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INTRODUCTION 

This document contains the specifications for PCHIP, a new 
Fortran package for piecewise cubic Hermite interpolation of data. 
It features software to produce a monotone and "visually pleasing" 
interpolant to monotone data. As is demonstrated in Reference 1, 
such an interpolant may be more reasonable than a cubic spline if 
the data contains both "sleep" and "flat" sections. Interpola
tion of cumulalive probability distribution functions is another 
application. (See References 1-3 for examples.) 

All piecewise cubic functions in PCHIP are represented in 
cubic Hermite form; that is, f(x) is determined by its values 
f(i).and derivatives d(i) at the breakpoints x(i), i=1(1)n. 

The contents of the package are as follows: 

1. Determine derivative values. 

PCHIM - _eiecewise ~ubic !!ermite Interpolation to Monotone 
data. 

Used if the data are monotonic or if the user wants 
to guarantee that the interpolant stays within the 
limits of the data. (See Reference 2.) 

PCHIC - _eiecewise ~ubic J:!ermite Interpolation ~oefficienls. 
Used ~f neither of the above conditions holds, or if 
the user wishes control over boundary derivatives. 
Will generally reproduce monotonicity on subintervals 
over which the data are monotonic. 

PCHSP - _eiecewise ~ubic !!ermite SPline. 
Produces a cubic spline interpolator in cubic Hermite 
form. ~rovided primarily for easy comparison of the 
spline with other piecewise cubic interpolants. (A 
modified version of de Boor's CUBSPL, Reference 4.) 

2. Evaluate, differentiate', or integrate resulting PCH function. 

NOTE: If derivative values are available from some other 
source, these routines can be used without calling 
11ny ot lhe previous roulines. 

CHFEV - ~ubi c !!ermi te f.unc t ion EVa I ua tor. 
Evaluates a single cubic Hermite function at an array 
of points. Used when the interval is known, as in 
graphing applications. Called by PCHFE. 

PCHFE - _eiecewise ~ubic !!ermite [unction ~valuator. 
Used when the interval is unknown or the evaluation 
array spans more than one data interval. 
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CHFDV - ~ubi c !!ermi te E.unc t ion and .Qer iva t i ve eYa l ua tor. 
Evaluates a single cubic Hermite function and its 
first derivative at an array of points. Used when 
the interval is known, as in graphing applications. 
Called by PCHFD. 

PCHFD - ,Eiecewise ~ubic !!ermite [unction and .Qerivative 
evaluator. 

Used when the interval is unknown or the evaluation 
array spans more than one data interval. 

PCHID- ,Eiecewise ~ubic_Hermite Integrator, .Qata limits. 
Computes the definite integral of a piecewise cubic 
Hermite function when the integration limits are data 
point:J. 

PCHIA- !:'.iecewi~e !d.ubil! !:!crmite lntegrHluJ·, .!_1·l•il1.:.ry limit.~. 

Computes the definite integral of a piecewise cubic 
Hermite function over an arbitrary finite interval. 

3. Check for monotonicity. 

PCHMC - ,Ei ecewi se ~ubi c !!ermi te Monotonic i ty ~hecker. 

The calling sequences for these routines are 
following pages, in the order listed above. 
for internal routines .) 

described on the 
(See the Appendix 

To facilitate two-dimensional applications, the representation 
of a PCH function throughout the package includes incfd, the inc
rement between successive elements in the f- and d-arrays. For 
"normal" usaie incfd·=.l, and f and dare one-dimensional arrays. 
one would call PCHxx (where "xx" is "IM", "IC", or "SP") with 

n, x, f, d, 1 

Suppose, 'however, that one has datH on a rectangular mesh, 

f2d(i,j) =value at (x(i), y(j)), i=l(l)nx, 
j=l(l)ny . 

. Assume the following dimensions: 

rr.nl x(nxmax), y(nymax) 
real f2d(nxmax,nymax), fx(nxmax,nymax), fy(nxmax,nymax) 

where 2.le.nx.le.nxmax and 2.le.ny.le.nymax . To interpolate 

in x along the line y = y(j), call PCHxx with 

nx, x, f2d(l,j), fx(l,j), 1 

To interpolate along the 1 ine x = x( i), cal·l PCHxx with 

ny, y, f2d(i,l), fy(i,l), nxmax 

(This example assumes the usual columnwise storage of Fortran.) 
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subroutine PCHIM (n, x, f, d, incfd, ierr) 

PCHIM: Piecewise Cubic Hermite Interpolation to 
Monotone data. 

Page 3 

Sets derivatives needed to determine a monotone piecewise cubic 
Hermite interpolant_ to ·the data given in x and f. 

Default boundary conditions are provided which are compatible 
with monotonicity. (See PCHIC if user control of boundary con
ditions is desired.) 

If the data are only piecewise monotonic, the interpoiant will 
have an extremum at each point where monotonicity switches di·rec
tion. (See PCHIC if user control is desired in guch cases.) 

To facilitate two-dimensional applications, includes an increment 
between successive values of the f- and d-arrays. 

The resulting piecewise cubic Hermite function may be evaluated 
by PCHFE or PCHFD. 

calling sequence: 

c a 1 1 PCH I M ( n , x , f , d , inc f d , i err ) 

integer n, incfd, ierr 
real x(n), f(incfd,n), d(incfd,n) 

parameters: 

n - (input) number of data points. (Error return if n.lt.2 .) 
If 11'""2, simply does linear interpolation. 

x - (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i.,...l) .It. x(i), i = 2(1)n. 
(Error return if not.) 

f - (input) real array of dependent variable values to be inter
polated. f(l+(i-t)•incfd) is value corresponding to x(i). 
PCHIM is designed for monotonic data, but it will work for 
any f-array. It will force extrema at points where mono
tonicity switches direction. If some other treatment of 
switch points is desired, PCHIC should be used instead. 

d- (output) real array of derivative values at the data points. 
If the data are monotonic, these values will determine a 
a monotone cubic Hermite function. 
The value corresponding to x(i) is stored in 

d(l+(i-l)•incfd), i=1(1)n. 
No other entries in d are changed. 
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incfd - (input) increment between successive values in .f and d. 
This argument is provided primarily for 2-D applications. 
(Error return if incfd.lt.l .) 

ierr - (output) error flag. 
norma·I return: 

ierr = 0 (no errors). 
warning error: 

ierr.gt.O means that ierr switches in the direction 
of monoto~icity were detected. 

"recoverable" errors: 
ierr = -1 if n.lt.2 . 

i err = -2 if inc f d. It. 1 
ierr = -3 if the ~-array is not striritly increasing. 

(The d-array has not been changed in any of these cases.) 
NOTE: The above errors are checked in the order listed, 

nnd following arguments have ••not•• b~~n valid~t~rl. 
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subroutine PCHIC (ic, vc, switch, n, x, f, d, incfd, wk. nwk, ierr) 

~CHIC: Piecewise Cubic Hermite Interpolation Coefficients. 

Sets derivatives needed to determine a piecewise monotone piece
wise cubic interpolant to the data given in x and f satisfying the 
boundary conditions specified by ic and vc. 

The treatment of points where monotonicity switches direction is 
controlled by argument switch. 

To facilitate two-dimensional applications, includes an increment 
between successive values of the f- and d-arrays. 

The resultirtg piecewise cubic Hermite function may be evalua(ed 
by PCHFE or PCHFD. 

calling sequence: 

call PCHIC (ic, vc, switch, n, x, f, d, incfd, wk, nwk, ierr) 

integer ic(2), n, incfd, nwk, ierr 
real vc(2), switch, x(n), f(incfd,n), d(incfd,n), wk(nwk) 

parameters: 

ic - .(input) integer array of length 2 specifying desired 
boundary conditions: 
i c ( 1) = ibeg, desired condition at beginning of data. 
ic(2) = iend, desired condition at end of data. 

ibeg = 0 for the default boundary condition (the same as 
used by PCHIM). 

if ibeg.ne.O, then its sign- indicates whether the boundary 
derivative is to b'e adjusted, if necessary, to be 
compatible with monotonicity: 

ibeg.gt.O if no adjustment is to be performed. 
ibeg.lt.O if the derivative is to be adjusted for 

monotonicity. 

Allowable 
ibeg ~ 1 

ibeg = 2 
ibeg = 3 

values for the magnitude of ibeg are: 
tf first derlv~live at x(l) is given in vc(l). 
if second derivative at x(l) is given in vc(l). 
to use the 3-point difference formula for d(l). 
(Reverts to the default b.c. if n.lt.3 .) 

ibeg = 4 to use the 4-point difference formula for d(i). 
(Reverts to the default b.c. if n.lt.4 .) 

ibeg = 5 to set d(l) so that the second derivative is con
tinuou~ at x(2). (Reverts to the default b.c. if n.lt.4.) 
This option is somewhat analogous to the "not a knot" 
boundary condition provided by PCHSP. 
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VC -

NOTES ( i beg ) : 

1. An error return is taken if abs(ibeg).gt.5 . 
2. On~y in case ibeg.le.O is it guaranteed that the 

interpolant will be monotonic in the first interval. 
If the returned value of d(1) lies between zero and 
3°slope(1), the interpolant will be monotonic. This 
is ••not 0 ~ checked if ibeg.gt.O . 

3. If ibeg.lt.O and d(1) had to be changed to achieve mono
tonicity, a warning error is returned. 

iend may take on the 
derivative at x(n). 
given in vc ( 2) . 

same values as ibeg, but applied to 
In case iend = 1 or 2, the value is 

I 

NOTES (lend): 
1. An error return is taken if abs(iend).gt.5 . 
2. Only in case iend.le.O is it guaranteed that the 

interpolant will be monotonic in the last interval. 
If the r~turned value of d(l+(n-t)•i~cfd) lies between 
zero and 3•slope(n-1), the interpolant will be monotonic. 
This is ••not•• checked if iend.gt.O . 

3. If iend.lt.O and d(1+(n-1)•incfd) had to be changed to 
achieve monotonicity, a warning error is returned. 

(input) real array of length 2 specifying desired boundary 
values, as indicated above. 
vc(1) need be set only i f i C( 1) .. 1 or 2 
vc(2) need be set only if ic(2) = 1 or 2 

switch - (input) indicates desired treatment of points where 
direction of monotonicity switches: 
Set ~witch to zero if interpolant is required to be monotonic 
in each interval, regardl_ess of monotonicity of data. 

NOTES: 
1. This will caused to be set to zero at all switch 

points, thus forcing extrema there. 
2. The result of using this option with the default boun

dary conditions will be identical to using PCHIM, but 
will generally cost more compute time. 
This option is provided only to facilitate comparison 
of different switch and/or boundary conditions. 

Set switch nonzero to use a formula based on the 3-point 
difference formula in the vicinity of .switch points. 

If EwiLuh is positive, the interpolant on eaoh interv~l · 
containing an extremum is controlled to not deviate from 
the data by more than switch 0 dfloc, where dfloc is the 
maximum of the change of f on this interval and its two 
immediate neighbors. 

lt sw1tch IS negat1ve, no such control 1s to be Imposed. 

n (input) number of data points. (Error return if n.lt.2 .) 

x - (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i-1) .lt. x(i), = 2(1)n. 
(Error return if not.) 
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f - (input) real array of dependent variable values to be inter
polated. f(l~(i-1)•incfd) is value corresponding to x(i). 

d - (output) real array of derivative va!ues at ·the data points. 
These values will determine a monotone cubic Hermite func
tion on each subinterval on which the data are monotonic, 
except possibly adjacent to switches in ·monotonicity. 
The value corresponding to x(i) is stored in 

d(1+(i-1)•incfd), i=1(1)n. 
No other entries in d are changed. 

incfd (input) increment between successive values in f and d. 
This argument is provided primarily for 2-D applications. 
(Error return if incfd.lt.1 .) 

wk (scratch) real array of working storage. The user may wish 
to know thal lhe returned values are: 

wk(i) = h(i) = x(i+1)- x(i) ; 
wk(n-1+i) = slope(i).= (f(l,i+1)- f(1,i)) / h(i) 

for i = 1(1)n-1. 

nwk - (input) length of· work array. 
(Error return if nwk.lt.2•(n-1) .) 

ierr - (output) error flag. 
normal return: 

ierr = 0 (no errors). 
warning errors: 

ierr = 1 if ibeg.lt.O and ~(1) had to be adjusted for 

ierr = 2 

ierr = 3 

"recoverable" 
ierr = -1 
ierr = -2 

monotonic i ty . 
if iend.lt.O and d(l+(n-1)•incfd) had to be 
adjusted for monotonicity. 
if both of the above are true. 
errors: 
if n.lt.2 

· i f inc f d . 1 t . 1 
ierr = -3 if the x-array is not strictly increasing. 
ierr = -4 if abs(ibeg).gt.5 
ierr = -5 if abs(iend).gt.5 
ierr = -6 if both of the above are true. 
ierr = -7 if nwk.lt.2•(n-1) . 

(The d-array has not been changed in any of these cases.) 
NOTE: The above errors are checked in the order listed, 

and following arguments have ••not•• been validated. 
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subroutine PCHSP (ic, vc, n, x, f, d, incfd, wk, nwk, ierr) 

PCHSP: Piecewise Cubic Hermite SPline 

Computes the Hermite representation of the cubic spline inter
polant to the data given in x and f satisfying the boundary 
conditions specified by ic and vc. 

To facilit~te two-dimensional applications, includes an increment 
between successive values of the f- and d-arrays. 

The resulting piecewise cubic Hermite function may be evaluated 
by PCHFE or PCHFD. 

NOT~: This is a modified version '·'r C. •l~ Door'~ cubic spline 
routine CUBSPL. 

calling sequence: 

call PCHSP (ic, vc, n, x, f, d, incfd, wk, nwk, ierr) 

integer ic(2), n, incfd, nwk, ierr 
real vc(2), x(n), f( incfd,n), d( incfd .. n), wk(nwk). 

parameters: 

ic - (input) integer array of length 2 specifying desired 
boundary conditions: 
ic(l) = ibeg, desired condi lion at beginning of data. 

ic(2) 'IF iend, desired condi lion at end of data. 

ibeg • 0 to set d(1) so that the third derivative is con
tinuous at x(2). This is the "not a_knot" condition 

. provided by de Boor's cubic spline routine CUBSPL. 
< This is the default boundary condition. > 

ibeg = 1 if first derivative at x(l) is given in vc(1). 
ibeg = 2 if second derivative at x(l) is given in ~c(l). 
ibeg = 3 to use the 3-point difference formula for d(1). 

(Reverts to the default b.c. if n.!t.3 .) 
ibeg = 4 to use t.h~ 4-point difference formula for d(l). 

(Reverts to the default b.c. if n.lt.4 .) 
NOTES: 

1. An error return is taken if ibeg is out of range. 
2. For the "natural" boundary condition, use ibeg=2 and 

VC ( 1 ).,0. 

iend may take on the same values as ibeg, but applied to 
derivative at x(n). In case iend = 1 or 2, the value is 
given in vc ( 2) . 

NOTES: 
1. An error return is taken if iend is out of range. 

• 
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vc -

2. For the "natural" boundary condition, use iend=2 and 
vc(2)=0. 

(input) real array of length 2 specifying desired boundary 
values, as indicated above. 
vc(1) need be set only if i c ( 1) = 1 or 2 
vc(2) need be set only if ic(2) = 1 or 2 

n (input) number of data points. (Error return if n.lt.2 .) 

x - (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i-1) .It. x(i), i = 2(1)n. 
(Error return if not.) 

f - (input) real array of dependent variable values to be inter
polated. f(1+(i-1)•incfd) is value corresponding to x(i). 

d- (output) real array of derivative values at the data points. 
These values will determine the cubic spline interpolant 
with the requested boundary conditions. 
The value corresponding to x(i) is stored in 

d(l+(i-l)•incfd), i•l(l)n. 
No other entries in d are changed. 

incfd (input) increment between successive values in f and d. 
This argument is provided primarily for 2-D applications. 
(Error return if incfd.lt.l .) 

wk - (scratch) real array of working storage. 

nwk - (input) length of work array. 
(Error return if nwk.lt.2•~ .) 

ierr - (output) error flag. 
normal return: 

ierr ~ 0 (no errors). 
"recoverable" errors: 

ierr = -1 if n. 1 t. 2 
ierr = -2 if inc f d. l t. 1 
ierr = -3 if the x-array is not strictly 
ierr = -4 i f i beg. 1 t. 0 or ibeg.gt.4 
ierr = -5 if iend.lt.O of iend.gt.4 
ierr = -6 i f both of the above are true. 
ierr = -7 i f nwk is too sma 11 . 

increasing. 

NOTE: The above errors are checked in the order listed, 
and following arguments have ••not•• been validated. 

(The d-array has not been changed in any of these cases.) 
ierr = -8 in case of trouble solving the linear system 

for the interior derivative.values. 
(The d-array may have been changed in this case.) 
( Do ••not .. use it! ) 
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subroutine CHFEV (x1,x2, fl,f2, d1,d2, ne, xe", fe, next, ierr) 

CHFEV: Cubic Hermite Function EValuator 

Evaluates the cubic polynomial determined by function values 
fl,f2 and derivatives d1,d2 on interval (xl,x2) at the points 
xe(j). j=1(l)ne. 

calling sequence: 

call CHFEV (xl,x2, fl,f2, dl,d2, ne, xe, fe, next, ierr) 

integer ne, next(Z), 1err 
real xl. x2, fl. f2, d1, d2, xe(ne), fe(ne) 

parameters: 

xl,x2- (input) endpoints of interval of definition of cubic. 
(Error return if x1.eq.x2 .) 

f 1. f 2 (input) values of function at x1 and x2, respectively. 

dl ,d2 (input) values of derivative at xl and x2, respectively. 

ne - (input) number of evaluation points. (Error return if 
ne. It. 1 . ) 

xc - (input) real array of points at which the function is to be 
evaluated. If any of the xe are outside the interval 
[xl,x2], a warning error is returned in next. 

fe· - (output) real array of values of the cubic function defined 
by xl,x2, f1,f2, dl,d2 at the points xe. 

next - (output) integer array indicating number of extrapolation 
points: 
next(l) =number of evaluation points to left_ of interval. 
next(2) =number of evaluation points to right of interval. 

ierr - (output) error fla~. 
normal return: 

ierr = 0 (no errors). 
"recoverable" errors: 

ierr = -1 if ne.lt.l . 
ierr = -2 if xl.cq.x2 . 

(The fe-array has not been changed in either case.) 
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subroutine PCHFE (n, x, f, d, incfd, skip, ne, xe, fe, ierr) 

PCHFE: Piecewise Cubic Hermite Function eValuator 

Evaluates the cubic Hermite function defined by n, x, f, d at 
t~e points xe(j), j=l(l)ne. 

To provide compatibility with PCHIM and PCHIC, includes an 
inciement between successive values of the f- and d-arrays. 

calling sequence: 

call PCHFE ( n, x, f , d, inc f d, skip, ne , xe , f e , i err) 

integer n, incfd, ne, ierr 
real x(n), f(incfd,n), d(incfd,n), xe(ne), fe(ne) 
logical skip 

parameters: 

n (input) number of data points. (Error return if n. It. 2 . ) 

x (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i-1) .It. x(i), i • 2(1)n. 
(Error return if not.) 

f - (input) real array of function valu.es. f(l+(i-t)•incfd) is 
the value corresponding to x(i). 

d - (input) real array of derivative values. d(l+(i-t)•incfd) is 
the value corresponding to x(i). 

incfd - (input) increment between successive values in f and d. 
(Error return if incfd.lt.l .) 

skip - (input/output) logical variable which should be set to 
.true. if the user wishes to skip checks for validity of 
preceding parameters, or to .false. otherwise. 
This will save time in case these checks have already 
been performed (say, in PCHIM or PCHIC). 
skip will be set to .true. on normal return. 

ne- (input) number of evaluation points .. (Error return if 
ne. It. 1 . ) 

xe - (input) real array of points at which the function is to be 
evaluated. 

NOTES: 
1. The evaluation will be most efficient if the elements 

of xe are increasing relatiye to x; 
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that is , xe ( j ) . ge . x ( i ) 
implies xe(k) .ge. x(i), all k.ge.j. 

2. If any of the xe are outside the interval [x(l),x(n)], 
values are extrapolated from the nearest extreme cubic, 
and a warning error is returned. 

fe - (output) real array of values of the cubic Hermite function 
defined by n, x, f, d at the points xe. 

ierr - (output) error flag. 
normal return: 

ierr = Q. (no errors). 
warning error: 

ierr.gt.O means that extrapolation was performed at 
ierr points. 

"recoverable" errors: 
ierr if n.lt.2 = -1 

ierr = -2 if inc f d. I t . 1 

= -3 ierr if the x-array is not strictly increasing. 
ierr = -4 if ne.lt.1 . 

(The fe-array has not been changed in any of these cases.) 
NOTE: The above errors are checked in the order listed, 

and following arguments have ••not•• been validated. 
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· subroutine CHFDV (xl,x2, fl.f2, dl,d2, ne, xe, fe, de, next, ierr) 

CHFDV: Cubic Hermite Function and Derivative eValuator 

Evaluates the cubic polynomial determined by function values 
fl,f2 and derivatives dl,d2 on interval (xl,x2), together with 
its first derivative, at t?e points xe(j), j=l(l)ne. 

If only function values are required, use CHFEV, instead. 

calling sequence: 

call CHFDV (xl,x2, f1,f2, d1,d2, ne, xe, fe, de, next, ierr) 

integer ne, next(2), ierr 
real xl, x2, fl. !2, dl, d2, xe(ne), fe(ne), de{ne) 

parameters: 

xl,x2 - (input) endpoints of interval of definition of cubic. 
(Error return if x1.eq.x2 .) 

f1,f2 (input) values of function at xl and x2, respectively. 

d1,d2 (input) values of derivative at xl and x2, respectively. 

ne - (input) number of evaluation points. (Error return if 
ne. 1 t. 1 . ) 

xe - (input) real array of points at which the functions are to 
be evaluated. If any of the xe are outside the interval 
[x1,x2], a warning error is returned in next. 

fe- (output) real array of values of the cubic function defined 
by x1,x2, f1,f2, d1,d2 at the points xe. 

de - (output) real array of values of the first derivative of 
the same function at the points xe. 

next - (output) integer array indicating number 
points: 
next(l) = number of evaluation 
next( 2) = number of evaluation 

ierr - (output) error flag. 
normal return: 

ierr = 0 (no errors). 
errors: 
if ne. 1 t. 1 
if x1.eq.x2 . 

points to 
points to 

of extrapolation 

left of interval. 
right of interval. 

"recoverable" 
ierr ::i: -1 

ierr = -2 
(Output arrays have not been changed in either case.) 
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subroutine PCHFD (n, x, f, d, incfd, skip, ne, xe, fe, de, ierr) 

PCHFD: Piecewise Cubic Hermite Function and Derivative 
evaluator 

Evaluates the cubic Hermite function defined by 
gether with its first derivative, at the points 

n, x, f, d, to-
xe(j), j=1(1)ne. 

If only function values are required, use PCHFE, instead. 

To provide compatibility with PCHIM and PCHIC, includes an 
increment between successive values of the f- and d-arrays. 

calling sequence: 

· cHll PCIIFD (n, x, f, d, ·incfd, Rlcip, ne. xe. fe,·de, ierr) 

integer n, jncfd, ne, ierr 
real x(n), f(incfd,n), d(incfd,n), xe(ne), fe(ne), de(ne) 
logical skip 

parameters: 

n (input) number of dHta points. (Error return if n.lt.2 .) 

x (input) real array of independent variable values. The 
elements of x must be strictly 'increasing: 

x(i-1) .lt. ·x(i), = 2(1)n. 
(Error return if not.) 

f - (input) real array of function values. f(l+(i-t)•incfd) is 
the value corresponding to x(i). 

d - (input) real array of derivative values. d(l+(i-l)•incfd) is 
the value corresponding to x(i). 

incfd - (input) increment between successive values in f and d. 
(Error return if incfd.lt.l .) 

skip - (input/output) log'ical variable which should be set to 
.true. if the user wishes to skip che~k5 for vnlidity of 
preceding parameters, or to .false. otherwi~e. 
This will save time in case these checks have already 
been performed (say, in PCHIM .or PCHIC). 
skip will. be set to .true. on normal return. 

ne - (input) number of evaluation points. (Error return if 
ne. 1 t . 1 . ) 

xe - (input) real array of points at which the functions are to 
be evaluated. 
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NOTES: 
1. The evaluation will be most efficient if the elements 

of xe are increasing relative to x; 
that is, xe(j) .ge. x(i) 
implies xe(k) .ge. x(i), all k.ge.j 

2. If any of the xe are outside the interval [x(l),x(n)], 
values are extrapolated from the nearest extreme cubic, 
and a warning error is returned. 

fe - (output) real array of values of the cubic Hermite function 
defined by n, x, f, d at the points xe. 

de - (.output) real array of values of the first derivative of 
the same function at the points xe. 

i err - (output) error flag. 
normal return: 

ierr = 0 (no errors). 
warning error: 

ierr.gt.O means that extrapolation was performed at 
ierr points. 

"recoverable" errors: 
ierr = -1 if n.lt.2 
ierr = -2 i f inc f d . l t . 1 

if the x-array is not strictly increasing. 
ierr = -4 if ne.lt.l . 
ierr = -3 

(Output arrays have not been changed in any of these cases.) 
NOTE: The above errors are checked in the order listed, 

and following argu~ents h~ve ••not•• been validated. 
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real function PCHID (n, x, f, d, incfd, skip, ia, ib, ierr) 

PCHID: Piecewise Cubic Hermite Integrator, Data limits 

Evaluates the definite integral of the cubic Hermite function 
defined by n, x, f, d over the interval [x(ia), x(ib)]. 

To provide compatibility with PCHIM and PCHIC, includes an 
increment between successive values of the f- and d-arrays. 

calling sequence; 

value = PCHID (n, x, f, d, incfd, skip, ia, ib, ierr) 

integer n, incfd, ia, ib, ierr 
rea l x ( n) , f ( inc f d , n ) • d ( inc f d , n ) 

logical skip 

parameters: 

value - (output) value of the requested integral. 
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n (input) number of data points. (Error return if n.lt.2 .) 

x (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i-1) .lt. x(i), i = 2(1)n. 
(Error return if not.) 

f - (input) real array of function values. f(l+(i-I)•tncfd) Is 
the value corresponding to x(i). 

d - (input) real array of derivative values. d(l+(i-l)•incfd) is 
the value corresponding to x(i). 

incfd - (input) increment between successive values -in f and d. 
(Error return if incfd.lt.l .) 

skip - (input/output) logical variable which should be set to 
.true. if the user wishes to skip checks for validity of 
preceding parameters, or to .false. otherwise. 
This will save time in case these checks ha~e already 
been performed (say, in PCHIM or PCHIC). 
skip will be set to .true. on return with ierr = 0 or -4. 

ia,ib - (input) indices in x-array for the limits of integration. 
both must be in the range [l,n]. (Error return if not.) 
No restrictions on their relative values. 

ierr - (output) error flag. 
normal return: 

ierr a 0 (no errors). 
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/ 

"recoverable" errors: 
ierr if n.lt.2 = -1 

ierr 
ierr 

= 
= 

-2 if inc f d. It . 1 
-3 if the x-array is not strictly increasing. 

ierr = -4 if ia or ib is out of range. 
(Value has not beeh computed in an·y of these cases.) 

NOTE: The above errors are checked in the order listed, 
and following arguments have ••not•• been-validated. 

i 
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real f unct ion PCH I A ( n, x, f , d, inc f d, skip, a, b, i err) 

PCHIA: Piecewise Cubic Hermite Integrator, Arbitrary limits 

Evaluates the definite integral of the cubic Hermite function 
defined by n, x, f, d over the interval [a, b]. 

To provide compatibility with.PCHIM and PCHIC, includes an 
increment between successive values of the f- and d-arrays. 

calling acquenoe: 

value = i-'CHIA (n, x, C, tl, iudtl, :o;kip, tJ., b. ierr) 

integer n, incfd, ierr 
real x ( n) , f ( inc f d , n) , d ( inc f d , n) , a , b 
logical skip 

parameters: 

value - (output) value of the requested integ~al. 

n (input) number of data points. (Error return if n.lt.2 .) 

x (input) real array of independent variable values. The 
elements of x must be strictly increasing: 

x(i-1) .It. x(i), i = 2(1)n. 
(Error return if not.) 

f - (input) real array of function values. f(l+(i-i)•incfd) is 
the value corresp~nding to x(i). 

d - (input) real array of derivative values. d(l+(i-l)•incfd) is 
the value corresponding to x(i). 

incfd - (input) increment between successive values in f and d. 
(Error return if incfd.lt.l .) 

skip - (input/output) logical variable which' should be set to 
.true. if the us~r wishes to skip checks for validity of 
preceding parameters, or to .false. otherwise. 
This will save time in case these checks have already 
been performed (say, in PCHIM or PCHiC). 
skip will be set to .true. on return with ierr.g'e.O . 

a,b - (input) the limits of integration. 
NOTE: There is no requirement that [a,b] be contained in 

[x(l),x(n)]. However, the resulting integral value 
will be highly suspect, if not. 

ierr (output) error flag. 
normal return: 
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ierr = 0 (no errors). 
warning errors: 

ierr = 1 if a is outside the interval (x(1),x(n)]. 
ierr = 2 if b is outside the interval [x(1),x(n)]. 
ierr = 3 if both of the above are true.' (Note that this. 

means that either [a,b] contains data interval 
or the intervals do not intersect at all.) 

"recoverable" errors: 

) 

ierr = -1 if n.lt.2 . 
ierr = -2 if incfd.lt.1 
ierr = -3 if the x-array is not strictly-increasing. 

(Value has not been computed in any of these cases.) 
NOTE: The above errors are checked in the order listed, 

and following arguments have ••not•• been validated. 
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subroutine PCHMC (n, x, f, d, incfd, skip, ismon, ierr) 

PCHMC: ·Piecewise Cubic Hermite Monotonicity Checker. 

Checks the cubic Hermite function defined by n, x, f, d for 
monotonici~y. 

To provide compatibility with PCHIM and PCHIC, includes an 
increment between successive values of the f- and d-arrays. 

calling sequence: 

call PGHMC (n, x, t, d, 1ncfd, skip, 1smon, lerr) 

integer n, incfd, ismon(n), ierr 
real x(n), f(incfti,n), d(incfd,n) 
logical skip 

parameters: 
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n (input) number of data points. (Error return if n.lt.2 .) 

x (input) real array of independent variable values. The 
elements of x must be slr ict ly increasing: 

x(i-1) .It. x(i), i • 2(1)n. 
(Error return if not.) 

f- (input) real array of function values. f(1+(i-i)•incfd) is 
the value corresponding to x(i). 

d - (input) real array of derivative values. d(1+(i-l)•incfd) is 
the value corresponding to x(i). 

incfd - (input) increment between successive values in f and d. 
(Error return if incfd.lt.1 .) 

skip - (input/output) logical variable which should be set to 
.true. if the user wishes to skip checks for validity of 
preceding parameters, or to .false. otherwise. 
This will save time in case these r.hecks have already 
been performed. 
skip will be set to .true. on normal return. 

ismon - (output) integer array indicating on which intervals the 
PCH function defined by n. x, f, d is monotonic. 

For data interval [x(i),x(i+1)]. 
ismon(i.) = -1 if function is strictly derireasing; 
ismon(i) = 0 if function is constant; 
ismon(i) = 1 if function is strictly increasing; 
ismon(i) =· 2 if function is non-monotonic; 
ismon(i) = 3 if unable to determine. (This means that 

the d-values are near the boundary of the 
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monotonicity region. A small increase pro
duces non-monotonicity; decrease, strict 

monotonicity.) . 
The above applies to i=1(1)n-l. ismon(n) indicates whether 

the entire function is monotonic on [x(1),x(n)]. 

ierr (output) error flag. 
normal return: 

ierr = 0 (no errors). 
"recoverable" errors: 

ierr = -1 if n.lt.2 . 
ierr = -2 if incfd.lt .1 
ierr = -3 if the x-array is not strictly increasing. 

(The ismon-array has not been changed in any of these cases.) 
NOTE: ·The above errors are checked in the order listed, 

and following arguments have ••not•• been validated. 
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APPENDIX - Complete Structure of PCHIP. 

The following lower-level routines are also included in PCHIP. 

They are listed here in alphabetical order. 

CHFIV - ~ubic Hermite function lntegral e.Y.aluator. 

(Real function called by PCHIA.) 

CHF'MC - ~ubic Hermite function Monotonicity ~hecker. 
(Integer function called by PCHNC.) 

PCHCE - PCHI~ ~nd derivative setter. 

(Called .by PCHIC.) 

PCHCI - PCHI~ lnitial derivative setter. 

(Called by PCHIC.) 

PCHCS:... PCHI~ monotonicity .§.witch derivative setter. 

(Called by PCHIC.) 

PCHDF- PCHIP finite .Qifference formula. 

(Real function called by PCHCE and PCHSP.) 

PCHST - PCHIP ~ign testing routine. 
(Real function called by various PCHIP routines.) 

PCHSW - PCHCS SWitch excursion adjuster. 

(Called by PCHCS.) 

1he logical structure of PCHIP is indi~ated in the following 

figures. 

I 

I 
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Figure 2. 

P'CHIP Structure -- Evaluators & Auxiliary Routines 
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