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NASA STI Program . . . in Profile

Since its founding, NASA has been dedicated to the

advancement of aeronautics and space science. The

NASA Scientific and Technical Information (STI)

program plays a key part in helping NASA maintain

this important role.

The NASA STI Program operates under the auspices

of the Agency Chief Information Officer. It collects,

organizes, provides for archiving, and disseminates

NASA’s STI. The NASA STI program provides access

to the NASA Aeronautics and Space Database and its

public interface, the NASA Technical Reports Server,

thus providing one of the largest collections of

aeronautical and space science STI in the world.

Results are published in both non-NASA channels and

by NASA in the NASA STI Report Series, which

includes the following report types:

• TECHNICAL PUBLICATION. Reports of

completed research or a major significant phase

of research that present the results of NASA

programs and include extensive data or theoretical

analysis. Includes compilations of significant

scientific and technical data and information

deemed to be of continuing reference value.

NASA counterpart of peer-reviewed formal

professional papers but has less stringent

limitations on manuscript length and extent of

graphic presentations.

• TECHNICAL MEMORANDUM. Scientific

and technical findings that are preliminary or

of specialized interest, e.g., quick release

reports, working papers, and bibliographies that

contain minimal annotation. Does not contain

extensive analysis.

• CONTRACTOR REPORT. Scientific and

technical findings by NASA-sponsored

contractors and grantees.

• CONFERENCE PUBLICATION. Collected

papers from scientific and technical

conferences, symposia, seminars, or other

meetings sponsored or cosponsored by NASA.

• SPECIAL PUBLICATION. Scientific,

technical, or historical information from

NASA programs, projects, and missions, often

concerned with subjects having substantial

public interest.

• TECHNICAL TRANSLATION. English-

language translations of foreign scientific and

technical material pertinent to NASA’s mission.

Specialized services also include creating custom

thesauri, building customized databases, organizing

and publishing research results.

For more information about the NASA STI

program, see the following:

• Access the NASA STI program home page at

http://www.sti.nasa.gov

• E-mail your question via the Internet to

help@sti.nasa.gov

• Fax your question to the NASA STI Help Desk

at 301–621–0134

• Telephone the NASA STI Help Desk at

301–621–0390

• Write to:

           NASA Center for AeroSpace Information (CASI)

           7115 Standard Drive

           Hanover, MD 21076–1320
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P❤②s✐❝❛❧ ▲❛✇s ❢♦r ▼❡❝❤❛♥♦❜✐♦❧♦❣②

❍✐❣❤❡r✲❧❡✈❡❧ ♣❤②s✐❝❛❧ ❧❛✇s ❛♣♣❧✐❝❛❜❧❡ t♦ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❛r❡ ♣r❡s❡♥t❡❞ t❤❛t ✇✐❧❧
♣❡r♠✐t t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♠❡t❛❜♦❧✐❝ ❛❝t✐✈✐t② ❛t t❤❡ ❝❡❧❧✉❧❛r ❧❡✈❡❧✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐❛✲
t✐♦♥s ✐♥ t❤❡ ♠❛ss ♦❢ ❛ t✐ss✉❡✳ ❍❡r❡ t❤❡ t✐ss✉❡ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ ✢✉✐❞✴s♦❧✐❞ ♠✐①t✉r❡✱
✇❤❡r❡✐♥ ♠♦❧❡❝✉❧❛r s♦❧✉t❡s tr❛♥s♣♦rt ✇✐t❤✐♥ t❤❡ ✢✉✐❞✱ ❛♥❞ ❝❡❧❧s ❝❛♥ ♠✐❣r❛t❡ t❤r♦✉❣❤✲
♦✉t t❤❡ ♣♦r♦✉s s♦❧✐❞✳ ❱❛r✐❛t✐♦♥s ✐♥ ♠❛ss ❝❛♥ ❛r✐s❡ ✈✐❛ ❡①❝❤❛♥❣❡s ✐♥ ♠❛ss ❜❡t✇❡❡♥ t❤❡
❝♦♥st✐t✉❡♥t ♣❤❛s❡s ✇✐t❤✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ s✉❝❤ t❤❛t ♠❛ss ✐s ❝♦♥s❡r✈❡❞ ✐♥ t❤❡ t✐s✲
s✉❡ ♦✈❡r❛❧❧✳ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r ♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❡♥❡r❣②✱ ❛♥❞ ❡♥tr♦♣②
❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤♦s❡ ❞❡s❝r✐❜✐♥❣ ❛ ❝❤❡♠✐❝❛❧❧② r❡❛❝t✐♥❣ ♠✐①t✉r❡ ✇✐t❤ ❞✐✛✉s✐♦♥✳
❚❤❡r♠♦❞②♥❛♠✐❝ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ str✉❝t✉r❡ ❛r❡ ❛❞❞r❡ss❡❞✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❣r❛✈✐t②✱ ♦r ✐♥ r❡❞✉❝❡❞ ❣r❛✈✐t② ❡♥✈✐r♦♥♠❡♥ts ❧✐❦❡ ♦♥ t❤❡ s✉r❢❛❝❡s
♦❢ t❤❡ ▼♦♦♥ ♦r ▼❛rs✱ ❛str♦♥❛✉ts✬ ❜♦❞✐❡s ✇✐❧❧ ✉♥❞❡r❣♦ ♣❤②s✐❝❛❧ ❝❤❛♥❣❡s ❜r♦✉❣❤t
❛❜♦✉t ❜② t❤❡s❡ ✈❛r✐❡❞ st❛t❡s ♦❢ ❣r❛✈✐t② ✭❇✉❝❦❡② ✷✵✵✻✮✳ ❚❤❡ ❢♦r❝❡s ❝❛rr✐❡❞ ❜② t❤❡✐r
♠✉s❝✉❧♦s❦❡❧❡t❛❧ ❢r❛♠❡s ✇✐❧❧ ❜❡ ❛❧t❡r❡❞✱ ❜❡❝❛✉s❡ t❤❡✐r ✇❡✐❣❤ts ✇✐❧❧ ❜❡ r❡❞✉❝❡❞✳ ▼❛♥②
✈✐t❛❧ t✐ss✉❡s ✇✐❧❧ r❡s♦r❜ ❛♥❞ r❡♠♦❞❡❧ ❞✉❡ ♦❢ t❤❡s❡ ❝❤❛♥❣❡s ✐♥ ❣r❛✈✐t②✱ ❛❧t❡r✐♥❣ t❤❡✐r
♠❛ss❡s✱ ❞❡♥s✐t✐❡s✱ ❛♥❞ ❛r❝❤✐t❡❝t✉r❡s✳ ❚❤✐s ✇✐❧❧ ❜r✐♥❣ ❛❜♦✉t ❝❤❛♥❣❡s ✐♥ t❤❡ ♣❤②s✐✲
❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ t❤❡s❡ ❛str♦♥❛✉ts✱ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ♣❧❛❝✐♥❣ t❤❡✐r ❤❡❛❧t❤ ❛t
✐♥❝r❡❛s❡❞ r✐s❦ ✭❝♦♠♣❛r❡❞ t♦ t❤❡✐r ❤❡❛❧t❤ r✐s❦ ❤❡r❡ ♦♥ ❊❛rt❤✮✳ ■❢ ❛♥ ✐♥❥✉r② ✇❡r❡ t♦
♦❝❝✉r✱ ✐t ❝♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡ ❤❡❛❧t❤ r✐s❦ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝r❡✇✱ ❛♥❞ ❡✈❡♥ ✐♠♣❛❝t
t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❝r❡✇ t♦ ❛❝❤✐❡✈❡ ✐ts ♠✐ss✐♦♥ ♦❜❥❡❝t✐✈❡s✳ ❍✐❣❤❡r✲❧❡✈❡❧ ♣❤②s✐❝❛❧ ❧❛✇s
♣❡rt✐♥❡♥t t♦ ✐♥✈❡st✐❣❛t✐♥❣ s✉❝❤ r✐s❦ s❝❡♥❛r✐♦s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❚♦ ❛❞❞r❡ss ♠❛♥② ♦❢ t❤❡ s♣❡❝✐✜❝ r✐s❦ s❝❡♥❛r✐♦s ♣❡rt❛✐♥✐♥❣ t♦ ❛str♦♥❛✉t ❤❡❛❧t❤
❞✉r✐♥❣ ❧♦♥❣✲❞✉r❛t✐♦♥ ✈♦②❛❣❡s ❞❡❡♣ ✐♥t♦ s♣❛❝❡ ✇✐❧❧ r❡q✉✐r❡ ♥✉♠❡r✐❝ s✐♠✉❧❛t✐♦♥s✱ ❛s
♥♦ ❞❛t❛ ❜❛s❡ ❢r♦♠ ♣❛st ❡①♣❡r✐❡♥❝❡s ❡①✐sts t♦ ❞r❛✇ ✐♥❢❡r❡♥❝❡ ❢r♦♠ ❛t t❤✐s t✐♠❡✳ ❚❤❡s❡
s✐♠✉❧❛t✐♦♥s ✇✐❧❧ ❧✐❦❡❧② ❜❡ ❜❛s❡❞ ✉♣♦♥ ❜✐♦❝❤❡♠✐❝❛❧✱ ❜✐♦♠❡❝❤❛♥✐❝❛❧✱ ❛♥❞ ♠❡❝❤❛♥♦❜✐♦✲
❧♦❣✐❝❛❧ ♠♦❞❡❧s t❤❛t s♣❛♥ t❤❡ ❧❡♥❣t❤ ❛♥❞ ♣❤②s✐♦❧♦❣✐❝ s❝❛❧❡s ♦❢ ♠♦❧❡❝✉❧❡s✱ ❝❡❧❧s✱ t✐ss✉❡s✱
♦r❣❛♥s✱ ❛♥❞ ♦r❣❛♥✐s♠s✳ ❲❡ ❛r❡ ♦❢ t❤❡ ♦♣✐♥✐♦♥ t❤❛t st✉❞✐❡s ✐♥t❡♥❞❡❞ t♦ ❜r✐❞❣❡ s✉❝❤
✈❛st ❧❡♥❣t❤ ❛♥❞ ♣❤②s✐♦❧♦❣✐❝ s❝❛❧❡s ✇✐❧❧ r❡q✉✐r❡ t❤❡ ❝❡❧❧s✱ s♦❧✉t❡ ♠♦❧❡❝✉❧❡s✱ ✐♥t❡rst✐t✐❛❧
✢✉✐❞✱ ❛♥❞ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐① ♦❢ ❧✐✈✐♥❣ t✐ss✉❡ t♦ ❜❡ ❛❞❞r❡ss❡❞ ✐♥❞✐✈✐❞✉❛❧❧② ✐♥ ❛♥
✉♥✐❢②✐♥❣ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ♣❤②s✐❝❛❧ ❧❛✇s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡ ❛ t❤❡♦r❡t✐❝❛❧
❢♦✉♥❞❛t✐♦♥ ❢♦r st✉❞✐❡s s✉❝❤ ❛s t❤❡s❡ t♦ ❜❡ ❞♦♥❡✳

❘❡❧❡✈❛♥t ✜❡❧❞s ♦❢ st✉❞② ✐♥❝❧✉❞❡ ✭●✳ ❆✳ ❍♦❧③❛♣❢❡❧ ✷✵✵✻✱ ♣❡rs♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✮✿

Alan D. Freed 

National Aeronautics and Space Administration 

Glenn Research Center 

Cleveland, Ohio 44135 
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� ❇✐♦♣❤②s✐❝s✿ ❚❤❡ s❝✐❡♥❝❡ ♦❢ ❜✐♦❧♦❣② ❛♥❞ ♠❡❞✐❝✐♥❡✱ ❛s r❡✈❡❛❧❡❞ t❤r♦✉❣❤ ❛♣♣❧✐✲
❝❛t✐♦♥s ♦❢ ♣❤②s✐❝❛❧ ❧❛✇s ❛♥❞ t❤❡♦r✐❡s✳

� ❇✐♦♠❡❝❤❛♥✐❝s✿ ❚❤❡ st✉❞② ♦❢ ❧✐✈✐♥❣ s②st❡♠s t❤r♦✉❣❤ ❞❡✈❡❧♦♣♠❡♥ts✱ ❡①t❡♥s✐♦♥s✱
❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♠❡❝❤❛♥✐❝s t❛r❣❡t✐♥❣ t♦ ❜❡tt❡r ❡①♣❧❛✐♥ ♣❤❡♥♦♠❡♥❛ ✐♥ ❜✐♦❧✲
♦❣②✱ ♠❡❞✐❝✐♥❡✱ ❛♥❞ ❜✐♦❡♥❣✐♥❡❡r✐♥❣✳ ❇✐♦♠❡❝❤❛♥✐❝s ❢♦❝✉s❡s ♦♥ ✇❤❡t❤❡r ♦r ❤♦✇
❢✉♥❝t✐♦♥ ❢♦❧❧♦✇s str✉❝t✉r❡ ✈✐❛ ♣❤②s✐❝❛❧ ❧❛✇s✳

� ▼❡❝❤❛♥♦❜✐♦❧♦❣②✿ ❚❤❡ st✉❞② ♦❢ ❜✐♦❧♦❣✐❝❛❧ r❡❛❝t✐♦♥s ♦❢ ❝❡❧❧s ✐♥ r❡s♣♦♥s❡ t♦
❝❤❛♥❣❡s ✐♥ t❤❡✐r ♠❡❝❤❛♥✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t✱ ❛s ✐♥ ❣r♦✇t❤✱ r❡♠♦❞❡❧✐♥❣✱ ❛❞❛♣t❛✲
t✐♦♥✱ ❛♥❞ r❡♣❛✐r✳ ▼❡❝❤❛♥♦❜✐♦❧♦❣② ❢♦❝✉s❡s ♦♥ ✇❤❡t❤❡r ♦r ❤♦✇ str✉❝t✉r❡ ❢♦❧❧♦✇s
❢✉♥❝t✐♦♥ ✈✐❛ ❜✐♦❧♦❣✐❝❛❧ ❧❛✇s✳

❚❤✐s ✐s ❛ ❜✐♦♣❤②s✐❝s ♣❛♣❡r ✇❤♦s❡ ❢✉t✉r❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧ r❡s✐❞❡ ♣r✐♠❛r✐❧② ✐♥ t❤❡
❞✐s❝✐♣❧✐♥❡ ♦❢ ♠❡❝❤❛♥♦❜✐♦❧♦❣② ❛♥❞✱ t♦ ❛ ❧❡ss❡r ❞❡❣r❡❡✱ ✐♥ ❜✐♦♠❡❝❤❛♥✐❝s✳

■♥ ❛♥ ❛ss❡ss♠❡♥t ♦❢ t❤❡ r♦❧❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ s❝✐❡♥❝❡s ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲❧❡✈❡❧ ♣❤②s✐❝❛❧ ❧❛✇s✱ ❧✐❦❡ ♠✐①t✉r❡ t❤❡♦r②✱ t❤❡ ◆♦❜❡❧ Pr✐③❡ ▲❛✉✲
r❡❛t❡ ❢♦r P❤②s✐❝s ✐♥ ✶✾✾✽✱ ❘♦❜❡rt ▲❛✉❣❤❧✐♥✱ r❡❝❡♥t❧② st❛t❡❞ t❤❡ tr✉✐s♠ ✭▲❛✉❣❤❧✐♥
✷✵✵✷✮✿ ✏■t ✐s ♥♦t ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡ t♦ st❛rt ❢r♦♠ t❤❡ ✇r♦♥❣ ❡q✉❛t✐♦♥s ❛♥❞ ❣❡t t❤❡
r✐❣❤t r❡s✉❧t✳✑ ❖✉r ✐♥t❡♥t✐♦♥ ✐s t♦ ♣❛② ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐♥ ❣❡tt✐♥❣ t❤❡ ♣❤②s✐❝s
❝♦rr❡❝t✱ ✇✐t❤✐♥ t❤❡ ❝♦♥✜♥❡s ♦❢ ❛ ♣r❡❞❡✜♥❡❞ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s t❤❛t ♣❡rt❛✐♥ t♦ ❜✐✲
♦❧♦❣②✱ s♦ t❤❛t ♥✉♠❡r✐❝ ❝♦♠♣✉t❛t✐♦♥s ❝♦♥❢♦r♠✐♥❣ ✇✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✇✐❧❧ ❤❛✈❡
t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ ♠❛❦✐♥❣ ❛❝❝✉r❛t❡ ♣r❡❞✐❝t✐♦♥s✳

✭❛✮ ▼✐①t✉r❡ ❚❤❡♦r✐❡s ✐♥ ❚✐ss✉❡ ▼❡❝❤❛♥✐❝s

❇✐♥❛r② ♠♦❞❡❧s ♦❢ ♣♦r♦✉s ❡❧❛st✐❝ s♦❧✐❞s ✭❝❡❧❧s✱ ❝♦❧❧❛❣❡♥✱ ❡❧❛st✐♥✱ ❜♦♥❡✱ ♠✉s❝❧❡✱
❡t❝✳✮ s❛t✉r❛t❡❞ ✇✐t❤ ✐♥✈✐s❝✐❞ ✢✉✐❞s ✭✇❛t❡r✱ s❛❧✐♥❡✱ ♣❧❛s♠❛✱ ❧②♠♣❤❛t✐❝ ✢✉✐❞s✱ ❡t❝✳✮ ❣♦
❜② t❤❡ ♥❛♠❡s ♦❢ ❵❜✐♣❤❛s✐❝ t❤❡♦r②✬ ✐♥ t❤❡ s♦❢t✲t✐ss✉❡ ♠❡❝❤❛♥✐❝s ❧✐t❡r❛t✉r❡ ✭❝❢✳ ▼♦✇
❡t ❛❧✳ ✶✾✽✵✮ ❛♥❞ ❵♣♦r♦❡❧❛st✐❝✐t②✬ ✐♥ t❤❡ ❤❛r❞✲t✐ss✉❡ ♠❡❝❤❛♥✐❝s ❧✐t❡r❛t✉r❡ ✭❝❢✳ ❈♦✇✐♥
✷✵✵✶✮✳ ❇♦t❤ ❛r❡ ♠✐①t✉r❡ t❤❡♦r✐❡s t❤❛t ❝❛♥ tr❛❝❡ t❤❡✐r ♦r✐❣✐♥s ❜❛❝❦ t♦ ❇✐♦t✬s ✭✶✾✹✶✮
♦r✐❣✐♥❛❧ t❤❡♦r② ❢♦r s♦✐❧ ❝♦♥s♦❧✐❞❛t✐♦♥✱ t♦ ✇❤✐❝❤ ❚r✉❡s❞❡❧❧ ✭✶✾✺✼✮ ❣❛✈❡ r✐❣♦r✳ ❚❤❡② ❛r❡
❡q✉✐✈❛❧❡♥t t❤❡♦r✐❡s ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ♠♦st ♥♦t❛❜❧②✱ ✉♥❞❡r ❛♥ ❛ss✉♠♣t✐♦♥ ♦❢
✐♥tr✐♥s✐❝ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ✭❑❡♥②♦♥ ✶✾✼✽✮✳

❆ ❵tr✐♣❤❛s✐❝ t❤❡♦r②✬ ✇❛s ❞❡✈❡❧♦♣❡❞ ❧❛tt❡r ♦♥ t♦ ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥s
♦❢ ❜✐♣❤❛s✐❝ t❤❡♦r② ✐♥ t❤❡ ♦s♠♦t✐❝ s✇❡❧❧✐♥❣ ♦❢ ❝❛rt✐❧❛❣❡✳ ❚❤✐s ✇❛s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤
t❤❡ ❛❝t✐♦♥s ♦❢ ❝❤❛r❣❡❞ ❛♥✐♦♥s ❛♥❞ ❝❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❛s s♦❧✉t❡ ♣❤❛s❡s ✐♥t♦ t❤❡✐r
♠✐①t✉r❡ ❢♦r♠✉❧❛t✐♦♥ ✭▲❛✐ ❡t ❛❧✳ ✶✾✾✶✮✳ ❵❇✐❝♦♠♣♦♥❡♥t t❤❡♦r②✬ ✐s ❛ s✐♠♣❧❡r ❛❧t❡r♥❛t✐✈❡
t♦ ♠✉❧t✐ ✢✉✐❞✐❝✲♣❤❛s❡ t❤❡♦r✐❡s ✐♥ t❤❛t ✐t ❤❛s tr❡❛t❡❞ ✜❧tr❛t✐♦♥✱ ♦s♠♦t✐❝ s✇❡❧❧✐♥❣✱
❛♥❞ ❜✉♦②❛♥❝② ❡✛❡❝ts ❛s s❡♣❛r❛t❡ ❧♦❝❛❧ ❢♦r❝❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞ ❛♥❞
s♦❧✐❞ ❝♦♠♣♦♥❡♥ts✱ ✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ✢✉✐❞✐❝ ♣❤❛s❡s ✭▲❛♥✐r
✶✾✽✼✮✳ ❆ r❡❝❡♥t ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ tr✐♣❤❛s✐❝ ❛♥❞ ❜✐❝♦♠♣♦♥❡♥t t❤❡♦r✐❡s ❤❛s
❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡② ♣♦ss❡ss ❧✐❦❡ ❝❛♣❛❜✐❧✐t✐❡s ✭❲✐❧s♦♥ ❡t ❛❧✳ ✷✵✵✺✮✳

❆♥♦t❤❡r ♠♦❞✐✜❝❛t✐♦♥ t♦ ♠✐①t✉r❡ t❤❡♦r② ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ▼❛❦ ✭✶✾✽✻✮✱ ✇❤♦
r❡♣❧❛❝❡❞ t❤❡ ❡❧❛st✐❝ ♠❛tr✐① ♦❢ ❜✐♣❤❛s✐❝ t❤❡♦r② ✇✐t❤ ❛ ✈✐s❝♦❡❧❛st✐❝ ♠❛tr✐① ✐♥ ♦r❞❡r t♦
❛❝❝♦✉♥t ❢♦r t❤❡ ✈✐s❝♦❡❧❛st✐❝ ❛ttr✐❜✉t❡s ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ❣❡❧s ✭♣r♦t❡♦❣❧②❝❛♥s✱ ❤②❛❧✉r♦♥✐❝
❛❝✐❞s✱ ❡t❝✳✮ ❛♥❞ ♠❛tr✐① ❝♦♥st✐t✉❡♥ts ✭❝♦❧❧❛❣❡♥✱ ♠✉s❝❧❡✱ ❡t❝✳✮ t❤❛t ❝♦♥✈❡❝t ✇✐t❤ t❤❡
♣♦r♦✉s s♦❧✐❞ ✐♥ ❛♥ ❛ss✉♠❡❞ ❛✣♥❡ ♠❛♥♥❡r✳
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✭❜✮ ●r♦✇t❤ ❚❤❡♦r✐❡s ✐♥ ❚✐ss✉❡ ▼❡❝❤❛♥✐❝s

❈❡❧❧s ✇✐❧❧ ❝❤❛♥❣❡ t❤❡ ♠❛ss✱ ❛r❝❤✐t❡❝t✉r❡✱ ❛♥❞✴♦r ✈♦❧✉♠❡ ♦❢ ❜♦t❤ t❤❡♠s❡❧✈❡s
❛♥❞ t❤❡✐r s✉rr♦✉♥❞✐♥❣ t✐ss✉❡✱ t❤❡ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐①✱ ✐♥ t❤❡✐r ❡✛♦rt t♦ ♠❛✐♥t❛✐♥
❤♦♠❡♦st❛s✐s ✭❲❛♥❣ ✫ ❚❤❛♠♣❛tt② ✷✵✵✻✮✳ ●r♦✇t❤✱ ✐♥ ❛ ❣❡♥❡r❛❧ ✉s❛❣❡ ♦❢ t❤❡ ✇♦r❞✱
✐s s❛✐❞ t♦ ♦❝❝✉r ✇❤❡♥❡✈❡r t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣♦r♦✉s s♦❧✐❞ ✐♥❝r❡❛s❡s ❛t t❤❡
❡①♣❡♥s❡ ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡rst✐t✐❛❧ ✢✉✐❞ ❞✉❡ t♦ ❝❡❧❧ ❛❝t✐✈✐t②✳

❚❤❡r❡ ❤❛s ❜❡❡♥ ❛ r❡❝❡♥t ✢✉rr② ♦❢ ♣❛♣❡rs ❛❞❞r❡ss✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s ♦❢ ♠❛ss✱
♠♦t✐♦♥✱ ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝s ♣❡rt❛✐♥✐♥❣ t♦ ♦♣❡♥✲s②st❡♠ ❝♦♥t✐♥✉❛ ✇❤❡r❡ ♠❛ss ✐s
❜❡✐♥❣ ❝r❡❛t❡❞ ❧♦❝❛❧❧② ✭❡✳❣✳✱ ❊♣st❡✐♥ ✫ ▼❛✉❣✐♥ ✷✵✵✵❀ ❑❧✐s❝❤ ✫ ▲♦t③ ✷✵✵✵❀ ❍✉♠♣❤r❡②
✫ ❘❛❥❛❣♦♣❛❧ ✷✵✵✷❀ ▲✉❜❛r❞❛ ✫ ❍♦❣❡r ✷✵✵✷❀ ❑❧✐s❝❤ ✫ ❍♦❣❡r ✷✵✵✸❀ ❑✉❤❧ ✫ ❙t❡✐♥♠❛♥♥
✷✵✵✸❀ ●❛r✐❦✐♣❛t✐ ❡t ❛❧✳ ✷✵✵✹❀ ▼❡♥③❡❧ ✷✵✵✺❀ ❛♥❞ ●✉✐❧❧♦✉ ✫ ❖❣❞❡♥ ✷✵✵✻✮✳ ❚❤❡s❡ st✉❞✐❡s
❡①t❡♥❞ t❤❡ ❡❛r❧✐❡r ✇♦r❦s ♦❢ ❍s✉ ✭✶✾✻✽✮✱ ❈♦✇✐♥ ✫ ❍❡❣❡❞✉s ✭✶✾✼✻✮✱ ❛♥❞ ❙❦❛❧❛❦ ❡t ❛❧✳
✭✶✾✽✷✮✳ ❆ ❝♦♠♠♦♥ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ♠❡♥t✐♦♥❡❞ ✐♥ ❛❧❧ ♦❢ t❤❡s❡ ♣❛♣❡rs ✐s t✐ss✉❡
❣r♦✇t❤✳

❈♦✇✐♥ ✫ ❍❡❣❡❞✉s ✭✶✾✼✻✮ ❞❡r✐✈❡❞ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r ❛ ♣♦r♦✉s s✐♥❣❧❡✲♣❤❛s❡ ❝♦♥t✐♥✲
✉✉♠✳ ❑❧✐s❝❤ ✫ ▲♦t③ ✭✷✵✵✵✮ ❛♣♣❧✐❡❞ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r ❛ ✢✉✐❞✴s♦❧✐❞ ♠✐①t✉r❡✳ ❍✉♠♣❤r❡②
✫ ❘❛❥❛❣♦♣❛❧ ✭✷✵✵✷✮ ❛♣♣❧✐❡❞ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r ❛ ✢✉✐❞✴♠✉❧t✐♣❧❡✲s♦❧✐❞ ♠✐①t✉r❡✱ ✇❤❡r❡
t❤❡② ❝♦♥str❛✐♥❡❞ ❛❧❧ s♦❧✐❞ ❝♦♥st✐t✉❡♥ts t♦ ❞❡❢♦r♠ ✇✐t❤ t❤❡ s❛♠❡ ❛✣♥❡ ♠♦t✐♦♥✱ ❛♥❞
t❤❡♥ ❛♣♣❧✐❡❞ t❤❡ r✉❧❡✲♦❢✲♠✐①t✉r❡s ❢r♦♠ ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r② t♦ q✉❛♥t✐❢② str❡ss ✐♥
t❤❡ s♦❧✐❞✳ ❑❧✐s❝❤ ✫ ❍♦❣❡r ✭✷✵✵✸✮ ♣r♦✈✐❞❡ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r t✐ss✉❡s ❞❡r✐✈❡❞ ❢r♦♠ ♠❛♥②
♠✐①t✉r❡ s❝❡♥❛r✐♦s✳ ●❛r✐❦✐♣❛t✐ ❡t ❛❧✳ ✭✷✵✵✹✮ ❞❡r✐✈❡❞ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r ❛ ♠✉❧t✐♣❧❡✲✢✉✐❞✴
s♦❧✐❞ ♠✐①t✉r❡✳ ❆♥❞ t❤❡ ♦t❤❡rs ❛♣♣❧✐❡❞ ❜❛❧❛♥❝❡ ❧❛✇s t❤❛t ♣❡rt❛✐♥ t♦ ❛ ❞❡♥s❡ s✐♥❣❧❡✲
♣❤❛s❡ ❝♦♥t✐♥✉✉♠✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦♥s✐❞❡r ❛ ❢♦✉r✲♣❤❛s❡ ♠✐①t✉r❡ t❤❛t ✇❡ s❤♦✇ t♦
❜❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚r✉❡s❞❡❧❧✬s ✭✶✾✺✼✮ t❤❡♦r② ❢♦r ❝❤❡♠✐❝❛❧❧② r❡❛❝t✐♥❣ ♠✐①t✉r❡s ✇✐t❤
❞✐✛✉s✐♦♥✳ ❍❡r❡✱ t❤❡ ✢✉✐❞ tr❛♥s♣♦rts ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s♦❧✉t❡s ♥❡❡❞❡❞ ❢♦r ♠❡t❛❜♦❧✐s♠✱
❛♥❞ t❤❡ s♦❧✐❞ ❤♦sts ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❡❧❧s t❤❛t ✉t✐❧✐③❡ t❤❡s❡ ♠❡t❛❜♦❧✐t❡s✳

❆❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ t✐ss✉❡ t❤❡♦r✐❡s ❛❧❧♦✇ ❢♦r ✈♦❧✉♠❡tr✐❝ ❣r♦✇t❤✱ ✇❤✐❧❡ t❤❡
t❤❡♦r✐❡s ♦❢ ❊♣st❡✐♥ ✫ ▼❛✉❣✐♥ ✭✷✵✵✵✮✱ ❑✉❤❧ ✫ ❙t❡✐♥♠❛♥♥ ✭✷✵✵✸✮✱ ●❛r✐❦✐♣❛t✐ ❡t ❛❧✳
✭✷✵✵✹✮✱ ❛♥❞ ●✉✐❧❧♦✉ ✫ ❖❣❞❡♥ ✭✷✵✵✻✮ ❛❧❧♦✇ ❢♦r ❛♥ ❛❞❞✐t✐♦♥❛❧ ❣r♦✇t❤ t❤r♦✉❣❤ ❛ ✢✉①
♦❢ ♠❛ss✳ ■♥ ❝♦♥tr❛st✱ ♦✉r t❤❡♦r② ✐♥tr♦❞✉❝❡s ❣r♦✇t❤ ❛♥❞ ♦t❤❡r ❜✐♦❧♦❣✐❝❛❧ ❛❝t✐✈✐t✐❡s
t❤r♦✉❣❤ ✈❛r✐♦✉s ♠❛ss ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ t❤❡ ❝♦♥st✐t✉❡♥ts ♣r❡s❡♥t ✇✐t❤✐♥ ❛ ♠❛ss
❡❧❡♠❡♥t✳

▼♦st ♦❢ t❤❡s❡ t❤❡♦r✐❡s ✐♥tr♦❞✉❝❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛✲
t✐♦♥ ❣r❛❞✐❡♥t✱ ❡✳❣✳✱ F D FeFg ✭❝❢✳ ❚❛❜❡r ✶✾✾✺✮✱ ✇❤❡r❡✐♥ t❤❡ ❡❧❛st✐❝ Fe ❛♥❞ ❣r♦✇t❤
Fg t❡♥s♦rs ❛r❡ ♦❢t❡♥ ✐♥t❡r♣r❡t❡❞ ✇✐t❤ s❧✐❣❤t ✈❛r✐❛t✐♦♥s ❜❡t✇✐①t t❤❡♠✱ ✇❤✐❝❤ ✉s✉❛❧❧②
✐♥❝❧✉❞❡ s♦♠❡ ❢♦r♠ ♦❢ ❢✉rt❤❡r ♠✉❧t✐♣❧✐❝❛t✐✈❡ r❡✜♥❡♠❡♥t✳ ■♥ s✉❝❤ t❤❡♦r✐❡s✱ ❣r♦✇t❤
✐s ❛ t❡♥s♦r ✜❡❧❞✱ ✈✐③✳ Fg✱ ✇❤♦s❡ ❡✈♦❧✉t✐♦♥ ♠✉st ❜❡ s♣❡❝✐✜❡❞ ❜② s♦♠❡ ❝♦♥st✐t✉t✐✈❡
❧❛✇✳ ❙✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t ✐s ❛❧✇❛②s ♣❡r♠✐ss✐❜❧❡ ✐♥
s✐♥❣❧❡✲♣❤❛s❡ ❝♦♥t✐♥✉❛✳ ❲❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡
❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t❀ ✇❡ ❝❛♥♥♦t✱ ❜❡❝❛✉s❡ F ✐s ♥♦t ❞❡✜♥❡❞ ✐♥ ♦✉r t❤❡♦r②✳ ❍♦✇❡✈❡r✱
♦♥❡ ❝♦✉❧❞ ❞❡✜♥❡ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐① ✐♥ ♦✉r ♠✐①t✉r❡
t❤❡♦r②✱ ✈✐③✳✱ F

m D F
m
e F

m
g ✱ ✐❢ ♦♥❡ s♦ ❞❡s✐r❡❞✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❣r♦✇t❤ t❡♥s♦r ✐s ❢♦✉♥❞ ✐♥ ❍✉♠♣❤r❡②
✫ ❘❛❥❛❣♦♣❛❧ ✭✷✵✵✷✮✱ ✇❤❡r❡ t❤❡② ✐♥tr♦❞✉❝❡❞ t❤❡ ✐❞❡❛ ♦❢ ❛ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ❛s ❛
♠❡❛♥s ❢♦r ❛ss✐❣♥✐♥❣ ♥❛t✉r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s t♦ ❝♦♥st✐t✉❡♥ts ❜❡❧♦♥❣✐♥❣ t♦ ♠❛ss ♣♦✐♥ts
❛t t❤❡ t✐♠❡ ♦❢ t❤❡✐r ❝r❡❛t✐♦♥✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❛❝❝♦✉♥ts ❢♦r t❤❡ r❛t❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ❛♥❞
t❤❡ ❧✐❢❡ s♣❛♥ ♦❢ ❡❛❝❤ s♦❧✐❞ ❝♦♥st✐t✉❡♥t✳ ■t ❡♥t❡rs ✐♥t♦ t❤❡ t❤❡♦r② ❛s ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥
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✐♥ ❛ ❱♦❧t❡rr❛ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞✱ ❧✐❦❡ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢
✈✐s❝♦❡❧❛st✐❝ ❧✐q✉✐❞s✳ ❖❢ s✉❝❤ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❡② st❛t❡✿ ✏■t ✐s ❞✐✛❡r❡♥❝❡s ✐♥ ♥❛t✉r❛❧
❝♦♥✜❣✉r❛t✐♦♥s✱ ♥♦t ✐♥❝♦♠♣❛t✐❜❧❡ str❛✐♥s✱ t❤❛t ❧✐❦❡❧② ❧❡❛✈❡ ❛ t✐ss✉❡ str❡ss❡❞ ✐♥ t❤❡
❛❜s❡♥❝❡ ♦❢ ❛♣♣❧✐❡❞ tr❛❝t✐♦♥s✳✑ ❲❡ ✜♥❞ t❤✐s t♦ ❜❡ ❛ ♠♦r❡ ❛♣♣❡❛❧✐♥❣ ❛♣♣r♦❛❝❤ t❤❛♥
t❤❛t ♦❢ ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t✱ ❛s ✐t ❜❡tt❡r r❡✢❡❝ts t❤❡ ✐♥t❡r❢❛❝❡
❜❡t✇❡❡♥ ♣❤②s✐❝s ❛♥❞ ❜✐♦❧♦❣②✳

✭❝✮ ❆♣♣r♦❛❝❤ ❚❛❦❡♥

❆ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ♦❢ t✐ss✉❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♠♣r✐s❡❞ ♦❢ ❢♦✉r t②♣❡s ♦❢ ❝♦♥✲
st✐t✉❡♥ts✿ ❛♥ ✐♥t❡rst✐t✐❛❧ ♠✐s❝✐❜❧❡ ❧✐q✉✐❞ ✭✐♠❧✮ s✉s♣❡♥❞✐♥❣ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s♦❧✉t❡s
✭♣♦s✮✱ ❛♥❞ ❛♥ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐① ✭❡❝♠✮ ❤♦st✐♥❣ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❡❧❧s ✭♣♦❝✮✳ ❊❛❝❤
❝♦♥st✐t✉❡♥t ♠❛② ✐ts❡❧❢ ❜❡ ❛♥ ❛ss❡♠❜❧② ♦❢ ♠❛♥② ♦t❤❡r s✉❜✲❝♦♥st✐t✉❡♥ts✱ ❜✉t t❤❛t ❧❡✈❡❧
♦❢ s♦♣❤✐st✐❝❛t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❛t t❤✐s t✐♠❡ ✐♥ ♦r❞❡r ❢♦r ✉s t♦ ❜❡ ❛❜❧❡ t♦ ❞❡r✐✈❡ ❛ s❡t
♦❢ ❤✐❣❤❡r✲❧❡✈❡❧ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ t✐ss✉❡ ❛♥❞ ♣❡r♠✐t t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❜✐♦❧♦❣✲
✐❝❛❧ ❛❝t✐✈✐t②✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❞✐st✐♥❝t✐♦♥s ✇✐❧❧ ❜❡❝♦♠❡ ♥❡❝❡ss❛r② ✇❤❡♥ ❝♦♥str✉❝t✐♥❣
♠❡❝❤❛♥♦❜✐♦❧♦❣✐❝ ❝♦♥st✐t✉t✐✈❡ ♠♦❞❡❧s ❢♦r s♣❡❝✐✜❝ t✐ss✉❡s✱ ✇❤✐❝❤ ❧✐❡s ❜❡②♦♥❞ t❤❡ s❝♦♣❡
♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

❚❤❡ ✈❛r✐♦✉s ❞♦❝✉♠❡♥ts ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❤❡r❡ ♣❤②s✐❝❛❧ ❧❛✇s ❤❛✈❡ ❜❡❡♥ ❞❡✲
r✐✈❡❞ ❢♦r t✐ss✉❡ ❣r♦✇t❤✱ ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ♦♣❡♥✲s②st❡♠ ❝♦♥t✐♥✉❛❀ t❤❛t ✐s✱ ♠❛ss ❝❛♥
❜❡ ❝r❡❛t❡❞ ❛♥❞✴♦r ❞❡str♦②❡❞ ✇✐t❤✐♥ ❛ ♠❛t❡r✐❛❧ ❡❧❡♠❡♥t ✐♥ t❤❡s❡ t❤❡♦r✐❡s✳ ❚❤❡ t❤❡✲
♦r② ♣r❡s❡♥t❡❞ ❤❡r❡ ❞❡s❝r✐❜❡s ❛ ❝❧♦s❡❞✲s②st❡♠ ❝♦♥t✐♥✉✉♠ ✇❤❡r❡ ♠❛ss ✐s ❝♦♥s❡r✈❡❞
✇✐t❤✐♥ ❛ ♠❛t❡r✐❛❧ ❡❧❡♠❡♥t✳ ■t ✐s ❛ ✢✉✐❞✴s♦❧✐❞ ♠✐①t✉r❡ t❤❡♦r②✱ ✇❤❡r❡ t❤❡ ✢✉✐❞ ✐s ❝♦♠✲
♣r✐s❡❞ ♦❢ ❛♥ ✐♠❧ s✉s♣❡♥❞✐♥❣ ❛ ♣♦s✱ ✇❤✐❧❡ t❤❡ s♦❧✐❞ ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛♥ ❡❝♠ ❤♦st✐♥❣
❛ ♣♦❝✳ ❈❡❧❧s ♠❛♥❛❣❡ t❤❡♠s❡❧✈❡s ❛♥❞ t❤❡✐r s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t ❜②✱ ✐♥ ❡ss❡♥❝❡✱
❝♦♥✈❡rt✐♥❣ ♠❛ss ❢r♦♠ ♦♥❡ ❢♦r♠ ✐♥t♦ ❛♥♦t❤❡r ✐♥ ♦r❞❡r t♦ s✉✐t s♦♠❡ ❢✉♥❝t✐♦♥✱ ❜❡ ✐t
❜✐♦❧♦❣✐❝❛❧✱ ❝❤❡♠✐❝❛❧✱ ♦r ♣❤②s✐❝❛❧ ✭❲❛♥❣ ✫ ❚❤❛♠♣❛tt② ✷✵✵✻✮✳ ❆s ❛♥ ❛♥❛❧♦❣✱ ❝❡❧❧s ❛r❡
❢❛❝t♦r✐❡s t❤❛t✱ ✐♥ ❛ ♣❤②s✐❝❛❧ s❡♥s❡✱ r❡❣✉❧❛t❡ ❡①❝❤❛♥❣❡s ✐♥ ♠❛ss ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s
❝♦♥st✐t✉❡♥ts ♦❢ t✐ss✉❡✳ ❚❤❡ ♥✉tr✐❡♥ts t❤❛t t❤❡s❡ ❝❡❧❧✉❧❛r ❢❛❝t♦r✐❡s r✉♥ ♦♥ ❛rr✐✈❡ ❛s
♠♦❧❡❝✉❧❡s s✉s♣❡♥❞❡❞ ❜② t❤❡ ❧✐q✉✐❞ t❤❛t s✉rr♦✉♥❞s t❤❡♠❀ ❢✉rt❤❡r♠♦r❡✱ t❤❡✐r ✇❛st❡s
❞❡♣❛rt ❛s s✉s♣❡♥❞❡❞ ♣❛rt✐❝❧❡s ✐♥ t❤✐s s❛♠❡ ❜❛t❤✐♥❣ ❧✐q✉✐❞✳ ❙♦✱ ✐♥ ♦✉r ❛♣♣r♦❛❝❤ t♦
♠❡❝❤❛♥♦❜✐♦❧♦❣②✱ ♠❛ss ✐s ♥❡✐t❤❡r ❝r❡❛t❡❞ ♥♦r ❞❡str♦②❡❞ ❛t ❛ ❝♦♥t✐♥✉✉♠ ♣♦✐♥t✱ ❜✉t
r❛t❤❡r✱ ✐t ✐s ♠♦✈❡❞ ❢r♦♠ ♦♥❡ ♣❤❛s❡ t♦ ❛♥♦t❤❡r t❤r♦✉❣❤ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s✳

❆❞♦♣t✐♥❣ t❤❡ ♣r❡♠✐s❡ ♦❢ ▲❛✐ ❡t ❛❧✳ ✭✶✾✾✶✮✱ t❤❡ ✢✉✐❞ ♣❤❛s❡ ♦❢ t✐ss✉❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦
❜❡ ❝♦♠♣r✐s❡❞ ♦❢ ❛ ♠✐s❝✐❜❧❡ ❧✐q✉✐❞ ✭t❤❡ s♦❧✈❡♥t ♦r ✐♠❧✮ t❤❛t s✉s♣❡♥❞s s♦❧✉❜❧❡ ♠♦❧❡❝✉❧❡s
✭t❤❡ s♦❧✉t❡s ♦r ♣♦s✮✳ ■♥ ❧✐❦❡ ♠❛♥♥❡r✱ ❛❞♦♣t✐♥❣ t❤❡ s✐♠♣❧✐❢②✐♥❣ ♣r❡♠✐s❡ ♦❢ ❍✉♠♣❤r❡②
✫ ❘❛❥❛❣♦♣❛❧ ✭✷✵✵✷✮✱ t❤❡ s♦❧✐❞ ♣❤❛s❡ ✭t❤❡ ♣♦r♦✉s ❧❛tt✐❝❡ ♦r ❡❝♠✮ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡
❝♦♠♣r✐s❡❞ ♦❢ ✈❛r✐♦✉s ❝♦♥st✐t✉❡♥ts t❤❛t ❡①♣❡r✐❡♥❝❡ t❤❡ s❛♠❡ ❛✣♥❡ ❞❡❢♦r♠❛t✐♦♥✱ ❡❛❝❤
✇✐t❤ t❤❡✐r ♦✇♥ ♥❛t✉r❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ▼❛♥❛❣✐♥❣ t❤✐s str✉❝t✉r❡ ✐s t❤❡ r❡s♣♦♥s✐❜✐❧✐t②
♦❢ ❛ ♣♦❝✳ ■❢ t❤❡ str❡ss❡s ❝❛rr✐❡❞ ❜② t❤❡ ✈❛r✐♦✉s s♦❧✐❞ ❝♦♥st✐t✉❡♥ts ❛r❡ ❛ss✉♠❡❞ t♦
s✉♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡✲♦❢✲♠✐①t✉r❡s✱ ❛s ❞✐❝t❛t❡❞ ❜② ❤♦♠♦❣❡♥✐③❛t✐♦♥ t❤❡♦r②✱ t❤❡♥
tr❛❝t✐♦♥s ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥♥❡r✳ ❚❤❡s❡
❛ss✉♠♣t✐♦♥s ❛r❡ ✐❞❡❛❧✐③❛t✐♦♥s✱ ❛♥❞ ❡①❝❡♣t✐♦♥s ❝❛♥ ❜❡ ♣✉t ❢♦r✇❛r❞ ❢♦r ❡❛❝❤ ♦❢ t❤❡♠✳
◆❡✈❡rt❤❡❧❡ss✱ ♠❛♥② ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ✇❤❡r❡ t❤❡s❡ ❛ss✉♠♣t✐♦♥s
❤♦❧❞✱ ❛♥❞ ✐t ✐s t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ t❤✐s ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s t❤❛t ✇❡ ❝❤♦♦s❡
t♦ ❛❞❞r❡ss✳

❚❤❡ s❝♦♣❡ ♦❢ ♦✉r t❤❡♦r② ✐s q✉✐t❡ ❜r♦❛❞ ✐♥ t❤❛t ✐t ✇✐❧❧ ❛❧❧♦✇ ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ♦❢
❝❡❧❧✉❧❛r ❛❝t✐✈✐t② ✭❡✳❣✳✱ ❝❡❧❧ ❜✐rt❤✱ ❞❡❛t❤✱ ♠❡t❛❜♦❧✐s♠✱ ❛♥❞ ♠✐❣r❛t✐♦♥✮✱ t✐ss✉❡ ❜❡❤❛✈✐♦r



✭❡✳❣✳✱ ❣r♦✇t❤✱ s✇❡❧❧✐♥❣✱ r❡♠♦❞❡❧✐♥❣✱ ❤❡❛❧✐♥❣✱ ❛♥❞ ♥✉tr✐❡♥t✴✇❛st❡ tr❛♥s♣♦rt✮✱ ❛♥❞
♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ✭❡✳❣✳✱ str❡ss✱ str❛✐♥✱ ❛♥❞ ❡♥❡r❣②✮✱ ❛❧❧ ✇✐t❤✐♥ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦✳
❆♣♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r t❤❡♦r② t♦ s♣❡❝✐✜❝ t✐ss✉❡s ✉♥❞❡r❣♦✐♥❣ s♣❡❝✐✜❡❞ ❜✐♦❧♦❣✐❝❛❧ ❛♥❞✴♦r
♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s ❛r❡ ❧❡❢t t♦ ❢✉t✉r❡ ♣❛♣❡rs✳

❙✉♣♣♦s✐t✐♦♥ ✶✳ ❇✐♦❧♦❣✐❝❛❧ t✐ss✉❡s ❛r❡ ♣♦r♦✉s ♠❛t❡r✐❛❧s s❛t✉r❛t❡❞ ✇✐t❤ ♠✐s❝✐❜❧❡ ✢✉✐❞s
t❤❛t s✉s♣❡♥❞ s♦❧✉t❡ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ s♦❧✐❞ ♠❛t❡r✐❛❧ ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢
❝♦♥st✐t✉❡♥ts t❤❛t ❡①♣❡r✐❡♥❝❡ t❤❡ s❛♠❡ ❛✣♥❡ ❞❡❢♦r♠❛t✐♦♥✱ ❜✉t t❤❛t ♣♦ss❡ss ❞✐✛❡r❡♥t
♥❛t✉r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤✐s ♣♦r♦✉s s♦❧✐❞ ❝♦♥t❛✐♥s ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❡❧❧s t❤❛t ❛tt❛❝❤
t♦ t❤❡ ♠❛tr✐① ❛♥❞ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❧♦❝♦♠♦t✐♦♥ ❜② ♠✐❣r❛t✐♥❣ t❤r♦✉❣❤ ✐ts ❝❛✈✐t✐❡s✳ ❈❡❧❧s
❛r❡ t❤❡ ❝❛r❡t❛❦❡rs ♦❢ t✐ss✉❡✱ ❛♥❞ ✐♥ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡✐r ✈❛r✐♦✉s ❞✉t✐❡s✱ t❤❡② ❝♦♥✲
✈❡rt ♠❛ss ❢r♦♠ ♦♥❡ ❢♦r♠ ❜❡❧♦♥❣✐♥❣ t♦ s♦♠❡ ❝♦♥st✐t✉❡♥t ✐♥t♦ ❛♥♦t❤❡r ❢♦r♠ ♣♦ss✐❜❧②
❜❡❧♦♥❣✐♥❣ t♦ ❛ ❞✐✛❡r❡♥t ❝♦♥st✐t✉❡♥t ✐♥ ❛ ♠❛♥♥❡r t❤❛t ❝♦♥s❡r✈❡s ♠❛ss ♦✈❡r❛❧❧✳

✷✳ ❚❡r♠✐♥♦❧♦❣②

✭❛✮ ❆❝r♦♥②♠s

❡❝♠ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐① ✳ ✳ ✳ ✳ ✳ ✳ ˛ D m

✐♠❧ ✐♥t❡rst✐t✐❛❧ ♠✐s❝✐❜❧❡ ❧✐q✉✐❞ ✳ ✳ ˛ D `

♣♦❝ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ˛ D c

♣♦s ♣♦♣✉❧❛t✐♦♥ ♦❢ s♦❧✉t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ˛ D s

✭❜✮ ◆♦♠❡♥❝❧❛t✉r❡

a
˛ ❢r❡❡✲❡♥❡r❣② s✉♣♣❧✐❡s✱ ˛ 2

fc; `;m; sg
B ✈♦❧✉♠❡ ✐♥ ✸✲s♣❛❝❡
c

˛ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧✐❡s
dt ✱ d˛

t ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡s
da ❞✐✛❡r❡♥t✐❛❧ ❡❧❡♠❡♥t ♦❢ ❛r❡❛
dm✱ dm˛ ❞✐✛❡r❡♥t✐❛❧ ❡❧❡♠❡♥ts ♦❢ ♠❛ss
dv✱ dv˛ ❞✐✛❡r❡♥t✐❛❧ ❡❧❡♠❡♥ts ♦❢ ✈♦❧✉♠❡
D

c ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ ❝❡❧❧ t②♣❡
D

cs s♦❧✉t❡ ❞r✐✈❡♥ ❝❡❧❧ ❞✐✛✉s✐♦♥ ❝♦❡✣✲
❝✐❡♥t

D
s ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ s♦❧✉t❡

t②♣❡
D✱ D

˛ str❛✐♥✲r❛t❡ t❡♥s♦rs
e

˛ ❞❡♥s✐t② ♦❢ ✐♥t❡r♥❛❧✲❡♥❡r❣② s✉♣♣❧✐❡s
ei ❜❛s✐s ✈❡❝t♦r✱ i D 1; 2; 3
F

˛ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t t❡♥s♦rs
g ❣r❛✈✐t② ✈❡❝t♦r
h t✐♠❡✲st❡♣ s✐③❡
I ✐❞❡♥t✐t② t❡♥s♦r
J m ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ ❡❝♠ ❞❡❢♦r♠❛t✐♦♥
k ❇♦❧t③♠❛♥♥✬s ❝♦♥st❛♥t
L✱ L̨ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t t❡♥s♦rs
Mj ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ♦❢ s♦❧✉t❡ j
nj ♠♦❧❛r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♦❧✉t❡ j
n ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r
Nc ♥✉♠❜❡r ♦❢ ❝❡❧❧ s♣❡❝✐❡s
Ns ♥✉♠❜❡r ♦❢ s♦❧✉t❡ s♣❡❝✐❡s
p˛ ♠♦♠❡♥t✉♠ s✉♣♣❧✐❡s
q✱ q˛ ❤❡❛t ✢✉① ✈❡❝t♦rs

r r❛❞✐✉s
r ✱ r˛ ❤❡❛t ♣r♦❞✉❝t✐♦♥s
s

˛ ❞❡♥s✐t② ♦❢ ❡♥tr♦♣② s✉♣♣❧✐❡s
t t✐♠❡
t✱ t˛ tr❛❝t✐♦♥ ✈❡❝t♦rs
T ❈❛✉❝❤② str❡ss t❡♥s♦r
T

˛ ♣❛rt✐❛❧ str❡ss t❡♥s♦rs
u˛ ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t② ✈❡❝t♦rs
v˛ ✈❡❧♦❝✐t② ✈❡❝t♦rs
W ✱ W

˛ ✈♦rt✐❝✐t② t❡♥s♦rs
x ❝✉rr❡♥t ♣♦s✐t✐♦♥ ✈❡❝t♦r
Px ✈❡❧♦❝✐t② ✈❡❝t♦r
Rx ❛❝❝❡❧❡r❛t✐♦♥ ✈❡❝t♦r
Xm r❡❢❡r❡♥❝❡ ✈❡❝t♦r ❢♦r t❤❡ ❡❝♠
ˇ✱ ˇ˛ ❛r❜✐tr❛r② ♠❛ss✲❛✈❡r❛❣❡❞ ✜❡❧❞s

 ✱ 
˛ ❞❡♥s✐t② ♦❢ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥s
ıB s✉r❢❛❝❡ ✐♥ ✸✲s♣❛❝❡
�✱ �˛ ✐♥t❡r♥❛❧ ❡♥❡r❣✐❡s
� ✈✐s❝♦s✐t②
�✱ �˛ ❡♥tr♦♣✐❡s
� ❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡
�˛ ♠❛ss ❢r❛❝t✐♦♥s
�✱ �˛ ♣❛rt✐❛❧ ♠❛ss ❞❡♥s✐t✐❡s
P�˛
ˇ

♠❛ss tr❛♥s❢❡r r❛t❡ ❢r♦♠ ˇ t♦ ˛

%˛ ❛❝t✉❛❧ ♠❛ss ❞❡♥s✐t✐❡s
�˛ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s
' ♠♦t✐♦♥ ♠❛♣ ❢♦r t❤❡ ❡❝♠
 ✱  ˛ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣✐❡s
 ♠♦t✐♦♥ ♠❛♣ ❢♦r t❤❡ ✐♠❧
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✸✳ ▼✐①t✉r❡s

❲❡ ❛❞♦♣t t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ♠✐①t✉r❡ t❤❡♦r② ✭❚r✉❡s❞❡❧❧ ✶✾✺✼✮ t♦ ✐♠♣❧❡♠❡♥t ♦✉r s✉♣✲
♣♦s✐t✐♦♥✱ ❛♥❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ ✐t✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞
t♦ t❤❡ r❡✈✐❡✇ ❛rt✐❝❧❡ ❜② ❇♦✇❡♥ ✭✶✾✼✻✮✱ t❤❡ t❡①t ❜② ❘❛❥❛❣♦♣❛❧ ✫ ❚❛♦ ✭✶✾✾✺✮✱ ❛♥❞
t❤❡ r❡❢❡r❡♥❝❡s ❝✐t❡❞ t❤❡r❡✐♥ ❢♦r ♠♦r❡ t❤♦r♦✉❣❤ tr❡❛t♠❡♥ts ♦♥ ♠✐①t✉r❡ t❤❡♦r②✳ ❚❤❡
❢♦r♠❡r ❣✐✈❡s ❛♥ ❡①❝❡❧❧❡♥t ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ❢♦r ♠✐①t✉r❡s✱ ✇❤✐❧❡ t❤❡
❧❛tt❡r ♣r❡s❡♥ts ❛ ♥✐❝❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s♦❧✈❡❞ ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠s✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r s♣❡❝✐✜❝ t✐ss✉❡ t②♣❡s✱ ❛♥❞ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s r❡q✉✐r❡❞ t♦ s♦❧✈❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s t❤❛t
♣❡rt❛✐♥ t♦ t❤❡s❡ ❝♦♥st✐t✉t✐✈❡ ❢♦r♠✉❧æ ❛r❡ t❤❡ t♦♣✐❝s ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤ ❡♥❞❡❛✈♦rs✱
❛♥❞ t❤❡✐r ♣✉❜❧✐❝❛t✐♦♥s✳

✭❛✮ ▼❛ss❡s ❛♥❞ ❱♦❧✉♠❡s

❆t ❛♥② ❣✐✈❡♥ ✐♥st❛♥t ✐♥ t✐♠❡✱ ❧❡t ❛ ❞✐✛❡r❡♥t✐❛❧ ❡❧❡♠❡♥t ♦❢ ✈♦❧✉♠❡ ❜❡ ❝♦♠♣r✐s❡❞
♦❢ ❢♦✉r ❞✐st✐♥❝t s✉❜✲✈♦❧✉♠❡s

dv D
X

dv˛ D dvc C dv` C dvm C dvs; ˛ 2 fc; `;m; sg; ✭✸✳✶✮

✇❤❡r❡ ♣r♦♣❡rt✐❡s ✇✐t❤ ❛♥ ✐♥❞❡① ♦❢ ` ♦r s ❞❡s✐❣♥❛t❡ ❛♥ ❛✣❧✐❛t✐♦♥ ✇✐t❤ t❤❡ ✐♠❧
♦r ♣♦s ♣❤❛s❡s ♦❢ t❤❡ ✢✉✐❞✱ ❛♥❞ ♣r♦♣❡rt✐❡s ✇✐t❤ ❛♥ ✐♥❞❡① ♦❢ m ♦r c ❞❡s✐❣♥❛t❡ ❛♥
❛✣❧✐❛t✐♦♥ ✇✐t❤ t❤❡ ❡❝♠ ♦r ♣♦❝ ♣❤❛s❡s ♦❢ t❤❡ s♦❧✐❞✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ ❛♥ ✐♥❞❡① ♦❢ ˛

❝❛♥ r❡♣r❡s❡♥t ❛♥② ♦♥❡ ♦❢ t❤❡s❡ ❢♦✉r ❝♦♥st✐t✉❡♥ts✱ ❛♥❞ ❛ s✉♠♠❛♥❞ ✇✐t❤♦✉t ❧✐♠✐ts ✐s
❝♦♥s✐❞❡r❡❞ t♦ s✉♠ ˛ ♦✈❡r ❛❧❧ ❢♦✉r ♦❢ ✐ts ♣❤❛s❡s✳ ❱♦❧✉♠❡ ❢r❛❝t✐♦♥s ❛r❡ t❤❡♥ ❞❡✜♥❡❞
❛s

�˛ D dv˛=dv ✇✐t❤ 0 < �˛ < 1 )

X

�˛ D 1; ✭✸✳✷✮

✇❤✐❝❤ s✉♠ t♦ 1 ❜❡❝❛✉s❡ t✐ss✉❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❚❤❡ ✈♦❧✉♠❡
❢r❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❝♦♥st✐t✉❡♥t ✇✐❧❧ ✈❛r② ❜❡t✇❡❡♥ t✐ss✉❡ t②♣❡✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡
✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ✢✉✐❞✱ ✇❤✐❝❤ ✐♥ ♦✉r t❤❡♦r② ✐s q✉❛♥t✐✜❡❞ ❜② �` C �s✱ ✐s ❝❛❧❧❡❞ t❤❡
♣♦r♦s✐t②✳

❚❤❡ t♦t❛❧ ♠❛ss dm ♦❢ ❛ ✈♦❧✉♠❡ ❡❧❡♠❡♥t dv ✐s t❤❡ s✉♠ ♦❢ ✐ts ❝♦♥st✐t✉❡♥t ♠❛ss❡s
✐♥ t❤❛t

dm D
X

dm˛: ✭✸✳✸✮

❚❤❡ ❞❡♥s✐t② ♦❢ t❤✐s ♠❛ss ❡❧❡♠❡♥t ✐s

� D dm=dv; ✭✸✳✹✮

✇❤✐❝❤ ❤❛s ♣❛rt✐❛❧ ♠❛ss ❞❡♥s✐t✐❡s �˛ t❤❛t s❛t✐s❢②

� D
X

�˛ ✇❤❡r❡✐♥ �˛ D dm˛=dv; ✭✸✳✺✮

❛♥❞ ❛❝t✉❛❧ ♠❛ss ❞❡♥s✐t✐❡s %˛ t❤❛t ❛r❡ ❣✐✈❡♥ ❜②

%˛ D dm˛=dv˛ ✇✐t❤ �˛ D �˛%˛
) � D

X

�˛%˛: ✭✸✳✻✮

■t ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ ❞❡✜♥❡ ♠❛ss ❢r❛❝t✐♦♥s ✭♦r ❝♦♥❝❡♥tr❛t✐♦♥s✮ ❛s

�˛ D dm˛=dm D �˛=� )

X

�˛ D 1; ✭✸✳✼✮

✇❤✐❝❤ s✉♠ t♦ 1 ❜❡❝❛✉s❡ t✐ss✉❡s ❛r❡ s❛t✉r❛t❡❞ ♠✐①t✉r❡s✳
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✭❜✮ ❑✐♥❡♠❛t✐❝s

❲❡ s❡❧❡❝t ❛ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠ .1; 2; 3/ ❞❡s❝r✐❜❡❞ ❜② ❛ s❡t ♦❢ ♦rt❤♦♥♦r✲
♠❛❧ ❜❛s❡ ✈❡❝t♦rs fe1; e2; e3g✱ ✇❤❡r❡ ei � ej D ıij ❛♥❞ ei � ej D �ijk ek ✱ ✇✐t❤ t❤❡
r❡♣❡❛t❡❞ ✐♥❞❡① k ❜❡✐♥❣ s✉♠♠❡❞ ❢r♦♠ 1 t♦ 3 ✐♥ t❤❡ ✉s✉❛❧ ♠❛♥♥❡r✳ ❍❡r❡ � ❛♥❞ �

❞❡♥♦t❡ t❤❡ ✐♥♥❡r ❛♥❞ ❝r♦ss ♣r♦❞✉❝ts✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ ıij s✐❣♥✐✜❡s t❤❡ ❑r♦♥❡❦❡r
❞❡❧t❛✱ ❛♥❞ �ijk ✐s t❤❡ ♣❡r♠✉t❛t✐♦♥ s②♠❜♦❧✳

❆t ❝✉rr❡♥t t✐♠❡ t ✱ ❧❡t ❛❧❧ ❢♦✉r ❝♦♥st✐t✉❡♥t ♠❛ss ♣♦✐♥ts dm˛ ❝♦✲❤❛❜✐t❛t❡ ✇✐t❤ ♦♥❡
❛♥♦t❤❡r ❛t s♦♠❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t dv r❡s✉❧t✐♥❣ ✐♥ ❛ ♠❛ss ❡❧❡♠❡♥t dm ❧♦❝❛t❡❞ ❜② t❤❡
❝♦♦r❞✐♥❛t❡s fx1; x2; x3g✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❜② t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦r x D xi ei ✳

✭✐✮ Pr✐♠✐t✐✈❡ ❱❛r✐❛❜❧❡s

❚❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r ✐s t②♣✐❝❛❧❧② s❡❧❡❝t❡❞ ❛s t❤❡ ♣r✐♠✐t✐✈❡ ❦✐♥❡♠❛t✐❝ ✈❛r✐❛❜❧❡ ✐♥
✢✉✐❞ ♠❡❝❤❛♥✐❝s❀ ✇❤❡r❡❛s✱ ✐♥ ♠✐①t✉r❡ t❤❡♦r②✱ ♣♦s✐t✐♦♥ ✈❡❝t♦rs ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈❛r✐✲
♦✉s ♣❤❛s❡s ❛r❡ ✉s✉❛❧❧② ❛ss✐❣♥❡❞ ❛s ✐ts ♣r✐♠✐t✐✈❡s✳ ❍❡r❡ ✇❡ ❜r❡❛❦ ✇✐t❤ t❤✐s tr❛❞✐t✐♦♥
❛♥❞ s❡❧❡❝t ✈❡❧♦❝✐t② ✈❡❝t♦rs ❛s t❤❡ ♣r✐♠✐t✐✈❡ ❦✐♥❡♠❛t✐❝ ✈❛r✐❛❜❧❡s ❢♦r t❤❡ ✐♠❧✱ ♣♦❝ ✫
♣♦s✱ ❛♥❞ ✇❡ ❡♠♣❧♦② ❛ ♣♦s✐t✐♦♥ ✈❡❝t♦r ❛s t❤❡ ♣r✐♠✐t✐✈❡ ❦✐♥❡♠❛t✐❝ ✈❛r✐❛❜❧❡ ❢♦r t❤❡
❡❝♠✳ ❚❤✐s ♠✐t✐❣❛t❡s t❤❡ ♥❡❡❞ t♦ ❡st❛❜❧✐s❤ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ❛❧❧ ❝♦♥st✐t✉❡♥ts
❡①❝❡♣t ❢♦r t❤❡ ❡❝♠✳

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✉♣♣♦s✐t✐♦♥ ✶✱ ✇❡ ❛ss✐❣♥ ❛ s❡t ♦❢ ❝♦♦r❞✐♥❛t❡s fX
m
1
;Xm

2
;Xm

3
g t♦

❛ ♠❛ss ♣♦✐♥t dmm ♦❢ ❛♥ ❡❝♠ t♦ ❡st❛❜❧✐s❤ ✐ts r❡❢❡r❡♥❝❡ ❧♦❝❛t✐♦♥ X
m D X

m
i ei ❛t s♦♠❡

✐♥✐t✐❛❧ t✐♠❡ t0✳ ▲❡t t❤❡ ♠♦t✐♦♥ ♦❢ t❤✐s ♠❛ss ♣♦✐♥t t❤r♦✉❣❤ s♣❛❝❡ ❜❡ ❞❡s❝r✐❜❡❞ ❜②

X
m D '�1.x; t/ ❛♥❞ x D '.Xm; t/; ✭✸✳✽✮

✇❤❡r❡ t❤❡ ✈❡❝t♦r ♠❛♣♣✐♥❣ ❢✉♥❝t✐♦♥ ' D 'i ei ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✱ s✉✣✲
❝✐❡♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ✐♥✈❡rt✐❜❧❡❀ ❤❡♥❝❡✱ '�1 ❡①✐sts✳ ❚❤❡ ✈❡❧♦❝✐t② ♦❢ ❛♥ ❡❝♠ ♠❛ss
♣♦✐♥t ✐s t❤❡r❡❢♦r❡ ❣✐✈❡♥ ❜②

vm.x; t/ D @t'i ei ; ✭✸✳✾✮

✇❤❡r❡✐♥ @t .�/ D @.�/=@t ✐s t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ t ✱ ✇✐t❤
� ❞❡♥♦t✐♥❣ ❛♥ ❛r❜✐tr❛r② ✜❡❧❞✳

❆❧s♦ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✉♣♣♦s✐t✐♦♥ ✶✱ ❧❡t t❤❡ ♠♦t✐♦♥ ♦❢ ♠❛ss ♣♦✐♥t dm` ❢♦r t❤❡
✐♠❧ ❜❡ ❞❡s❝r✐❜❡❞ ❜②

v` D  .x; t/; ✭✸✳✶✵✮

✇❤❡r❡ t❤❡ ✈❡❝t♦r ♠❛♣♣✐♥❣ ❢✉♥❝t✐♦♥  D  iei q✉❛♥t✐✜❡s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♠✐s❝✐❜❧❡
❧✐q✉✐❞✱ ❛♥❞ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ s✉✣❝✐❡♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❜✉t ✉♥❧✐❦❡
'✱  ♥❡❡❞ ♥♦t ❜❡ ✐♥✈❡rt✐❜❧❡✳

❈♦❧❧❡❝t✐✈❡❧②✱ t❤❡ ✐♠❧ ✫ ❡❝♠ ❝♦♥st✐t✉t❡ ❛ ❝❧❛ss✐❝ ✢✉✐❞✴s♦❧✐❞ ♠✐①t✉r❡ t♦ ✇❤✐❝❤ ✇❡
♥♦✇ ❛❞❞ t❤❡ ❛ttr✐❜✉t❡s ♥❡❡❞❡❞ t♦ ✐♥❝♦r♣♦r❛t❡ ❜✐♦❧♦❣②✳

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✉♣♣♦s✐t✐♦♥ ✶✱ ❧❡t t❤❡ ♠♦t✐♦♥ ♦❢ ♠❛ss ♣♦✐♥t dms ❢♦r t❤❡ ♣♦s
❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✈❡❝t♦r ♠❛♣♣✐♥❣

vs D  .x; t/ �

NsX

iD1

D
s
i grad ln �s

i ✇✐t❤ �s D

NsX

iD1

�s
i ; ✭✸✳✶✶✮

✇❤❡r❡ D
s
i ✐s t❤❡ s♦❧✉t❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ ❛♥❞ �s

i ✐s t❤❡ ♠❛ss ❞❡♥s✐t②✱ ❜♦t❤ ❜❡✲
❧♦♥❣✐♥❣ t♦ s♣❡❝✐❡s i ✐♥ s♦♠❡ ♣♦s t❤❛t ❝♦♥t❛✐♥s Ns s♣❡❝✐❡s✳ ❚❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r



grad.�/ D @.�/=@xi ei ❞❡♥♦t❡s ❛ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝✉rr❡♥t
♣♦s✐t✐♦♥ x✳ ❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❞❡s❝r✐❜❡s t❤❡
✢✉✐❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❧✐q✉✐❞ t❤❛t s✉s♣❡♥❞s t❤❡s❡ ♣❛rt✐❝❧❡s ❛s ✐t ✢♦✇s t❤r♦✉❣❤ t❤❡
t✐ss✉❡❀ ✐t ✐s t❤❡ ✈❡❧♦❝✐t② ♠❛♣ ♦❢ t❤❡ ✐♠❧ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮✳ ❚❤❡ s❡❝♦♥❞ t❡r♠
❛❝❝♦✉♥ts ❢♦r ❛ ♣❡rt✉r❜❛t✐♦♥ t♦ t❤✐s ♠❡❛♥ ✈❡❧♦❝✐t② ✜❡❧❞ ❝❛✉s❡❞ ❜② ❇r♦✇♥✐❛♥ ♠♦✲
t✐♦♥ ♦❢ t❤❡ s♦❧✉t❡ ♣❛rt✐❝❧❡s✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ❋✐❝❦✬s ✜rst ❧❛✇ ❢♦r r❛♥❞♦♠ ❞✐✛✉s✐♦♥✳
❚❤❡ ♠✐♥✉s s✐❣♥ ❡♥s✉r❡s t❤❛t s♦❧✉t❡s ♠✐❣r❛t❡ ❢r♦♠ r❡❣✐♦♥s ♦❢ ❤✐❣❤ ❝♦♥❝❡♥tr❛t✐♦♥ ✭♦r
❞❡♥s✐t②✮ t♦ r❡❣✐♦♥s ♦❢ ❧♦✇ ❝♦♥❝❡♥tr❛t✐♦♥✳

❊✐♥st❡✐♥✬s t❤❡♦r② ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ t❤❡ t♦♣✐❝ ♦❢ ❤✐s ✶✾✵✺ P❤✳❉✳ t❤❡s✐s✱ ♣r♦✲
✈✐❞❡s ❛ ❢♦r♠✉❧❛ ❢♦r q✉❛♥t✐❢②✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ s♣❤❡r✐❝❛❧ ❜♦❞② ✇✐t❤
r❛❞✐✉s r s✉s♣❡♥❞❡❞ ✐♥ ❛ ✢✉✐❞ ♦❢ ✈✐s❝♦s✐t② � t❤❛t ✐s s✉❜❥❡❝t t♦ t❤❡ r❛♥❞♦♠ ❜♦♠❜❛r❞✲
♠❡♥t ♦❢ ❛t♦♠s ❢r♦♠ ✇✐t❤✐♥ t❤❡ ✢✉✐❞❀ ✐t ❜❡✐♥❣✱

D D k�=6��r; ✭✸✳✶✷✮

✇❤❡r❡ k ✐s ❇♦❧t③♠❛♥♥✬s ❝♦♥st❛♥t✱ ❛♥❞ � ✐s t❤❡ ❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡ ✭✐✳❡✳✱ � > 0✮✳
❚❤✐s ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ q✉❛♥t✐❢②✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢
❣❧♦❜✉❧❛r ♣r♦t❡✐♥s✱ t♦ ✇❤✐❝❤ t❤❡ D

s
i r❡❢❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ❢♦r♠✉❧❛ ♠✉st ♥♦t ❜❡ ✉s❡❞

❢♦r ♣✉r♣♦s❡s ♦❢ q✉❛♥t✐❢②✐♥❣ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❡❧❧ ♠✐❣r❛t✐♦♥
♣r❡s❡♥t❡❞ ❜❡❧♦✇✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts ♥❡❡❞ t♦ ❜❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ♣♦s
❞✐✛✉s❡ ❛❝❝♦r❞✐♥❣ t♦ ❊✐♥st❡✐♥✬s ♣❤②s✐❝s ❢♦r ❇r♦✇♥✐❛♥ ♠♦t✐♦♥❀ ✇❤❡r❡❛s✱ t❤❡ ♣♦❝ ❞✐✛✉s❡
✉♥❞❡r t❤❡✐r ♦✇♥ ❧♦❝♦♠♦t✐✈❡ ♣r♦❝❡ss❡s✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t D

s ✇✐❧❧ ❞✐♠✐♥✐s❤
✇❤❡♥❡✈❡r t❤❡ s♦❧✉t❡ s✐③❡ ❛♣♣r♦❛❝❤❡s t❤❡ ♣♦r❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐① ♠❛t❡r✐❛❧✱ ✇❤✐❝❤
✈❛r✐❡s ✇✐t❤ t✐ss✉❡ t②♣❡✱ ❛♥❞ ✇✐❧❧ ❜❡❝♦♠❡ ③❡r♦ ✇❤❡♥❡✈❡r t❤❡ s♦❧✉t❡ s✐③❡ ❡①❝❡❡❞s t❤❡
♣♦r❡ s✐③❡✱ ✇✐t❤ t❤❡ t✐ss✉❡ ♥♦✇ ❛❝t✐♥❣ ❛s ❛ ✜❧t❡r✳

❋✐♥❛❧❧②✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✉♣♣♦s✐t✐♦♥ ✶✱ ❧❡t t❤❡ ♠♦t✐♦♥ ♦❢ ♠❛ss ♣♦✐♥t dmc ❢♦r
t❤❡ ♣♦❝ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✈❡❝t♦r ♠❛♣♣✐♥❣

vc D @t' �

Nc
X

iD1

D
c
i grad ln �c

i C

Nc
X

iD1

Ns
X

jD1

D
cs
ij grad ln �s

j ✇✐t❤ �c D

Nc
X

iD1

�c
i ; ✭✸✳✶✸✮

✇❤❡r❡ D
c
i ✐s t❤❡ ❝❡❧❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❛♥❞♦♠ ❝❡❧❧ ❧♦❝♦♠♦t✐♦♥✱

❛♥❞ �c
i ✐s t❤❡ ♠❛ss ❞❡♥s✐t②✱ ❜♦t❤ ♦❢ s♣❡❝✐❡s i ❜❡❧♦♥❣✐♥❣ t♦ s♦♠❡ ♣♦❝ t❤❛t ❝♦♥t❛✐♥s Nc

s♣❡❝✐❡s✱ ✇❤✐❧❡ D
cs
ij ✐s t❤❡ ❝❡❧❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❝❡❧❧ s♣❡❝✐❡s i ✇❤♦s❡ ❧♦❝♦♠♦t✐♦♥

♦❝❝✉rs ❛s ❛ r❡s♣♦♥s❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s♦❧✉t❡ s♣❡❝✐❡s j ✳ ❚❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮ ✐s ❛ ♣❛ss✐✈❡ ❝♦♥tr✐❜✉t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ✈❡❧♦❝✐t② ♦❢
t❤❡ ❞❡❢♦r♠✐♥❣ ♠❛tr✐① t♦ ✇❤✐❝❤ t❤❡ ❝❡❧❧s ❛❞❤❡r❡❀ ✐t ✐s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡❝♠
♠♦t✐♦♥ ♠❛♣ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✽✮✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❛♥ ❛❝t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥ t❤❛t
❛❝❝♦✉♥ts ❢♦r t❤❡ ❤❛♣t♦t❛①✐s ♠✐❣r❛t✐♦♥ ♦❢ ❝❡❧❧s ❛❧♦♥❣ ❛ ❝❡❧❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t✱
✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② ❋✐❝❦✬s ✜rst ❧❛✇ ❢♦r r❛♥❞♦♠ ❞✐✛✉s✐♦♥ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤✱ ❡✳❣✳✱
◆♦❜❡❧✬s ✭✶✾✽✼✮ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❝❡❧❧ ❧♦❝♦♠♦t✐♦♥ ✐s ▼❛r❦♦✈✐❛♥✳ ❚❤❡
t❤✐r❞ t❡r♠ ✐s ❛♥♦t❤❡r t②♣❡ ♦❢ ❛❝t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ ❝❡❧❧ ❞✐✛✉s✐♦♥✳ ❚❤✐s t❡r♠ ❛❝❝♦✉♥ts
❢♦r t❤❡ ❝❤❡♠♦t❛①✐s ♠✐❣r❛t✐♦♥ ♦❢ ❝❡❧❧s ❛❧♦♥❣ ❛ ❝❤❡♠✐❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t✳ ❚❤❡
♣♦s✐t✐✈❡ s✐❣♥ ❛✣❧✐❛t❡❞ ✇✐t❤ t❤✐s t❡r♠ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✇✐❧❧ ❜❡
♣♦s✐t✐✈❡ ✇❤❡♥❡✈❡r ❝❡❧❧s ❛r❡ ❛ttr❛❝t❡❞ t♦ ❛ ❝❤❡♠✐❝❛❧ st✐♠✉❧✉s✱ ❛♥❞ ♥❡❣❛t✐✈❡ ✇❤❡♥❡✈❡r
t❤❡② r❡♣❡❧ ❢r♦♠ ✐t✳ ◆♦t ❛❧❧ ❝❡❧❧ s♣❡❝✐❡s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❧♦❝♦♠♦t✐♦♥✱ s♦ s♦♠❡ ♦❢ t❤❡ D

c
i

✇✐❧❧ ❜❡ ③❡r♦ ✈❛❧✉❡❞✱ ❛♥❞ ❛s s✉❝❤✱ t❤❡✐r D
cs
ij ✇✐❧❧ ❜❡ ③❡r♦ ✈❛❧✉❡❞✱ t♦♦✳ ❋✉rt❤❡r♠♦r❡✱

♠♦st s♦❧✉t❡ s♣❡❝✐❡s j ✐♥ ❛ ♣♦s ❞♦ ♥♦t s❡r✈❡ ❛s ❛♥ ❛ttr❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ❢♦r ❝❡❧❧s ♦❢
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s♣❡❝✐❡s i t❤❛t ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❧♦❝♦♠♦t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ s♦♠❡ ♣♦❝❀ ❤❡♥❝❡✱ ♠♦st
♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts D

cs
ij ✇✐❧❧ ❜❡ ③❡r♦ ✈❛❧✉❡❞ ❢♦r ❝❡❧❧ s♣❡❝✐❡s i ✇❤❡r❡ D

c
i ✐s ♥♦♥✲③❡r♦✳

❚❤❡ ♣❤②s✐❝❛❧ ❧❛✇s ❞❡r✐✈❡❞ ❤❡r❡✐♥✱ ❛s t❤❡② ❛♣♣❧② t♦ t❤❡ ♣♦s ❛♥❞ ♣♦❝✱ ♣❡rt❛✐♥ t♦
t❤❡✐r ❝♦❧❧❡❝t✐✈❡ ♣♦♣✉❧❛t✐♦♥s✱ ♥♦t t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ s♣❡❝✐❡s ♦❢ ✇❤✐❝❤ t❤❡② ❛r❡ ❝♦♠✲
♣r✐s❡❞✳ ❊q✉❛t✐♦♥s ✭✸✳✶✶ ✫ ✸✳✶✸✮ q✉❛♥t✐❢② ❛✈❡r❛❣✐♥❣ s❝❤❡♠❡s ✉s❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡s❡
❦✐♥❡♠❛t✐❝ r❡s♣♦♥s❡s✳

✭✐✐✮ ❑✐♥❡♠❛t✐❝ ❱❛r✐❛❜❧❡s

▼✐①t✉r❡ t❤❡♦r② ❛✈❡r❛❣❡s t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ ✐ts ❝♦♥st✐t✉❡♥t ♣❤❛s❡s✱ ✇❤✐❝❤ ✇❡ s✉♣✲
♣♦s❡ ♦❜❡② ❡q✉❛t✐♦♥s ✭✸✳✾✕✸✳✶✶ ✫ ✸✳✶✸✮✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ✈❡❧♦❝✐t②
✜❡❧❞ ❢♦r t❤❡ ♠✐①t✉r❡ ✇❤✐❝❤✱ ✐♥ ♦✉r ❝❛s❡✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t♦ ❜❡ ❞❡s❝r✐♣t✐✈❡ ♦❢ t✐ss✉❡✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❡❛♥ ✭♦r ❜❛r②❝❡♥tr✐❝✮ ✈❡❧♦❝✐t② ✐s ❞❡✜♥❡❞ ❛s

Px D
X

�˛v˛ ♦r ❡q✉✐✈❛❧❡♥t❧② � Px D
X

�˛v˛; ✭✸✳✶✹✮

✇❤✐❝❤ ✐s ❛ ♠❛ss✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❧♦❝❛❧ ✈❡❧♦❝✐t② ✜❡❧❞s ✭❚r✉❡s❞❡❧❧ ✶✾✺✼✮✳ ❚❤❡
❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t②

u˛ D v˛ � Px )

X

�˛u˛ D 0; ✭✸✳✶✺✮

♣r♦✈❡s t♦ ❜❡ ❛ ✉s❡❢✉❧ ♠❡❛s✉r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts r❡❧❛t✐✈❡
t♦ t❤❡ ♦✈❡r❛❧❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♠✐①t✉r❡✳

❇② ❞❡✜♥✐♥❣ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡s ❢♦r t❤❡ ♣❤❛s❡ ❝♦♥st✐t✉❡♥ts ❛s

d˛
t .�/ D @t .�/C grad .�/ � v˛; ✭✸✳✶✻✮

✇❤❡r❡ d˛
t .�/ ❞❡♥♦t❡s t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ t ♦❢ ❛ ✜❡❧❞

❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ˛t❤ ♣❤❛s❡✱ ♦♥❡ ♦❜t❛✐♥s ❛ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ❢♦r t❤❡ ❜❛r②❝❡♥tr✐❝
❢r❛♠❡ t❤❛t ✐s ❣✐✈❡♥ ❜②

dt .�/ D @t .�/C grad .�/ � Px ) � dt .�/ D
X

�˛d˛
t .�/; ✭✸✳✶✼✮

✇❤❡r❡ dt .�/ ❞❡♥♦t❡s t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ t ♦❢ ❛ ✜❡❧❞
❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❝♦♥t✐♥✉✉♠ ♠✐①t✉r❡✱ s✉❝❤ t❤❛t

d˛
t .�/ D dt .�/C grad .�/ � u˛; ✭✸✳✶✽✮

✇❤✐❝❤ ✐s ❛♥♦t❤❡r ✐❞❡♥t✐t② ♦❢ ✈❛❧✉❡✳ ■t ✐s ✈✐t❛❧ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ♠❛t❡r✐❛❧
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣❤❛s❡s d˛

t ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠✐①t✉r❡ dt ❞✉r✐♥❣
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♠✐①t✉r❡ t❤❡♦r②✱ ❛♥❞ ✐♥ ✐ts ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ ❡❝♠ ❤❛s ❛ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t t❡♥s♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t t❤❛t ✐s ❞❡✜♥❡❞ ❜②

F
m D GRAD' D

@'i

@X
m
j

ei ˝ ej ;

.Fm/�1 D grad'�1 D
@'�1

i

@xj

ei ˝ ej ;

✭✸✳✶✾✮

s♦ t❤❛t F
m.Fm/�1 D .Fm/�1

F
m D I✱ ✇❤❡r❡✐♥ I D ıij ei ˝ ej ✐s t❤❡ ✐❞❡♥t✐t② t❡♥s♦r✱

✇✐t❤ ♦♣❡r❛t♦r ˝ ❞❡♥♦t✐♥❣ t❤❡ ❞②❛❞✐❝ ♣r♦❞✉❝t✱ ✇❤✐❝❤ s❛t✐s✜❡s .ei˝ ej / � D .� � ej / ei
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❢♦r ❛❧❧ ✈❡❝t♦rs �✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ♠❛♣♣✐♥❣ '✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡
❏❛❝♦❜✐❛♥ ♦❢ t❤✐s ❞❡❢♦r♠❛t✐♦♥ ✐s ♥♦♥✲③❡r♦✱ ✈✐③✳✱

J m D det F
m ¤ 0; ✭✸✳✷✵✮

✇❤❡r❡ det ❞❡s✐❣♥❛t❡s ❛ ♠❛tr✐① ❞❡t❡r♠✐♥❛♥t✱ ✐♥ t❤✐s ❝❛s❡✱ ♦❢ ❝♦♠♣♦♥❡♥ts Fm
ij D

@'i=@X
m
j ✇❤❡r❡ F

m D Fm
ij ei ˝ ej ✳ ❇❡❝❛✉s❡ ✈❡❧♦❝✐t② ✐s t❤❡ ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡ ✐♥

t❤❡ ♦t❤❡r t❤r❡❡ ♣❤❛s❡s✱ t❤❡s❡ ♣❤❛s❡s ❞♦ ♥♦t ❛ss♦❝✐❛t❡ ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥
❛ ♣r✐♦r✐✱ ❛♥❞ ❛s s✉❝❤✱ t❤❡② ❞♦ ♥♦t ♣♦ss❡ss ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t t❡♥s♦rs t❤❛t ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞ ✐♥ s❛✐❞ ♠❛♥♥❡r✳ ❲❡ ✇✐❧❧ r❡t✉r♥ t♦ t❤✐s ♣♦✐♥t ❧❛t❡r✳

❱❡❧♦❝✐t② ❣r❛❞✐❡♥t t❡♥s♦rs ❢♦r t❤❡ ❢♦✉r s❡♣❛r❛t❡ ♣❤❛s❡s ❛r❡ ❞❡✜♥❡❞ ❜②

L
˛ D ❣r❛❞ v˛ D

@v
˛
i

@xj

ei ˝ ej ; ✭✸✳✷✶✮

✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ✈❡❧♦❝✐t② ✈❡❝t♦rs ❛r❡ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✾✕✸✳✶✶ ✫ ✸✳✶✸✮✱ ❛♥❞
✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ L˛

ij D @v
˛
i =@xj ✳ ❚❤❡ ♠❡❛♥ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ✐s s✐♠✐❧❛r❧② ❞❡✲

✜♥❡❞ ❜②

L D ❣r❛❞ Px D
@Pxi

@xj

ei ˝ ej ; ✭✸✳✷✷✮

✇❤✐❝❤✱ ✐♥❝✐❞❡♥t❧②✱ r❡❧❛t❡s t♦ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❝♦♥st✐t✉❡♥ts t❤r♦✉❣❤ t❤❡
❢♦r♠✉❧❛

�L D
X

˛

�

�˛
L

˛ C u˛ ˝ grad �˛
�

: ✭✸✳✷✸✮

❍❡♥❝❡✱ ❡q✉❛t✐♦♥s ✭✸✳✶✹ ✫ ✸✳✷✸✮ ❡st❛❜❧✐s❤ ♠❛♣s ❜❡t✇❡❡♥ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s ♦❢ t❤❡ s✉❜✲
❝♦♥t✐♥✉❛ ✭✐✳❡✳✱ t❤❡ ♣❤❛s❡s✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✉♠ ✭✐✳❡✳✱ t❤❡ ♠✐①t✉r❡✮✳

❚❤❡ s②♠♠❡tr✐❝ ♣❛rts ♦❢ t❤❡ ❝♦♥st✐t✉❡♥t ❛♥❞ ♠❡❛♥ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts✱

D
˛ D 1

2

�

L
˛ C .L˛/T

�

❛♥❞ D D 1
2

�

L C L
T
�

; ✭✸✳✷✹✮

❞❡✜♥❡ t❤❡✐r str❛✐♥ r❛t❡s✱ ✇❤✐❧❡ t❤❡✐r ❛ss♦❝✐❛t❡❞ s❦❡✇✲s②♠♠❡tr✐❝ ♣❛rts✱

W
˛ D 1

2

�

L
˛ � .L˛/T

�

❛♥❞ W D 1
2

�

L � L
T
�

; ✭✸✳✷✺✮

q✉❛♥t✐❢② t❤❡✐r ✈♦rt✐❝✐t✐❡s✱ ❛♥❞ ❛s s✉❝❤

L
˛ D D

˛ C W
˛ ❛♥❞ L D D C W ; ✭✸✳✷✻✮

✇❤❡r❡✐♥ T ❞❡s✐❣♥❛t❡s t❤❡ tr❛♥s♣♦s❡✱ ❡✳❣✳✱ ❣✐✈❡♥ L D Lij ei˝ej t❤❡♥ L
T D Lji ei˝ej ✳

✭✐✐✐✮ ❉❡❢♦r♠❛t✐♦♥ ●r❛❞✐❡♥ts ❢r♦♠ ❱❡❧♦❝✐t② ●r❛❞✐❡♥ts

❚❤❡ ❧♦❝❛❧ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s r❡❧❛t❡ t♦ t❤❡ ❣❧♦❜❛❧ ❦✐♥❡♠❛t✐❝ ✜❡❧❞s t❤r♦✉❣❤ t❤❡ ✈❡❧♦❝✲
✐t✐❡s ✭❡q✉❛t✐♦♥ ✸✳✶✹✮ ❛♥❞ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts ✭❡q✉❛t✐♦♥ ✸✳✷✸✮✳ ■♥ st❛r❦ ❝♦♥tr❛st✱ ❧♦❝❛❧✴
❣❧♦❜❛❧ ♠❛♣♣✐♥❣s ❞♦ ♥♦t ❡①✐st ❢♦r ❡✐t❤❡r ❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✈❡❝t♦r X ♦r ❛ ❞❡❢♦r♠❛t✐♦♥
❣r❛❞✐❡♥t t❡♥s♦r F ✱ r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r ♦♥❡ ❝❤♦♦s❡s ✈❡❧♦❝✐t✐❡s ♦r ❞✐s♣❧❛❝❡♠❡♥ts ❛s
t❤❡ ❦✐♥❡♠❛t✐❝ ♣r✐♠✐t✐✈❡s ✭❝❢✳ ❇♦✇❡♥ ✶✾✼✻✮✳

❙✐♠♣❧❡ ✢✉✐❞s ✇✐t❤ ♠❡♠♦r② ✭❈♦❧❡♠❛♥ ✫ ◆♦❧❧ ✶✾✻✹✮✱ ❢♦r ❡①❛♠♣❧❡✱ r❡q✉✐r❡ ❛ ❦♥♦✇❧✲
❡❞❣❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❤✐st♦r② ♦❢ t❤❡ ✢✉✐❞❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❞❡❢♦r♠❛t✐♦♥
❣r❛❞✐❡♥t Ft .�/ D @xi.t/=@xj .�/ ei ˝ ej ❞❡✜♥❡❞ ❢♦r ❛♥② r❡❢❡r❡♥❝❡ t✐♠❡ � ✱ � � t ✳ ■♥
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t✐ss✉❡ ♠❡❝❤❛♥✐❝s✱ r❡❧❛t✐✈❡ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥ts ♦❢ ❛ s♦❧✐❞ ♣❤❛s❡ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❜②
❍✉♠♣❤r❡② ✫ ❘❛❥❛❣♦♣❛❧ ✭✷✵✵✷✮ t♦ ❤❛♥❞❧❡ t❤❡ ❜✐rt❤ ❛♥❞ ❞❡❛t❤ ❡✈❡♥ts ♦❢ t❤❡ ❝♦♥✲
st✐t✉❡♥ts t❤❡r❡✐♥✳ ❚♦ ♦❜t❛✐♥ s✉❝❤ ♠❡❛s✉r❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ♣♦❝✱ ✐♠❧ ✫ ♣♦s
♣❤❛s❡s ✐♥ ♦✉r ❢♦r♠✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦rs vc ✱ v` ✫ vs ❛r❡ t❤❡ ♣r✐♠✐t✐✈❡s✱
♥♦t t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦rs xc ✱ x` ✫ xs✱ ✇✐❧❧ r❡q✉✐r❡ ❛♥ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡✐r ❣r❛❞✐❡♥ts✳

❖♥❡ ❝❛♥ ❜❡❣✐♥ ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡❣r❛t✐♦♥ Œ0; t � ✐♥t♦ N s✉❜✲✐♥t❡r✈❛❧s
s✉❝❤ t❤❛t 0 D t0 < t1 < � � � < tN �1 < tN D t ✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t
L

˛ ✐s ❦♥♦✇♥✱ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t F
˛ ✐s ❜❡✐♥❣ s♦✉❣❤t✱ ❛s ✐♥ ❛

✜♥✐t❡ ❡❧❡♠❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦✉r t❤❡♦r②✱ ♦♥❡ ❝❛♥ st❛rt ❜② ❛ss✐❣♥✐♥❣ ❛♥ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ ♦❢

F
˛
tk
.tk/ D I; ✭✸✳✷✼✮

s♦ t❤❛t F
˛
tn
.tk/ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r ❛♥② n > k✱ ❣✐✈❡♥ t❤❛t k D 0; 1; 2; : : : ; n � 1

❛♥❞ n D 1; 2; : : : ;N ✱ ❜② ❡♠♣❧♦②✐♥❣✱ ❡✳❣✳✱ ❛ ♠✐❞✲♣♦✐♥t ♣r❡❞✐❝t♦r

yF˛
tn
.tk/ D F

˛
tn�2

.tk/C 2h L
˛.tn�1/F

˛
tn�1

.tk/; n � k C 2; ✭✸✳✷✽✮

t❤❛t ❝❛♥ ❜❡ st❛rt❡❞ ❛t n D k C 1 ✇✐t❤ t❤❡ ❢♦r✇❛r❞✲❊✉❧❡r ♣r❡❞✐❝t♦r

yF˛
tkC1

.tk/ D I C h L
˛.tk/; ✭✸✳✷✾✮

✇❤✐❝❤ ❛r❡ t❤❡♥ ❝♦rr❡❝t❡❞ ✇✐t❤ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡

F
˛
tn
.tk/ D F

˛
tn�1

.tk/C 1
2
h
�

L
˛.tn�1/F

˛
tn�1

.tk/C L
˛.tn/ yF˛

tn
.tk/

�

; ✭✸✳✸✵✮

✇❤❡♥ ❛❞✈❛♥❝✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦✈❡r ❛♥ ✉♥✐❢♦r♠ t✐♠❡ st❡♣ ♦❢ h D tn � tn�1 8 n✳ ❍❡r❡
✇❡ ❛r❡ s♦❧✈✐♥❣ t❤❡ ❣♦✈❡r♥✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ PF˛ D L

˛
F

˛ ✉s✐♥❣ ❛ ♣r❡❞✐❝t♦r✴
❝♦rr❡❝t♦r ✇✐t❤ ❛❝❝✉r❛❝② O

�

h3«F˛
�

✳ ❖t❤❡r ✐♥t❡❣r❛t♦rs ❝♦✉❧❞ ❜❡ ✉s❡❞✱ t♦♦✳

✹✳ ▼❛ss ❇❛❧❛♥❝❡ ✐♥ ❚✐ss✉❡s

❆♥② ❣♦♦❞ t❡①t❜♦♦❦ ✐♥ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❝❛♥ ❜❡ ❝♦♥s✉❧t❡❞ t♦ ❛❝q✉✐r❡ ❞❡t❛✐❧❡❞
❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s t❤❛t ❣♦✈❡r♥ ❝♦♥t✐♥✉❛ ✭❡✳❣✳✱ ❍♦❧③❛♣❢❡❧ ✷✵✵✵✮✳
❍❡r❡ ✇❡ ✉s❡ ❛①✐♦♠s ❢♦r st❛t✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ ❝♦♥t✐♥✉❛✱ ❛♥❞ ♣♦s✲
t✉❧❛t❡s ❢♦r st❛t✐♥❣ ❡①t❡♥s✐♦♥s t♦ t❤❡s❡ ❛①✐♦♠s t❤❛t ❛r❡ ❛ss✉♠❡❞ t♦ ❛♣♣❧② t♦ t❤❡
s✉❜✲❝♦♥t✐♥✉❛✱ ✈✐③✳✱ t❤❡ ♣❤❛s❡s ♦❢ ❛ ♠✐①t✉r❡✳

❈♦♥s✐❞❡r ❛ ❝♦♥♥❡❝t❡❞ ❛♥❞ ❜♦✉♥❞❡❞ r❡❣✐♦♥ B ✜①❡❞ ✐♥ ✸✲s♣❛❝❡ ✐♥ ❛♥ ❊✉❧❡r✐❛♥
❢r❛♠❡ ❛t ❝✉rr❡♥t t✐♠❡ t t❤❛t ✐s ❡♥❝❧♦s❡❞ ❜② ❛ s✉r❢❛❝❡ ıB✳ ❙✉❝❤ ❛ r❡❣✐♦♥ ❡st❛❜❧✐s❤❡s
❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ t❤r♦✉❣❤ ✇❤✐❝❤ ❛ ♣❤②s✐❝❛❧ ❧❛✇ ❝❛♥ ❜❡ tr❛♥s❝r✐❜❡❞ ❢r♦♠ ❛①✐♦♠ ✐♥t♦
❢♦r♠✉❧❛✳

✭❛✮ ❇❛❧❛♥❝❡ ♦❢ ▼❛ss

❆①✐♦♠ ✶✳ ❚❤❡ r❛t❡ ❛t ✇❤✐❝❤ ♠❛ss ✐♥❝r❡❛s❡s ✐♥s✐❞❡ ♦❢ B ❡q✉❛❧s t❤❡ ✢✉① ♦❢ ♠❛ss
❡♥t❡r✐♥❣ ❛❝r♦ss ıB✳

❆①✐♦♠ ✶ ✐s ❛ st❛t❡♠❡♥t ❢♦r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ✐♥ ❛ ❝♦♥t✐♥✉✉♠✱ ✇❤✐❝❤ ❛ss✉♠❡s
t❤❡ ❢♦r♠ ♦❢ ❛♥ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥❀ ✐♥ ♣❛rt✐❝✉❧❛r✱

@t

Z

B

� dv D �

Z

ıB

� Px � n da; ✭✹✳✶✮
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✇❤❡r❡ dv ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ ✈♦❧✉♠❡✱ da ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ s✉r❢❛❝❡ ❛r❡❛✱ ❛♥❞ n ✐s ✐ts
✉♥✐t ♥♦r♠❛❧✳ ❚❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ✐s ♥❡❣❛t❡❞ ❞✉❡ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t n ♣♦✐♥ts
♦✉t✇❛r❞✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥t❡❣r❛♥❞s ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ s✉✣❝✐❡♥t❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱
t❤❡♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ✐♥ ❡q✉❛t✐♦♥
✭✹✳✶✮ ❛❧❧♦✇s t❤❡ r❡s✉❧t✐♥❣ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ t♦ ❜❡ r❡❝❛st ❛s t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥

dt � C � div Px D 0; ✭✹✳✷✮

✇✐t❤ div v D @vi=@xi s✐❣♥✐❢②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r✱ ❛♥❞ ✇❤❡r❡ ✉s❡ ❤❛s ❜❡❡♥
♠❛❞❡ ♦❢ t❤❡ ✐❞❡♥t✐t②

div.�v/ D grad.�/ � v C � div v: ✭✹✳✸✮

❖✉r t❤❡♦r② ❞✐✛❡rs ❢r♦♠ t❤❡ ❡①✐st✐♥❣ t❤❡♦r✐❡s ❢♦r t✐ss✉❡ ❣r♦✇t❤ ❞✐s❝✉ss❡❞ ✐♥ t❤❡
■♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐♥ t❤❛t ❤❡r❡ ♠❛ss ✐s ❝♦♥s❡r✈❡❞✳ ❖✉r t❤❡♦r② ❞❡s❝r✐❜❡s
❛ ❝❧♦s❡❞✲s②st❡♠ ❝♦♥t✐♥✉✉♠❀ ✇❤❡r❡❛s✱ ♣r✐♦r ❣r♦✇t❤ t❤❡♦r✐❡s ❞❡s❝r✐❜❡ ♦♣❡♥✲s②st❡♠
❝♦♥t✐♥✉❛✱ ✈✐③✳✱ t❤❡✐r ❝♦✉♥t❡r♣❛rts t♦ ♦✉r ❡q✉❛t✐♦♥ ✭✹✳✷✮ ❤❛✈❡ ✈❛❧✉❡s ♦t❤❡r t❤❛♥ ③❡r♦
♦♥ t❤❡✐r r✐❣❤t✲❤❛♥❞ s✐❞❡s✳

P♦st✉❧❛t❡ ✶✳ ❋♦r ❛ ♣❤❛s❡ ✐♥ ❛ ♠✐①t✉r❡✱ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ♠❛ss ✐♥❝r❡❛s❡s ✐♥s✐❞❡
♦❢ B ❡q✉❛❧s t❤❡ ✢✉① ♦❢ ♠❛ss ❡♥t❡r✐♥❣ ❛❝r♦ss ıB✱ ♣❧✉s ❛♥② ♠❛ss❡s t❤❛t ❛r❡ ❜❡✐♥❣
❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ ✐t ❛♥❞ t❤❡ ♦t❤❡r ♣❤❛s❡s ✇✐t❤✐♥ B✳

❆s ❛ ♠❛tt❡r ♦❢ ♥♦t❛t✐♦♥✱ ❧❡t P�❞❡st✐♥❛t✐♦♥

s♦✉r❝❡
r❡♣r❡s❡♥t t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ♠❛ss ✐s ❜❡✐♥❣

♠♦✈❡❞ ❢r♦♠ ❛ ❵s♦✉r❝❡✬ ♣❤❛s❡ t♦ ❛ ❵❞❡st✐♥❛t✐♦♥✬ ♣❤❛s❡ ✇✐t❤✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡✳ ❲✐t❤
t❤❡r❡ ❜❡✐♥❣ ❢♦✉r s❡♣❛r❛t❡ ♣❤❛s❡s✱ t❤❡r❡ ❡①✐st t✇❡❧✈❡ ♣♦ss✐❜❧❡ ❡①❝❤❛♥❣❡ r❛t❡s✳ ❖♥❧②
❛ ❢❡✇ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ❛❝t✐✈❡ ❢♦r ❛♥② ❣✐✈❡♥ t✐ss✉❡ t②♣❡❀ ♥❡✈❡rt❤❡❧❡ss✱ ❛❧❧ t✇❡❧✈❡
❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r ❣❡♥❡r❛❧ t❤❡♦r②✳ ❲❤❛t ❢✉♥❝t✐♦♥❛❧
❢♦r♠s t❤❡s❡ t❡r♠s ♠❛② t❛❦❡ ♦♥ ✐s t✐ss✉❡ ❞❡♣❡♥❞❡♥t✳ ❚❤✐s ✐s ❛ ❝♦♥st✐t✉t✐✈❡ ♠♦❞❡❧✐♥❣
✐ss✉❡✱ ❛♥❞ ❛s s✉❝❤✱ ✐s ♥♦t ❛❞❞r❡ss❡❞ ❤❡r❡✐♥✳ ■t ✐s t❤r♦✉❣❤ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ ✐♥ ♣❛rt✱
t❤❛t ❜✐♦❧♦❣✐❝❛❧ ❧❛✇s ❛♥❞ ♣❤②s✐❝❛❧ ❧❛✇s ❝❛♥ ✐♥t❡r❛❝t✳

❚❤❡ ♠❛ss ❜❛❧❛♥❝❡ ❣♦✈❡r♥✐♥❣ t❤❡ ❡❝♠ ✇✐t❤✐♥ ❛ t✐ss✉❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s✉♣♣♦s✐✲
t✐♦♥ ✶ ❛♥❞ ❝♦♥str❛✐♥❡❞ ❜② ♣♦st✉❧❛t❡ ✶✱ ♦❜❡②s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

@t
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�m dv D �
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P�m

c
� P� c

m
C P�m

`
� P� `

m
C P�m

s
� P� s

m

�

dv; ✭✹✳✹✮

✇❤♦s❡ ❧♦❝❛❧ ❢♦r♠ ✐s t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥

dm

t
�m

C �mdiv v
m

D c
m ✇✐t❤ c

m
D P�m

c
� P� c

m
C P�m

`
� P� `

m
C P�m

s
� P� s

m
; ✭✹✳✺✮

✇❤❡r❡ c
m ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧② t♦ t❤❡ ❡①tr❛ ❝❡❧❧✉❧❛r ♠❛tr✐①✱ ✐✳❡✳✱ t❤❡ r❛t❡

♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛t ✇❤✐❝❤ ♠❛ss ✐s ❜❡✐♥❣ ♠♦✈❡❞ ❢r♦♠ t❤❡ t❤r❡❡ ♦t❤❡r ♣❤❛s❡s ✐♥t♦ t❤❡
❡❝♠✱ ♠✐♥✉s t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✐t ✐s ❜❡✐♥❣ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❡❝♠ ❛♥❞ ♣❧❛❝❡❞ ✐♥t♦ t❤❡
♦t❤❡r t❤r❡❡ ♣❤❛s❡s✳ ❚❤✐s ❢♦r♠✉❧❛ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

dm

t

�

�m det F
m

�

D c
m det F

m; ✭✹✳✻✮

❜❡❝❛✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐t② dm

t
det F

m D det F
m div v

m ✭❝❢✳ ❡q✉❛t✐♦♥ ✶✳✷✳✶✷ ✐♥ ❇♦✇❡♥
✶✾✼✻✮✱ ❢r♦♠ ✇❤✐❝❤ ✐t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

det F
m

D 1; ✭✹✳✼✮



✇❤❡♥❡✈❡r t❤❡ ♠❛tr✐① ♣❤❛s❡ ✐s ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ✇❤✐❝❤ ✐s ❛ ❣♦♦❞ ❛ss✉♠♣t✐♦♥ ❢♦r s♦❢t
t✐ss✉❡s✱ ❜✉t ♥♦t ❢♦r ❤❛r❞ t✐ss✉❡s✳

❚❤❡ ♠❛ss ❜❛❧❛♥❝❡ ❣♦✈❡r♥✐♥❣ t❤❡ ♣♦❝ ✇✐t❤✐♥ ❛ t✐ss✉❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s✉♣♣♦s✐t✐♦♥ ✶
❛♥❞ ❝♦♥str❛✐♥❡❞ ❜② ♣♦st✉❧❛t❡ ✶✱ ♦❜❡②s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

@t

Z

B

�c dv D �

Z

ıB

�cvc � n da C

Z

B

�

P�c
` � P�`

c C P� c
m � P�m

c C P�c
s � P�s

c

�

dv; ✭✹✳✽✮

✇❤♦s❡ ❧♦❝❛❧ ❢♦r♠ ✐s

dc
t�

c C �cdiv vc D c
c ✇✐t❤ c

c D P�c
` � P�`

c C P� c
m � P�m

c C P�c
s � P�s

c ; ✭✹✳✾✮

✇❤❡r❡ c
c ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧② t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❡❧❧s✱ ✐✳❡✳✱ t❤❡ r❛t❡ ♣❡r

✉♥✐t ✈♦❧✉♠❡ ❛t ✇❤✐❝❤ ♠❛ss ✐s ❜❡✐♥❣ ♠♦✈❡❞ ❢r♦♠ t❤❡ t❤r❡❡ ♦t❤❡r ♣❤❛s❡s ✐♥t♦ t❤❡
♣♦❝✱ ♠✐♥✉s t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✐t ✐s ❜❡✐♥❣ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♣♦❝ ❛♥❞ ♣❧❛❝❡❞ ✐♥t♦ t❤❡
♦t❤❡r t❤r❡❡ ♣❤❛s❡s✳ ❋r♦♠ t❤✐s ❡q✉❛t✐♦♥✱ ✐t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

tr L
c D div vc D 0; ✭✹✳✶✵✮

✇❤❡♥❡✈❡r t❤❡ ❝❡❧❧s ❛r❡ ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ✇❤✐❝❤ ✐s ❛ ❣♦♦❞ ❛ss✉♠♣t✐♦♥✱ ✇✐t❤ tr L D Lii

s✐❣♥✐❢②✐♥❣ t❤❡ tr❛❝❡ ♦♣❡r❛t♦r✳
❚❤❡ ♠❛ss ❜❛❧❛♥❝❡ ❣♦✈❡r♥✐♥❣ t❤❡ ✐♠❧ ✇✐t❤✐♥ ❛ t✐ss✉❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s✉♣♣♦s✐t✐♦♥ ✶

❛♥❞ ❝♦♥str❛✐♥❡❞ ❜② ♣♦st✉❧❛t❡ ✶✱ ♦❜❡②s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

@t

Z

B

�` dv D �

Z

ıB

�`v` � n da C

Z

B

�

P�`
c � P�c

` C P� `
m � P�m

` C P�`
s � P�s

`

�

dv; ✭✹✳✶✶✮

✇❤♦s❡ ❧♦❝❛❧ ❢♦r♠ ✐s t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥

d`
t�

` C �`div v` D c
` ✇✐t❤ c

` D P�`
c � P�c

` C P� `
m � P�m

` C P�`
s � P�s

`; ✭✹✳✶✷✮

✇❤❡r❡ c
` ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧② t♦ t❤❡ ✐♥t❡rst✐t✐❛❧ ♠✐s❝✐❜❧❡ ❧✐q✉✐❞✱ ✐✳❡✳✱ t❤❡

r❛t❡ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛t ✇❤✐❝❤ ♠❛ss ✐s ❜❡✐♥❣ ♠♦✈❡❞ ❢r♦♠ t❤❡ t❤r❡❡ ♦t❤❡r ♣❤❛s❡s
✐♥t♦ t❤❡ ✐♠❧✱ ♠✐♥✉s t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✐t ✐s ❜❡✐♥❣ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ✐♠❧ ❛♥❞ ♣❧❛❝❡❞
✐♥t♦ t❤❡ ♦t❤❡r t❤r❡❡ ♣❤❛s❡s✳ ❋r♦♠ t❤✐s ❡q✉❛t✐♦♥✱ ✐t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

tr L
` D 0 ✭✹✳✶✸✮

✇❤❡♥❡✈❡r t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ✐s ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ✇❤✐❝❤ ✐s ❛ ❣♦♦❞ ❛ss✉♠♣t✐♦♥✳
❋✐♥❛❧❧②✱ t❤❡ ♠❛ss ❜❛❧❛♥❝❡ ❣♦✈❡r♥✐♥❣ t❤❡ ♣♦s ✇✐t❤✐♥ ❛ t✐ss✉❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥

s✉♣♣♦s✐t✐♦♥ ✶ ❛♥❞ ❝♦♥str❛✐♥❡❞ ❜② ♣♦st✉❧❛t❡ ✶✱ ♦❜❡②s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

@t

Z

B

�s dv D �

Z

ıB

�svs � n da C

Z

B

�

P�s
c � P�c

s C P�s
` � P�`

s C P� s
m � P�m

s

�

dv; ✭✹✳✶✹✮

✇❤♦s❡ ❧♦❝❛❧ ❢♦r♠ ✐s t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥

ds
t�

s C �sdiv vs D c
s ✇✐t❤ c

s D P�s
c � P�c

s C P�s
` � P�`

s C P� s
m � P�m

s ; ✭✹✳✶✺✮

✇❤❡r❡ c
s ✐s t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧② t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ s♦❧✉t❡s✱ ✐✳❡✳✱ t❤❡ r❛t❡

♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛t ✇❤✐❝❤ ♠❛ss ✐s ❜❡✐♥❣ ♠♦✈❡❞ ❢r♦♠ t❤❡ t❤r❡❡ ♦t❤❡r ♣❤❛s❡s ✐♥t♦ t❤❡
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♣♦s✱ ♠✐♥✉s t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✐t ✐s ❜❡✐♥❣ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ♣♦s ❛♥❞ ♣❧❛❝❡❞ ✐♥t♦ t❤❡
♦t❤❡r t❤r❡❡ ♣❤❛s❡s✳ ❋r♦♠ t❤✐s ❡q✉❛t✐♦♥✱ ✐t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t

tr L
s D 0 ✭✹✳✶✻✮

✇❤❡♥❡✈❡r t❤❡ s♦❧✉t❡s ❛r❡ ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ✇❤✐❝❤ ✐s ♣r♦❜❛❜❧② ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥✳
❆ ♠❡❛♥s ❜② ✇❤✐❝❤ t❤❡ ♠❛ss ❞❡♥s✐t② ❢♦r ❛ ♣♦s ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ✐s ✈✐❛

�s D

Ns
X

jD1

�s
j D

Ns
X

jD1

nj Mj ; ✭✹✳✶✼✮

✇❤❡r❡ nj ✐s t❤❡ ♠♦❧❛r ❝♦♥❝❡♥tr❛t✐♦♥ ✭♥✉♠❜❡r ♦❢ ♠♦❧❡s ♣❡r ❝✉❜✐❝ ❝❡♥t✐♠❡t❡r✮ ❛♥❞
Mj ✐s t❤❡ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ✭❣r❛♠s ♣❡r ♠♦❧❡✮ ♦❢ s♦❧✉t❡ ♠♦❧❡❝✉❧❡ j ✳

❚❤❡ ❢♦✉r ♠❛ss s✉♣♣❧✐❡s✱ ✇❤✐❝❤ ❛r❡ ♠❛ss r❛t❡s ♣❡r ✉♥✐t ✈♦❧✉♠❡✱ s❛t✐s❢② t❤❡ ✐❞❡♥t✐t②

X

c
˛ D 0; ✭✹✳✶✽✮

✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡✐r ❞❡✜♥✐t✐♦♥s ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥s ✭✹✳✺✱ ✹✳✾✱ ✹✳✶✷ ✫ ✹✳✶✺✮✳ ❍❡♥❝❡✱
♦✉r ♣❤②s✐❝❛❧ ❧❛✇s ❢♦r t✐ss✉❡ ❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚r✉❡s❞❡❧❧✬s ✭✶✾✺✼✮ ♣❤②s✐❝❛❧ ❧❛✇s ❢♦r
❝❤❡♠✐❝❛❧❧② r❡❛❝t✐♥❣ ♠✐①t✉r❡s ✇✐t❤ ❞✐✛✉s✐♦♥✳

❋r♦♠ t❤❡ ✐❞❡♥t✐t② ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✸✮✱ ❛❧♦♥❣ ✇✐t❤ ❡q✉❛t✐♦♥s ✭✸✳✺✱ ✸✳✼ ✫ ✸✳✶✹✮✱
t❤❡ s✉♠ ♦❢ t❤❡ ❝♦♥st✐t✉❡♥t ♠❛ss✲❜❛❧❛♥❝❡ ❧❛✇s ❧✐st❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✹✳✺✱ ✹✳✾✱ ✹✳✶✷
✫ ✹✳✶✺✮ ❡q✉❛t❡s ✇✐t❤ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss st❛t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✷✮✳ ■♥ t❤✐s
r❡❣❛r❞✱ ♦✉r t❤❡♦r② ❞✐✛❡rs ❢r♦♠ t❤❡ ❡①✐st✐♥❣ t❤❡♦r✐❡s ❢♦r t✐ss✉❡ ❣r♦✇t❤ ❞✐s❝✉ss❡❞
✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳ ❖✉r t❤❡♦r②✱ ❧✐❦❡ ❚r✉❡s❞❡❧❧✬s ✭✶✾✺✼✮ ❛♥❞ ❇♦✇❡♥✬s ✭✶✾✻✾✱ ✶✾✼✻✮
t❤❡♦r✐❡s✱ ❞❡s❝r✐❜❡s ❛ ❝❧♦s❡❞✲s②st❡♠ ❝♦♥t✐♥✉✉♠ ✇❤❡r❡✐♥ ♠❛ss ✐s ❝♦♥s❡r✈❡❞ ❜♦t❤ ❛t ❛
♠❛ss ♣♦✐♥t ❛♥❞ t❤r♦✉❣❤♦✉t t❤❡ ❜♦❞②✳ Pr✐♦r t✐ss✉❡ ❣r♦✇t❤ t❤❡♦r✐❡s ❞❡s❝r✐❜❡ ♦♣❡♥✲
s②st❡♠ ❝♦♥t✐♥✉❛ ✇❤❡r❡✐♥ ♠❛ss ❝❛♥ ❜❡ ❡✐t❤❡r ❝r❡❛t❡❞ ♦r ❞❡str♦②❡❞ ❛t ❛ ♠❛ss ♣♦✐♥t✱
✇✐t❤ ❛ t❛❝✐t ✐♠♣❧✐❝❛t✐♦♥ t❤❛t ♠❛ss ✐s s♦♠❡❤♦✇ ❜❡✐♥❣ ❝♦♥s❡r✈❡❞ ❛t s♦♠❡ ❤✐❣❤❡r ❧❡✈❡❧
♦❢ ♦r❣❛♥✐③❛t✐♦♥ s✉❝❤ ❛s t❤❡ ♦r❣❛♥✐s♠✳

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❡①♣r❡ss t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ t❤❛t ❣♦✈❡r♥s ♠❛ss ✐♥ ❡❛❝❤ ♦❢
t❤❡ ❝♦♥st✐t✉❡♥t ♣❤❛s❡s ❛s ❛ s✐♥❣❧❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

@t

Z

B

�˛ dv D �

Z

ıB

�˛
v

˛ � n da C

Z

B

c
˛ dv; ✭✹✳✶✾✮

✇❤♦s❡ ❧♦❝❛❧ ❢♦r♠ ✐s
d˛

t �˛ C �˛div v
˛ D c

˛; ✭✹✳✷✵✮

✇❤❡r❡✐♥ ˛ 2 fc; `; m; sg✳ ■♥ ❛ ❣❡♥❡r❛❧ s❡♥s❡✱ t❤❡ ❞❡♥s✐t② ♦❢ ♠❛ss s✉♣♣❧② c
˛ r❡♣r❡s❡♥ts

❛ s✉♠ ♦❢ r❛t❡s ❛t ✇❤✐❝❤ ♠❛ss❡s ❛r❡ ❧❡❛✈✐♥❣ t❤❡ t❤r❡❡ ♦t❤❡r ♣❤❛s❡s t♦ ❜❡ ❛❜s♦r❜❡❞
❜② t❤❡ ˛t❤ ♣❤❛s❡✱ ♠✐♥✉s ❛ s✉♠ ♦❢ r❛t❡s ❛t ✇❤✐❝❤ ♠❛ss❡s ❛r❡ ❞❡♣❛rt✐♥❣ ❢r♦♠ t❤❡ ˛t❤

♣❤❛s❡ t♦ ❜❡ ❛❜s♦r❜❡❞ ❜② t❤❡ ♦t❤❡r t❤r❡❡ ♣❤❛s❡s✳
❚❤❡ ❡q✉❛t✐♦♥ ❢♦r ♠❛ss ❜❛❧❛♥❝❡ ✐♥ t❤❡ ˛t❤ ❝♦♥st✐t✉❡♥t✱ ❡q✉❛t✐♦♥ ✭✹✳✷✵✮✱ ❛♥❞ t❤❡

❛ss♦❝✐❛t❡❞ ❢♦r♠✉❧❛ ❣♦✈❡r♥✐♥❣ ♠❛ss ❜❛❧❛♥❝❡ ✐♥ t❤❡ ♦✈❡r❛❧❧ ♠✐①t✉r❡✱ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮✱
❝♦♠♣r✐s❡ ✇❤❛t ✐s t❤❡♦r❡♠ ✶ ✐♥ ❚r✉❡s❞❡❧❧✬s ✭✶✾✺✼✮ ♠♦♥✉♠❡♥t❛❧ ♣❛♣❡r✳

❆ ❜❛❧❛♥❝❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❢♦r♠

dm
t �c C �cdiv v

m D div
�

D grad �c
�

C c
c ; ✭✹✳✷✶✮



❤❛s ❜❡❡♥ ✉s❡❞ ❜② ❚r❛♥q✉✐❧❧♦ ✫ ▼✉rr❛② ✭✶✾✾✸✮ ✐♥ t❤❡✐r ♠♦❞❡❧✐♥❣ ♦❢ ✇♦✉♥❞ ❝❧♦s✉r❡✱
❛♥❞ ❜② ●ó♠❡③✲❇❡♥✐t♦ ❡t ❛❧✳ ✭✷✵✵✻✮ ✐♥ t❤❡✐r ♠♦❞❡❧✐♥❣ ♦❢ ❜♦♥❡ ❤❡❛❧✐♥❣✱ ✇✐t❤ t❤❡
♠❛ss s✉♣♣❧② c

c ✐♥tr♦❞✉❝✐♥❣ t❡r♠s ❛❦✐♥ t♦ t❤♦s❡ ♦❢ t❤❡ ❧♦❣✐st✐❝s ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦
♠♦❞❡❧ ❝❡❧❧ ♠✐t♦s✐s ✭❜✐rt❤✮ ❛♥❞ ❛♣♦♣t♦s✐s ✭❞❡❛t❤✮✳ ❊q✉❛t✐♦♥ ✭✹✳✷✶✮ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡
✇❛② t♦ ✇r✐t❡ ❡q✉❛t✐♦♥ ✭✹✳✾✮ ❢♦r ♠❛ss ❜❛❧❛♥❝❡ ✐♥ t❤❡ ♣♦❝✱ ❣✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ❢♦r vc

♣r♦✈✐❞❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✳

✭✐✮ ❘❛t❡s ❢♦r ▼❛ss✲❆✈❡r❛❣❡❞ ❋✐❡❧❞s

❈♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ ˇ ❞❡✜♥❡❞ ❛s t❤❡ ♠❛ss✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ✐ts ❝♦♥✲
st✐t✉❡♥ts

ˇ D
X

�˛ˇ˛ ♦r ❡q✉✐✈❛❧❡♥t❧② �ˇ D
X

�˛ˇ˛: ✭✹✳✷✷✮

❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

dtˇ
˛ D d˛

t ˇ
˛ � gradˇ˛ � u˛; ✭✹✳✷✸✮

✇❤✐❧st ❢r♦♠ ❡q✉❛t✐♦♥s ✭✸✳✶✺✱ ✸✳✶✽ ✫ ✹✳✸✮✱ ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❤❛✐♥ r✉❧❡ t♦
❡q✉❛t✐♦♥ ✭✸✳✼✮✱ ✈✐③✳✱ � dt�

˛ D dt�
˛ ��˛dt�✱ ✇❤✐❝❤ ✐s ❢✉rt❤❡r s✐♠♣❧✐✜❡❞ ✈✐❛ ❡q✉❛t✐♦♥

✭✹✳✷✮ ❢♦r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❜❛❧❛♥❝❡ ❧❛✇ ❣♦✈❡r♥✐♥❣ ♠❛ss ✐♥ ❡❛❝❤
❝♦♥st✐t✉❡♥t ♣❤❛s❡✱ ❡q✉❛t✐♦♥ ✭✹✳✷✵✮✱ ❝❛♥ ❜❡ r❡❝❛st ❛s

� dt�
˛ D �div

�

�˛u˛
�

C c
˛; ✭✹✳✷✹✮

s✉❝❤ t❤❛t ❡q✉❛t✐♦♥s ✭✹✳✷✷✕✹✳✷✹✮✱ ✐♥ t❤❡ ❝♦♠♣❛♥② ♦❢ ❡q✉❛t✐♦♥ ✭✹✳✸✮✱ ❝♦❧❧❡❝t✐✈❡❧② ②✐❡❧❞
✭❝❢✳ ❡q✉❛t✐♦♥ ✶✳✷✳✶✼ ✐♥ ❇♦✇❡♥ ✶✾✼✻✮

� dt

�

�˛ˇ˛
�

D �˛ dtˇ
˛ C ˇ˛ � dt�

˛

D �˛ d˛
t ˇ

˛ � div
�

�˛ˇ˛u˛
�

C c
˛ˇ˛;

✭✹✳✷✺✮

❛♥❞ t❤❡r❡❢♦r❡
� dtˇ D

X

�

�˛d˛
t ˇ

˛ � div
�

�˛ˇ˛u˛
�

C c
˛ˇ˛

�

; ✭✹✳✷✻✮

✇❤✐❝❤ ✐s ❛ ❢♦r♠✉❧❛ ♦❢ ❡①tr❡♠❡ ✐♠♣♦rt❛♥❝❡ ✐♥ ♠✐①t✉r❡ t❤❡♦r②✳ ❚❤✐s ❢♦r♠✉❧❛ ❡st❛❜✲
❧✐s❤❡s ❤♦✇ ❧♦❝❛❧ ✜❡❧❞s ♠❛♣ ✐♥t♦ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❣❧♦❜❛❧ ✜❡❧❞s✳ ■t ✐s t❤❡ ♣r❡❞♦♠✐♥❛♥t
❛✈❡r❛❣✐♥❣ ❢♦r♠✉❧❛ ♦❢ ♠✐①t✉r❡ t❤❡♦r②✳

❆s ❛ ♠❛tt❡r ♦❢ ✐❧❧✉str❛t✐♦♥✱

� Rx D
X

�

�˛d˛
t v

˛ � div
�

�˛v˛ ˝ uf
�

C c
˛v˛

�

✭✹✳✷✼✮

q✉❛♥t✐✜❡s t❤❡ ❜❛r②❝❡♥tr✐❝ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❛ ♠✐①t✉r❡✳

✺✳ ❇❛❧❛♥❝❡ ▲❛✇s ❢♦r ❚✐ss✉❡s

■♥ t❤❡ ♣r✐♦r s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t✐ss✉❡s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡
♦❢ ❝❤❡♠✐❝❛❧❧② r❡❛❝t✐♥❣ ♠✐①t✉r❡s ✇✐t❤ ❞✐✛✉s✐❜❧❡ ❝♦♥st✐t✉❡♥ts✳ ❈♦♥s❡q✉❡♥t❧②✱ ♦♥❡ ❝❛♥
✐♠♠❡❞✐❛t❡❧② ✇r✐t❡ ❞♦✇♥ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ t❤❡♠✳ ❚❤❡ ❜❛❧❛♥❝❡ ❧❛✇s ❢♦r
♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❛♥❞ ❡♥❡r❣② ❛r❡ ❢r♦♠ t❤❡♦r❡♠s ✶✕✸ ♦❢ ❚r✉❡s❞❡❧❧ ✭✶✾✺✼✮✳ ❚❤❡ ✜❡❧❞
❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ ❡♥tr♦♣② ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

❚✐ss✉❡s ❞♦ ♥♦t r❡q✉✐r❡ t❤❡ ❢✉❧❧ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ t❤❡♦r② ❢♦r ❝❤❡♠✐❝❛❧❧② r❡❛❝t✲
✐♥❣ ♠✐①t✉r❡s ✇✐t❤ ❞✐✛✉s✐♦♥✳ ❈❡rt❛✐♥ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ✐♠♣♦s❡❞❀ ✐♥
♣❛rt✐❝✉❧❛r✿
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❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ t❡♠♣❡r❛t✉r❡s ♦❢ t❤❡ s❡♣❛r❛t❡ ♣❤❛s❡s ❛r❡ ❡q✉❛❧✳

❆ss✉♠♣t✐♦♥ ✷✳ ❙❡❝♦♥❞✲ ❛♥❞ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s ✐♥ ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ♥❡✲
❣❧❡❝t❡❞✳

❆ss✉♠♣t✐♦♥ ✸✳ ❆❧❧ ♠♦♠❡♥ts ♦❢ ♠♦♠❡♥t❛ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳

■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ t❤❡ ♠❛ss✱
♠♦♠❡♥t✉♠✱ ❡♥❡r❣②✱ ❛♥❞ ❡♥tr♦♣② ♦❢ ❡❛❝❤ ❝♦♥st✐t✉❡♥t ✐♥ s✉❝❤ ❛ ♠✐①t✉r❡ ❛r❡ r❡s♣❡❝✲
t✐✈❡❧②

d˛
t �

˛ D ��˛div v˛ C c
˛;

�˛d˛
t v

˛ D div T
˛ C �˛g C p˛; T

˛ D .T ˛/T;

�˛ d˛
t �

˛ D tr
�

T
˛
D

˛
�

� div q˛ C �˛r˛ C e
˛;

�˛ d˛
t �

˛ D �div
�

q˛=�
�

C �˛r˛=� C s
˛ C 
 ˛;

✭✺✳✶✮

✇❤❡r❡ ˛ 2 fc; `;m; sg ✐♥ ♦✉r ❝❛s❡✳ ❚❤❡ ❧❛✇s t❤❛t ❣♦✈❡r♥ ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥tr♦♣②
✉t✐❧✐③❡❞ ❛ss✉♠♣t✐♦♥s ✶ ✫ ✸ ✐♥ t❤❡✐r ❞❡r✐✈❛t✐♦♥s✳ ❍❡r❡ �˛✱ �˛✱ r˛✱ ❛♥❞ �˛ ❛r❡ t❤❡ ♠❛ss✱
✐♥t❡r♥❛❧ ❡♥❡r❣②✱ ❤❡❛t ♣r♦❞✉❝t✐♦♥✱ ❛♥❞ ❡♥tr♦♣② ❞❡♥s✐t✐❡s ♦❢ t❤❡ ˛t❤ ❝♦♥st✐t✉❡♥t✱ ✇❤✐❧❡

 ˛ ✐s ✐ts ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥✱ � ✐s t❡♠♣❡r❛t✉r❡✱ g ✐s t❤❡ ❣r❛✈✐t② ✈❡❝t♦r ✭t❤❡ s♦❧❡ ❜♦❞②
❢♦r❝❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✮✱ v˛ ❛♥❞ q˛ ✐s t❤❡ ✈❡❧♦❝✐t② ❛♥❞ ❤❡❛t ✢✉① ✈❡❝t♦rs ♦❢ t❤❡ ˛t❤

❝♦♥st✐t✉❡♥t✱ ❛♥❞ T
˛ ✐s ✐ts ♣❛rt✐❛❧ str❡ss✳ ◗✉❛♥t✐t✐❡s p˛✱ e

˛✱ ❛♥❞ s
˛ ❛r❡ t❤❡ r❛t❡s

❛t ✇❤✐❝❤ ♠♦♠❡♥t✉♠✱ ✐♥t❡r♥❛❧ ❡♥❡r❣②✱ ❛♥❞ ❡♥tr♦♣② ❛r❡ ❜❡✐♥❣ s✉♣♣❧✐❡❞ t♦ t❤❡ ˛t❤

♣❤❛s❡ ❢r♦♠ t❤❡ ♦t❤❡r t❤r❡❡ ♣❤❛s❡s t❤r♦✉❣❤ ♣r♦❝❡ss❡s ❧✐♥❦❡❞ t♦ s♦♠❡ ♠❛ss s✉♣♣❧②
c

˛ ❛♥❞✴♦r s♦♠❡ ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t② u˛✳
❚❤❡✐r ❝♦✉♥t❡r♣❛rts✱ t❤❡ ♣❤②s✐❝❛❧ ❧❛✇s t❤❛t ❣♦✈❡r♥ t❤❡ ♦✈❡r❛❧❧ ♠✐①t✉r❡✱ ❛r❡ s❛t✲

✐s✜❡❞ ✐♠♣❧✐❝✐t❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s

X

c
˛ D 0;

X

�

p˛ C c
˛u˛

�

D 0;
X

�

e
˛ C tr

�

T
˛grad u˛

�

C c
˛�˛

�

D 0;

X

�

s
˛ C div

�

�˛ ˛u˛=�
�

C c
˛�˛

�

D 0;
X


 ˛ � 0;

✭✺✳✷✮

✇❤❡r❡ ❛ss✉♠♣t✐♦♥s ✶ ✫ ✷ ❤❛✈❡ ❜❡❡♥ ✐♠♣♦s❡❞✱ ❛♥❞ ✇❤❡r❡  ˛ D �˛ � �˛� ❞❡♥♦t❡s
t❤❡ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣② ♦❢ t❤❡ ˛t❤ ♣❤❛s❡✳ ❚❤❡ ✜rst ❢♦r♠✉❧❛ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮ ✐s
❥✉st ❡q✉❛t✐♦♥ ✭✹✳✶✽✮✳ ❚❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛✱ ❧✐❦❡ t❤❡ ✜rst✱ ✐s ❛s ✐t ❛♣♣❡❛rs ✐♥ ❚r✉❡s❞❡❧❧
✭✶✾✺✼✮✳ ❍♦✇❡✈❡r✱ t❤❡ t❤✐r❞ ❢♦r♠✉❧❛ ✐s ❞✐✛❡r❡♥t✱ ❜❡❝❛✉s❡ ♦❢ ❤♦✇ ✇♦r❦ ✐s ❝♦♥s✐❞❡r❡❞
t♦ ♠❛♣ ✭s❡❡ ❡q✉❛t✐♦♥ ✺✳✺✮✳ ■♥ ♦✉r ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ✇♦r❦ ❧♦st ♦r ❣❛✐♥❡❞
t❤r♦✉❣❤ ❞✐✛✉s✐♦♥ tr

�

T
˛grad u˛

�

✐s ❛❝❝♦✉♥t❡❞ ❢♦r✳ ■♥ ❚r✉❡s❞❡❧❧✬s ✭✶✾✺✼✮ ❛♥❞ ❇♦✇❡♥✬s
✭✶✾✼✻✮ ❢♦r♠✉❧❛t✐♦♥✱ t❤✐s ❡✛❡❝t ✐s q✉❛♥t✐✜❡❞ ❜② p˛ � u˛✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛
❞✐✛❡r❡♥t ❤❡❛t ✢✉① ♠❛♣ t❤❛♥ ✐s ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✺✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ❢♦r♠✉❧æ
✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮ ❛r❡ ♥❡✇ t♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤❡
❛♣♣❡♥❞✐①✳
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❚❤❡ ❢♦r♠✉❧æ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✜❡❧❞ ❡q✉❛t✐♦♥s

dt � D �� div Px;

� dt Px D div T C �g; T D T
T;

� dt � D tr .TD/ � div q C �r;

� dt � D �div.q=�/ C �r=� C 
; 
 � 0;

✭✺✳✸✮

✇❤✐❝❤ ❛r❡ ❝❧❛ss✐❝ ✐♥ t❤❡✐r ❝♦♥str✉❝t✐♦♥✳ ■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❛ss✉♠♣t✐♦♥ ✷✱ ❛s ✐t
♣❡rt❛✐♥s t♦ t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣②✱ t❤❡ ♠❛♣♣✐♥❣s

� D
X

�˛; Px D
X

�˛
v

˛; � D
X

�˛�˛; � D
X

�˛�˛; ✭✺✳✹✮

❡st❛❜❧✐s❤ ❤♦✇ t❤❡ ✈❛r✐♦✉s ❧♦❝❛❧ ✜❡❧❞s t❤❛t r❡s✐❞❡ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡s ♦❢ t❤❡ ❢♦r✲
♠✉❧æ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✶✮✱ ❛s ❛r❣✉♠❡♥ts ♦❢ t❤❡✐r ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡s✱ r❡❧❛t❡ t♦ t❤❡✐r
❝♦♥t✐♥✉✉♠ ❝♦✉♥t❡r♣❛rts ✐♥ t❤❡ ❢♦r♠✉❧æ ♦❢ ❡q✉❛t✐♦♥ ✭✺✳✸✮✳ ❆❧s♦ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤
❛ss✉♠♣t✐♦♥ ✷✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♠♣♦s❡❞ ♦♥ ❛❧❧ ♦❢ t❤❡ ❢♦r♠✉❧æ t♦ ❢♦❧❧♦✇ ❡①❝❡♣t ❢♦r
t❤❛t ♦❢ t❤❡ ❤❡❛t ♣r♦❞✉❝t✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ♠❛♣♣✐♥❣s

T D
X

T
˛;

tr .TD/ D
X

�

tr
�

T
˛
D

˛
�

� tr
�

T
˛grad u˛

�

�

;

q D
X

�

q˛
C �˛�˛u˛

�

;

r D
X

�˛
r

˛;

✭✺✳✺✮

✇❤✐❝❤ ❡st❛❜❧✐s❤ ❤♦✇ t❤❡ ✈❛r✐♦✉s ❧♦❝❛❧ ✜❡❧❞s r❡❧❛t❡ t♦ t❤❡✐r ❣❧♦❜❛❧ ❝♦✉♥t❡r♣❛rts t❤❛t
r❡s✐❞❡ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ♦❢ t❤❡s❡ ❢♦r♠✉❧æ✳

❙❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❇♦✇❡♥ ✭✶✾✼✻✮ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥s ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s t❤❛t ❤♦❧❞
✇❤❡♥❡✈❡r ❛s✉♠♣t✐♦♥s ✶✕✸ ❞♦ ♥♦t ❛♣♣❧②✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ❇♦✇❡♥ ✭✶✾✼✻✮ ❢✉rt❤❡r
❞❡❝♦♠♣♦s❡s tr

�

T
˛grad u˛

�

✐♥t♦ div
�

T
˛u˛

�

� u˛ � div T
˛✱ ✇❤✐❝❤ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧②

❝♦rr❡❝t✱ ❛♥❞ ✐♥ ❞♦✐♥❣ s♦ ❤❡ ✐s ❧❡❛❞ t♦ ❞✐✛❡r❡♥t ♠❛♣♣✐♥❣ ❢♦r♠✉❧æ ❢♦r q ❛♥❞ e
˛

t❤❛♥ t❤♦s❡ t❤❛t ❛r❡ ❣✐✈❡♥ ✐♥ ❡q✉❛t✐♦♥s ✭✺✳✷ ✫ ✺✳✺✮✳ ❇♦t❤ ♦❢ ♦✉r ❢♦r♠✉❧❛t✐♦♥s ❛r❡
♠❛t❤❡♠❛t✐❝❛❧❧② ❝♦rr❡❝t✳ ❲❡ ✜♥❞ ♦✉r ❢♦r♠✉❧❛t✐♦♥ t♦ ❜❡ ♠♦r❡ ✐♥t✉✐t✐✈❡✳ ❇♦✇❡♥ ✭✶✾✼✻✮
r❡❢❡rs t♦ ♦✉r q ❛s k✳

✻✳ ❈♦♥st✐t✉t✐✈❡ ❙tr✉❝t✉r❡

❚❤❡ ❝✉st♦♠❛r② ♠❡❛♥s ❜② ✇❤✐❝❤ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ✐s t♦ ✐♥tr♦❞✉❝❡
❛ ▲❛❣❡♥❞r❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t s✇❛♣s ❡♥tr♦♣② ❢♦r t❡♠♣❡r❛t✉r❡ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t
t❤❡r♠♦❞②♥❛♠✐❝ ✈❛r✐❛❜❧❡✱ ✇✐t❤ t❡♠♣❡r❛t✉r❡ ❤❛✈✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❝❛♣❛❜❧❡
♦❢ ♠❡❛s✉r❡♠❡♥t✳ ❚❤✐s ♣❛rt✐❝✉❧❛r tr❛♥s❢♦r♠❛t✐♦♥ ❡①❝❤❛♥❣❡s t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ✇✐t❤
t❤❡ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣② ❛s t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ st❛t❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❛r♦s❡ ♥❛t✲
✉r❛❧❧② ✐♥ ♦✉r ❞❡r✐✈❛t✐♦♥ ♦❢ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥✱ ❡q✉❛t✐♦♥ ✭❆✳✽✮✱ ❛♥❞ ❛❧❧♦✇s ♦♥❡ t♦
❝♦♠❜✐♥❡ t❤❡ ❢♦r♠✉❧æ ❢♦r t❤❡ ✜rst✲ ❛♥❞ s❡❝♦♥❞✲❧❛✇s ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s ✐♥t♦ ❛ s✐♥❣❧❡
❢♦r♠✉❧❛✱ ✇✐t❤ t❤❡ ♦✉t❝♦♠❡ ❜❡✐♥❣ ❛ ●✐❜❜s✲❧✐❦❡ ❡q✉❛t✐♦♥✳



▲❡t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞s ❢♦r t❤❡ ❢♦✉r ❝♦♥st✐t✉❡♥ts ♦❢ t✐ss✉❡ ❜❡ ❞❡s❝r✐❜❡❞ ❜②

v` D  .x; t/;

vm D @t'.X
m; t/;

vs D v` �

Ns
X

iD1

D
s
i grad ln �s

i ;

vc D vm �

Nc
X

iD1

�

D
c
i grad ln �c

i �

Ns
X

jD1

D
cs
ij grad ln �s

j

�

;

✭✻✳✶✮

✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ s✉♣♣♦s✐t✐♦♥ ✶✳
❆ ❝♦♠♠♦♥ ❢♦r♠ ❛❞♦♣t❡❞ ❢♦r t❤❡ ❝♦♥st✐t✉t✐✈❡ str✉❝t✉r❡ ♦❢ ♠♦♠❡♥t✉♠ s✉♣♣❧② ✐s

✭❝❢✳ ❡q✉❛t✐♦♥ ✷✳✶✳✶✷ ✐♥ ❇♦✇❡♥ ✶✾✼✻✮

p˛ D �
X

ˇ

�˛ˇgrad �ˇ �
X

ˇ

�˛ˇvˇ � �˛grad T; ✭✻✳✷✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥tr♦❞✉❝❡s ❛ ❜✉♦②❛♥❝② ❡✛❡❝t✱ t❤❡ s❡❝♦♥❞
t❡r♠ ✐♥tr♦❞✉❝❡s ❛ ❙t♦❦❡s ❞r❛❣ ❡✛❡❝t✱ ❛♥❞ t❤❡ ❧❛st t❡r♠ ✐♥tr♦❞✉❝❡s ❛ ❙♦r❡t t❤❡r♠❛❧✲
❞✐✛✉s✐♦♥ ❡✛❡❝t✱ ✇✐t❤ �˛ˇ✱ �˛ˇ✱ ❛♥❞ �˛ ❞❡♥♦t✐♥❣ ♠❛t❡r✐❛❧ ❝♦♥st❛♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
❜✐♣❤❛s✐❝ t❤❡♦r② ♦❢ ❑❧✐s❝❤ ✫ ▲♦t③ ✭✷✵✵✵✮ ✉t✐❧✐③❡s ❙t♦❦❡❛♥ ❞r❛❣ ❛s t❤❡✐r ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥ ❢♦r ♠♦♠❡♥t✉♠ s✉♣♣❧② ✐♥ t❤❡✐r ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❛♥♥✉❧✉s ✜❜r♦s✉s✳

❆♣♣❡♥❞✐①✳ ❇❛❧❛♥❝❡ ♦❢ ❊♥tr♦♣② ❲✐t❤ ■ts Pr♦❞✉❝t✐♦♥

❯♥❧✐❦❡ ❛①✐♦♠ ✶✱ ✇❤✐❝❤ ✐s ❛ ❧❛✇ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ✭✐✳❡✳✱ ❛♥ ❡q✉❛❧✐t②✮✱ t❤❡ s❡❝♦♥❞ ❧❛✇
♦❢ t❤❡r♠♦❞②♥❛♠✐❝s ✐♥ ✐ts ❝❧❛ss✐❝ ♣r❡s❡♥t❛t✐♦♥ ❡st❛❜❧✐s❤❡s ❛♥ ✐♥❡q✉❛❧✐t②✳ ❋♦❧❧♦✇✐♥❣
t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♠✉❧❣❛t❡❞ ❜② ❚r✉❡s❞❡❧❧ ✫ ◆♦❧❧ ✭✶✾✻✺✱ ♣❣✳ ✷✾✺✮✱ ♦♥❡ ❝❛♥ ♣♦st✉❧❛t❡
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥ t❡r♠ t❤❛t ❵❜❛❧❛♥❝❡s✬ t❤✐s ❝❧❛ss✐❝ ❡♥tr♦♣②
✐♥❡q✉❛❧✐t②✱ t❤❡r❡❜② ♣✉tt✐♥❣ t❤❡ ❛①✐♦♠ ❢♦r t❤❡ s❡❝♦♥❞ ❧❛✇ ✐♥t♦ ❛ ❢♦r♠❛t t❤❛t ❝❛♥ ❜❡
r❡❛❞✐❧② ❛♣♣❧✐❡❞ ❞♦✇♥ t♦ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ s✉❜✲❝♦♥t✐♥✉❛ ♦❢ ❛ ♠✐①t✉r❡✳

❆①✐♦♠ ✷✳ ❚❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡♥tr♦♣② ✐♥❝r❡❛s❡s ✐♥s✐❞❡ ♦❢ B ❡q✉❛❧s t❤❡ ✢✉① ♦❢ ❡♥tr♦♣②
❡♥t❡r✐♥❣ ❛❝r♦ss ıB✱ ♣❧✉s t❤❡ ❡♥tr♦♣② ❡①♣❡♥❞❡❞ ❜② t❤❡ ❤❡❛t ✢✉①✐♥❣ ❛❝r♦ss ✐ts s✉r❢❛❝❡
ıB ❛♥❞ ❜② t❤❡ ❤❡❛t ❣❡♥❡r❛t✐♥❣ ✇✐t❤✐♥ ✐ts ✈♦❧✉♠❡ B✱ ♣❧✉s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❛t❡ ♦❢
❡♥tr♦♣② ❣❡♥❡r❛t✐♦♥ ❝r❡❛t❡❞ ✐♥t❡r♥❛❧❧② ❜② ♦t❤❡r ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s✳

❆①✐♦♠ ✷ ✐s ❛ st❛t❡♠❡♥t ♦❢ t❤❡ s❡❝♦♥❞ ❧❛✇ ♦❢ r❛t✐♦♥❛❧ t❤❡r♠♦❞②♥❛♠✐❝s✱ ✇❤♦s❡
♠❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s

@t

Z

B

�� dv D �

Z

ıB

�� Px � n da �

Z

ıB

.q=�/ � n da C

Z

B

�

�r=� C 

�

dv; ✭❆✳✶✮
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✇❤✐❝❤ s❛t✐s✜❡s ❛ ❈❧❛✉s✐✉s✲❉✉❤❡♠ ❝♦♥str❛✐♥t ✈✐❛ t❤❡ ✐♥t❡❣r❛❧ ✐♥❡q✉❛❧✐t②
Z

B


 dv � 0; ✭❆✳✷✮

✇❤❡r❡✐♥ � ❛♥❞ r ❛r❡ t❤❡ ❡♥tr♦♣② ❛♥❞ r❛t❡ ♦❢ ❤❡❛t ♣r♦❞✉❝t✐♦♥ ♣❡r ✉♥✐t ♠❛ss✱ � ✐s t❤❡
❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡✱ q ✐s t❤❡ ❤❡❛t ✢✉①✱ ❛♥❞ 
 ✐s t❤❡ r❛t❡ ♦❢ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥ ♣❡r
✉♥✐t ✈♦❧✉♠❡ ❜r♦✉❣❤t ❛❜♦✉t ❜② ✐♥t❡r♥❛❧ ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s✳ ❋♦❧❧♦✇✐♥❣ ❝♦♥✈❡♥t✐♦♥❛❧
❛r❣✉♠❡♥ts✱ ❛♥❞ s✐♠♣❧✐❢②✐♥❣ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✹✳✷✮ ❢♦r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥✱ t❤❡s❡ ✐♥t❡❣r❛❧
❡q✉❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s

� dt� D �div.q=�/C �r=� C 
; ✭❆✳✸✮

❛♥❞

 � 0; ✭❆✳✹✮

✇❤❡r❡ t❤❡ ❧❛tt❡r ❢♦r♠✉❧❛ ❤❛♥❞❧❡s t❤❡ ✐♥❡q✉❛❧✐t② ❢r♦♠ t❤❡ s❡❝♦♥❞ ❧❛✇ ♦❢ t❤❡r♠♦❞②✲
♥❛♠✐❝s✱ ❛s ✐t ❛♣♣❧✐❡s t♦ ❛ ❝♦♥t✐♥✉✉♠✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✇❡❧❧ ❦♥♦✇♥✳

P♦st✉❧❛t❡ ✷✳ ❋♦r ❛ ♣❤❛s❡ ✐♥ ❛ ♠✐①t✉r❡✱ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡♥tr♦♣② ✐♥❝r❡❛s❡s ✐♥s✐❞❡
♦❢ B ❡q✉❛❧s t❤❡ ✢✉① ♦❢ ❡♥tr♦♣② ❡♥t❡r✐♥❣ ❛❝r♦ss ıB✱ ♣❧✉s t❤❡ ❡♥tr♦♣② ❡①♣❡♥❞❡❞
❜② t❤❡ ❤❡❛t ✢✉①✐♥❣ ❛❝r♦ss ✐ts s✉r❢❛❝❡ ıB ❛♥❞ ❜② t❤❡ ❤❡❛t ❣❡♥❡r❛t✐♥❣ ✇✐t❤✐♥ ✐ts
✈♦❧✉♠❡ B✱ ♣❧✉s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❛t❡ ♦❢ ❡♥tr♦♣② ❣❡♥❡r❛t✐♦♥ ❝r❡❛t❡❞ ✐♥t❡r♥❛❧❧② ❜②
♦t❤❡r ✐rr❡✈❡rs✐❜❧❡ ♣r♦❝❡ss❡s✱ ♣❧✉s ❛♥② ❡♥tr♦♣✐❡s t❤❛t ❛r❡ ❜❡✐♥❣ ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥
✐t ❛♥❞ t❤❡ ♦t❤❡r ♣❤❛s❡s ✇✐t❤✐♥ B✳

●✐✈❡♥ t❤❛t ❡q✉❛t✐♦♥ ✭✹✳✷✵✮ ❡st❛❜❧✐s❤❡s t❤❡ ❧❛✇ ❣♦✈❡r♥✐♥❣ ♠❛ss ❜❛❧❛♥❝❡ ✇✐t❤✐♥
t❤❡ ♣❤❛s❡s ♦❢ ❛ ♠✐①t✉r❡ t❤❡♥✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♣♦st✉❧❛t❡ ✷ ❛♥❞ ❛ss✉♠♣t✐♦♥ ✶✱ ❛
❜❛❧❛♥❝❡ ♦❢ t❤❡ ❡♥tr♦♣② ✇✐t❤ ✐ts ♣r♦❞✉❝t✐♦♥ ✐♥ t❤❡ ˛t❤ ❝♦♥st✐t✉❡♥t r❡q✉✐r❡s t❤❛t

@t

Z

B

�˛�˛ dv D �

Z

ıB

�˛�˛ v˛ � n da �

Z

ıB

�

q˛=�
�

� n da

C

Z

B

�

�˛r˛=� C 
 ˛ C s
˛ C c

˛�˛
�

dv; ✭❆✳✺✮

✇❤❡r❡ �˛ ✐s t❤❡ ❡♥tr♦♣② ♣❡r ✉♥✐t ♠❛ss ❛♥❞ 
 ˛ ✐s t❤❡ r❛t❡ ♦❢ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥ ♣❡r
✉♥✐t ✈♦❧✉♠❡✱ ❜♦t❤ ✇✐t❤✐♥ t❤❡ ˛t❤ ♣❤❛s❡✱ ✇❤✐❧❡ s

˛ ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❡♥tr♦♣② s✉♣♣❧②
♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❛♥ ❡①❝❤❛♥❣❡ ♦❢ ❡♥tr♦♣✐❡s ❜❡t✇❡❡♥ ✐t ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥st✐t✉❡♥t
♣❤❛s❡s✳ ❲❤❡♥ ✇r✐tt❡♥ ❛s ❛ ✜❡❧❞ ❡q✉❛t✐♦♥✱ s✐♠♣❧✐❢②✐♥❣ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✹✳✷✵✮ ❢♦r ♠❛ss
❜❛❧❛♥❝❡✱ ♦♥❡ ❣❡ts

�˛ d˛
t �

˛ D �div
�

q˛=�
�

C �˛r˛=� C 
 ˛ C s
˛; ✭❆✳✻✮

✇❤✐❝❤ ✐s ❛ ❜❛❧❛♥❝❡ ❧❛✇ t❤❛t ❣♦✈❡r♥s ❡♥tr♦♣② ❛♥❞ ✐ts ♣r♦❞✉❝t✐♦♥ ❛t t❤❡ ❝♦♥st✐t✉❡♥t
❧❡✈❡❧✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t✐♦♥s ♦❢ ❡♥tr♦♣② ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❡♥tr♦♣② s✉♣♣❧②✱ ✇❡ ❛r❡
❛❜❧❡ t♦ ❝♦♥str✉❝t ❛♥ ❡♥tr♦♣② ❧❛✇ ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡s ♦❢ ❛ ♠✐①t✉r❡ ✐♥ ❛ ♠❛♥♥❡r
t❤❛t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡✐r ♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❛♥❞ ❡♥❡r❣② ❧❛✇s✳
■♥ t❤✐s r❡❣❛r❞✱ ♦✉r ❛♣♣r♦❛❝❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ❝❧❛ss✐❝ ❛♣♣r♦❛❝❤ ♦✉t❧✐♥❡❞ ✐♥ ❇♦✇❡♥
✭✶✾✼✻✮ ✇❤❡r❡✐♥ 
 ✱ 
 ˛✱ ❛♥❞ s

˛ ❤❛✈❡ ♥♦t ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t ♣♦st✉❧❛t❡ ✷ ❞♦❡s ♥♦t ❝❛rr② ♦✈❡r ❛ ❵♥♦♥✲♥❡❣❛t✐✈❡✬

❝♦♥str❛✐♥t ♦♥ 
 ˛ t❤❛t ✐s ♦t❤❡r✇✐s❡ ✐♠♣♦s❡❞ ♦♥ 
 ✐♥ ❛①✐♦♠ ✷❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s
❛❞♠✐ss✐❜❧❡ ❢♦r ❛ 
 ˛ t♦ ❜❡ ♥❡❣❛t✐✈❡ ❛s✲❧♦♥❣✲❛s 
 ✐s ❛❧✇❛②s ♥♦♥✲♥❡❣❛t✐✈❡✳
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❇② ❛ss✐❣♥✐♥❣ t❤❡ ♠❛♣♣✐♥❣s


 D

X


 ˛ ❛♥❞ �� D

X

�˛�˛; ✭❆✳✼✮

♦♥❡ ✐s ❛❜❧❡ t♦ ❡①♣r❡ss � dt� ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧ ✜❡❧❞s ✈✐❛ ❡q✉❛t✐♦♥ ✭✹✳✷✻✮ ❧❡❛❞✐♥❣ t♦

X

�

s
˛

C div
�

�˛ ˛
u

˛=�
�

C c
˛�˛

�

D 0; ✭❆✳✽✮

✇❤❡r❡ t❤❡ ♠❛♣♣✐♥❣s ❢♦r ❤❡❛t ✢✉① q ❛♥❞ ❤❡❛t ♣r♦❞✉❝t✐♦♥ r ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❡♥✲
❡r❣② ❜❛❧❛♥❝❡ ❢♦r♠✉❧æ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞✱ ❛s ❧✐st❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✺✮ ✇❤❡r❡✐♥ t❤❡
❡①♣r❡ss✐♦♥ ❢♦r q r❡q✉✐r❡s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ss✉♠♣t✐♦♥ ✷✳ ❍❡r❡  ˛

D �˛
� �˛� ❞❡✲

✜♥❡s t❤❡ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣② ❢♦r t❤❡ ˛t❤ ❝♦♥st✐t✉❡♥t✳ ❊q✉❛t✐♦♥ ✭❆✳✽✮ ❢♦r❝❡s t❤❡
❡♥tr♦♣② s✉♣♣❧② t♦ ❜❡ ✐♥ ❜❛❧❛♥❝❡ ✇✐t❤ t❤❡ ❡♥tr♦♣② ❧♦st ♦r ❣❛✐♥❡❞ t❤r♦✉❣❤ ❞✐✛✉s✐♦♥
❛♥❞ t❤r♦✉❣❤ ♠❛ss s✉♣♣❧②✳

✭❛✮ ❍❡❧♠❤♦❧t③ ❋r❡❡ ❊♥❡r❣② ❋♦r♠✉❧❛t✐♦♥

❚❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣② ❧✐st❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✸✮ ❛♥❞ t❤❡ ❜❛❧❛♥❝❡ ♦❢ ❡♥tr♦♣②
✇✐t❤ ✐ts ♣r♦❞✉❝t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✸✮ ❝♦♠❜✐♥❡ t♦ ♣r♦❞✉❝❡

� dt D ��� dt� C tr .TD/ � q � grad .ln �/ � 
�; ✭❆✳✾✮

✇❤❡r❡  D � � �� ✐s t❤❡ ❍❡❧♠❤♦❧t③ ❢r❡❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥✳
▲✐❦❡✇✐s❡✱ t❤❡ ❜❛❧❛♥❝❡ ❧❛✇ ❢♦r ❡♥❡r❣② ❧✐st❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✶✮ ❛♥❞ t❤❡ ❢♦r♠✉❧❛

❜❛❧❛♥❝✐♥❣ ❡♥tr♦♣② ✇✐t❤ ✐ts ♣r♦❞✉❝t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✻✮✱ ❜♦t❤ ♦❢ ✇❤✐❝❤
♣❡rt❛✐♥ t♦ t❤❡ ❝♦♥st✐t✉❡♥ts ♦❢ ❛ ♠✐①t✉r❡✱ ❛♥❞ ❝♦♠❜✐♥❡ t♦ ♣r♦❞✉❝❡
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˛

D e
˛

� s
˛� ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❢r❡❡✲❡♥❡r❣② s✉♣♣❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ˛t❤

♣❤❛s❡✳ ■ts ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❡♠♣❡r❛t✉r❡ ✇✐t❤ t❤❡
❢♦✉rt❤ ❢♦r♠✉❧❛ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮ ❛♥❞ s✉❜tr❛❝t✐♥❣ t❤❛t ❢r♦♠ t❤❡ t❤✐r❞ ❢♦r♠✉❧❛ ✐♥
❡q✉❛t✐♦♥ ✭✺✳✷✮✳

❘❡❢❡r❡♥❝❡s

❇✐♦t✱ ▼✳ ❆✳ ✶✾✹✶ ●❡♥❡r❛❧ t❤❡♦r② ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥✳ ❏✳ ❆♣♣❧✳ P❤②s✳ ✶✷✱
✶✺✺✕✶✻✹✳

❇♦✇❡♥✱ ❘✳ ▼✳ ✶✾✻✾ ❚❤❡ t❤❡r♠♦❝❤❡♠✐str② ♦❢ ❛ r❡❛❝t✐♥❣ ♠✐①t✉r❡ ♦❢ ❡❧❛st✐❝ ♠❛t❡r✐❛❧s ✇✐t❤
❞✐✛✉s✐♦♥✳ ❆r❝❤✳ ❘❛t✳ ▼❡❝❤✳ ❆♥❛❧✳ ✸✹✱ ✾✼✕✶✷✼✳

❇♦✇❡♥✱ ❘✳ ▼✳ ✶✾✼✻ ❚❤❡♦r② ♦❢ ♠✐①t✉r❡s✳ ■♥ ❈♦♥t✐♥✉✉♠ ♣❤②s✐❝s ✭❡❞✳ ❆✳ ❈✳ ❊r✐♥❣❡♥✮✱ ✈♦❧✳
✸✱ ♣♣✳ ✶✕✶✷✼✳ ◆❡✇ ❨♦r❦✿ ❆❝❛❞❡♠✐❝ Pr❡ss✳

❇✉❝❦❡②✱ ❏✳ ❈✳ ✷✵✵✻ ❙♣❛❝❡ P❤②s✐♦❧♦❣②✳ ◆❡✇ ❨♦r❦✿ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❈♦❧❡♠❛♥✱ ❇✳ ❉✳ ✫ ◆♦❧❧✱ ❲✳ ✶✾✻✹ ❙✐♠♣❧❡ ✢✉✐❞s ✇✐t❤ ❢❛❞✐♥❣ ♠❡♠♦r②✳ ■♥ ❙❡❝♦♥❞✲♦r❞❡r ❡✛❡❝ts
✐♥ ❡❧❛st✐❝✐t②✱ ♣❧❛st✐❝✐t② ❛♥❞ ✢✉✐❞ ❞②♥❛♠✐❝s ✭❡❞s ▼✳ ❘❡✐♥❡r ✫ ❉✳ ❆❜✐r✮✱ ♣♣✳ ✺✸✵✕✺✺✶✳ ◆❡✇
❨♦r❦✿ P❡r❣❛♠♦♥ Pr❡ss✳

❈♦✇✐♥✱ ❙✳ ❈✳ ✷✵✵✶ ❇♦♥❡ ♣♦r♦❡❧❛st✐❝✐t②✳ ■♥ ❇♦♥❡ ♠❡❝❤❛♥✐❝s ❤❛♥❞❜♦♦❦ ✭❡❞✳ ❙✳ ❈✳ ❈♦✇✐♥✮✱
❝❤✳ ✷✸✱ 2

♥❞ ❡❞♥✳ ❇♦❝❛ ❘❛t♦♥✿ ❈❘❈ Pr❡ss✳

❈♦✇✐♥✱ ❙✳ ❈✳ ✫ ❍❡❣❡❞✉s✱ ❉✳ ❍✳ ✶✾✼✻ ❇♦♥❡ r❡♠♦❞❡❧✐♥❣ ■✿ t❤❡♦r② ♦❢ ❛❞❛♣t✐✈❡ ❡❧❛st✐❝✐t②✳ ❏✳
❊❧❛st✐❝✐t② ✻✱ ✸✶✸✕✸✷✻✳



❊♣st❡✐♥✱ ▼✳ ✫ ▼❛✉❣✐♥✱ ●✳ ❆✳ ✷✵✵✵ ❚❤❡r♠♦♠❡❝❤❛♥✐❝s ♦❢ ✈♦❧✉♠❡tr✐❝ ❣r♦✇t❤ ✐♥ ✉♥✐❢♦r♠
❜♦❞✐❡s✳ ■♥t✳ ❏✳ P❧❛st✐❝✐t② ✶✻✱ ✾✺✶✕✾✼✽✳

●❛r✐❦✐♣❛t✐✱ ❑✳✱ ❆rr✉❞❛✱ ❊✳ ▼✳✱ ●r♦s❤✱ ❑✳✱ ◆❛r❛②❛♥❛♥✱ ❍✳ ✫ ❈❛❧✈❡✱ ❙✳ ✷✵✵✹ ❆ ❝♦♥t✐♥✉✉♠
tr❡❛t♠❡♥t ♦❢ ❣r♦✇t❤ ✐♥ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✿ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ♠❛ss tr❛♥s♣♦rt ❛♥❞ ♠❡❝❤❛♥✐❝s✳
❏✳ ▼❡❝❤✳ P❤②s✳ ❙♦❧✐❞s ✺✷✱ ✶✺✾✺✕✶✻✷✺✳

●ó♠❡③✲❇❡♥✐t♦✱ ▼✳ ❏✳✱ ●❛r❝í❛✲❆③♥❛r✱ ❏✳ ▼✳✱ ❑✉✐♣❡r✱ ❏✳ ❍✳ ✫ ❉♦❜❧❛ré✱ ▼✳ ✷✵✵✻ ❆ ✸❉
❝♦♠♣✉t❛t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ❢r❛❝t✉r❡ ❝❛❧❧✉s ❢♦r♠❛t✐♦♥✿ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ st✐✛♥❡ss ♦❢ t❤❡
❡①t❡r♥❛❧ ✜①❛t♦r✳ ❏✳ ❇✐♦♠❡❝❤✳ ❊♥❣✳ ✶✷✽✱ ✷✾✵✕✷✾✾✳

●✉✐❧❧♦✉✱ ❆✳ ✫ ❖❣❞❡♥✱ ❘✳ ❲✳ ✷✵✵✻ ●r♦✇t❤ ✐♥ s♦❢t ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ❛♥❞ r❡s✐❞✉❛❧ str❡ss
❞❡✈❡❧♦♣♠❡♥t✳ ■♥ ▼❡❝❤❛♥✐❝s ♦❢ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✭❡❞s ●✳ ❆✳ ❍♦❧③❛♣❢❡❧ ✫ ❘✳ ❲✳ ❖❣❞❡♥✮✱
♣♣✳ ✹✼✕✻✷✳ ❇❡r❧✐♥✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

❍♦❧③❛♣❢❡❧✱ ●✳ ❆✳ ✷✵✵✵ ◆♦♥❧✐♥❡❛r ❙♦❧✐❞ ▼❡❝❤❛♥✐❝s✿ ❆ ❝♦♥t✐♥✉✉♠ ❛♣♣r♦❛❝❤ ❢♦r ❡♥❣✐♥❡❡r✐♥❣✳
❈❤✐❝❤❡st❡r✿ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✳

❍s✉✱ ❋✳✲❍✳ ✶✾✻✽ ❚❤❡ ✐♥✢✉❡♥❝❡s ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❧♦❛❞s ♦♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❣r♦✇✐♥❣ ❡❧❛st✐❝ ❜♦❞②✳
❏✳ ❇✐♦♠❡❝❤✳ ✶✱ ✸✵✸✕✸✶✶✳

❍✉♠♣❤r❡②✱ ❏✳ ❉✳ ✫ ❘❛❥❛❣♦♣❛❧✱ ❑✳ ❘✳ ✷✵✵✷ ❆ ❝♦♥str❛✐♥❡❞ ♠✐①t✉r❡ ♠♦❞❡❧ ❢♦r ❣r♦✇t❤ ❛♥❞
r❡♠♦❞❡❧✐♥❣ ♦❢ s♦❢t t✐ss✉❡s✳ ▼❛t❤✳ ▼♦❞❡❧✳ ▼❡t❤✳ ❆♣♣❧✳ ❙❝✐✳ ✶✷✱ ✹✵✼✕✹✸✵✳

❑❡♥②♦♥✱ ❉✳ ❊✳ ✶✾✼✽ ❈♦♥s♦❧✐❞❛t✐♦♥ ✐♥ ❝♦♠♣r❡ss✐❜❧❡ ♠✐①t✉r❡s✳ ❏✳ ❆♣♣❧✳ ▼❡❝❤✳ ✹✺✱ ✼✷✼✕✼✸✷✳

❑❧✐s❝❤✱ ❙✳ ▼✳ ✫ ❍♦❣❡r✱ ❆✳ ✷✵✵✸ ❱♦❧✉♠❡tr✐❝ ❣r♦✇t❤ ♦❢ t❤❡r♠♦❡❧❛st✐❝ ♠❛t❡r✐❛❧s ❛♥❞ ♠✐①t✉r❡s✳
▼❛t❤✳ ▼❡❝❤✳ ❙♦❧✐❞s ✽✱ ✸✼✼✕✹✵✷✳

❑❧✐s❝❤✱ ❙✳ ▼✳ ✫ ▲♦t③✱ ❏✳ ❈✳ ✷✵✵✵ ❆ s♣❡❝✐❛❧ t❤❡♦r② ♦❢ ❜✐♣❤❛s✐❝ ♠✐①t✉r❡s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts ❢♦r ❤✉♠❛♥ ❛♥♥✉❧✉s ✜❜r♦s✐s t❡st❡❞ ✐♥ ❝♦♥✜♥❡❞ ❝♦♠♣r❡ss✐♦♥✳ ❏✳ ❇✐♦♠❡❝❤✳ ❊♥❣✳ ✶✷✷✱
✶✽✵✕✶✽✽✳

❑✉❤❧✱ ❊✳ ✫ ❙t❡✐♥♠❛♥♥✱ P✳ ✷✵✵✸ ▼❛ss✲ ❛♥❞ ✈♦❧✉♠❡✲s♣❡❝✐✜❝ ✈✐❡✇s ♦♥ t❤❡r♠♦❞②♥❛♠✐❝s ❢♦r
♦♣❡♥ s②st❡♠s✳ Pr♦❝✳ ❘✳ ❙♦❝✳ ▲♦♥❞✳ ❆ ✹✺✾✱ ✷✺✹✼✕✷✺✻✽✳

▲❛✐✱ ❲✳ ▼✳✱ ❍♦✉✱ ❏✳ ❙✳ ✫ ▼♦✇✱ ❱✳ ❈✳ ✶✾✾✶ ❆ tr✐♣❤❛s✐❝ t❤❡♦r② ❢♦r t❤❡ s✇❡❧❧✐♥❣ ❛♥❞ ❞❡❢♦r✲
♠❛t✐♦♥ ❜❡❤❛✈✐♦rs ♦❢ ❛rt✐❝✉❧❛r ❝❛rt✐❧❛❣❡✳ ❏✳ ❇✐♦♠❡❝❤✳ ❊♥❣✳ ✶✶✸✱ ✷✹✺✕✷✺✽✳

▲❛♥✐r✱ ❨✳ ✶✾✽✼ ❇✐♦r❤❡♦❧♦❣② ❛♥❞ ✢✉✐❞ ✢✉① ✐♥ s✇❡❧❧✐♥❣ t✐ss✉❡s✳ ■✳ ❜✐❝♦♠♣♦♥❡♥t t❤❡♦r② ❢♦r
s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ❡✛❡❝ts✳ ❇✐♦r❤❡♦❧♦❣② ✷✹✱ ✶✼✸✕✶✽✼✳

▲❛✉❣❤❧✐♥✱ ❘✳ ❇✳ ✷✵✵✷ ❚❤❡ ♣❤②s✐❝❛❧ ❜❛s✐s ❢♦r ❝♦♠♣✉t✐♥❣✳ ❈♦♠♣✉t✳ ❙❝✐✳ ❊♥❣✳ ✹✭✸✮✱ ✷✼✕✸✵✳

▲✉❜❛r❞❛✱ ❱✳ ❆✳ ✫ ❍♦❣❡r✱ ❆✳ ✷✵✵✷ ❖♥ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ s♦❧✐❞s ✇✐t❤ ❛ ❣r♦✇✐♥❣ ♠❛ss✳ ■♥t✳ ❏✳
❙♦❧✐❞s ❙tr✉❝t✳ ✸✾✱ ✹✻✷✼✕✹✻✻✹✳

▼❛❦✱ ❆✳ ❋✳ ✶✾✽✻ ❚❤❡ ❛♣♣❛r❡♥t ✈✐s❝♦❡❧❛st✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛rt✐❝✉❧❛r ❝❛rt✐❧❛❣❡✖t❤❡ ❝♦♥tr✐❜✉✲
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