PICARD-LEFSCHETZ THEOREM FOR FAMILIES OF
NONSINGULAR ALGEBRAIC VARIETIES ACQUIRING
ORDINARY SINGULARITIES

BY
C. H. CLEMENS, JR.

1. Introduction. The purpose of this paper is to expand the classical results of
Picard [6] and Lefschetz [3, p. 23] concerning a one-complex-parameter family of
algebraic varieties S, acquiring singularities for isolated values of . The question to
be answered is: What action on H,(S,) is induced by motion of the parameter ¢?
(H.( ) will denote (compact) singular homology with real coefficients.)

More precisely, let B be a complex analytic line bundle over a nonsingular
complex projective variety X of (complex) dimension (n+ 1). Let s, and s,, be any
two linearly independent holomorphic sections of B — X such that Z(s,,) N Z(ds.)
= @.(Z( )willindicate “zeros of ( )in X.”) Let S;=Z(s¢+ 15,) and S, =Z(5).
Then (5,/8,) is a meromorphic and hence algebraic function on X, and so S, is a
projective hypersurface of X for all ¢. Since S, is assumed nonsingular, standard
arguments show that

Co={teC: Z(sp+1sc) N Z(dso+t ds.,) # o}
is finite.

For t e (C—C,), S; has a C*-normal bundle W in X whose fibres are ordinary
two-real-dimensional discs. Let the fibration be given by w: W — S,. For ¢’ near ¢,
Sy is also nonsingular, and for each P € S, the set (w ™ (P) N S,) contains exactly
one point. Thus w defines a diffeomorphism F(z, t'): S, — S,. Given any path v in
(C-C,), beginning at ¢, and ending at ¢, we can define an associated diffeomor-
phism F(y)=F(t, t,_1) oo F(ty, t;) o F(t1, ;) where {t,, t,,..., 4=t} is a
sufficiently fine partition of y. The homotopy type of F(y) does not depend on the
choice of normal bundles [4, pp. 19-26], nor on the partition if it is sufficiently fine,
but only on the homotopy class of y in (C— Cy).

One asks, then, what is the associated homology isomorphism F(y),: Hy(S,,)
— H,(S)? From the discussion above, it clearly suffices to consider the case
0eCy, {t:0<|t|<2}=(C—C,), and y={exp £ : 0= £< 6} whereexp £=¢%". For
such situations, define F(6)=F(y). In [3, p. 23], Lefschetz describes F(g),: H4(S;)
— H,(S,) for q € Z, when S, has isolated double points as its singular locus. This
result is variously called the Picard-Lefschetz Theorem or the Poincaré formula.
Pham [5] extended these results to much more general types of isolated singularities.
In the following we will generalize in another direction and allow {S;} to acquire an
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arbitrary ordinary singularity at S,. Our general philosophy will be to fibre the
action of F(f) over the singular locus of S,. (This approach also yields results in
some simple cases of nonordinary, nonisolated singularities [1].) We will assume
throughout that {0< |¢| <2} S(C—C).

Theorem 4.4 of this paper will give, from the topological point of view, an
appropriate generalization of the classical Picard-Lefschetz Theorem to the case
in which we acquire an arbitrary singularity (with arbitrary multiplicities) at .S,.
A. Landman, in his Berkeley thesis, treated this same problem from an algebraic
point of view. To see the relation between these two approaches, we might note here
a corollary of the homological dimensions of the subspaces of S, in Theorem 4.4
and Corollary 4.15:

For 0=£a=2n and m=least common multiple of the multiplicities of the com-
ponents of S, and

fa = F(l)* H(S)) — Ha(Sl)’
the minimal polynomial of the linear transformation f, is a factor of the poly-
nomial
()\m_ 1)n+1—-|a—n|_

2. Ordinary singularities and the fibration of F(8). For notational convenience,
we will set S, = A(0). Then

DerNiTION 2.1. The family {S;} will be said to acquire an ordinary singularity
at r=0if:

(1) So=A(1) U---U A(h) where the A(i) are nonsingular hypersurfaces of X;

(2) for 0<i<j<h, A(i) and A(j) intersect normally (including the possibility
that A()) N A(j)= 2).

From now on we assume that {S;} is as in §1 and acquires an ordinary singularity
at r=0.

For any open set U< X, let [(U)={ie{0,..., h} : UN A(i)# @}. Then locally
we can normalize our defining equation sy+ £5, =0 for S,:

LEMMA 2.2. There is an open covering {U} of Sq U So=A40)U---U A(h) in X
and complex analytic functions x;: U — C for each U € {U}, i € I(U) such that

(1) (%)iexw, are part of an analytic coordinate system for U in X,

(2) for each U e {U}, Z(x)=A() N U;

(B) —((Sofs)+t)=(n{xP® 1 iel(U)}~1t) on Ue{U}.

The m(i) are integers whose values depend only on i and not on the open set U.
m(0)= —1, and m(i) is a positive integer for i>0 and is called the multiplicity of
A(i) at t=0.

Proof. Theory of functions of several complex variables. See [2]. ]

DEFINITION 2.3. A finite open covering ¥ of S, U S, in X will be called a
regular covering if

(1) each V' e ¥ is a simply connected subset of a coordinate disc in X;

(2) Lemma 2.2 holds for {U}=7";
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() for Ve j¢ I(V), VN A(j)=o;
@ for V, V'e? with VN V'# @, VN V' is simply connected.
Next define A(I)=\{4(@) : ie I} for I={0,..., h} and

B(q) = U {A) : |I]| = ¢}.

THEOREM 2.4. There exists a regular covering V" of So U So=B(1) and C*-
mappings:

YO, V)i (AU N V)xV—>C foriel(V),
Z(V): (AJ(V)) N V) x V — Cr+1-1mD

for each V € V" such that:
(D) (@, VYP, Diervy 2(VNP, ) forms a complex analytic coordinate
system for V centered at P for each P e (A(I(V)) N V);
Q) on Ve¥, —(so/Sa+1)=@@{y0E V)P, Y?:ieclV)}-1);
Q) for VA V'# @ and IV)=I(V"):
@) (¥(i, VY(Po, @)y, V'Y Py, Q) is a constant with absolute value 1 for
each fixed Poe VAV N AI(V)), ie V),
(®) Zz(V)(Po, Q))=Z(z(V')(Po, Q)) for each Py,
@) for Vn V' @ and (VYSI(V'):
@) for ieI(V), (y(i, VXQo, Q)¥(i, V')(Po, Q) is a nonzero constant for
2Z(VY(Qo, @)=0 for all Py, Q, fixed such that Qoe VN V' N AUIV)), Py V'
N AI(V"), and z(V')(Po, Q0)=0,

) Z(z(VX(Qo, Q) = Z(z(V')(Po, Q)
N MHZOE V) (Po, @)=y, V') (Po, Qo)) 2 i€ I(V)—I(V)}
for all Py, Q, as in (a);
(5) for all V € ¥, V is the disjoint union of Z(z(V)(P, Q)) over Pe(A(I(V)) nv).

‘Proof. Starting from B(n+2)= &, we shall assume that we have a finite cover
V441 of B(g+ 1) which satisfies (2.3), (1)~(4), and (2.4), (1)(5), and shall construct
a cover ¥, with the corresponding properties over B(g). Since B(q)
—U{V : Ve ¥} is a disjoint union of subspaces, one for each I with |I|=g, it
will clearly suffice to demonstrate the construction of the cover for A(1) U B(g+1)
for some I with [I|=q. Thus let #” be a finite open covering of the compact set
A=\ {V : Ve¥,,,} in X. By refining ¥, if necessary we can assume that

(1) I(Vy=Ifor all Ve ¥ and |I(V)|>q for all Ve ¥, ,,

(2) ¥’ U ¥, satisfies (2.3), (1)-(4) as a finite open covering of A(J) U B(q+1)
in X. (For (2.3)(4), use a covering of X by open stars with respect to a sufficiently
fine triangulation.)

Let ¥"={Ve¥ . : ISI(V)}. For Ve?”, let (x(i, V)); be the coordinates
as in Lemma 2.2. Let w(¥): ¥V - C**1-9 be such that ((x(i, V'));, w(V)) form a set
of coordinates for V in X. Define x(i, VY(P, Q)=x(i, V)(Q) for all Pc A(I) N V.
Define w(V)}(P, Q)=w(V)(Q)—w(V)(P).
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For Ve ¥, define
X(l, V)(P5 Q) = y(l’ V)(PO’ Q)
where Pe V n A(I) and z(VY( Py, P)=0and ieI;

W(V)(P’ Q) = (Z(V)(PO’ Q)s (y(Ja V)(PO’ Q)_y(]’ V)(POs P))J'EI(V)-—I)

with P, P, as before.
Next for Ve¥”, V' e U¥ " and VN V'# &, define

u@i, V, V')(P, Q)
= (x(@, V)P, Q)-m{y(J, V')(Po, QymP%™® 1 je (V') —I}[x(, V)P, Q)
forieIwithPe ANV NV',Pye AUV)) N V" and z(V')P,, P)=0. Further,
for V, V' e¥" U ¥, let A(V, V') (P)=the Jacobian matrix
@w(VY(P, Q)/ow(V')(P, Q)lp.

Now if {p,} is a C*® partition of unity of 4(I) subordinate(*) to the cover ¥~ U ¥

define:
y(la V)(P9 Q) = X(i, V)(P7 Q)"”{u(i, V, V”)(Ps Q)PV"(P) : V” € tARY ’V”}

for Ve ¥ and i € I. Further define
z2(V)(P, Q)

= w(V)(P, Q)= D {pv(PYW(VX(P, Q)= AV, V'Y PW(V"'YP, Q) : V' e¥ " U¥ ™},
With appropriate restrictions of various open sets of the coverings, these mappings
give the induction step and hence the theorem. [l

The above theorem leads us to consider what happens locally with respect to
normalized coordinates.

3. The normalized case. For the present chapter only, let S;=Z(yf1.---. yha—t)
< (% Let m, be the greatest common divisor of {m,, ..., m.}. Then S;~ T, x R for
t#0 where

T, = {(y1, - - -’yq) €S : Iyllm1 == |yq|mq},

R ={(»1,...,y) €S, : y real, positive for all i}.
LEMMA 3.1. For t+#0, T, consists of m, disjoint tori, each of real dimension (q—1).
Proof. (y7:---yPa)—t factors into
w{yire---oyta—t. 0 1 £ k < my}

where the ¢, are the distinct m.roots of t and n;=(m;/m,). T, has at least one com-
ponent corresponding to each factor. But for the case m,=1, it is easily seen that
T, is pathwise connected. Hence in general T, has exactly m, components. An
induction on ¢ then gives that each factor is a (g—1)-torus. |}

(1) See definition in [2, Appendix Al.
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It is immediate that R~ (R*)?" L. Let
Ry ={(ry,...,rQeR i =rforalli,jed, rim £ rfsforied,j¢J},
Rig={(y1,. .., yg) : Ars,...,r) € Ry, 6, = 0 for all i €J such that
Z{m,-()i riedJ}=0,y, = (exp O)r,forield, y, = rfori¢J}.

Define Ry=\J{R; : JE{l,...,q},J# @}. Then Ry< S, where t=exp 0, and R,
is a continuous perturbation of R=R,.
Further, for J&{1, ..., ¢}, and a fixed constant K> 1, define

AV) = N{Z(y) 1 iel} = C*,

YU)={u. -y Inl™ < K, i€},

YD) ={,-- 3 e YU) 1 3™ 2 K, j¢J},
A'(J) = AJ) N Y'(),

and let w(J): C1(Y'(J)) — 4'(J) be the natural projection produced by setting
y,=0forield.
Define

9:R>Q ={(ps,. .. p) e R : 3 py =1}

by p;=(log K—m;logr)/qlog K. o,=R N Y({l,...,q}) corresponds under ¢ to
o,={pe Q: p;z0 for all i}. For J&{l, ..., q}, define o,(J) to be the subsimplex
spanned by the collection of vertices of ¢, which have 1 in the jth position for some
jeJ. Let I=the closed unit interval.

LEMMA 3.2. There is a C® retraction §: Q x I — Q of Q onto o, such that

(1) ¥( , O)=identity on Q,

(2) ¥( , «)=identity on a neighborhood of (1/q, ..., 1/q) for all a € I,

Q) ¥( , No,(J)=0,(J) forall J€{1,...,q}, « €,

@) 4, D:o(Y'(J) " Q) — o,(J) and this map is independent of the variables r,

forjéd.
Proof. Use induction on g. (This retraction is similar to the one used by Pham
(5, p.338]) W

Define p: R — o, to be the composition §( , 1) o . Then we can define F(6): S,

— Sexpa Y
F(0)(y) = (exp (p16/m1) y1, . . ., €xp (pof/my)y,)

where (py, ..., p0=pUnil,---, |¥a)- F(6) is induced by a C®-normal bundle
construction as in §1 and its action is fibred over A’(J) by the fibrations u(J)
defined above. Further F(6)(R) is homotopic to R, in ey, in such a way that

(1) the homotopy respects the fibration u(J) of Sexps N Y'(J);

(2) under the homotopy, F(6)(s,) corresponds to

6o = Ry N CL(Y({L,...,q)).
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98 C. H. CLEMENS, JR. [February

If we orient o, =0, by the natural order of local coordinates ry, . . ., r,_,, then F(6)
induces an orientation on each

Or9 = R],g N Cl (Y({l, . .,q})) Ofa'g.

ForJ={l,..., g}, this orientation is equal to (— 1)*~?* times the orientation induced
by the natural order of the local coordinates 6., . . ., 6,_,. This follows from Lemma
3.2(2) and the fact that under F(6) we have (06,/or;)<0 at (1/g, .. ., 1/g).

Let m be any common multiple of {m;, ..., m,}. For J={l, ..., g}, we consider
oy as a (g— 1)-homology chain with orientation and coefficients of its simplicial
decomposition given by considering o, as the image under F(6) of the oriented
simplex o,. Then o, -1, is parametrized by

{(6s,.. ., 0,-1): 6,2 Oforalli, > {mb,: 1 S i<q—1}< mkandmy, 6,2 m}

for any fixed 1 £i;<q— 1. Using this fact and direct calculation one obtains that the

chain
-1 -1 -1
Mma-1 = Um(q—l)—(q i )“m(q—2>+(q 2 )‘Tm(q—s>— S (Z_I)Um-o

is a (¢—1)-chain parametrized by 0Sm;0,<m, 15i<q—1.

Let T be the (g— 1)-torus in T; which has nonempty intersection with R. Tis a
topological group with a component 7* of {(y1, . . ., ¥,) € T : y,_3 =1} as a maximal
connected subgroup, and

{(yi,. - y)eT:iyy=---=y,.g=1land y,_; = expf,_,,

0 é 04—1 é (g.C.d- {ml, ceey Mg_g, mq}/mc)}

a transverse set for 7/7"'. Thus by our remarks on orientation above and induction
on g we have

FORMULAE 3.3. 7y 41 =(— D)"Y m* m.[n{m; : 12i<q})-T and if S, is ori-
ented by its complex structure, then as an intersection number formula:

00'("]m.q—1) = (_ 1)('(‘1_1)/2(”10_1 ‘mc/ﬂmi)-
Finally, define
T(J) = {(y1, .-, YD €St [y|™ = |yy|™ for i, je J}.

From the considerations of Lemma 3.1 it is clear that there exists an m(J)-sheeted
complex analytic covering space C(J) of A'(J), where m(J)=g.c.d. {m; : i€ J}, and
the following commutative diagram of fibrations:
SN CLY'() = CI(Y'(J))
|
(3.4 T(J) #J)

lﬂ(J )
A(J)
C(J) ———— A'(J)
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where = has fibre a (¢’ - 1)-real torus and r has fibre a (¢’ —1)-simplex, ¢’=1J].
Then for |J|=g—1,t=1, and j,¢J, MJ) Y Ped'(J): |y, |™0=K) has m,
components and for C=any one of these components:

(3.5) =(J)~YC)=x(one of the (q— 1)-tori of T,), with this isomorphism given by
the projection =(I): §; N CI(Y'{], ..., q})) — T, where |I|=q4.

4. Vanishing bundles and the action of F(f). We now return to the general
problem considered in §1 and §2.

THEOREM 4.1. There are tubular neighborhoods Y(i) of A(i) in X for 0<ish
such that for Y()=N\{Y(@i) : i € I} there is a C*-normal bundle fibration

w(D): CL(XY(I)) — A().

Further the following conditions are satisfied:

(1) For W(@)=U{Y(): |I|=q) and Y'()=Y(D)= W(I|+1), A'U)=AU)
—~W(|I|+1), one has that u(I)~*(A'(I)=CL(Y'(])).

(2) ForeachPe A'(I), thereisa Ve ¥ with (V)=Iand u(I)~*(P)< V, where ¥~
is the regular covering of Theorem 2.4.

(3) ForJ< I, u(I) o p(J)=u(I) on CL (Y(I)).

(4) For each I<{0, ..., b} with |I|=q, there is a constant K(I) >0 such that, for
Pe A'(I) and V2 u~Y(P), the mapping p~*(P)— C? given by (y(i, VP, Q))ie; is an
isomorphism of u~(P) onto the closed polycylinder with radii K*™% in C9.

S w)YPYNA'(J)isa (|I|=|J|)-real torus for Pe A'(I),J<1.

©6) (W(g)—Cl (W(q+1))) is a disjoint union of open sets, one for each I with
11| =q.

Proof. To construct u(7) use Theorem 2.4, parts 3(b), 4(b), and (5). Then all the
properties of the theorem follow from Theorem 2.4 and the behavior of normalized
coordinates as seen in §3. JJj

Next let us construct F(6):.S; — Seype Which is induced by a normal bundle
construction as in §1 and which behaves like the F(6) constructed in §3 on each
w(I)~Y(P) for P A’(I). Let §;: X — [0, 1] be a C*-function such that:

(1) ;=1 in a neighborhood of A(i);

(2) ;=0 o0n X— Y(i);

(3) for Pe A’'(I), iel, and Q, Q' e p~Y(P)<= V with

|y, VX(P, Q) = |G, V)P, Q)]

we have 8,(Q)=8,(Q"). For ¢ sufficiently small, we have for each Q¢ S, that
8(@)=1 for some ie{l,..., h}. We can assume that we have this condition for
|t| <2. Define, for Q € S,

p(Q) = (3(Q)[2 840Q) 1 1 £ j < h})—84(Q)
for 12izh and po(Q)=38,(Q).
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Define F(8, P): w(I)"Y(P) N Sy — ()Y (P) N Seyp o for P A'(I) by:

F(0, PY(yG, V)(P, Qi) = ((exp (pi(Q)O/m(D) ¥, VNP, Q)ier)
where V2u(l)~1(P). Theorem 2.4, parts (3) and (4), shows that this definition is
independent of the choice of V and that the F(6, P) piece together to give a C*-
mapping:
4.2) F(0): S; — Sexpe

This mapping is easily seen to be induced by a normal bundle construction as
described in §1. Hence we can assume that, whenever {S,} acquires an ordinary
singularity at =0, then F(6) is as constructed in (4.2).

We now proceed to introduce the other constructions used in §3 to the general
case with the help of normalized coordinates and the fibrations u(7).

On pu(I)~(P) with P e A'(I), we will let (¥;);c; be any of the coordinate systems
(@i, VP, )i for Vou~Y(P) and I(V)=I By Theorem 2.4, the choice of V
will not matter in what follows.

For 0 ¢ I, define

T ={Qe SN Y'(I) : |y™® = |y|™” for i, je I}.

Then for ¢ sufficiently small, hence we assume for 0<|t| <2, Ty(I) N w(I)~*(P) is,
by Lemma 3.1, m(I) real tori each of real dimension (|/| —1), for P € A'(I). (m(I)
= greatest common divisor of {m(i) : i € I}.) Then there exists a complex manifold
C.(I), which is an m(J)-sheeted covering space of A’(f) and such that T,(I) is a
(g —1)-torus bundle over C(I), where g=|I|.

Further we can define a fibration +(I): (S, » C1(Y'(I))) — T(I) by

(I)"HQ) = {Q' (S N uw)™H(P)) : Arg y(Q') = Arg y(Q) for all iel}
where P=p(I)(Q). Then we have a commutative diagram of projections for

0<|t|<2:
S, N CL(Y'(I)) € CL(Y'(D))
|
(4.3) () w(l)
ln(]) D

Cl) ———— A4'(),

which is a replica of (3.4) on each u(l)~1(P), P € A'(I).

By (3.5) and Theorem 4.1(5), #(I): T1(I) — C,(I) can be factored into a series of
circle bundles. Hence the composition of the Gysin maps associated to each of the
circle bundles gives maps:

Hy(Ci(I)) ———> Hyyq-1(Th(I)) Hy i q-1(S1),

l l l

H(Cy(I), 0Cy(1)) = Hy i (o 1x(Th(D), CL (W(q+1))) = Hy . (q-1(S1, CL(W(g+1))),
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where, intuitively, the horizontal maps take a cycle of C,(J) into the fibre above it
in T,(I). Since it will cause no confusion, we will denote both of the horizontal
composition maps by (7).

By §3, 7(I) has fibre a (¢ —1)-simplex so that we can apply the Thom-Gysin
isomorphism and construct:

Hy(S1) = Hy(S1, K(I)) & Hy_ o 1(T:(1), CL(W(q+1)))
where K(I)=Cl (S, — Y'(I)). Call this composition x([).
Now let m=a common multiple of {m(1), ..., m(h)}. Define n,,= F(m), — (iden-
tity) : Hu(S,) — H4(S,) where F(0), is as in §1 and hence can be assumed to be

defined by F(6) in (4.2). Since there is little danger of confusion, we shall use 7,
also to refer to the analogous

F(m), — (identity): Hy(Sy) — Hy(S1, Cl (W(g+1))).

We are now ready to state and prove a generalized Poincaré formula.

Let I',(7) denote a basis for H,(C,(I), 9C,(I)), and let T",.(I) denote its dual basis
in H,.(C(I)) where p+p'=2(n—g+1). Assume C,(J) to be oriented from the com-
plex structure of A'(I). For y € I',(J) we shall denote its dual by ¢'. Finally let
A=<, .. b |1 =g}

THEOREM 4.4. The mapping (ny)* 't Hyy q-1(S1) = Hyypy1(S1, CL(W(g+1))) is
given by

()@ = (= 1yme= S {(m(D)/mm(D)) @ W) : y € T(d), T F)

where r=(q(q—1)/2)+p(qg—1).

Proof. For O0el, let T\(I)=C,(I)=A4’(I) and define ~(I)=u(l) |s,ncrv-uy
m(I)=MI)=identity map. We will need a series of lemmas.

Lemma 4.5. For0el, P e A(I), i(I)~*(P) N S, is an analytic polydisc of complex
dimension |I| —1.
Proof of lemma. By Definition 2.1, A(J) is a nonsingular subvariety of S,.

Further u(l): Y(I) - A(I) is a normal bundle in X. Hence each u(I)~*(P) must
intersect S; normally. [}

LEMMA 4.6. There exists a finite cellular decomposition of B(1)=S, U S such
that:

(1) The decomposition respects the chain of subspaces B(1)2B(2)=---B(n+2)
= & as well as each of the subspaces A'(I), I<{0, ..., h};

’

€
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(2) for a p-cell o of A'(I), there is a V € ¥ (see Theorem 2.4) with p(I)~(e) SV
and I=1(V); and for e={Q € (A(J) N CL(Y'(])) : y{Q) real 20} and
¢ ={Q ()N CL(Y'(D) : [y(Q)] = KT}
and 8=¢ N & with J U {j}=1, we have ¢, & <(p+ 1)-skeleton of A(J), 8 <p-skeleton

of A'U);
(3) the decomposition lifts through X to a cellular decomposition of each C.(I).

Proof of lemma. (1) and (3) are immediate from the elementary theory of C-W
complexes. For (2) use Theorem 4.1(5). |
Define

Y, = U {#(D)~(=(I)~*(p-skeleton of C;(I)) : I = {0,...,h}, p+|I| = k}.
LemMA 4.7. The natural mapping H,,_(Y,) — H, _(S,) is onto.

Proof of lemma. Let K,=(S;—~ W(g)) U Y,and assume H,,_ (K, +1) = Hi-1(S1)
is onto. We have an exact sequence:

Hy_(K;) —~ Hy_1(Kge1) = Hy 1(Kg 41, K,).

However by Lemma 4.6(2), and using the Thom-Gysin isomorphism for +(J)
(see (4.3) and Lemma 4.5), we have for p=k—g and T,(J), =n(I)~*(p-skeleton of
Ci(N):

Hye 1(Kgs1, Ko) & D {HLT(D), ToD), : T {0, ..., 1, 1] = g}

Using that +(J) can be factored into circle bundles, each with an ordinary Gysin
sequence, it is easily concluded that:

H(Ty(I), Ti(I),) =% Hy(Cyi(I), p-skeleton) = 0.

Hence H,_(K,) is onto by the composition of two surjective maps. [}

LeMMA 4.8. The natural mapping H,_(Y,) — H,,_ (Y}, Y, _,) is injective.

Proof of lemma. It suffices to show that H,_,(Y,_,)=0. Define

L, = U {r(I)~*(=(I)~*(p-skeleton of C\(I))) : p+|I| = k—1 and |I| = g}.
Suppose H,,_1(L,.,)=0. L, has as a strong deformation retract the space

Ly, VU, : I = g}

for p=k—1—g. However each Ty(I) has dimension at most p+(|/|—1)=k-2.
Hence Hy,_.(L,, L,,,)=0 and therefore H,_,(L,)=0. [

F(m) as constructed in (4.2) respects all the subspaces constructed above.
Hence by Lemmas 4.7 and 4.8, it suffices to characterize

Nm = F(m)y—(identity): Hy _1(Yy, Yio1) = Heo2(Yy, Yio)

Let ¢ be a p-cell of C,(I) for p+|I|=k. Let M=+(I)"'(=(I)~*(c)). Then
the boundary of M, which we shall denote by M’, is equal to the union of
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N=r2(D)~Yx(I)~*(c’)) and G=M—W(|I|). Finally let G=GN Y,_,. Then
H,_.(Y,, Y,_,) is the direct sum of groups of the form:

4.9 Hy-1(M, G U N);

hence it suffices to consider %,: H,_ (M, G U N)— H,_(M, G U N), since each
subspace of this type is preserved by F(m) as constructed in (4.2). Further we have
the exact sequence:

(4.10) H._(G, G) > H,._(M,GUN)— H._(M,G U N).

Using Lemma 4.6(2), the generator for H,_,(M, G U N) can be represented by the
cell

(4.11) w={0eM: y(Q) =ry forallie I for some (r;) € R}

where R is as in §3 and 7, = y(0) for any fixed § € »(I)~!(o). For the proper choice
of 0, » € G U Nbythe construction of the cellular decomposition in Lemma 4.6(2).

(4.12) Since H,,_,(G, G)isitself a direct sum of groups of the form (4.9), but over
p-cells o’ of C,(I") with p’+|I|=k and |I’| < |I| we can inductively assume that any
element of H,_,(G, G) has a representative ' which is a sum of cells of type (4.11)
with real coefficients over p’-cells ¢’ with p’ > p.

By (4.10), for any cycle ¢ of H,._,(M, G U N), there is a representative chain of
the form a(o)w+ o’ with w and o’ as in (4.11) and (4.12) and a(o) € R. Now by
(4.2) and the first of Formulae 3.3, (F(m)— (identity))?~%(w") is homologous to a
sum of chains of the form #(I’)~(¢’) where o’ is as in (4.12) and g=|I|. But F(m)
as constructed in (4.2) is homotopic in each fibre to the identity on each #(I')~(a").
Hence (F(m)— (identity))?~ (") is homologous to 0 in H,_,(M, G U N). Further
by the same formula we have that up to sign:

(4.13) (F(m)— (identity))*~Y(w) ~ (m* = m(I)[=;m(i))T, if I € #,, where

T, ={QeM: |y(QI™ = |y(Q)|"? for all i, je I},

and (F(m)—(identity))?~!(w)~0 otherwise. (~ indicates homologous to in
Hk—](M9 Gu N)')

Now let &€ H,,,-1(S1). Then & has a representative cycle « in Y,,, which is
made up of cells of the form a(¢)w with w as in (4.11). Further, for I € %,

> {a(o)o : o p-cell of Cy(I)}

is, with appropriate orientation, the cycle of H,(C.(I), Cl (W(gq+1))) given by
w(D(x(I)(&)). (x(I) was defined earlier in §4.) The theorem then follows from (4.13)
and the fact that orientation for the mapping x(/) can be chosen so that:

(@ (D)) in 1) = (= DP9 P((H(DXUIND)) 7))

in Cy(I)). The calculation of the sign in the theorem is then essentially given by the
second formula of Formulae 3.3. This completes the proof of Theorem 4.4. [}
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Note 4.14. Let Hy(I) be the bundle associated to A o =: Ty(I) — A'(I) with fibre
Hy((Agm)~2(P)) for P € A'(I), (see [7, p. 151]). Then

H,(C.\(1)) = H,(4'(I); Ho(D)),
H,(C.(I), 8Cy(I)) = Hy(A'(I), 24'(1); H(I)). |

COROLLARY 4.15. Let o be an element of H,_,(S;— W(q+1)). Then
7%~ He) = (= 1yme= Y {m(D)fmm(i)) e $MWG) : ¥’ € Ty), Te £}
in H,_(S,) where r=(q(q—1)/2)+pq.

Proof. Choose a representative cycle for « in (Y, — W(g+1)) and proceed as in
Theorem 4.4. Note that (' -y)=(—1)". |}

In the case g=1, Theorem 4.4 is true if we define 53, to be the standard homology
map

Hy(81) = Hy(S;, CL(W(2))).

However this provides no new information. For the sake of completeness, we shall
add here the more appropriate result for the case g=1. For Ie % and

M) = {exp (k/m(l)) : ke Z}

with generator £(I)=exp (1/m(I)), we have that M(I) acts on S; N CI (Y’(I)) as in
(4.2). For y € Hy(Cy(1), 0C1(D)), $(I)(y)=y. Let

D) = ED) -9~

As in [5], the group-ring Z(M(I)) acts on H(C,(I), 8C,(I)). Define
k = exp (k/m(I)).

THEOREM 4.16. For « € H,(S,) and b= 1, then, in H,(S,, Cl (W(2))),

(@) = D {(ay)e-P(y) : 0 < k < b—1,yeT,(), I F).

In particular, if b is a multiple of m(i) for all 1<i<h, then n(2)=0 in
H,(Sy, C1 (W(2))).

Proof. Immediate from the fact that ,= F(b), —(identity) and from the con-
struction of F(6) in (4.2). Note that, for

=Dtk 1< k< ml}e ZMQ),
we have £-y(y)=0forall ye [',(/). I}
COROLLARY 4.17 Let o be an element of H,(S,—Cl (W(2))). Then
(@) = (=1)? D {ek-§0) :0s kS b=1,y eTyI), Ie £}
in H(S). W
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5. Applications. The proof of Theorem 4.4 actually shows the action of
F(D)y: Hi(S,) — H,(S,) for any /20. For if e« H,_,(S,), then there is a
Be H,_(Y,, Y,._,) which has a common preimage with « in H,._,(Y,). Further, 8
has as representative a sum of cells of the form a,-w with a, € R and w as in (4.11).
Then F(/)4(B) is represented in H; _,(Yy, Y,_,) by the sum of cells a,,- w, where

w, = {QeM: y(Q) = ry forall ie I for some (r;) € R}

with M asin (4.9) and R, as in §3. By Lemma 4.8, such an element of H,,_ (Y, Y,_,)
comes from a unique element of H,_,(Y,) which in turn determines F(/)(c)
€ H,,_,(S,). However, in general this is an unwieldy process.

In this final section we will give a formula which helps characterize F(m),: Hy(S1)
—> H,(S,) without necessitating the explicit construction outlined above. (m here,
as before, is a common multiple of m(i) for 1=i<h.) With this formula and
Theorem 4.4 we will completely construct

Nm = F(m)y —(identity): Hy(S1) — Hy(S:)

for the case n=2. (The case n=0 is trivial and for n=1, which corresponds to the
classical Picard-Lefschetz formula, ,, is completely given by Theorem 4.4.)

FormMuLA 5.1. Let « be an element of H, , ,_.(S;— W(g+2)). Then for all
B € Hyyq-1(S1) With p+p'=2(n—q):

(i (@) B)+ (= D*(e- 72 ' (B))
= (= D(g—=Dm? 2 {(m()mm(@D)e- $NGO)-B) = y € Tol), T € Fyy 1)

where r=((g+ 1)q/2) +p(g+1).

Proof. By Corollary 4.15, the right-hand side of the formula is simply
(g— Dni(e)- B. However 7g(«) is invariant under F(m), and F(m) is an orientation-
conserving automorphism. Hence 7§() - 8=7%(x)- F(m)%(B) for all k € Z. Thus the
right-hand side of the formula is equal to

2, i) Fm)i(B) = 1 < k < g—1}

which in turn is equal to:
2. {(—1)“‘""(6]1.)F(m)i(a)~F(m)';(ﬁ) t02jsqlsksqg- 1}'

This last summation reduces to 7%~ *(e)- 8+ (— 1)%(c:- 9%~ %(B)) by repeated use of
the equality:
F(m)j (o) F(m)&(B) = F(m), (o). Fm):*{(B) forallie Z. |

Now let us examine 7,: H(S,) - H(S,) for n=2. For j=0 and 4, ,=0
trivially. For j=1, ,, is given by Corollary 4.15. For j=3, 7, is given by Theorem
4.4 since the natural map Hy(S;) — H,(S;, C1 (W(3))) is an injection. We shall now
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characterize n,,: Hy(S;) — Hy(S1). Note that W(4)= @ and so for any «, € Hy(S,)
we have that:

(@) B+ 1a(B) = (= D)m? D {(m(D)mm(@))e-$()B-$()) : y € Tol), I € £}

by Formula 5.1. Define the right-hand side of this expression to be equal to ®(e, B).
This formula has as corollaries that:

(52) For all @, € Hy(S)): 1n(@) mn(B)= —D(a, ) since a-n3(8)=D(a, f) by
Theorem 4.4;

(5.3) na(«)=0 for « € Hy(S,) if and only if 7,(«) - nu(e) =0 (since n,(e) nu(e)=0
implies («-$(y))=0 for y € I'\(I), I € %).

Let
E={A(0) : I€ %)

(E is called the set of triple points of the hypersurface S,.) Let B=A"%(E) and
for each Pe C(l), I€ #, let T(P)==(I)~*(P), W(P)=(I)"Y=(I)~'(P)). Let
0» be fixed in T(P) and let wp be as in (4.11). Let

St =(S$1—W@) VU {ws: PecB}

Then by the Thom-Gysin isomorphism and Lemma 4.5, H,(S7) — H,(S,) is onto.

Let
D(J) = 7(J)UA{T(J) Nwp : P€ BY)

K=U{r(J))"'(=(J)"(Q) : Qe DU)}.
Then, as in §4, we define for J € %,:

$(J): Hy(Cy(J), D(J)) — Hy(S,— W(3), K)
%(J): HiS1) — H:(Cy(J), D(J))

and let

with orientations chosen as in the final paragraph of the proof of Theorem 4.4.
(%(J) corresponds to m(J) o y(J) of §4.)

For each P e B, let 7, be a generator of Hy(W(P))= Hy(T(P)). Let {r,,..., 75
be a maximal linearly independent set in {rp : P € B} and let {«,, ..., o} be a dual
set under the intersection pairing in Hy(S}).

LEMMA 5.4. There are unigue elements n; € Hy(S,) for 1Ziss such that there
exist elements ¢p € Hy(W(P), K) for P € B such that:

D) i @i=—m 2 {(m()/7,m(J)(J) o x(J)e1) : J € F3} where of is some pre-
image of o; in Hy(S3), then the image of n, in Hy(S,, K) is given by

‘Pt+z {(y7p)ép : P € B};

(2) for 1=i, j< s, moy+ o= Do, ).

Proof. There is a representative of «; of the form

e+ {(a 7p)apwp : P€ B}

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1969] PICARD-LEFSCHETZ THEOREM FOR ALGEBRAIC VARIETIES 107

where ¢ is a cycle of (S, — W(3)) relative to K and the ap are constants in R. Then
F(m) fixes (S; — W(3)), K, and W(P) for each P by (4.2), and so:

(1) ny: Hy(S;— W(3), K) — H,(S, — W(3), K) takes {¢} into ¢; by the proof of
Theorem 4.4;

(2) nm: Hy(W(P), K) — H,(W(P), K) takes {apwp} into an element of
H,(W(P), K) which we will call ¢,.

Then putting 7, =%,(«,), the existence of a collection {n,;} satisfying the lemma is
proved. For uniqueness, suppose »;, ; for 1<i<s satisfy the conditions of the
lemma. Let &5, £p be the corresponding elements of Hy(W(P), K) for all Pe B.
Then

n—ni = D {(e 1)(ép—£3) : Pe B}

in Hy(Sy, K). However Hy(K)=0 and 0,(é,—£5)=0 in H,(K) and so (§,—¢5)
comes from an element b7, in Hy(S:). To get the uniqueness of the »; it suffices
to show that for 1<i<s:

(%) D {(e mp)bprp : P B} = 0.
But by condition (2) of the lemma:
(=) e+ (n;—nj) = 0.
Hence for all 1£j<s, we have that:
2> {bpley mp)(ey ) : P B} = 0.

Since the «; form a dual basis to the subspace of Hy(S;) generated by {7, : P€ B},
this suffices to prove (x). i

COROLLARY 5.5. m;=nu(o) € Hy(S,) for all 15i<s. |}
Now I'y(J), the basis for H,(C,(J), 2C,(J)) for J € #,, can be so chosen that:
) =AMV Q), TiV)=A1)V Q)

where A,(J) generates the image of H,(C,(J)) in H(C.(J), 2C,(J)) and Qi(J)
generates the image of the mapping H,(6C,(J)) — H.(C,(J)) and y € A,(J) implies
that ¢’ € Aj(J). For any « € Hy(S,),

o« = a—Z{(a'n)a, :12i s}

comes from an element (which we shall also call &") of Hy(S; — W(3)). By Corollary
4.15,

(@) = (= Dm D {(m()mm(DNe" - $e)WG) : ¥ € Ti), J € £}

in Hy(S,). Now I'1(J)=A1(J) U Qi(J) and for y’' € Qi(J), ¥(y") is contained in the
subspace of H,(S,;) generated by {r; : P € B} by (3.5). Hence

") = (= DmY {m()mm(e" - $IWG) : y e M), T € £}
+> {ble)r 1 1 S i <s).
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However by Formula 5.1 and Corollary 5.5, (" 1)+ (g,(e”) - &) = ®(«”, ;) =0 for
all 1 <i<s. Thus intersecting this last formula for (") with «; we have that:

bya"y = m D {(m()}mm(Ne - $o)) e @) 1 y €M), T € Fo} = (" my).

Define
By) = d@)— D {(e- )7 1 1 S i < s} e HyS)

for y e Ay(J), J € £ Then - fi(y)=o«"-¥(y). Define

o= m—m Z {m(D)mm()) e 9y N) v € M), T € Fo}
—Z{(ak-n,)rk 112k 2 s}
THEOREM 5.6 For o € Hy(S,), then

(@) = D {1 S i S s)
—m Y {m)mm()a- oW 1 v € M(J), T € £}
—D{eq)m1Siss)
in Hy(S,), where m is a common multiple of m(j) for all 1<j<h.

Proof. The formula is an immediate consequence of the formulae and definitions
just preceding. [}

I would like to thank Professor Phillip A. Griffiths of the University of Cali-
fornia at Berkeley for suggesting the problem which led to this paper and for many

valuable conversations.
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