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ABSTRACT. The possibility (subject to certain restrictions) of solving the
following approximation and interpolation problem with a given set of ‘“Muntz
polynomials” on a real interval is demonstrated:

(i) approximation of a continuous function by a ‘“copositive” Muntz
polynomial;

(ii) approximation of a continuous function by a “comonotone” Muntz
polynomial;

(iii) approximation of a continuous function with a monotone kth differ-
ence by a Muntz polynomial with a monotone kth derivative;

(iv) interpolation by piecewise monotone Muntz polynomials—i. e., polyno-
mials that are monotone on each of the intervals determined by the points of in-
terpolation.

The strong interrelationship of these problems is shown implicitly in the
proofs.

The following related questions have been settled:

I (Monotone Approximation). Let f(x) be a continuous function with the
property that the jth difference A’f > 0 on [0, 1] where j is some nonnegative
integer. Must there be for a given € > 0 a corresponding polynomial p(x) with
p9(x) >0 on [0, 1] such that

If-pll=sup
x€|[

: 1fG) —p(x)1 <e?
II (Comonotone Approximation). Let f(x) be a continuous function with
a finite number of nodes on [0, 1]; i.e., suppose 0 = x5 <x, < +++ <x, =1
and that f(x) is alternately nondecreasing and nonincreasing on the intervals
0, xy), (x4, x5), . . ., (x;_q, ;). For a given € > 0 must there be a correspond-
ing polynomial p(x) that has the same monotonicity as f(x) on each of the inter-

vals (x;_, x;),i=1,2,...,k, and such that ||f - pll < €?
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198 ELI PASSOW, LOUIS RAYMON AND OVED SHISHA

LIl (Piecewise Monotone Interpolation). Let X = (xq, X, ..., X,) and
Y=0¢Yys--->Y,) Where 0 =xy <x, <+ <x,=1landy, #y;_,,
i=1,2,...,n Is there a polynomial p such that p(x;) =y, i=0,1,...,n,
and such that p(x) is monotone in each of the intervals (x;_,, x,), i=1,2,...,n?

The answer to I is in the affirmative, by the properties of the Bernstein
polynomials [5]. II and III also have affirmative answers, as established by
Wolibner [12], Kammerer [2] and Young [13]. Furthermore, quantitative esti-
mates have been obtained for the degree n(e) of the polynomial that is sufficient
for monotone and comonotone approximation [11], [10], [6], [4], [9], [7],
and for the degree n(X, Y) of the polynomial that is sufficient for piecewise
monotone interpolation [8]. By the classic Theorem of Muntz, if 0 = Ay, A,
A,, . . . is a sequence of distinct nonnegative real numbers such that A, +> 0,
then the “Muntz polynomials” Eﬁo a,-x}“ are dense in C[0, 1] if and only if
Z(1/N) = . (If the interval [0, 1] is replaced by [a, b] with a > 0, then the
restriction Ay = 0 may be omitted.) A natural question to ask is: Are monotone
approximation, comonotone approximation and/or piecewise monotone interpola-
tion possible with Muntz polynomials? In this article we answer these three ques-
tions in the affirmative (for “admissible” sets A = Ay, A, ...) and, for the
case of monotone approximation we obtain quantitative estimates for this approxi-
mation. Theorems 2 and 3, concerning, respectively, comonotone approximation
and piecewise monotone interpolation, and Theorem 1 have proofs that are inter-
related.

THEOREM 1. Let [0, 1] be partitioned into k subintervals by the points
0=xy <x; <+**<x; = 1. Suppose that f(x) is a continuous function that is
alternately nonnegative and nonpositive on the intervals (0, x,), (x4, X3), - . - »
(cx_q1>1). Let A={Ny, N, ...} be a sequence of nonnegative real numbers
with the following properties: (i) 0,1, ..., k — 1 € A; (i) lim}; = oo
(iii) Z(1/A;) = . Then, given € > 0 there is a corresponding Muntz polynomial
pix) = Eﬁo a,-x"" such that p(x) is copositive with f(x) (i. e., p(x) is nonnegative
on those intervals of the partition in which f is nonnegative and p(x) is nonposi-
tive on those intervals of the partition on which f is nonpositive) and such that

If-pl<e

THEOREM 2. Let [0, 1] be partitioned into k subintervals by the points
0=xy <x, <+ <x, =1. Suppose that f(x) is a continuous function that
is alternately nondecreasing and nonincreasing on the intervals (0, x,), (xy, X,),
ey (eg_ys 1). Let A={Ny, Ay, . ..} be a sequence of nonnegative real num-
bers with the following properties: (i) 0, 1, ..., k € A; (i) lim\; = *

(iii) =(1/\) = . Then, given € > 0 there is a corresponding Muntz polynomial
pix) = Z‘fY_._o a,-xki such that p(x) is comonotone with f(x) (i. e., p(x) is nonde-
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APPROXIMATION WITH MUNTZ POLYNOMIALS 199

creasing on those intervals of the partition on which f is nondecreasing, and p(x)
is nonincreasing on those intervals of the partition on which f is nonincreasing)
and such that ||f - pll <e.

THEOREM 3. Let X = (xg, Xy, ..., x,)and Y = (o, ¥y» - - - » ¥,,) Where
0=xy<x, <+ <x,=landy,#y,_,,i=1,2,...,n Letk—1 be the
number of “vertices” (x;, y,) at which the piecewise linear function joining the
points (xq, ¥o), (X1, ¥1), - - - » (x,,, ¥,,) changes monotonicity (k <n). Let
A={N\y, Ay, ...} bea sequence of nonnegative real numbers with the following
properties: (i) 0, 1, ...,k € A; (i) im \; = o°; (iii) (1/A;) = . Then there
is a Muntz polynomial p(x) = .o a;x™ such that px)=y,i=0,1,...,n,
and such that p(x) is monotone in each of the intervals (x;_,, X)), i =1,2,...,n

Denote by T1;, Theorem 1 for the case where the number of intervals in
the partition is k, k =1, 2, .. .; denote by T2, Theorem 2 for the case where
the number of intervals in the partition is k; denote by T3, Theorem 3 for the
case where k — 1 is the number of vertices at which the described piecewise linear
function changes monotonicity.

Theorems 1, 2 and 3 follow immediately from the following sequence of
lemmas.

Lemma 1. TI,.
LemMMA 2. T1, = T2,,k=1,2,....
LemmAa 3. T2, = T3,,k=1,2,....
Lemma 4. T3 =Ty, k=1,2.

v

Lemma 1 is trivial: Suppose f(x) = 0 on [0, 1] and let € > 0 be arbitrary.
Then, by Muntz’ Theorem, there is a Muntz polynomial p(x) such that || f — p|l <
€/2. Then p*(x) = p(x) + €/2 is a Muntz polynomial satisfying

p*(x)=¢€/2 + p(x) - f(x) + fx) = €/2 + f(x) - lIf - pll >0,
and
IfF=p*Il<If-pll+lp-p*lI<e

PROOF OF LEMMA 2. Let f(x) and A be as described in Theorem 2, and
let € > 0 be arbitrary. Let f*(x) be defined on [0, 1] with the following proper-
ties:

(i) f* has the same nodes as f (i.e., at xpi=1,2,...,k—1)and is
alternately nondecreasing and nonincreasing on the same intervals as f;
@) r*ect[o, 1l;
i) If*-fll<e/2.

(f* may be chosen to be a spline approximation to f with knots at the nodes,
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200 ELI PASSOW, LOUIS RAYMON AND OVED SHISHA

with care taken to ensure the monotonicity property.)

Then g(x) = df *(x)/dx is a continuous function on [0, 1] that is alternately
nonnegative and nonpositive on the intervals on which f* is alternately nonde-
creasing and nonincreasing. Furthermore if A" = {\; =\, — 1 :NE€Aand N, 21},
then A’ satisfies the requirements (i), (ii) and (iii) of T1,. Then, by T1,, there
is a Muntz polynomial g(x) = EiN=o bix"; that is copositive with g(x) such that
llg — qll <e/2. Let p(x) = [§q(x)dx + f*(0). Then p is comonotone with f*
(hence, with f) and

o= £*1 = [ s - a@) x| < g -an <er2,

hence

lp = fll < lip =fAHIf-fl<e

ProOOF OF LEMMA 3. Let X, Y and A be given subject to the conditions
in T3,, and let L(x) be the piecewise linear function described in the theorem.
Then L(x) is alternately increasing and decreasing on k subintervals partitioning
[0,1]. Let L = L(X, Y, €) be the set of all possible piecewise linear functions
joining (xq, Yo £ €), (x;, ¥4 £ €),...,(x, », t€). L consists of 2"+1 piece-
wise linear functions L, Ly, ..., L,,41. Choose € >0 so small that L;(x) is
comonotone with L (x) for each 1 <i <2"*1. For each L; there is, by T2;, a
corresponding Muntz polynomial p; comonotone with L, (hence, with L) such
that |IL, = p;l < €/2. Then, Y is in the convex hull (in £”*1) of the points

{pi (X)} = {(P1 (xo): ceey pi (xn))}1 0 < i < 2n+l .

Hence Y = Zf:o“ b;p;(X), with b; = 0 for all i. We observe that linear combin-

ations of Muntz polynomials are Muntz polynomials, and that positive linear com-
binations of functions comonotone with L(x) are comonotone with L(x). Conse-
quently, p(x) = Ei’:l“ b;p;(x) is a Muntz polynomial with the desired properties.
PROOF OF LEMMA 4. Let f(x) be a continuous function that is alternately

nonnegative and nonpositive on the k¥ + 1 intervals in a partition of [0, 1] deter-
mined by the nodes 0 = xy <x, <*** <x,,.; =1, and let A be as described
in T1,,,. Suppose, first, that f is not constant on any of the intervals (x;_,, x;),
i=1,2,...,k+1. Let

(¢)) 0<e<86§= min max G|,
1<i<k+1 "‘i—1<x<xi

For each point x; of the k points x,, . . ., x,. at which f(x) changes sign
let a;, b; be defined as follows:

a;= max {x:|fIx)|=>€/6}; b; = min {x:|f(x)|>e/6}.
x <x; x>x;
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APPROXIMATION WITH MUNTZ POLYNOMIALS 201

It follows from (1) that 4 = J (a;, b;) form k nonoverlapping intervals. The
complement CA of A consists of k¥ + 1 intervals on which f is alternately nonneg-
ative and nonpositive. Let

f&x), x€A4,
F*(x) = { max[f(x), €/6], on intervals of CA on which f is nonnegative,
min [f(x), — €/6], on intervals of CA on which f is nonpositive.

Observe that
(i) f* is continuous, and copositive with f;

(i) 1f*(x)I <¢/6 for x € A4;

(i) 1/*(x)| = €/6 for x € CA;

@(v) f*x)=0,i=1,...,k

™) If-r*I<el6.

Let f** be a function with the following properties:
(i) f** is alternately nonnegative and nonpositive on the intervals
(g X1, - -+ » Of Xy q) (G.e., f** is copositive with £* and f);

(i) f**ecto, 1];

(iii) at each point x; that f(x) changes from nonnegative to nonpositive,
df **(x;)/dx = - 1; at each point x; that f(x) changes from nonpositive to non-
negative, df **(x)/dx = 1;

) I/**-rH<en
f** will then have the following additional properties:

O) If**E < If*) + If** - £ < e/4 for x € 4;

i) 1f**) = IF*e)l = If** = f*I1 > €/12 for x € CA4;

i) If**=fU<U*-fH+Ur* -1l <ela

Let g(x) = df **(x)/dx, and let A' = \; =X, - 1;\; €EAand \, > 1}. By
Muntz’ Theorem there is a Muntz polynomial g(x) = Z¥., ¢;x such that |Ig - qll
<e/24. Let r(x) = [§ q(x)dx + f**(0). Then r is a Muntz polynomial with re-
spect to A, and

@ lir=f**I = 11/5 [sx) — q(x)] dxll < llg — qll <e/24.
In particular,

@) IrGe)dl < e24,i=1,...,k
Also

@Gii) llr=fU<lr=7r** )+ 1** - fll <7e/24.

(iv) For x € A, [r(o)l < [f**()| + lIr — £**1| < 7e/24.

(v) For x € CA, r is copositive with f, and

lrG)l = 1f**()| = llr = £**11 > e/24.

If f(x) is changing from nonnegative to nonpositive at x,, since 7'(x,) is close to
—1, there must be an interval (c;, d;) such that r(x) is decreasing on (c;, d;).
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202 ELI PASSOW, LOUIS RAYMON AND OVED SHISHA

Also, if f is changing from nonpositive to nonnegative at x,, 7'(x;) is close to 1,
and there must be an interval (c;, d;) such that r is increasing on (c;, d;). Clearly,
¢;, d; may be chosen such that ¢; < ¢; <x; <d; <b,.

Let L(x) be a piecewise linear function with the following properties:

(i) L(x) alternately decreases and increases k times; L(x) is decreasing on
each interval (a;, b;) containing a point x; at which f changes from nonnegative
to nonpositive, and is increasing on each interval (a;, b;) containing a point x; at
which f changes from nonpositive to nonnegative. (None of the segments of
L(x) is parallel to the x-axis.)

(i) L(x) has vertices at x;, ¢, d, i =1, ..., k; L(x) = —r(x,); IL(c)| =
Te/24; |L(d)| = Te/24.

@iii) IZ ()N <17¢/24.

Applying T3, where X and Y are determined by the vertices of L(x), there
is a Muntz polynomial s(x) with the following properties:

@) sGc)=-rix),i=1,...,k

(i) s is copositive with f on the complement of the intervals (c;, d,), i =
1,...,k;

(iii) s is alternately decreasing and increasing on the intervals (a;, b)), . . . ,
(@, by)s

(iv) Is(x)| > 7€/24 on the intervals (a; ¢;), d, b),i=1,...,k;

™) lsE)ll < 17¢/24.

Let p(x) = r(x) + s(x). Then p(x) is a Muntz polynomial with p(x;) = 0,
i=1,2,...,k We show that p and f are copositive: since r and s are both
copositive with f on C4, p is copositive with f on this set. For points x; at which
f changes from nonnegative to nonpositive, r and s are both nonincreasing on the
corresponding intervals (c;, d;); hence their sum p is nonincreasing on these inter-
vals (and passes through O at x;), and f and p are copositive on the interval
(¢p d;). Similarly, f and p are copositive on intervals (c;, d;) containing points
X, at which f changes from nonpositive to nonnegative. On the remaining points,
@, c), (b, d),i=1,...,k, fand s are copositive. Also, |s(x)| > 7e/24 >
[r(x)|, and p must be copositive with s. Hence p and f are copositive through-
out [0, 1].

Finally,

lp = fU<IIr=fIl +1Isll <7€/24 + 17¢/24 = ¢,
and the proof is complete for the case where f is not constant on any of the in-
tervals (x;_,, x;), i =1, ..., n. This case may be dispensed with by taking a
continuous copositive approximation f of f that is not constant on any of the
intervals, and approximating fbya copositive Muntz polynomial.

If it is assumed that f(0) = 0, or that the interval under consideration is
[a, b] with @ > 0, then it may be shown by proofs along the lines of those given
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APPROXIMATION WITH MUNTZ POLYNOMIALS 203

above that it is not necessary to assume that any specific numbers are in A:

COROLLARY 1. If it is assumed in Theorems 1,2, 3 that f(0) = O, or that
the interval under consideration is [a, b], a > 0, then conclusions will follow for
sets A ={N\g, Ay, . . . } of nonnegative real numbers with the following proper-
ties: (i) im]; = o5 (ii) Z(1/A;) = °°.

THEOREM 4. Let f(x) be a continuous function on [0, 1] with the prop-
erty that A'f is alternately nonnegative and nonpositive on the intervals (xg: X1),
(e x3)s oo o (e qs X)) Where 0 = xg <xy <o <x, =1. Let A=
{Ao> Ays - - .} be a sequence of nonnegative real numbers with the following
properties: (1)0,1,...,2k+j—1€A; (i) lim\; = o, (iii) Z(1/A) = °°
Then given € > 0 there is a corresponding Muntz polynomial p(x) = ZX. a,xh’
such that p(j)(x) is alternately nonnegative and nonpositive on the same intervals
as Alf, and such that |f - pll <e.

For j = 1 this theorem reduces to Theorem 2. The theorem follows from
Theorem 1, and the method of proof is an extension of that of Lemma 2. Here,
f* is chosen to be a function in C/[0, 1] with the property that £ is alternately
nonnegative and nonpositive in the same intervals as A’f, and such that || f — f*||
< €/2. q(x) is then chosen (by Theorem 1) to be a copositive Muntz approxima-
tion to g(x) where

@=L ro, amd q@ =¥ b
g0)=- 7 f*(), an qx—;)i,
NEAN={\-J N EAand)\,?j} and [lg - qll <e/2. Let

pi()= [ a)ax +4 MO md gy = [Fp ) + 4

Iterate the procedure until we let

42 1o,

P =) = [y () ax +17(0).
Then

o =41 =] [p,-_,(x) -dixf*(x)]dx" <p-1 -i—f“

- [P,'—z(x) --‘%f*(x)] & < - —f,f*

* _ €
f <llg-¢gll< 3

< "p‘ dxi-1

and p is the desired polynomial.
A quantitative theorem on monotone approximation is more simply stated
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204 ELI PASSOW, LOUIS RAYMON AND OVED SHISHA

with the help of some preliminary notation. Let A ={Ag,A;,...}. Let Py o =
Py o(A) be the set of all Muntz polynomials p(x) = E{f_.o a,.xM satisfying p(x) =0
on [0, 1] ;let Py =Py (A),j=1,2,...,be the set of all Muntz polynomials
pix) = Eﬁoaix’\" satisfying p%)(x) > 0 on [0, 1]. The degree of monotone approx-
imation Ey ; of a function f €’ such that A’f > 0 is given by
Eyi(f, N) =pePi;'f,(A) Wf=pll, ji=0,1,....

THEOREM 5. If A = {Ay, Ay, . . .} is a sequence of nonnegative real num-
bers with 0,1, ..., €A and N' ={X;=\; —j, \; € A and \; > j}, then for
any function f € ¢! with Nf> 0,

Ey (s N < Ey_jof P, A).

Theorem 5 may be proved in the same manner that Theorem 4 is proved.
Let g € Py _; o(A") be a Muntz approximation to f0). Let

P = [ @ & +900) and p, = [ p, () dx + 10-D(0);
iterate until p(x) = fgp;_;(x)dx + f(0). Thenp € Py ;(A), and

o =Fl <lpj_y =fI< e <llpy = IV < g = D,
and the theorem follows. [

The results of Bak and Newman [1], and Leviatan [3] may now be used
to give estimates on the degree of monotone approximation to a function f € CP,
p 2j. In particular, Bak and Newman have proved the following:

Let A=Ay =0,7, =1,... ,7\,=j, Ai+l’7\i+2"' .} be a sequence
satisfying the growth condition A, = sk for k >j where s > 2. If f€ clo, 1],
then there is a Muntz polynomial p(x) = Z¥ a;x such that IIf - p|| <
Aie’ w(f9; €) where 4 j is a constant depending only on j, € =exp(- 220, (N,
and w(f; 8) denotes the modulus of continuity:

w(f;8)= sup |fGx)-fO)l
Ix-y|<8
We may use this result and Theorem S to obtain the following result (by a

proof similar to that of Lemma 1):

COROLLARY 2. Let A ={2; =0,7, =1, ..., 7\,-_1 =j=-1, )\,-,

7\,._“, . . . } be a sequence satisfying the growth condition N, = sk for k >2j
where s > 2. If f€ C[0, 1] and f) >0 0n [0, 1], then
E,; (i N <A4;dw(fD;e)

Where A; is a constant depending only on j, and € = exp(-= 2 Zi-; (1/A)).

ADDED IN PROOF. D. Leviatan has pointed out to us that Theorems 1, 2,
3 may be improved as follows:
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APPROXIMATION WITH MUNTZ POLYNOMIALS 205

COoROLLARY 1'. Condition (i) in Theorems 1,2, 3 may be replaced sim-
ply by \y = 0.

ProoF. Condition (i) is not needed in T1,, while in Lemma 2 we can
make the variable change ¢ = xM and proceed with the proof for the sequence
&; = N\;/\,; the same alteration may be made in Lemma 4.
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