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PIECEWISE LINEAR (PRE-)WAVELETS ON NON-UNIFORM MESHES

ROB STEVENSON

ABSTRACT. In this paper, an explicit construction of compactly supported prewavelets
on linear finite element spaces is introduced on non-uniform meshes on polyhedron do-
mains and on boundaries of such domains. The obtained bases are stable in the Sobolev
spaces " for |r| < 2. The only condition we need is that of uniform refinements. Com-
pared to existing prewavelets bases on uniform meshes, with our construction the basis
transformation from wavelet- to nodal basis (the wavelet transform) can be implemented
more efficiently.

1. MOTIVATION AND BACKGROUND

Let us denote by #?*, s € R (or |s| < t) a scale of Sobolev spaces on a d-dimensional
bounded polyhedral domain or sufficiently smooth manifold. For s < 0, H*® is to be
understood as (H~°)". Consider a variational problem: Given f € H™", search u € H"
such that

(1.1) a(u,0) = fv)  (vEH),

where a is a scalar product satisfying a(v,v) < ||v[|3, i.e. the problem (1.1) is bounded
and elliptic of order 2r. For completeness, with C' S D we mean that C' can be bounded
by a multiple of D, independently of parameters C' and D may depend on. Obviously,
C 2 Disdefinedas D SC,and C T DasC SDand C 2 D.

Model examples for (1.1) are given by variational formulations of the differential equation
—V -BVu +cu = f on a domain Q, where B(x) < I and 0 < ¢(x) S 1, with suitable
boundary conditions (r = 1), and of reformulations of Laplace’ equation as an integral
equation on I' = 0N as the single layer potential equation (r = —%), the hypersingular
equation (r = %), or, in case of a smooth T', the double layer potential equation (r = 0).

We consider Galerkin discretizations of (1.1) on a sequence of nested linear finite element
spaces

Mo My C---MyC---CH",
where we assume dyadic refinements and conforming triangulations (no hanging nodes).
Let {¢. : © € ;} be a basis of M, where as index set {2, we may use the set of nodal
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2 ROB STEVENSON

points in the mesh, excluding possible nodes in which essential boundary conditions are
prescribed. With respect to this basis, the stiffness matrix A ; € CdimMy )’ is defined by

<AJ11J, Vi>= G(Z(UJ):I;QS]@, Z(VJ)m¢J,m) (u, v E CdimMJ),

T T

where <, > denotes the Euclidean scalar product on the vector space. Taking b € C4mMys
to be the vector satisfying

<bs,v;>= O (vi)ebia) (v e CimMyy,

T

the Galerkin scheme leads to the linear system
(]_2) AJHJ:bJ.

For solving (1.2), we are interested in its conditioning. Let D; be the diagonal of A ;.

Then from
<Ajug, s> a(E, (W)@ Xo(W)oPua)
<Dju;,u;> PO |(uJ)x|20(¢J,m (f)J,x) ’
and a(v,v) < ||v]|3,», we see that the spectral condition number k(D;'A ;) satisfies
- _ Ay(r)
D7'A;)) = ,
K( J J) )\J(?")

where A;(r) and A;(r) are the optimum constants in

(1) Do NeralPlbsallze <112 crabrallie < As(r) - |eral*ll@sallie-
X X X

We will call a basis H"-stable when /;;’((:)) is bounded uniformly in J. We conclude that the

(diagonally preconditioned) system (1.2) is well-conditioned, i.e. x(D7'A;) is bounded
uniformly in J, if and only if the basis {¢;, : = € Q;} is H -stable.

Remark 1.1. In many papers, a basis is called H"-stable only if || 3, €720k 2|3 = So |C12]%
i.e. the scaling of the basis is taken into account. Clearly, if a basis, or a scaled version of
it, is H"-stable according to this definition, then this basis is H"-stable in our terminology.

It is well-known that the nodal basis is stable only in L,. Assuming shape regular
simplices, for this basis the quotient /;j ((:)) is equivalent to 471", So, to solve elliptic problems

of order 2r for r # 0, an obvious approach is to search for other bases.
In this paper, we study bases of multiscale type: For k > 0, let V,, C M, be such that

{V{):Mo

Ve=MpoM,_1 ifk>1,

and let {¢r, : @ € Q\Q—1} 2=y := 0) be a basis of V,. For reasons of an efficient
implementation, we are only interested in 1)y, that are linear combinations of an (uni-
formly) bounded number of nodal basis functions of Mj. We have that M; = &j_ Vs,
which type of space decomposition is called a multiscale decomposition. As a consequence,
Ul_o{tke + © € U\Qx_1} is a basis of My, called multiscale-, wavelet- or hierarchical
basis.
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Sufficient conditions for H"-stability of this wavelet basis are
(1.3) 1D vl T 224 ol (oe € Vi)
k

k
and
(1.4) {Vrs : x € Q\Qk—1} is an Lo-stable basis of V.
Indeed, from (1.3) and (1.4), we obtain that

1Y hatiallie T DA chathralli, T ke 4" 110
k,x k T k,x

Note that (1.3) is equivalent to the condition || X vi|lr = Sk llvkll3,r (vk € Vi), which
is clearly a necessary condition for H"-stability of the wavelet basis, and the additional
condition ||vg|lz = 2¥7||vkl|z,, i.e. the energy scalar product restricted to V. is well-
conditioned.

Concerning Condition (1.3), an attractive choice is to take V), = My ©122 M, ;. With
this Ly-orthogonal decomposition, at least for quasi-uniform meshes (1.3) holds for |r| < 2

2
Hr-

Ntk e

17, =D ke

k,x

(e.g. see [Osw94]). Concerning the upperbound 3 for r, note that M, ¢ He.

The lower bound —% of the range of stability is not optimal. For the shift-invariant case
(uniform, unbounded mesh) in one dimension, for any ¢ > 0, a (biorthogonal) wavelet basis
can be constructed that is H"-stable for r € (—t, 3) (see [CDF92]). Moreover, adaptations
of these bases to an interval, retaining its nice properties have been constructed in [DKU96].
Yet, these constructions are essentially restricted to uniform meshes. Moreover, we note
that the advantages of these biorthogonal bases do not lie so much in having larger ranges
of stability, since r > —% is sufficient for practical applications, as well as in having more so-
called vanishing moments, and the fact that for these bases the basis transformation on M
from nodal- to wavelet basis (the inverse wavelet transform) can be explicitly computed as
a composition of local mappings on all coarser levels, with total costs ~ dim.M ; operations.
As we will see, for preconditioning purposes there is no need for an explicit inverse wavelet
transform. We will comment on vanishing moments later on.

In the case of V, = M, &2 M,_,, basis functions of V;, are often called prewavelets;
in the general setting of Ls-orthogonal decompositions of a trial space, the name wavelets
is usually preserved for basis functions that are also mutually Ls-orthogonal within each
complement space.

So far, also for the Ls-orthogonal decomposition, prewavelets have been constructed
basically for the uniform mesh case only (cf. [CW92], [KO95, and references cited here]),
where moreover the case of a bounded domain is treated only in one dimension. Yet,
in [Jun94] the case of linear finite element spaces on the surface of some block-shaped
three-dimensional domains is treated, which gives at corners situations different from the
uniform mesh case on a domain. In [LO96a] a suggestion is made how non-uniform meshes
could be treated.

In this paper, we introduce an explicit construction of prewavelets satisfying (1.4) on non-
uniform meshes on domains and on surfaces of polyhedral domains in any space dimension.
The only condition we need is that of uniform, (regular) refinements. We keep complete
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freedom concerning initial meshes and boundary conditions. Since (1.3) is satisfied for
Ir] < 2, the constructed (pre-)wavelet basis is H"-stable for this range of r.

For comparison, recall that in two dimensions the standard hierarchical basis ([Yse86])

is H"-stable only for 1 < r < %, whereas for » = 1 the quotient % grows logarithmically

as function of J. The situation in more dimensions is worse.

This paper is not restricted to the construction of bases of the Ly-orthogonal complement
spaces. In Sect. 2, we give a general framework for constructing (pre-)wavelets. As
applications, in Sect. 3 we treat the Ls-orthogonal complement case. In Sect. 4, we show
that also the three-point wavelet basis ([Ste95b, Ste95a, Ste96], cf. also [LO96a]) fits into
this framework, and in Sect. 6 an alternative three-point wavelet basis is constructed for
which we have an explicit inverse wavelet transform.

Finally in this introductory section, to appreciate wavelets from a practical point of view,
we recall some facts about implementation. When (1.1) stems from a differential equation,
the stiffness matrix with respect to the nodal basis is sparse. Yet, due to interactions
between wavelets from different levels, the stiffness matrix corresponding to M ; with
respect to the wavelet basis can be expected to have ~ J - dimM ; non-zeros. Concerning
efficiency, this means that a naive implementation of the matrix-vector product would
partially undo the effect of having a stable basis.

Therefore, let pr and q; be the representations of the inclusions Mj_; — M, and
Vi — M, respectively with respect to nodal bases on the finite element spaces, and the
basis {¢y : v € Q\Q%_1} on Vj. Note that py is the usual multi-grid prolongation,
and, by assumption, that the columns of q; contain an uniformly bounded number of
non-zeros. When we now apply a from top-to-bottom level-wise ordering of the wavelets,
the basis transformation T; on M from wavelet- to nodal basis (the wavelet transform)
can be written as T; = [qJ pJTJ_l], where, when we equip Vy = M, with nodal basis,
Ty =1L So, after having applied T; ;, the application of T; costs a number of additional

operations ~ #(Q;\Q; 1), and so the total costs are ~ dimM ;.

Let now A(JN)u(JN) = bSN) and ASW)uSW) = bSW) be the systems (1.2) with respect to
nodal- and wavelet basis respectively. Then it is easily verified that ASW) = TjASN)T Js
bSW) = T;bSN) and uSN) = TJu(JW), and so for the diagonal D(JW) of ASW) it holds that

. x A (V)
D) = [dlag(qJ:J as) D?W)] , where D) = diagA{"™. We conclude that with T, all
J—1
ingredients for iterating on (1.2) with respect to the wavelet basis, as well as transferring the
obtained approximate solution to nodal basis can be implemented in ~ dimM ; operations.

The basis transformation on the right-hand side before, as well as the one on the ap-

proximate solution after the iteration can even be avoided by operating directly on the

-1

system with respect to the nodal basis. From TJD(JW) AL(,W)T}1 = C]ASN), where
-1

C;, = TJD(JW) T%, we conclude that the preconditioned matrices in both systems

-1 -1
CJASN)USN) = CJb(JN) and D(]W) A(JW)u(JW) = D(JW) b(JW) have equal spectral condi-

)

tion number. Using the definitions of T; and DSW , we end up with the following efficient
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recursive implementation of this multi-level preconditioner C for the system with respect
to nodal basis:

C; = qs(diag(a;ANM ) 'as + psCripy T > 1
Cp = (diagA{M)1.

In Sect. 5, we will see that for the wavelets introduced in this paper a somewhat modified
version of this implementation results in an even more efficient algorithm.

So far, we confined the discussion of the implementation to differential equations. The
situation is completely different for integral equations. With respect to both the nodal-
as the wavelet basis, the stiffness matrix will generally be dense. Yet, assuming some
standard smoothness conditions on the Schwarz kernel of the integral operator outside its
diagonal, due to the oscillating nature of wavelets the stiffness matrix with respect to the
wavelet basis will be close to a sparse one. This “oscillating nature” can be quantified
as follows: A wavelet is said to have ¢ vanishing moments when it is Lo-orthogonal to all
polynomials of degree less than ¢. In [Sch95], it is demonstrated that for an problem of
order 2r, the stiffness matrix can be compressed to a sparse one without loosing the order
of convergence when the wavelets have more than 2 —2r vanishing moments. Things can be
cleverly organized such that the complete stiffness matrix does not have to be computed,
which would undo the reduction of the order of complexity.

Prewavelets have two vanishing moments, which means that they do not give optimal
compression rates for problems of non-positive order. Yet, instead of searching to bases
that, on non-uniform meshes have both a large range of stability as the prewavelet basis,
and more than two vanishing moments, an alternative approach might be to use differ-
ent wavelet bases for compression and preconditioning. In that case, to implement the
preconditioner, we would need the basis transformation from “preconditioning basis” to
“compression basis” (instead of the nodal one). Sufficient is that for the compression basis
we have an explicit inverse wavelet transform.

2. A TWO-STEP CONSTRUCTION OF WAVELETS

For k > 1, let (, )a, be a Hermitian sesquilinear form on My, which on My, is
even a scalar product, i.e. (u,u)r, > 0 when 0 # u € My_;. As main application we
have in mind that (, )u, = (, )r,. It is easily verified that each u € M, has an unique
decomposition u = w + (u — w), where w € My_; and (u — w, My_1)r, = 0, and so we
may define

(2.1) Vi = My, o OM; M.

On the other hand, corresponding to any decomposition M; = My 1 & Vy, there exists a
(non-unique) (, ), as above such that (2.1) is valid.
For ¢ € {k —1,k}, let

(2.2) (b0 z €Y}
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be a basis of M,. In our applications, we will take the nodal basis. Now, as the first step
in the construction of a basis of Vi, suppose we have constructed an adjoint basis

{ngq,y tY € Qpa} C My
of the basis {(¢k LR cy € Qg 1} of M4, ie.,
k

—1,y:¢k—1,y)M

(23) (&kfl,ya ¢k71,z)Mk - { (¢k*1,y7 %klyy)Mk ﬁ:z ; i

Clearly, since we search an adjoint basis in a space that is larger than My _;, this basis is
not unique. In our applications we will use this freedom to select an adjoint basis that is
locally supported.

Then, as the second step, for z € Q;\Q;_; we define

(2.4) Vha = Ora — Z (¢k,x, d)k—l,y)Mk

YEQ_1 (qﬁkfl,ya ¢lcfl,y)/\/l;c

Using (2.3), it is easily verified that vy, € V.

¢k71,y-

Theorem 2.1. Suppose that
(@) {Prw:x € U\Q_1} U{dr_1y:y € Q_1} is an Ly-stable basis of My,

(b) the spectral norm of the matriz <Ezk’m’¢k;’ym)k|¢ﬁ;l’y:L2>
k—1,y Pk—1,y ) My, k,zllLgy yer—I;erk’\Qk’—l

18 bounded

(uniformly in k).
Then

{Vrz v € Q\Q_1} is an Ly-stable basis of Vi (cf. Condition (1.4)).

Proof. Since #(Q;\Q 1) = dimV, it is sufficient to show that || ¥,c0,\0,_, Ck,wq/)k,m”%@ =
e\ k)| Uk, %2. By Condition (a), there holds

|| Z Ck,mwk,m

TEQ\ Q1

|2
Lo

— Pre,os Pro—1, -
S SRR C A SRR DI D D oL SO AR
TEQ\Q—1 YEQp—1 TEL\Qp—_1 (qsk*l’y’ ¢k71’y)M’“
Condition (b) shows that
0 Y| Y ABwfewe  pg e < S Pl
yeEQ_1 JL’EQ]C\Q]C,I (¢k_17y’¢k_17y)Mk .’EEQ]C\Q]C,I
The proof is completed by combining both estimates. O

Remark 2.2. In our applications, both sup,cq\a, , #1¥ € Q-1 * (ke Ph-14)r, # 0}
and sup,co, |, #17 € U\ 1 ¢ (Prar P 14y)m, 7 0} are bounded (uniformly in k), that
is, the number of non-zeros in each row and column of the matrix from Theorem 2.1
Condition (b) is bounded. This means that for (b), we only have to verify whether the
elements of this matrix are bounded.
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The forms (, ), we will consider are Ly-bounded, and on My_; they will be even
equivalent to the Lo-scalar product , i.e. (u,u)r, = ||ull7, (v € Mg_1). With these prop-
erties, a sufficient condition for boundedness of above matrix elements is that ||¢x_1,/z, S

||¢k_17y

In the following sections, for three choices of (, )uq,, we will construct adjoint bases
satisfying the conditions of Theorem 2.1, and so by applying this theorem, we find Lo-
stable bases of V. = M, @L(’)Mk My._1. From now on, with ¢y, ((2.2)), we will always
mean the nodal basis function, i.e.,

Lo-

)1 ife=y
Dealy) = { 0 ifz+#y€Q.
3. PREWAVELETS

In this section, we consider the case that (, )ap, = (, )r,, i.e., we are searching for an
Ly-stable basis of Vy = M, ©122 Mj_; consisting of basis functions (prewavelets) that are
linear combinations of a bounded number of nodal basis functions of M.

The next example shows that for locally refined meshes such a basis generally does not
exist.

Example 3.1. For some h small enough with A=' € 2N, let My 1, M C Hj((0,1)) be
the linear finite element spaces corresponding to the sets of nodal points

Qo ={ih:ie{l,... ,h7" —1}}
and
Q= U{(i—Dhie{l,..., 507"}

respectively. That is, M} is constructed from Mj_; based on an uniform partition, by

halving only the elements in [0, 3.
Let € Vi. By the orthogonality to the coarse-grid nodal basis functions, it is easily
seen that () # 0 for some z > % implies that [%, 1] C supp¢%, and in the other direction

that
(3.1) inf suppt, € Q1 U {0} U {h}.

Now suppose that suppty, C [0, 5] and z/;k(%) = —é@f}k(h). It is well-known that for each

x €l i={o € QU\Q_1: %h <z< % — %h}, the function

(3.2) ko '= Okan — 60, 1 + 10042 — 60 o 1 + Oroin

is in V. By adding to ), suitable multiples of Y for x € I, by (3.1) we can create an

), € Vy, with supptp, C [ —2h, 5]. It is easily verified that this means that 9, = 0. Since
#1I), = dimV, — 2, we conclude that each basis of V} contains at least two basis functions
Yy, with wk(%) + —%T/Jk(h) or [£,1] C suppt, and thus at least one basis function 1, with

z 2’
[%7 ]-] - Sllpp'l/)k.
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Above example shows that we have to restrict ourselves to uniform refinements. Consid-
ering the meshes used in practice, it is then not a real further restriction to study uniform,
reqular and dyadic refinements only, that is, we assume that when going from level £ —1 to
level k, each d-simplex 7j,_; underlying Mj_ is subdivided into d+1 congruent d-simplices.

We will search the adjoint basis function q;k_l,y as a linear combination of ¢, and
®r—1,. Clearly, this qgk,l,y is Ly-orthogonal to ¢j_1 . for y and z that do not share a
common simplex underlying M ;. Because of the refinement strategy, the values

Iu — f'rk71 ¢k,y¢k—1,y and )\ _ ka71 d)k,yd)k—l,z
f7k71 ¢k71,y¢k71,y fq—k71 ¢k71,y¢k71,z

are independent of the simplex 7;,_; underlying My _1, vertices y and z of 7,1 with z # y,
and k£ > 1. By writing integrals over the whole domain as sum of integrals over the
simplices 751, we see that

= A)||Pr—1, 22 ify==z
(¢k,y - A¢k71,y7¢k71,y)L2 - { ( )“0 oLyl lfy 7£ = Qkfl-

Straightforward computations on a reference d-simplex show that
p=(5)"*(d+4) and X=(5)""

Since A # pu, we conclude that

(33) (k1 = L5 by — 725061 1Y € U1} C M,

is an Lo-adjoint basis of {Haﬁfﬁﬁ ty € Q1 )

We will check the conditions of Theorem 2.1. Again using the regular refinement strategy,
for y being a vertex of 7,_; one can compute that

ka'—l ¢k:y¢k:y

(3.4) = =277
ka—l d)k_lvy¢k_lvy
and so % — v 3. Since Ph—1y — Pky € span{op, : © € Qp\Q_1}, the basis
Y 2
: Pr—1y . Pryz . Prz .
transformation from {WLLQ cy € Qp 1} U {‘ﬁ;’ml'L2 cx € U\ 1} to {H¢k,z”L2 cx € Qi)
2d+2_9
can be written in 2 x 2 block form S = [ dJ]r_Dg I ﬂ The well-known Ls-stability of

{¢re : © € i}, and the fact that v 2 < 1 show that the spectral norm of B is (uniformly)
bounded, and so is the spectral norm of S—!. Again by Ly-stability of the nodal basis, we
now conclude that {¢p_1, 1y € L1} U{dp, : v € Q\Q_1} is an Lo-stable basis of M,
(cf. Remark 1.1), i.e. Condition (a) of Theorem 2.1 is satisfied.

Since ||r_1y/l0, S ||Fr_1.yllr,, Remark 2.2 shows that also Condition (b) of Theorem
2.1 is satisfied, and so from this theorem we conclude that

(35) {wk,x = ¢k,x - Z (¢k,:1:7 ¢k71,y)L2 (]Nsk_l,y T E Qk\Qk—l},

yeE L1 (qskfl,ya ¢k71,y)L2
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with ¢ 1, from (3.3) is an Ly-stable basis of M &% M, ;.

We stress that above two-step construction of an Lo-stable basis of Mj &% M,
applies independently of the initial mesh underlying My, so in particular this mesh need
not be a regular one, and also independently of boundary conditions. The adaptation
of the prewavelets to these parameters takes place in the second, explicit step of the

construction. Recall that €2;_; is defined as the set of nodal points in which no essential

boundary conditions are prescribed. The factors OhoPiry)ry
(Pk—1,y>Pk—1,y) Ly

the mass matrix. The first, implicit step of the construction, i.e. solving for @ and § in
Pr—1,y = Py + Bor_1, is independent of the initial mesh and boundary conditions, and
so this step does not have to be repeated.

can be computed using

In above aspect, the two-step construction of prewavelets differs from the proposals
known from the literature. There the prewavelet 1)y, ,, is sought as linear combination of suf-
ficiently many ¢y, , with z close to x; the coefficients in this linear combination are found by
imposing Lo-orthogonality of ¢y, to ¢r_1,, for all y € Qx_y with suppgg_1, N suppy . # 0.
For each geometrically new situation this process have to be repeated; the existence of a
solution, and the stability of the obtained basis of M}, &2 M,,_; are not known a priori.

Furthermore, we note that the two-step construction also works when we would have
used a weighted Lo-scalar product (u,v)r, = [wu®, where w £ 1; as long as w is piecewise
constant on the simplices underlying M, the same A\ and p are obtained, thus which are
in particular constants. Again, adaptations of the prewavelets to the actual w take place
in the second, explicit step of the construction.

An important application of a weighted scalar product is given by the case of linear finite
element spaces on manifolds; in this case the role of the weight function w is played by the
Gram determinant of the actual parametrization used to define the finite element spaces
with. In case the manifold is the boundary of a polyhedron, this Gram determinant will be
piecewise constant, which means that this situation fits into above framework. Note that,
compared to the domain case, geometrically new situations that occur at “corner points”
(points with less or more neighbours in the mesh) are treated automatically in the second,
explicit step. For parametrizations of manifolds for which the Gram determinant can be
written as a product of a globally smooth function and a piecewise constant function, the
Lo-scalar product may be changed by replacing this smooth function by a constant without
the adjoint spaces being changed. So also these situations can be fitted to our framework.

We now discuss the number of vanishing moments of prewavelets. For z € Qp\Qy_1,
let Vi_1, be the union of simplices underlying Mj_; for which the intersection of the
interior with suppy, , is not empty. Then, when there are no essential boundary conditions
prescribed on Vj_; ,, for each p € P; there exists an u,_y € My_; such that ux_; = p on
Vi1, and so (Vg2 D), = (Vka,Uk—1)L, = 0. We conclude that “away from essential
boundary conditions” prewavelets have two vanishing moments. A dimension argument
shows that the number of vanishing moments can not be uniformly larger than two.

Finally in this section, we show how the obtained prewavelets look like in the shift-
invariant mesh case; i.e. My is the linear finite element space based on the subdivision of
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R? into the collection of d-simplices
27" a+{z €[0,1]": 0 < xy1) < ++- < Zp@y < 1, ™ a permutation of {1,...,d}} : a € Z},

and thus Q = 27%74.

For d = 1, the coefficient ~2txftto)ls  from) (3.5) is 2 for both coarse-grid parents
(Dk—1,4Pk—1,y)Lo 8

y € Q1 of x € U \Qg_1. Plugging formula (3.3) into (3.5) now gives the familiar 5-point
prewavelet (see Fig. 1) (cf. (3.2)).

T
}

3 3 1 -6 10 -6 1

(Ohabrory)Ly
(d’k—l,yad’k—l,y)LZ
mask both multiplied by 8 in the one-dimensional shift-invariant mesh case.

The bold-faced numbers correspond to coarse-grid points.

FiGureE 1. Non-zero coefficients and resulting prewavelet

% is ﬂ for both coarse-grid parents y € € ; of
LYy Y

For d = 2, the coefﬁcient
x € QU\Q_1, and it is 24 for both remaining vertices y € €2, of coarse-grid triangles
_(Orwbr14)y

that contain z. In Fig. 2, we show TR TP

mask for z € €, +27%(0,1). Since there exists an invertible linear mapping that changes
all triangles in the mesh into equilateral ones without the volumes being changed, both
remaining cases lead to equivalent masks.

and the resulting 23-point prewavelet

20 4 5 -70 6 -14 1
r— 1 6 106 6 1
4 20 1 -14 6 -70 5

1 1 Y 5

(Okabrory)Ly
(¢k—1,y7¢k—l,y)L2
mask both multiplied by 96 in the two-dimensional shift-invariant mesh case

and z € Q1 +27%(0,1).

FIGURE 2. Non-zero coefficients and 23-point prewavelet

For this two-dimensional shift-invariant mesh case, prewavelets with 13-point masks have
been constructed in [Jun94, KO95]. Remarkably, as we will see in Sect. 5, although our
masks are larger, the wavelet transformation can be implemented using less operations.
The prewavelet masks will not enter the computations, and in that respect the pictures of
these masks are a bit misleading.

For d = 3, we have to distinguish between z € Q, ; + 27%{(1,1,0),(1,0,1),(0,1,1)}

— ((b ,Ead’ —1, ) 1
and x € Q1 +2%{(1,0,0),(0,1,0),(0,0,1),(1,1,1)}. In the first case W is
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A0 for the two coarse-grid parents of z, and it is =% for the four remaining vertices of

384 381
coarse-grid tetrahedrons that contain x (see Fig. 3). In the second case W
— Ly rr—=L1,y/L)

is 32—54 for the two coarse-grid parents of x, and it is 3%4 for the six remaining vertices of
coarse-grid tetrahedrons that contain z (see Fig. 4).
00 00 o0 g8 g8 52 52
0 0 0 0 0 0 2 2 2 2 0 0 0 0
0 0 0 0 0 0 0
0 40 10 00000088010-240841082-602022
0 10 0 00 0 52,60 2" 07 0
0 0 0 2 2 0 0
-~z 0 0 0 2 2 04 10 810400108 10 40 2 2 0 0 0
0 0 2 2 0 0 0
0 10 0 000200420010-602822000000
10 40 0 5 2 5607107 2400 8 © 0 "0
0 0 0 0 2 0 2 0 0 0 0 0 0 0
20 790 "g2 g2 50 50750
2 2 8 8 0 0 0

FIGURE 3. Non-zero coefficients —2te:®h—ta)is
(Pk—1,y>Pk—1,y) Ly

mask both multiplied by 384 in the three-dimensional shift-invariant mesh
case and x € Qg +277(0,1,1).

and 77-point prewavelet

00 40 40 L1 L1 1
b 050 0% 0 o o T o
0 0 0 0 0 0 0
0 5 5 0000001101-3011211-301011
0 0 0 b 00, 0% 00 ot e
0% 09 10 399 199 21 1
I S T T T R B
0 0 0 0 0 0 0
0 45 5 ) 0 0 L0 010 9 060-227091010 91-30 10 11
5 451 0 L1 -30 "5 107527077 9 T 0 T, 00
00 o0 40 G0 L0 L0 [0
o0 % 0 0 et o
1 1 9 9 0 0 0
0 0 0 000100100100100000000
5 5 0 10t 2 b set Tt e o
00 00 g0 0 40 40 40
10 710 730750750750 7,0
1 1 1 1 0 0 0

FIGURE 4. Non-zero coefficients ~2re@i-tu)i
(¢k—l,y7¢k—l,y)L2

mask both multiplied by 384 in the three-dimensional shift-invariant mesh
case and x € Q1 +275(0,1,0).

and 101-point prewavelet
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4. THE THREE-POINT WAVELET BASIS

This basis was introduced in [Ste95b, Ste95a], and further analyzed in [LO96a, Ste96].
The basic idea behind the construction originates from [Hac89]. Here we recall some facts
about this basis, and show that it fits into the framework of Sect. 2.

The three-point wavelet basis corresponds to the decomposition V, = M, @L(’)Mk M1,
where
(4.1) (u, V)t = (w, V)1 i= Y wizu(z)v(z),

€N
with wy, , being the sum of the volumes, divided by d + 1, of the simplices underlying M
of which x is a vertex. There holds

(4.2) (u,u)p, < (u,u)r, < (d+2)(u,u)g, (u e My).

Also in case of a weighted Lg-scalar product, e.g. the manifold case, with a weight
function that is piecewise constant on the simplices, we can construct (, )y, satisfying
(4.2), simply by multiplying the volumes by the corresponding weights. This is important
in order to get stability in the right scale of Sobolev norms. For simplicity, here we consider
the standard Lo-scalar product only and refer to [Ste96] for the general case.

For the decomposition V, = M, @L(’)Tk M;_1, in [Ste96] it has been shown that

29 ifd=1
I Skoel3e T Sk |logllZ, (v € Vi) is valid at least for 3 > r > ¢ 42 ifd=2
76 ifd=3

(cf. (1.3)). This result even holds for locally refined meshes, under the assumption that
simplices that were not, or irregularly refined when going from level £ — 1 to level k are
never refined further on higher levels. This theoretical result concerning the range of sta-
bility turns out to be quite pessimistic. In all our experiments in two- and three dimensions
reported in [Ste95b, Ste9ba], we observed La-stability, also in case of locally refined meshes.
In ([LOY96a]), it was proved that for the shift-invariant case the full range of stability is
r € (—.990236,3) for d € {1,2,3}.

It is immediately clear that an adjoint basis of {ﬁh Yy € Qg_1} with respect
—1,y:Pk—1,y)Ty,

to (, ), is given by

(Pr—1,y> Ph—1,)7,

’ . cy € Q1)
(¢k,y7¢k71,y)Tk ¢k7y Y g 1}
The conditions of Theorem 2.1 are easily verified, and so we conclude that an L,-stable
basis of Vy = M, © 0T M,_, (cf. (1.4)) is given by

(43) {/l/)k},g; = d)k,x - Z (¢k7$, ¢k71,y)Tk d)k,y Tr e Qk\Qk—l}

YEQ_1 (¢k,y7 ¢k71,y)Tk

{&kfl,y =

Note that the elements in the sum over y in (4.3) are only non-zero when y is a coarse-
grid parent of x. This means that ;. is a linear combination of three fine-grid nodal
basis functions, independently of the dimension d. For the shift-invariant mesh case in
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any dimension, 1, can be represented by the mask [-3 1 —3], where the values —3

correspond to the coarse-grid parents of x.

Since (u, )7, = (u, 1)1, (u € M), where 1 € Mj_; is defined by 1(z) =1 if x € Qp_,
we conclude that “away from essential boundary conditions”, the three-point wavelets have
one vanishing moment. In areas where locally the meshes on levels £ —1 and k are uniform,
symmetry of 1, yields even two vanishing moments.

Concluding, we note that the three-point wavelet basis is more flexible than the pre-
wavelet basis constructed in Sect. 3, since it can also be constructed in case of non-uniform
refinements, e.g. on local refined meshes. As we will discuss in the next section, application
of the wavelet transform for the three-point wavelets is also cheaper. Moreover, at least in
one dimension, the three-point wavelets give smaller Ly- and H' condition numbers. We
have to pay for this by having a smaller range of (guaranteed) stability.

5. IMPLEMENTATION

In this section for the wavelet bases discussed in this paper, we compare the number of
operations needed for applying the basis transformation from wavelet basis to nodal basis
(the wavelet transform). From Sect. 1, recall that the wavelet transform T is the only
variable part of the multi-level preconditioner corresponding to a wavelet basis.

Let S, the basis transformation from {¢;, : x € Q\Qy_1} U{ds_1y ¥y € Q1 } to
{¢so : ® € Qs}. Then, by using a splitting of the wavelet basis of M into the sets

(e 2 € QN\Qs1} and U{Zg{tp - € Q\Q_1}, we have T; =S, l; TO ], and so
J-1

it is sufficient to compare the costs of applying S;. There holds S; = [qJ pJ], where py
is the standard multi-grid prolongation, and where the columns of q; contain the wavelet

masks.
In the following, we consider the two-dimensional uniform mesh case, which means that

1 1
p is represented by the 7-point stencil % 1 2 1|. Let n be the dimension of M ;. Then
1 1

a direct implementation of q; yields the following operation count for S;:

— standard hierarchical basis: 1 - %n +7- in = 2%71
— 3-point wavelet basis: 3 - %n +7- in =4n
— 13-point prewavelet basis: 13 - %n +7- in = llén.

Clearly, a similar implementation of the 23-point prewavelet basis would cost 23 - %n +
7- in = 19n operations. Yet, making use of the two-step construction, we can follow a
different approach for implementing q,: First, for each € Q;\Q,_1, express ¢;, as a
linear combination of ¢;, and four adjoint basis functions gz;J_l,y; then, for each y € Q2;_4,
write ¢ J—1, as linear combination of ¢, and ¢;_,; finally, express each ¢;_;, as a linear
combination of seven fine-grid nodal basis functions ¢;,. Note that we had to perform this
last step anyway. We end up with the following operation count for S;:
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— 23-point prewavelet basis (two-step construction): (1+4)-2n+2-in+7-1n = 6n,

which is almost two times cheaper than when applying the 13-point prewavelets.

Note that this implementation of q; using p; does not reduce the operation count for
the 3-point wavelet basis, because in that case the adjoint basis function qz J—1y is just a
multiple of ¢,

In the three-dimensional uniform mesh case we obtain the following operation counts for
SJI

— standard hierarchical basis: 1 - gn +15- % = 2%
— 3-point wavelet basis: 3 - %n + 15 %n = 4%71

— 101/77-point prewavelet basis (two-step construction):

n

(1+8)-2n+(1+6)-3n)+2-in+15-tn=9in.

Note that we would need (101 - §n + 77 - 2n) + 15 -
implementation of the 101/77 masks.

So, the two-step construction not only makes it possible to construct stable wavelet bases
on non-uniform meshes, it also gives rise to a wavelet transform that can be implemented

efficiently in much less operations than one would expect on basis of the sizes of the masks.

n = 81%71 operations with a direct

6. AN ALTERNATIVE THREE-POINT WAVELET BASIS

A disadvantage of the prewavelet and three-point wavelet bases introduced in Sects. 3
and 4 is that for these bases there does not exist an explicit inverse wavelet transform as
we will see below. There are applications of wavelets for which such an explicit wavelet
transform is needed. Examples are given by data compression, which belongs to the “clas-
sical” field of applications, and the construction of extension operators for use in domain
decomposition algorithms.

Recall that the wavelet transform T'; can be written as T; = [qJ pJTJ_l], where py
and q; are the representations of the inclusions M ;_; — M ; and V; — M respectively,
with respect to the nodal bases {¢;_1, : y € Q;_1} and {¢;, : © € Q;} on M;_; and
M, and the basis {¢y, : x € Q;\Q;_1} on V;.

Alternatively, we could have equipped M ; with the two-level standard hierarchical basis
{psz 2 € Q\Q_1}U{ds1, v € Qy_1}. Denoting corresponding matrices with a tilde,

~F ~F
we have p; = 0 , Qs = Pé] and so T, = Pé 0 ] Assuming a fine-to-coarse two-
I qa; q; T,
level ordering of the nodal basis functions as well, the basis transformation on M; from

c
two-level standard hierarchical basis to nodal basis is of the form l(I) pIJ ] We end up
with the following “UL”-factorization of T:

T _|T py||a; O
7700 1| |af Ty
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As always assuming that the columns of q; and thus of q; contain an uniformly bounded
number of non-zeros, from this block factorization we conclude that T is a composition
of explicitly given, level-wise local operators, which means that the application of le can
be implemented in ~ dimM ; operations, if and only if (q7) ! is local. For the prewavelet
and three-point wavelet bases from Sects. 3 and 4 this (q%)~" is not local. For example,
in the one-dimensional shift-invariant mesh case, one may check that g7 is represented by
the stencils $[1 - 4 - 1] and }[1 - 6 - 1] respectively.

Clearly, a sufficient condition for (@5) ! being local is that g is a diagonal matrix. In
the context of Sect. 2, this means that the adjoint basis functions gz;k,l,y are in My 1,
or, V) is a linear combination of ¢, and a number of coarse-grid nodal basis functions.
Sufficient, for ¢;_1, € My_; is that {¢r_1, : y € Q_1} is an orthogonal set with respect
to (7 )Mk

In this section, for ((, ))m, being some Lo-bounded Hermitian sesquilinear form on My,
we define

(u, V) py, = (w, V), = (To—1t, Le—1v) vy, + L1, Ip10) s
where [,_; : My — My_; is the nodal value interpolant, and (, )r,_, is defined in (4.1).
In order to obtain locally supported wavelets, we assume that ((, ), is local in the sense
that ((u,v))um, # 0 only if suppu N suppwv # .

The following statements are easily verified: (, )4, is an Ly-bounded Hermitian sesquilin-
ear form on My; {Pk_1, 1y € Q_1} is an (, )aq,-orthogonal set, and so an adjoint basis
with respect to (, ), is given by {dr_1, = dr_14 : ¥ € Qu_1}. By Remark 2.2, both
conditions of Theorem 2.1 are easily verified, and we conclude that

{Vre = ks — D (B, Or1) oty Pty 1 T € U\Qpe—1}

YEQL _1 (¢k—1,ya ¢k—1,y)Tk_1

is an Lo-stable basis of V,, = M, @L(’)Mk M.

So far, we only investigated the case that ((, )am, = (, )r,- Then, the coefficients
(k2 Pk—1,4) T,
(Bk—1,y:Pk—1,)T;_,
space dimension. For the shift-invariant mesh case, these coefficients are equal to ().
So, although the resulting wavelet masks are larger than in case of the three-point wavelet
basis from Sect. 4, in view of the results about implementation from Sect. 5, we may call
this wavelet basis also a three-point wavelet basis. For the operation count of the wavelet

transform it makes no difference whether gz;k_l,y is a multiple of ¢y, or ¢p_1,.

Since (u, D)pq, = ((I — Iy—y)u, D)y, + (Ig—yu, 1)1, _, = (u, 1)L, we conclude that “away
from essential boundary conditions” also these three-point wavelets have at least one van-
ishing moment. As with the other three-point wavelets, in areas where locally the meshes
on levels £k — 1 and k are uniform, symmetry of 1, yields two vanishing moments. So
compared to the prewavelets, this basis does not give better compression rates for integral
operators (cf. last paragraph of Sect. 1). Further research in this direction is necessary.

The three-point wavelet basis from this section generalizes bases known from the lit-
erature to the case of non-uniform meshes. In the one-dimensional shift-invariant mesh

are only non-zero for both coarse-grid parents y of x, independently of the
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case, it equals the (2,2) biorthogonal wavelet basis from [CDF92]. For the two-dimensional
shift-invariant mesh case it is equal to the basis proposed in [LO96a, §4.3 Example 2].
Related proposals can be found in [CDP96, VW95, VW96, Swe95].

We will now discuss for which r stability between the levels || 3y vg|[3 = Sp 45 [Joe]lZ,
(vg € V) is valid (cf. (1.3)). In [LO96a], for the two-dimensional shift-invariant mesh case,
stability has been shown for .02282 < r < 2. Numerical experiments reported in [LO96b]
show that this wavelet basis is not Lo-stable.

To investigate stability for the non-uniform mesh case, we will follow the analysis from
[Ste96]. The crucial thing is to find a ¢ € [0,2), such that the Ly-norm of the projection
I My = My s Sgve = S gve (v € Vi) is S 2070, Then H-stability for
r € (t,2) is guaranteed.

Note that H%J) = HEHI) : --H(J_)1 and that H,gk_)l : My — M is the projection onto
M ,—1 which is orthogonal with respect to (, )aq,. From [Ju|lag, == (u,u)3,, = ||ul|L, foru e

T — iyt T - k+1
My, we bave 7 o cny TN T2 s omsn < TSIty vt
Following the analysis from [Ste96, §4.2], the factors ||1_[,$jc+1)||/\/(,c+1<_/\4k+2 can be es-

[T
timated using local projections. We obtain H’-stability for 2 > r > 3 g 2 _; .
X =

2
Compared to Sect. 4, we need the additional assumption that irregular refined simplices
do not contain parent nodes for subsequent refinements. Unfortunately, application of this

analysis to the three-dimensional case yields the lowerbound r > 2 log 4/ 4% which is larger
than 1.
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