J ✐♥ ✭✸✳✹✮✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t
t❤❡ t✇♦ ❡♥❡r❣② t❡r♠s ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❤❛✈❡ t♦ ❜❡ ❡q✉❛❧ ❢♦r t❤❡ ♠❛①✐♠✐③✐♥❣ ρ,J ✳
❚❤✐s r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ t♦ ❛ ❝♦♥str❛✐♥❡❞ q✉❛❞r❛t✐❝ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡
❝♦♥str❛✐♥ts ♦♥ ❝❤❛r❣❡ ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♦❢ ▲❛❣r❛♥❣❡
♣❛r❛♠❡t❡rs✳ ❚❤❡ r❡s✉❧t✐♥❣ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s r❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✵✮
❛♥❞ ✭✸✳✶✾✮✱ ❡✳❣✳✱ t♦ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ t✇♦ s❡♣❛r❛t❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❆
s✐♠✐❧❛r ♣r♦❜❧❡♠ ❢♦r ✈❡❝t♦rs ♦r s❝❛❧❛rs ✐s st❛t❡❞ ✐♥ ✭✸✳✷✷✮✱ ❛♥❞ t❤❡ ❛❜♦✈❡ ♦✉t❧✐♥❡❞
♠❡t❤♦❞ ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❆♣♣❡♥❞✐① ❇ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ❢♦r ❇♦❘

❈♦♥s✐❞❡r ❛ ❜♦❞② ♦❢ r❡✈♦❧✉t✐♦♥ ✭❇♦❘✮ ✇✐t❤ ẑ ❛s t❤❡ ❛①✐s ♦❢ r❡✈♦❧✉t✐♦♥ ❬✶❪✱ s❡❡ ❋✐❣✳ ✶✵✳
❚❤❡ ♦❜❥❡❝t ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❝✉r✈❡ {̺(ℓ), z(ℓ)} ❢♦r ℓ ∈ [ℓa, ℓb]✱ ✇❤❡r❡ ̺ =√
x2 + y2✳ ❚❤❡ ❡❧❡❝tr✐❝ ❤✐❣❤ ❝♦♥tr❛st ♣♦❧❛r✐③❛❜✐❧✐t② ❞②❛❞✐❝ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s γ∞ =
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❋✐❣✉r❡ ✶✵✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛ ❜♦❞② ♦❢ r❡✈♦❧✉t✐♦♥ ✭❇♦❘✮ ♦❜❥❡❝t✳

γh(x̂x̂+ŷŷ)+γvẑẑ✱ ✇❤❡r❡ γh ❛♥❞ γv ❛r❡ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t✐❡s ❢♦r ❤♦r✐③♦♥t❛❧ ✭ê·ẑ = 0✮
❛♥❞ ✈❡rt✐❝❛❧ ✭ê = ẑ✮ ♣♦❧❛r✐③❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡✱ ✇❡ r❡str✐❝t t❤❡ ❛♥❛❧②s✐s t♦
❤♦r✐③♦♥t❛❧ ♣♦❧❛r✐③❛t✐♦♥ ❢♦r s✐♠♣❧✐❝✐t②✱ s❡❡ ❛❧s♦ ❬✶✵❪✳

❋♦r t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ✐♥ ❙❡❝✳ ✸✳✶✱ ❛ ❋♦✉r✐❡r s❡r✐❡s ❛♥s❛t③ ❣✐✈❡s t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡♥s✐t② ρs(r) = ρsℓ(ℓ) cosφ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✶✮ ❜❡❝♦♠❡s E0̺ cosφ✱
✇❤❡r❡ ê = x̂ ✐s ✉s❡❞✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ t♦

∫ ℓb

ℓa

ρsℓ(ℓ1)g1(ℓ1, ℓ2)̺(ℓ1)

∣∣∣∣
∂r1
∂ℓ1

∣∣∣∣ dℓ1 = 2πE0̺(ℓ2), ✭❇✳✶✮

✇❤❡r❡ g1 =
∫ π

0
cosφ
R

dφ ✐s t❤❡ ♠♦❞❛❧ ●r❡❡♥✬s ❢✉♥❝t✐♦♥✱ R = (̺21+̺
2
2−2̺1̺2 cosφ+(z1−

z2)
2)1/2✱ ❛♥❞ |∂r1/∂ℓ1| ✐s t❤❡ ❏❛❝♦❜✐❛♥✳ ❙♦❧✈❡ ❢♦r ρsℓ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t②

γ =
1

E0

∫

∂V

ê · rρsℓ(r) dS =
π

E0

∫
̺2ρsℓ(ℓ)

∣∣∣∣
∂r

∂ℓ

∣∣∣∣ dℓ. ✭❇✳✷✮

❋♦r t❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ❝❛s❡ ✐♥ ❙❡❝✳ ✸✳✷ ✇❡ ❝♦♥s✐❞❡r ĥ = ẑ ❛♥❞ ❝✉rr❡♥ts J =
Jφ(ℓ)φ̂✳ ❚❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ s✐♠♣❧✐✜❡s t♦

∫ ℓb

ℓa

∫ 2π

0

φ̂2 · φ̂1Jφ(ℓ1)

4π|r1 − r2|
̺(ℓ1)

∣∣∣∣
∂r1
∂ℓ1

∣∣∣∣ dφ1 dℓ1 =
H0

2
φ̂2 · ĥ× r2 ✭❇✳✸✮

❢♦r r2 ∈ ∂V ✳ ❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∫ ℓb

ℓa

Jφ(ℓ1)g1(ℓ1, ℓ2)̺(ℓ1)

∣∣∣∣
∂r1
∂ℓ1

∣∣∣∣ dℓ1 = πH0̺(ℓ2) ✭❇✳✹✮

❢♦r ĥ = ẑ✳ ❙♦❧✈❡ ❢♦r Jφ ❛♥❞ ❝♦♠♣✉t❡

ν =
1

2H0

∫

∂V

ẑ × r · Jφφ̂ dS =
π

H0

∫ ℓb

ℓa

Jφ̺
2

∣∣∣∣
∂r

∂ℓ

∣∣∣∣ dℓ. ✭❇✳✺✮



✶✾

x

y

z

`z

`x

Ω

❋✐❣✉r❡ ✶✶✿ ❊❧♦♥❣❛t❡❞ ♦❜❥❡❝ts ✇✐t❤ ❧❡♥❣t❤ ℓ = ℓz ❛♥❞ ❝r♦ss s❡❝t✐♦♥ Ω ✐♥ t❤❡ xy✲♣❧❛♥❡✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❛♥❞ t❤❡ ❛③✐♠✉t❤❛❧
❝✉rr❡♥t ❞❡♥s✐t② ❛r❡ ❢♦r♠❛❧❧② ✐❞❡♥t✐❝❛❧ ❡①❝❡♣t ❢♦r ❛ ❢❛❝t♦r ♦❢ ✷ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡
♦❢ ✭❇✳✶✮ ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✭❇✳✹✮✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r γ ❛♥❞ ν ❛r❡ ❛❧s♦ ✐❞❡♥t✐❝❛❧✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t ν = γ/2✱ ✐✳❡✳✱ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ r❛❞✐❛t✐♦♥ ✐s 1/2
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝ ❝❛s❡ ❢♦r ❇♦❘ ♦❜❥❡❝ts ✇✐t❤ ❤♦r✐③♦♥t❛❧ ♣♦❧❛r✐③❛t✐♦♥✳

❆♣♣❡♥❞✐① ❈ ❊❧♦♥❣❛t❡❞ ❖❜❥❡❝ts

❚❤❡ ❜♦✉♥❞ ✐♥ ❬✽✱ ✾❪ s❤♦✇s t❤❛t D/Q ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r✐③❛✲
t✐♦♥ ♦♥ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ❞②❛❞✐❝✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ✐s ❧❛r❣❡ ❢♦r
❞✐r❡❝t✐♦♥s ♣❛r❛❧❧❡❧ ✇✐t❤ t❤❡ ❧♦♥❣❡st ❞✐♠❡♥s✐♦♥ ♦❢ ❡✳❣✳✱ s♣❤❡r♦✐❞s✱ ❝②❧✐♥❞❡rs✱ ❛♥❞ r❡❝t✲
❛♥❣❧❡s ❬✽✱ ✾❪✳ ❚❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ✐s ♦❢t❡♥ ♠✉❝❤ ❧♦✇❡r ❢♦r ❞✐r❡❝t✐♦♥s ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ❧♦♥❣❡st ❞✐♠❡♥s✐♦♥✳

❈♦♥s✐❞❡r ❛♥ ❡❧♦♥❣❛t❡❞ ♦❜❥❡❝t V = Ω× [−ℓ/2, ℓ/2] ✇✐t❤ kℓ≫ 1✱ ❛♥❞ t❤❡ ❧♦♥❣❡st
❞✐♠❡♥s✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ xz✲♣❧❛♥❡✱ s❡❡ ❋✐❣✳ ✶✶✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ✭✹✳✶✮
❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛r❜✐tr❛r② ❞✐r❡❝t✐♦♥s k̂ ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥s ê✳ ❍❡r❡✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝❛s❡
✇✐t❤ ❜r♦❛❞s✐❞❡ r❛❞✐❛t✐♦♥✱ ✐✳❡✳✱ k̂ · ẑ = 0 ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ê · ẑ = 0✳ ■t ✐s ❛ss✉♠❡❞
t❤❛t t❤❡ ❝✉rr❡♥t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ z✲❝♦♦r❞✐♥❛t❡✳ ❚❤✐s ❣✐✈❡s t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝
❡♥❡r❣② W̃

(e)
vac =

µ0ℓ
16πk2

w̃(e)✱ ✇✐t❤

w̃(e)(J) =

∫

Ω

∫

Ω

∇1 · J(̺1)∇2 · J
∗(̺2)G1(k|̺1 − ̺2|, kℓ)

−
kℓ

2

(
k2J(̺1) · J

∗(̺2)−∇1 · J(̺1)∇2 · J
∗(̺2)

)
G2(k|̺1 − ̺2|, kℓ) dS1dS2. ✭❈✳✶✮

❍❡r❡ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ̺n✱ n = 1, 2 t♦ ❛❝❝♦✉♥t ❢♦r ✈❡❝t♦rs ✐♥ t❤❡ xy✲♣❧❛♥❡✱ ❛♥❞
̺ = |̺|✳ ❚❤❡ t✇♦ ✐♥t❡❣r❛❧ ❦❡r♥❡❧s G1✱ G2 ❤❛✈❡ t❤❡✐r z✲❞❡♣❡♥❞❡♥❝❡ ✐♥t❡❣r❛t❡❞ ♦✉t
❛s②♠♣t♦t✐❝❛❧❧② ❢♦r ❧❛r❣❡ kℓ✿

G1(k̺, kℓ) =
1

ℓ

∫ ℓ

2

−ℓ

2

∫ ℓ

2

−ℓ

2

cos
(
k
√
̺2 + (z1 − z2)2

)

√
̺2 + (z1 − z2)2

dz1dz2

= −πN0(k̺) + 2
sin(k̺)

kℓ
− 2

√
1 + ̺2/ℓ2

k2ℓ2
cos
(
k
√
ℓ2 + ̺2

)
+O((kℓ)−3), ✭❈✳✷✮



✷✵

❛♥❞

G2(k̺, kℓ) =
1

ℓ2

∫ ℓ

2

−ℓ

2

∫ ℓ

2

−ℓ

2

sin
(
k
√
̺2 + (z1 − z2)2

)
dz1dz2

= −
π̺

ℓ
N1(k̺)− 2

̺2/ℓ2 + 1

k2ℓ2
sin(kℓ

√
1 + ̺2/ℓ2)

−
2̺

kℓ2
cos(k̺) +

2

k2ℓ2
sin(k̺) +O((kℓ)−3), ✭❈✳✸✮

✇❤❡r❡ Nn ✐s t❤❡ ◆❡✉♠❛♥♥ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r n✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❛❞✐❛t❡❞ ♣♦✇❡r
✐♥ ❛ ❞✐r❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ z✲❛①✐s✱ k̂ · ẑ = 0✱ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ ê · ẑ = 0 ✐s

P (k̂, ê) =
ζ0ℓ

2k2

32π2

∣∣∣∣
∫

Ω

ê · J(̺)ejkk̂·̺ dS

∣∣∣∣
2

. ✭❈✳✹✮

❚❤✐s ❣✐✈❡s t❤❡ ❜♦✉♥❞

D

Q
≤ max

J

k3ℓ
∣∣∣
∫
Ω
ê · J(̺)ejkk̂·̺ dS

∣∣∣
2

w̃(e)(J)
, ✭❈✳✺✮

❢♦r ❝✉rr❡♥ts J = J(̺)✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆♥❞r❡❛s❡♥✳ ❙❝❛tt❡r✐♥❣ ❢r♦♠ ❜♦❞✐❡s ♦❢ r❡✈♦❧✉t✐♦♥✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s
Pr♦♣❛❣❛t✳✱ ✶✸✭✷✮✱ ✸✵✸✕✸✶✵✱ ✶✾✻✺✳

❬✷❪ ❆♥t❡♥♥❛ ❙t❛♥❞❛r❞s ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ■❊❊❊ ❆♥t❡♥♥❛s ❛♥❞ Pr♦♣❛❣❛t✐♦♥ ❙♦❝✐❡t②✳
■❊❊❊ ❙t❛♥❞❛r❞ ❉❡✜♥✐t✐♦♥s ♦❢ ❚❡r♠s ❢♦r ❆♥t❡♥♥❛s✱ ✶✾✾✸✳ ■❊❊❊ ❙t❞ ✶✹✺✲✶✾✾✸✳

❬✸❪ ❙✳ ❘✳ ❇❡st✳ ▲♦✇ ◗ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❧✐♥❡❛r ❛♥❞ ❡❧❧✐♣t✐❝❛❧ ♣♦❧❛r✐③❡❞ s♣❤❡r✐❝❛❧
❞✐♣♦❧❡ ❛♥t❡♥♥❛s✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣❛t✳✱ ✺✸✭✸✮✱ ✶✵✹✼✕✶✵✺✸✱ ✷✵✵✺✳

❬✹❪ ▲✳ ❏✳ ❈❤✉✳ P❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ ♦♠♥✐✲❞✐r❡❝t✐♦♥❛❧ ❛♥t❡♥♥❛s✳ ❆♣♣❧✳ P❤②s✳✱ ✶✾✱
✶✶✻✸✕✶✶✼✺✱ ✶✾✹✽✳

❬✺❪ ❲✳ ●❡②✐✳ ❆ ♠❡t❤♦❞ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ s♠❛❧❧ ❛♥t❡♥♥❛ ◗✳ ■❊❊❊ ❚r❛♥s✳
❆♥t❡♥♥❛s Pr♦♣❛❣❛t✳✱ ✺✶✭✽✮✱ ✷✶✷✹✕✷✶✷✾✱ ✷✵✵✸✳

❬✻❪ ▼✳ ●✉st❛❢ss♦♥✱ ▼✳ ❈✐s♠❛s✉✱ ❛♥❞ ❙✳ ◆♦r❞❡❜♦✳ ❆❜s♦r♣t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ ♣❤②s✲
✐❝❛❧ ❜♦✉♥❞s ♦♥ ❛♥t❡♥♥❛s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❆♥t❡♥♥❛s ❛♥❞ Pr♦♣❛❣❛t✐♦♥✱
✭❆rt✐❝❧❡ ■❉ ✾✹✻✼✹✻✮✱ ✶✕✼✱ ✷✵✶✵✳

❬✼❪ ▼✳ ●✉st❛❢ss♦♥ ❛♥❞ ❈✳ ❙♦❤❧✳ ◆❡✇ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ♦♥ ❡❧❧✐♣t✐❝❛❧❧② ♣♦❧❛r✐③❡❞ ❛♥✲
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