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Physics-Based Modeling for
Heterogeneous Objects
Heterogeneous objects are composed of different constituent materials. In these objects,
material properties from different constituent materials are synthesized into one part.
Therefore, heterogeneous objects can offer new material properties and functionalities.
The task of modeling material heterogeneity (composition variation) is a critical issue in
the design and fabrication of such heterogeneous objects. Existing methods cannot effi-
ciently model the material heterogeneity due to the lack of an effective mechanism to
control the large number of degrees of freedom for the specification of heterogeneous
objects. In this research, we provide a new approach for designing heterogeneous objects.
The idea is that designers indirectly control the material distribution through the bound-
ary conditions of a virtual diffusion problem in the solid, rather than directly in the native
CAD (B-spline) representation for the distribution. We show how the diffusion problem
can be solved using the B-spline shape function, with the results mapping directly to a
volumetric B-Spline representation of the material distribution. We also extend this
method to material property manipulation and time dependent heterogeneous object mod-
eling. Implementation and examples, such as a turbine blade design and prosthesis de-
sign, are also presented. They demonstrate that the physics based B-spline modeling
method is a convenient, intuitive, and efficient way to model object heterogeneity.
@DOI: 10.1115/1.1582877#

1 Introduction

Heterogeneous objects are made of different constituent mate-

rials and/or have continuously varying material composition thus

producing gradation in their material properties. They are some-

times known as functionally gradient materials ~FGM!. In these

objects, different materials can be mixed and varied to satisfy

multiple or even conflicting design requirements, and they possess

many desired material properties, which cannot be obtained

otherwise.

Over the past decade, the uses of heterogeneous objects have

grown into many fields. When the FGM concept was first intro-

duced, two dissimilar materials such as metal and ceramic were

combined to relieve thermal stress. Now the applications of het-

erogeneous objects span from aerospace, nuclear energy, chemical

plant, and biomedical engineering, to general commodities. For

example, a graded interface for bone in orthopedic implants is

shown in Fig. 1. Conventional methods of fixing an artificial bone

and joint prosthesis to bone include the following steps: total close

contact of the prosthesis to the bone, direct mechanical fixation

with screws or spikes, and filling the space between the prosthesis

and bone with polymethylmethacrylate ~PMMA! bone cement.

However, this causes pain to the patient during weight bearing

situations such as walking because there is micromotion of the

prosthesis within the bone, and subsequently the prosthesis may

even loosen in the bone. As a result, the breaking of such fixation

frequently occurs. A more effective method for adhering prosthe-

sis to the bone is to coat it with a porous metal because new bone

ingrowth into the pores occurs after implantation. A graded layer

of hydroxyapatite ~HAp! is coated on the porous metal. It bonds to

the bone physicochemically, thereby increasing the adhesion

strength and rate of binding to the bone. Therefore, porous metal

with a HAp coating remedies the big drawbacks of cementless

prosthesis. It prevents pain to the patient while walking caused

by micromotion or loosening of a prosthesis fixed without

bone cement, and also allows weight bearing earlier after

implantation @1#.

Figure 1 is a schematic structure of such an FGM interface.

This FGM region is composed of porous titanium plus hydroxya-

patite ~HAp!. Ti has good mechanical toughness and HAp has

good biocompatibility. The uniform combination of Ti and HAp

would cause bio-incompatibility and weakened strength due to the

material property differences. Such material property differences

are resolved by using a mixture of Ti and HAp with varying

proportions. The sharp interface between Ti and HAp is elimi-

nated through a graded zone of Ti/HAp. The bending strength of

the resulting material is similar to human bone. The figure also

shows typical variation in properties due to the variation in mate-

rial composition at the FGM region.

As evidenced in the prosthesis design example, heterogeneous

objects have many advantages over objects composed of uniform

materials. Such advantages have brought to the forefront the re-

search on heterogeneous objects realization. In the last decade,

optimal design techniques such as the homogenization design

method have been developed which create just such heteroge-

neous objects @2#. Also, in the last few years, layered manufactur-

ing ~LM! has matured significantly and is capable of fabricating

heterogeneous objects @3#. In layered manufacturing, a part is built

by selectively depositing materials layer-by-layer under computer

control. A critical link between the design and fabrication of such

heterogeneous objects is heterogeneous object modeling, a task

creating the heterogeneous object model that can be used for the

design, analysis and fabrication of heterogeneous objects.

The recent research on heterogeneous object modeling has been

primarily focused on the representation schemes, i.e., using math-

ematical model and computer data structures to represent the ge-

ometry and material composition of heterogeneous objects. None-

theless, limited means are available for specifying and controlling

the material composition in the heterogeneous object model. One

of the main challenges lies in the fact there exist a large number of

degrees of freedom to completely define a heterogeneous object.

For example, for a 3d object with m types of materials and n

number of variations for each material, the modeling space is E3

3nm dimensional. To specify material composition within such a

complex space, an effective and efficient method is crucial.

This paper presents a diffusion process based method for het-
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erogeneous object modeling. It provides a convenient, intuitive
and efficient way to specify material compositions within the het-
erogeneous objects.

In the rest of this paper, Section 2 reviews the previous research
on heterogeneous object modeling. Section 3 presents the volu-
metric B-spline representation for heterogeneous objects. Section
4 describes the mathematical model for a diffusion process. Sec-
tion 5 details the mathematical formation for the diffusion based
B-spline heterogeneous object modeling. Section 5.2 extends the
method to time dependent heterogeneous objects. Method for im-
posing constraints on the diffusion model is presented in Section
6. The implementation and examples are shown in Section 7. Fi-
nally, the paper is concluded in Section 8.

2 Previous Research. Kumar and Dutta proposed R-m sets
could be used for representing heterogeneous objects @4#. Jackson
proposed another modeling approach based on subdividing the
solid model into sub-regions and associating the analytical com-
position blending functions with each region @5#. Some other
modeling and representation schemes, utilizing either voxel
model, implicit functions or texturing, have also been proposed
@6–8#.

Unlike the above research focusing on geometry/material rep-
resentation schemes, in this paper, we specifically focus on the
methods for specifying material variation. In each of the afore-
mentioned representation schemes, they used different modeling
methods. In terms of material specification, we classify these
methods into the following four categories: control points based,
analytical functions based, implicit functions based, and voxel
based modeling methods. It should be noted that these methods do

not necessarily associate with a particular representation scheme.
For example, both control points based and analytical functions
based methods can be applied in R-m set based representation
scheme for heterogeneous objects. Therefore, the advantages and
disadvantages of heterogeneity specification methods do not natu-
rally reflect the advantages and disadvantages of each representa-
tion scheme.

A comparison of these object heterogeneity specification meth-
ods is shown in Table 1.

In this table, model coverage refers to the coverage of geometry
and material variation each method can model. The convenience
refers to the convenience level for users to specify and change the
material heterogeneity.

A control point based method models the object heterogeneity
by specifying values of a set of control points and interpolating
them with the shape functions, such as B-spline @9#, Bezier @5,10#,
or NURBS @6#. Due to the large number of control points, such a
method has excellent representation coverage, but for the same
reason it is not convenient to use.

An analytical function based method represents the object het-
erogeneity by explicit functions rather than control point based
functions @4,11#. This method is particularly popular in function-
ally gradient materials research community where an explicit
function, e.g., linear, parabolic, or exponential, is used to represent
the volume fraction at each point of an object @12#. Using such a
method, it is easy to manipulate the material composition but it
has limited model coverage.

A voxel based method represents material heterogeneity in
terms of discretized voxel in the object. For example, voxel-based
multi-material object is proposed in @6#. Such a method has ad-
vantages, such as relatively wide representation coverage. It is
also good for visualization. However, due to its large size of vox-
els in 3 dimensional objects, it is inconvenient and inefficient to
manipulate and control the heterogeneity.

An implicit function based method models the heterogeneity in
the form of implicit functions. i.e., f (m)50. For example, im-
plicit functions can be constructed for an R-function method @7#.
For complicated or arbitrary geometry boundary, it is difficult to
construct such implicit functions. Due to the implicit nature, such
methods are not good for anticipating the heterogeneity variation
during design modifications, a task that needs to be supported.

Therefore, the current methods for specifying material compo-
sition face a trade-off between the model coverage and operation
convenience. To obtain overall desirable performance in model
coverage, convenience and efficiency of heterogeneous object
modeling, we propose physics-based heterogeneous object model-
ing. In this paper, we use a virtual diffusion process to model the
heterogeneity at each point. Mathematically, we extend the
B-spline to represent the heterogeneous objects. We use the sec-
ond order differential equation for the diffusion process to gener-
ate the material composition distribution. Conceptually, only a
few parameters, carrying physical implications, and constraints
are used to intuitively manipulate the material composition.

For the interests of simplicity, we refer to object heterogeneity
as material composition in this paper, even though the method
presented in this paper applies to other object heterogeneity as
well, such as temperature distribution and stress field. It should be
noted that this work was in part inspired by the physics based
modeling of geometry @13–15#, where the Lagrange dynamic
model is used for modeling the geometry deformation.

Fig. 1 Schematic structure of an FGM interface within
prosthesis

Table 1 Comparison of heterogeneity modeling methods

Methods Model Coverage Operation Convenience

Control points Excellent Poor
Analytical functions Poor Excellent
Voxel Excellent Poor
Implicit functions Poor Excellent
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3 B-Spline Representation for Heterogeneous Objects

Tensor product solid representation has been widely used in
computer aided geometric design community. Under the context
of heterogeneous objects, relevant proposals based on tensor prod-
uct volumes have also been reported @5,6,9#.

In this paper, B-spline tensor representation is used to represent
material composition and material properties in heterogeneous ob-
jects. It is also extended to represent the time dependent hetero-
geneous objects. We choose B-spline representation for heteroge-
neous objects simply to shorten the computational time. There is
no technical difficulty to extend the methodology to a NURBS
volume.

3.1 B-Spline Tensor Solid Representation for Heteroge-
neous Objects. For each point (u ,v ,w) in the parametric do-
main of a tensor product B-spline volume V ~Fig. 2!, there is a
corresponding point V(u ,v ,w) at Cartesian coordinates (x ,y ,z)
with material composition M, noted as (x ,y ,z ,M ). We define such
a B-spline volume as:

V~u ,v ,w !5(
i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q~v !Nk ,r~w !P i , j ,k (1)

Where P i , j ,k5(x i , j ,k ,y i , j ,k ,z i , j ,k ,M i , j ,k) are control points for the
heterogeneous solid volume. N i ,p , N j ,q, and Nk ,r are the pth-
degree, qth-degree, and r th-degree B-spline functions defined in
the direction of u, v , w respectively. For example, N i ,p(u), the
i-th B-spline basis function of p-degree ~order p11), is defined
as:

N i ,0~u !5H 1 if u i<u<u i11

0 otherwise

N i ,p~u !5

u2u i

u i1p2u i

N i ,p21~u !1

u i1p112u

u i1p112u i11

N i11,p21~u !

3.2 Representation for Material Properties of Heteroge-
neous Objects. Due to the material gradation in heterogeneous
objects, the material properties also exhibit variation. For design-
ers, controlling heterogeneous object’s properties is more useful
and intuitive than controlling the material composition. In order to
control material properties, an effective representation is needed.

The relationship between material properties and the composi-
tion has been extensively studied @12#. For example, Eq. ~2! and
Eq. ~3! give the approximate relationships of thermal conductivi-
ties and mechanical strengths versus material composition. In
these equations, M a , M b are volume fractions of two composite
materials at each point, la , lb are the thermal conductivities, and
Sa , Sb are strengths for two materials a and b, respectively.

l5laM a1lbM b1M aM b

la2lb

3/~lb /la21 !1M a

(2)

S5Sa•M a1Sb•M b (3)

Such property variations can be tailored to achieve useful func-
tionality under various loading conditions as evidenced in many
functionally gradient materials. We generalize the relationship of
material property versus material composition as follows:

E5 f ~Ea ,Eb ,M a ,M b! (4)

where E is the material property of interest, Ea and Eb are mate-
rial properties of material a and b and M a , M b are volume
fractions.

Combining the material property equation and Eq. ~1!, we can
have the B-spline representation for material properties:

E~u ,v ,w !5(
i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q~v !Nk ,r~w !E i , j ,k (5)

where E i , j ,k is material property at each control point. It can be
obtained from Eq. ~4!.

In this paper, we assume the same set of geometric control
points can be used for both material composition model and prop-
erty model. For a complex heterogeneous object, a single approxi-
mation function often does not hold. Several sub-functions are
needed to describe the relationship between property and volume
fraction. However, with the existing rich algorithms for control
points and knots inserting for B-spline representation, the same set
of control points can still be used to represent both material com-
position and property variation. Therefore, the assumption still
holds.

3.3 Time Dependent Heterogeneous Objects. The
B-spline heterogeneous object representation can also be extended
to represent time dependent heterogeneous objects. Time depen-
dent heterogeneous objects are useful in at least the following two
types of applications: ~1! They can simulate dynamic physical
processes where material composition changes over time. For ex-
ample, when a bio-implant is inserted into a human body, it de-
grades over time, or takes a different shape over time. ~2! Time
dependent heterogeneous objects can offer a spectrum of hetero-
geneity variations over time for one heterogeneous object. From
such a spectrum of heterogeneity, designers can choose a desired
material profile.

We represent the time dependent heterogeneous objects in
Eq. ~6!:

V~u ,v ,w ,t !5(
i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q~v !Nk ,r~w !P i , j ,k~ t ! (6)

Fig. 2 Tensor product B-spline volume
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The control points P i , j ,k(t)5(x(t),y(t),z(t),M (t)) are now func-
tions of time t. So the volume V(u ,v ,w ,t) becomes a time depen-
dent heterogeneous object.

4 Mathematical Model for Diffusion Processes

With the B-spline as the representation for heterogeneous ob-
jects, we can now proceed to the investigation of material com-
position distribution generation. In this section, we describe how a
virtual diffusion process generates different material composition
profile. Diffusion is a common physical process for the formation
of material heterogeneity:

• in integrated circuit fabrication, diffusion has been the pri-
mary method for introducing impurities such as boron, phos-
phorus, and antimony into silicon to control the type of ma-
jority carrier and the resistivity of layers formed in the wafer
@16#.

• in biological mass transport, diffusion is a typical way to
transport the solute across the membrane due to the differ-
ence in chemical potential for the solute between two sides of
the membrane @17#.

• in the drug delivery from a polymer, the drug release can be
described in most cases by diffusion @18#.

In all these diffusion processes, the volume ratios ~or particle
concentration in some context! throughout the problem domain
are controlled to be certain profiles to achieve the respective ob-
jectives. Such is the rationale we chose the diffusion process as
the underlying physical process for the heterogeneous object mod-
eling. We can use a virtual diffusion process to intuitively control
the volume ratios in the heterogeneous objects.

The mathematical modeling of controlled material composition
in these processes is based on the Fick’s laws of diffusion.

Fick’s first law of diffusion states that the particle flow per unit
area, q ~called particle flux!, is directly proportional to the con-
centration gradient of the particle:

q52D•
]M ~x ,t !

]x
(7)

where D is the diffusion coefficient and M is the material compo-
sition ~particle concentration!.

Fick’s second law of diffusion can be derived using the conti-
nuity equation for the particle flux: ]M /]t52]q/]x . That is, the
rate of increase of concentration with time is equal to the negative
of the divergence of the particle flux. Combining these equations,
we have Fick’s second law:

]M

]t
5D•

]2M

]x2
(8)

For a given volume, the amount of material is conserved during
the diffusion process. In other words, the rate of change of the
material M within the volume must equal to the local production
of M within the volume plus the flux of the material across the
boundary. Mathematically,

d

dt
E

V

MdV5E
V

QdV2E
S

q in idS (9)

where Q is the material generated per unit time.
Applying Fick’s laws into the above equation and using the

divergence theorem, we have d/dt*VMdV5*VQdV
2*V]q i /]x jdV . After dropping the integral over volume, we
have

dM

dt
5Q1

]

]x i
S D i j•

]M

]x j
D (10)

5 Diffusion-Based Heterogeneous Object Modeling

In this section, we combine B-spline representation and diffu-
sion equations and derive the equations for diffusion based
B-spline heterogeneous object modeling.

To model a heterogeneous object using a diffusion process, we
first concentrate on the steady state of the diffusion process ~a
static volume!. We then extend it to the time dependent objects.

In a static volume, there is no material change over time, i.e.,
dM /dt50. So Eq. ~10! becomes

Q1

]

]x i
S D i j•

]M

]x j
D50 (11)

which has essentially the same format as many other steady-state
field problems governed by the general ‘‘quasi-harmonic’’ equa-
tion, the particular cases of which are the well-known Laplace and
Poisson equations. The range of physical problems falling into
this category is large. To name a few, there are heat conduction
and convection, seepage through porous media, irrotational flow
of ideal fluid, distribution of electrical or magnetic potential, and
torsion of prismatic shaft @19#.

5.1 Finite Element Approximation for Steady State
Equation. If we abbreviate Eq. ~1! as V(u ,v ,w)5N•P , and we
substitute the material composition M component from Eq. ~1!
into Eq. ~11!, we have the diffusion equation for the B-spline
model:

Q1

]

]x i
S D i j•

]~N•P !

]x j
D50 (12)

For any given B-spline volume V , there are (n11)3(m11)
3(l11) control points. In Eq. ~12!, we assume the position
(x ,y ,z) of each control point for the solid V is given. Our objec-
tive is to calculate the material composition M at each point. That
is, there are (n11)3(m11)3(l11) degrees of freedom for
Eq. ~12!.

Solving Eq. ~12! leads to the solution to material composition
for a heterogeneous object. Direct analytical solution for such a
second order differential equation is difficult to obtain. Instead, we
use finite element technique to solve the above equation. What
differs this method from most standard FE methods are: ~1! The
unknowns are control points rather than points on the volume. As
shown in Fig. 3, the points on the B-spline volume and the control
points are different. ~2! The shape functions are B-spline rather
than typical FEM shape functions. ~3! The elements are formed
according to the knot span in the parametric domain as opposed to
by an extra meshing process. The following is a brief presentation
of finite element approximation for diffusion based B-spline het-
erogeneous object modeling.

5.1.1 Weak form of Quasi-Form Equation. We present Eq.
~12! in the following form for finite element approximation:

Governing field equation: Q1

]

]x i
S D i j•

]M

]x j
D50 (13)

~ i! Forced boundary condition: f5f0 on G1 (14)

Fig. 3 B-spline control point and point on the B-spline volume
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~ ii! Natural boundary condition: qn5qW • n̂ on G2 (15)

To create the finite element approximation for Eq. ~13!, we
need to convert the partial differential equation into its weak form.
The 2nd order differential equation can be turned into its weak
form for an arbitrary function C by using integration by parts.

E
V

D i j~¹C !•
]M

]x j

dV52E
G2

CqndG1E
V

CQdV (16)

5.1.2 Galerkin Approximation. By the Galerkin approxima-
tion, the weighting function C is defined with the aid of the ele-
ment interpolation function ~B-spline function! Na such that C
5NaCa , where Ca is the value of the function C at the control
node a. So we have

E
V

Na ,iD i j

]M

]x j

dV5E
V

NaQdV2E
G2

NaqndG (17)

5.1.3 B-Spline Heterogeneous Volume Discretization. We
represent the B-spline heterogeneous solid as a set of elements
where each element is associated with a set of degrees of freedom.
The element boundaries are defined by the known locations within
the underlying B-spline basis functions and the degrees of free-
dom are the B-spline’s geometric and material control points. For
example, in Fig. 4, a cubic in parametric domain corresponds to a
3d volume in the physical coordinate system.

Let us note

M ~u ,v ,w !5(
i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q~v !Nk ,r~w !M i , j ,k (18)

as M (u ,v ,w)5NM i , j ,k . Here we let N be the shape function, and
M be the material composition control points.

Through finite element approximation, Eq. ~17! becomes

F E
V

]Na
m

]x i

•D i j•
]Nb

m

]x j
dVGM5E

V

Na
mQdV2E

G2

Na
mqndG

(19)

where M is control point M i , j ,k5(x ,y ,z) i , j ,k .
In matrix form, Eq. ~19! becomes

KM5BW 2SW (20)

where

Ke
N3N

5F kE
Ve

S ]N i

]x
•

]N j

]x
1

]N i

]y
•

]N j

]y
1

]N i

]z
•

]N j

]z
D dVG

(21)

Be
W

N31

5F E
Ve

NmQdVG , Se
W

N31

5F E
Ge

NmqndGG (22)

With function Q and q interpolated in terms of its nodal values,

we have Be
W

N31

5@*Ve
N i

mN j
mdV#Q j , and Se

W

N31

5@*Ge
N i

mN j
mdG#q j .

Ke is the element stiffness matrix, and Be
W is the element body

force and Se
W is the element surface force.

It is not difficult to prove that the element stiffness matrix is
symmetric and positive definite. Solving Eq. ~20! would give the
unknown values M i , j ,k—the material composition control points
in the solid.

5.1.4 Transformation of Differential Operator. To calculate
the partial differential equation, e.g., ]N i /]x in the matrix K, we
need to use differential property of B-spline basis function and the
chain rule of partial differential.

Let P5( i50
n ( j50

m (k50
l N i ,p(u)N j ,q(v)Nk ,r(w)P i , j ,k , from

B-spline basis function property @20#, we know

5
]N

]u
5(

i50

n

(
j50

m

(
k50

l

N i ,p8 ~u !N j ,q~v !Nk ,r~w !

]N

]v

5(
i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q8 ~v !Nk ,r~w !

]N

]w
5(

i50

n

(
j50

m

(
k50

l

N i ,p~u !N j ,q~v !Nk ,r8 ~w !

According to the chain rule of partial differential equation, we
can write

5
]N

]u
5

]N

]x
•

]x

]u
1

]N

]y
•

]y

]u
1

]N

]z
•

]z

]u

]N

]v

5

]N

]x
•

]x

]v

1

]N

]y
•

]y

]v

1

]N

]z
•

]z

]v

]N

]w
5

]N

]x
•

]x

]w
1

]N

]y
•

]y

]w
1

]N

]z
•

]z

]w

If we note Jacobian matrix as

J5]~x ,y ,z !/]~u ,v ,w !5@]x/]v

]x/]w

]x/]u

]y /]v

]y /]w

]y /]u

]z/]v

]z/]w

]z/]u

# ,

we have

F ]N

]u

]N

]v

]N

]w

G5F ]x

]u

]y

]u

]z

]u

]x

]v

]y

]v

]z

]v

]x

]w

]y

]w

]z

]w

G •F ]N

]x

]N

]y

]N

]z

G5J•F ]N

]x

]N

]y

]N

]z

G (23)

So ]N/]x , ]N/]y , ]N/]z can be obtained from the following:

Fig. 4 Element in B-spline solid
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F ]N

]x

]N

]y

]N

]z

G5J21•F ]N

]u

]N

]v

]N

]w

G (24)

5.2 Time-Dependent Heterogeneous Objects. In Eq. ~11!,
we dropped the time dependent item dM /dt to model the hetero-
geneous objects. However, as described earlier, there are situa-
tions where the object heterogeneity varies over time. In this sec-
tion, we extend the diffusion equation to model time dependent
B-spline heterogeneous objects.

The most commonly used time integration method for equa-
tions such as Eq. ~10! is normally referred to as the u method. It
approximates the time derivative by the difference:

dM

dt
'

1

Dt
~M n11

2M n! (25)

where M n
5M (x ,y ,z ,tn) is the material heterogeneity at the time

tn . The heterogeneity can be defined by the relaxation parameter
u, i.e.,

M5uM n11
1~12u !M n (26)

u is a value between 0 and 1 and is used to control the accuracy
and stability of the algorithm. Substituting the two equations into
Eq. ~10!, we have

F 1

Dt
C1KGM n11

5F 1

Dt
C2~12u !KGM n

1uQn11
1~12u !Qn

(27)

with C5*VcN iN jdV where c is a coefficient for controlling the
speed of heterogeneity variation over time.

Therefore, for any given initial condition, Eq. ~27! gives a one-
step method for time-dependent heterogeneous object modeling.

6 Heterogeneous Object Modeling by Imposing

Constraints

The above formulation has provided a methodology to calculate
the material composition for a diffusion process. It can be gener-
alized to manipulate material composition of B-spline heteroge-
neous solid objects by imposing constraints, i.e., boundary condi-
tions. The constraints that are imposed on the B-solid include the
heterogeneity information on the boundary, or the heterogeneity at
specific location (u ,v ,w), or any other type of constraints that can
be transformed into a set of equations.

Equation ~20! can be mathematically transformed into a linearly
constrained quadratic optimization problem:

min
p

I 1

2
M TKM2M TB I (28)

where P is the control point set for the B-spline solid.
Here, we consider a set of linear constraints:

A•M5E (29)

To accommodate the constraints in Eq. ~29!, solution methods
generally transform this to an unconstrained system @21#:

mini1/2M̄ TKM2M̄ TB̄i , in which solutions M̄ , when transformed
back to M, are guaranteed to satisfy the constraints. The uncon-
strained system is at a minimum when its derivatives are 0, thus

we are led to solve the system KM5B̄ .
Specifically, we introduce a Lagrange multiplier for each con-

straint row A i , and we then minimize the unconstrained

minpi1/2M TKM2M TB1(AM2F)Gi . Differentiating with re-
spect to M leads to the augmented system:

FK AT

A 0
G•FM

G G5FB

F G (30)

Solving the above linear equations leads to the solution to the
constrained system. Note, in this paper, for the sake of saving
computational time, only linear constraints are considered. How-

Fig. 5 Flowchart of Physics based heterogeneous object modeling
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ever, it is not difficult to generalize the method to accommodate
nonlinear constraints by enforcing Lagrange multiplier
techniques.

7 Implementation and Examples

7.1 Prototype System. A prototype system of a diffusion
process based heterogeneous object modeling is implemented on a
SUN Sparc workstation. Figure 5 shows the flowchart of a
physics-based B-spline heterogeneous object modeling process.
The input of the system is a B-spline solid, consisting of a set of
control points with known geometry. The output is the material
variation at each control point. The user interacts with system in
two ways. First, the user can change system parameters, such as
Q, the material source ~material/unit time! and D, the material
diffusion coefficient. Second, the user can impose constraints. The
two types interaction processes continue until the user is satisfied
with the result. When constraints are changed, the system matrices
remain the same. Only when the system properties are changed,
should the system stiffness matrix and body force matrix be re-
calculated.

Corresponding to the flowchart in Fig. 5, this system includes
the following modules: input module, display module, matrix cal-
culation module, and equation solving module.

The input for the system is a B-spline solid, which gives the
control points of the volume, and B-spline knot vectors. At each
control point, the material value may or may not be known. If it is,

it serves as an initial value. If not, the system can automatically
derive it when the users interact with the system. The data struc-
ture for the B-spline volume also records the system parameters
and imposed constraints.

The display module essentially discretizes the B-spline volume
into a field model and connects the output to the Application Vi-
sualization System @22#, which displays the resulting geometry
and material heterogeneity.

The matrix calculation module includes the element matrix cal-
culation and assembly processes. In its implementation, to avoid
the ambiguous physical implication of q under the context of het-
erogeneous object modeling, we substituted natural boundary with
forced boundary. That is, we only calculate K, B, and C ~for the
time dependent heterogeneous objects!.

Gaussian integration is used in the element matrix calculation.
For example, assuming the parametric domain of the element is
@u0 ,u1#3@v0 ,v1#3@w0 ,w1# , the K matrix for each element is

K i j5E
u0

u1E
v0

v1E
w0

w1

D~u ,v ,w !

3S ]N i

]x

]N j

]x
1

]N i

]y

]N j

]y
1

]N i

]z

]N j

]z
D det~J !dudvdw (31)

Gaussian integration is used trice to calculate the above
integration. That is, the above equation under some trans-

Fig. 6 Material composition from a diffusion process

Fig. 7 Heterogeneous object modeling by diffusion equations
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formation can be changed into the following approxima-

tion: *
21
1 *

21
1 *

21
1 f (j ,h ,z)djdhdz'( i

I( j
J(k

Kw iw jwk f (j i ,h j ,zk)

where I, J, and K are the number of Gaussian points in u, v , and
w directions. Given these numbers, we can find Gaussian weights
w i , w j , wk and abscissas j i , h j , zk .

Matrix calculation is a time consuming process. Since all the
matrices are symmetric ~and positive definite!, only half of the
elements in the matrices are needed.

All the element matrices are then assembled and turned into a
set of linear equations. An equation solver then solves the equa-
tions and gives the control point values for the B-spline volume.

7.2 Examples. In all of the following examples, the diffu-
sion coefficient D are assumed to be uniform and has a unit value.
The color variation in the pictures reflects the material composi-
tion variation.

Example 1: Diffusion processes
Two diffusion processes are shown in Fig. 6, one with concen-

tration source from top face, one with concentration source from
top/right edge. We obtained the heterogeneous objects by impos-
ing the concentration source constraints on the face and the edge
respectively.

Example 2: Modeling heterogeneous objects by diffusion
equations

Figure 7 shows two examples of heterogeneous objects mod-
eled by changing system parameters and imposing constraints. In
both Figs. 7~a! and 7~b! two B-spline volumes undergo different
constraints, which lead to different material heterogeneity distri-
butions. In the left of Fig. 7~a!, two boundary face constraints and
one point constraint are imposed. In the right of Fig. 7~a! these
constraints are replaced with a new point constraint. Similarly,
Fig. 7~b! shows how a turbine blade model changes under differ-
ent constraints. Figure 7~b! also includes a meshed model for the
turbine blade.

Example 3: Manipulating both geometry and material
composition

Figure 8 shows an example of changing both geometry and
material composition. In the top of Fig. 8 is an initial B-spline
solid, imposed with constraints on two boundary surfaces. Figure

8~a! is the result. We can change the geometry of the solid and get
the new solid in Fig. 8~b! and then impose composition con-
straints. This leads to a new solid in Fig. 8~d!. We can also impose
the material composition constraints first ~Fig. 8~c!! and then ma-
nipulate the geometry ~Fig. 8~d!!. This alteration of geometry and
material composition manipulation sequence leading to the same
result demonstrates the robustness of the diffusion based hetero-
geneous object modeling method.

Example 4: Torsion bar modeling
An optimal torsion bar was modeled by the system ~Fig. 9!. It

has been proved that the cross- section of a torsion bar like Fig. 9
gives the optimal rigidity. In this case, there are two materials with
two different elastic moduli.

During the modeling of this torsion bar, four constraints are
imposed at the four corners and one constraint is imposed at the
center. By adjusting the constraint values and the system param-
eters, one can get the desired profiles of the volume fraction of the
two materials.

Example 5: Time dependent heterogeneous object modeling
Figure 10 shows a time dependent heterogeneous object. Figure

Fig. 8 Manipulating both geometry and material composition

Fig. 9 Cross section of torsioned bar designed to maximize
the rigidity
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10~a! shows the initial state and Fig. 10~h! the final state. Based
on Eq. ~27!, such time-dependent heterogeneous objects are auto-
matically derived.

Example 6: Heterogeneous object design „turbine blade…
An ideal turbine blade is designed to possess the following

properties: heat resistance and anti-oxidation properties on the

high temperature side, mechanical toughness and strength on the
low temperature side, and effective thermal stress relaxation
throughout the material @23#.

A heterogeneous object ~turbine blade! with materials, SiC and
Al6061 alloy, is shown in Fig. 11. The thermal conductivities of
the two materials are 180 W/mK and 25 W/mK. The strengths are

Fig. 10 Time dependent heterogeneous object

Fig. 11 Turbine blade
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1145/2145 Mpa and 10/28300 Mpa. Using Eq. ~2!, Eq. ~3! and
Eq. ~5!, we can have the thermal conductivity and tensile/
compression stress for each control point. These properties are
respectively shown in Fig. 11. Figure 11 also shows the values at
the tip. Note, the notation a/(b ,c) in the figure means the value at
the tip point is a while the minimal value of the whole volume is
b, and the maximum value is c.

Suppose the designer is not satisfied with the strength at the tip
of turbine blade, the designer can choose to strengthen the tip by
imposing constraints at the tip. The revised model is shown in Fig.
12, where the thermal conductivity has been changed from 25 to
140.94, tensile strength from 0 to 116.92 and compression
strength from 8300 to 1724.37.

Using this method, the designers directly interact with the sys-
tem with familiar concepts ~the material properties! rather than
material composition. We believe this direct quantitative feedback
of material properties is particularly useful for a designer during
the design evolution process.

Example 7: Constructive design of a prosthesis
Physics based B-spline volume provides an efficient way to

model object heterogeneity. It can not only model material grada-
tion within each separate volume. It can also be extended to the
constructive design approach for complex heterogeneous object
design. The following example of a prosthesis design demon-
strates such a design process.

Figure 13 shows a flowchart for the prosthesis design process.

Fig. 12 Turbine blade after modification

Fig. 13 Flowchart of design process for a new prosthesis
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It is a flowchart enhanced from the current development process
@23#. In our approach, starting from design functions, users select
materials and form the heterogeneous material features, each of
which is a B-spline volume. A feature combination algorithm
combines these features into a heterogeneous object @24#. After
the mechanical and biological properties are known from the da-
tabase for each individual material, these properties at each point
in this prosthesis can then be evaluated. If users are not satisfied
with the properties, they can select new material for each volume
or change volume fractions. These steps of changing materials of
each feature in a constructive process form a feature based design
process. After the property evaluation, property in vitro tests and
animal tests are then conducted.

In the example of Fig. 14 is a prosthesis designed following the
flow chart in Fig. 13. Titanium is selected as the base material due
to its better overall mechanical strength and biocompatibility.
Graded pore is needed for the bone ingrowth into Titanium so that
titanium can be bonded to bone. Graded HAp helps to bond the
bone chemically to titanium. It also precludes the pain for patient
due to a connectivity tissue membrane between the Titanium and
bone. Each of these design intents is represented as a separate
B-spline volume ~heterogeneous feature!, such as in Region 2 and

Region 7 in Fig. 14. In these two regions, pore and HAp are

modeled as one material, while the Titanium is the other material.

Once the volume fraction for pore and HAp is known, another

fraction is used to separate pore and HAp. This fraction is con-

stant throughout the region. Figures 14~a! and 14~b! show the

graded porous structure and graded HAp respectively with the

M pore /M HAp50.5. Figure 14~c! shows the construction history.

The partition in the construction history is similar to union opera-

tion but with the intersection region’s material redefined. A direct

face neighborhood alteration method is adopted during the con-

structive operations @24#.
After the heterogeneous prosthesis model is constructed, the

mechanical and biological properties are evaluated. We use the

biofunctionality (BF) BF5sb /E , a quotient of the ~bending!
fatigue strength sb for Young’s modulus E, as a characterization

of mechanical strength for biomedical purposes @25#. We have

sb5550 MPa and E3103
5105 MPa @23#. The Young’s modulus

can be calculated from Em5E0(121.21M 2/3) for the graded re-

gion, where Em is the modulus of the graded material and E0 is

the modulus of the bulk material. If we do not consider the bend-

ing strength of HAp, we can calculate the BF for any point in the

Fig. 14 Graded interface within a prosthesis

Fig. 15 Variation of Young’s modulus and biofunctionality due to Q change
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prosthesis, as shown in Fig. 15. Modification to the material com-
position can lead to different Young’s modulus and BF distribu-
tion throughout the region. In Fig. 15, we show the properties
variation due to the change of Q ~material generation source!.
These values are measured at different distance points from the
inner surfaces of the graded regions.

This example demonstrates that the physics based B-spline
modeling method not only provides an intuitive way to control the
material composition but also provides means to directly control
the material properties. This is an enhancement to the existing
design methods for prosthesis design where material composition
design and material property evaluation are conducted separately
and sequentially.

8 Conclusion

This paper presents a virtual diffusion process based B-Spline
heterogeneous object modeling method. It enables designers to
use only a few parameters to intuitively control material hetero-
geneity. It uses B-spline function to represent heterogeneous ob-
jects and diffusion equations to generate the material heterogene-
ity. The finite element method is utilized to solve the constrained
diffusion equations with the control points of the B-spline solid as
unknown.

The implementation of the physics based heterogeneous object
modeling demonstrates that this synergy of B-spline representa-
tion and the diffusion process leads to a convenient, efficient and
effective scheme for heterogeneous object modeling. Even further,
it enables the direct modeling and manipulation of material prop-
erties of heterogeneous objects. It allows object heterogeneity to
be modeled in a time dependent fashion. It also supports the con-
structive design approach as exemplified in the example of a pros-
thesis design.
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