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Pion-Nucleon Scattering in Kadyshevsky Formalism: I Meson 

Exchange Sector
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M ay 11, 2009

A b s t r a c t

In a ser ies  o f  tw o  p a p ers w e p resen t th e  th eo r e tica l re su lts  o f  n N /m e s o n -b a r y o n  sca tter in g  in  

th e  K a d y sh ev sk y  form alism . In  th is  p aper th e  resu lts  are g iv en  for m eso n  ex ch a n g e  d iagram s. 

O n  th e  form al sid e  w e sh ow , b y  m ea n s o f  an  ex a m p le , h ow  g en era l co u p lin g s, i.e . co u p lin gs  

c o n ta in in g  m u ltip le  d er iv a tiv es  a n d /o r  h igh er  sp in  field s, sh o u ld  b e  trea te d . W e d o th is  by  

in tro d u c in g  an d  a p p ly in g  th e  T ak ah ash i-U m ezaw a  an d  th e  G ross-J ack iw  m e th o d . For p ra ctica l 

p u rp o ses w e in tro d u ce  th e  P  m e th o d . W e also  sh ow  h ow  th e  T ak ash ash i-U m ezaw a  m e th o d  can  

b e  d erived  u sin g  th e  th eo r y  o f  B o g o liu b o v  an d  co lla b o ra to rs a n d  th e  G ross-J ack iw  m e th o d  is 

also  u sed  to  s tu d y  th e  n -d ep en d e n c e  o f  th e  K a d y sh ev sk y  in tegra l eq u a tio n . L ast b u t n o t  least 

w e p resen t th e  seco n d  q u a n tiza tio n  p ro ced u re  o f  th e  q u asi p a rtic le  in  K a d y sh e v sk y  form alism .

1 I n t r o d u c t io n

O ver th e  years th e  N ijm egen  grou p  h as c o n str u c ted  v ery  su ccessfu l b aryon -b aryon  m o d els  (N N  

a n d  Y N ). A s for in sta n c e  in  [1] an d  [2] so ft-co re  O n e -B o so n -E x c h a n g e  N N  an d  Y N  m o d els  are 

c o n str u c ted  b a sed  on  R eg g e-p o le  th eory . T h e  m o d els  are link ed  v ia  S U f  (3 ) sy m m e try  in  order 

to  h av e m ore con tr o l on  th e  p ara m eters.

B a sed  on  th e  sa m e id eas, th e  N ijm egen  gro u p  re cen tly  b ro a d en ed  its  h orizon  b y  a lso  in c lu d in g  

m eso n -b a ry o n  m o d els  [3]. H ere, a s im u lta n e o u s  n N  an d  K  + N  m o d el is  c o n str u c ted  u sin g  one- 

m eso n  an d  o n e-b a ry o n  ex ch a n g e  p o ten tia ls .

T h is  w ork is  p resen ted  in  tw o  a rtic les, referred  to  as p ap er  I (th is  p ap er) an d  p aper II [4], and  

ca n  b e  regard ed  as an  ex te n s io n  o f  [3], s in ce  w e a lso  con sid er m eso n -b a ry o n  sc a tter in g  or p ion- 

n uc leon , m ore sp ec ifica lly . T h e  reason  for co n sid erin g  p io n -n u cleo n  sca tter in g  is, b es id es  th e  

in terest in  its  ow n , th a t  th ere  is  a large a m ou n t o f  ex p er im en ta l d a ta . U sin g  th e  aforem en tion ed  

SU f  (3) sy m m e try  th e  e x te n s io n  to  o th er  m eso n -b a ry o n  sy s te m s is  ea s ily  m ad e. L ast b u t n o t 

le a s t w e w ou ld  like to  m e n tio n  th e  co n n ec tio n  to  p h o to /e le c tr o -p r o d u c tio n  m od els.

C om p ared  to  [3] our fo cus is m ore on  th e  th eo r e tica l b ack gro u nd . For in s ta n c e  w e form ally  

in c lu d e w h a t is  ca lled  ” pa ir su p p ressio n ” , w h erea s th is  w as a ssu m ed  in  [3]. P a ir  su p p ression  

co m es d ow n  to  th e  su p p ressio n  o f  n eg a tiv e  en erg y  co n tr ib u tio n s. For th e  first tim e , a t lea st  

to  our k n ow led ge , w e in co rp o ra te  pair su p p ressio n  in  a cova rian t an d  fram e in d ep en d en t way.
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T h is  m a y  also  b e  in tere stin g  for re la t iv is t ic  m a n y  b o d y  th eor ie s. T h e  d e ta ils  o f  th e  form al 

in co rp o ra tio n  o f  pair su p p ressio n  are d iscu ssed  in  p ap er  II.

In order to  h av e th is  cova rian t an d  fram e in d ep en d en t pair su p p ression , w e u se  th e  K ad y- 

sh e v sk y  fo rm alism  [5, 6, 7, 8 ]. T h is  form alism  is eq u iv a len t to  F eyn m an  form alism , sin ce  it 

ca n  b e  d er iv ed  from  th e  sa m e S -m a tr ix  form ula. It covariantly , th o u g h  fram e d ep en d e n tly  1, 

sep a ra tes  p o s it iv e  an d  n eg a tiv e  en erg y  co n tr ib u tio n s. G en era lly , th e  n um ber o f  d ia gram s in ­

creases: 1 ^  n! a t order n  as in  o ld -fa sh io n ed  p er tu rb a tio n  theory . C on trary  to  th e  F eyn m an  

form alism  all p a rtic les  in  th e  K a d y sh ev sk y  fo rm alism  rem ain  on  th eir  m a ss sh ell, a t th e  co st 

o f  th e  in tro d u c tio n  o f  an  ex tra  q u asi p a rtic le , w h ich  carries four m o m en tu m  only. A  seco n d  

q u a n tiza tio n  fo rm alism  o f  th is  q uasi field  is  p resen ted  in  a p p en d ix  B . A n  o th er  a d v a n ta g e  o f 

th e  K a d y sh ev sk y  form alism  is th a t  it b rings a b o u t a th ree  d im en sio n a l L ip p m an n -S ch w in ger  

ty p e  o f  in teg ra l eq u a tio n  [8], w h erea s a th ree  d im en sio n a l in tegra l eq u a tio n  w as ach ieved  in  [3] 

o n ly  after a p p ro x im a tio n s o f  th e  B e th e -S a lp e te r  eq u a tio n  [9]. W e s tu d y  th e  n -d ep en d e n c e  o f  th e  

K a d y sh ev sk y  in teg ra l eq u a tio n  w ith  tree  lev el a m p litu d es  as in p u t in  sec tio n  2 .1 . A s co m p ared  

to  th e  or ig in a l K a d y sh ev sk y  ru les  w e u se  a s lig h tly  d ifferent version , in tro d u ced  an d  d iscu ssed  

in  a p p en d ix  A .

C o u p lin g s co n ta in in g  d eriv a tiv es  an d  h igh er  sp in  field s m a y  ca u se  d ifferen ces an d  p ro b lem s  

as far as th e  resu lts  in  th e  K a d y sh ev sk y  fo rm alism  an d  th e  F eyn m an  fo rm alism  are con cern ed . 

T h is  is  d iscu ssed  in  sec tio n  4 .2  b y  m ea n s o f  an  ex a m p le  o f  s im p lif ied  vec to r  m eso n  exch an ge. 

A fter  a seco n d  g la n ce  th e  re su lts  in  b o th  form alism s are th e  sam e, h ow ever, th e y  co n ta in  ex tra  

fram e d ep en d en t co n ta c t term s. T w o  m e th o d s  are in tro d u ced  an d  ap p lied , w h ich  d iscu ss  a 

seco n d  so u rce  o f  ex tra  term s: th e  T a k ah ash i-U m ezaw a  (T U ) [10, 11, 12] an d  th e  G ro ss-J ack iw  

(G J) [13] m e th o d . T h e  ex tra  te rm s co m in g  from  th is  seco n d  sou rce ca n ce l th e  form er on es  

ex actly . B o th  form alism s, how ever, y ie ld  th e  sa m e resu lts . W ith  th e  u se  o f  (on e o f)  th ese  

m e th o d s  th e  final re su lts  for th e  S -m a tr ix  or am p litu d e  are cova rian t an d  fram e in d ep en d en t (n- 

in d ep en d en t). In sec tio n  4 .2 .4  w e in tro d u ce  an d  d iscu sse  th e  P -m e th o d , w h ich  is q u ite  u se fu l for 

p ra ctic a l p u rp oses. W e d er ive th e  T U  m e th o d  from  th e  B M P  [14, 15, 16] th eo r y  in  a p p en d ix  C 

an d  in  lig h t o f  th is  T U  m e th o d  w e m a k e so m e rem arks a b o u t th e  H aag  th eo rem  [17] in  ap p en d ix  

D .

A lth o u g h  w e a lread y  d iscu ssed  so m e co n ten t, th is  p ap er is o rgan ized  as follow s: w e sta r t  

in  sec tio n  2 w ith  so m e m eso n -b a ry o n  sca tter in g  k in em a tics  in  K a d y sh ev sk y  form alism  to g e th er  

w ith  th e  d iscu ss io n  o f  th e  n -d ep en d en ce  o f  th e  in teg ra l eq u a tio n . W e sta r t th e  a p p lica tio n  o f  

th e  K a d y sh e v sk y  form alism  to  th e  n N  sy s te m  b y  first d iscu ss in g  th e  in g red ien ts  o f  th e  m od el 

in  sec tio n  3 . T h e  m eso n  ex ch a n g e  a m p litu d es  are ca lcu la te d  in  sec tio n  4, w h ich  co n ta in s  th e  

resu lts  for eq u a l in itia l an d  final s ta te s . For th e  re su lts  for gen era l m eso n -b a ry o n  in itia l an d  final 

s ta te s  w e refer to  a p p en d ix  A  o f  p ap er II. For th e  resu lts  for b ary on  ex ch a n g e  w e refer to  paper

II as w ell. A s m en tio n ed  b efore sec tio n  4 a lso  co n ta in s  th e  d iscu ss io n  o f  h ow  gen eral cou p lin gs,

i.e . co u p lin g s co n ta in in g  m u ltip le  d er iv a tiv es  a n d /o r  h igh er  sp in  fields, sh o u ld  b e  tr ea te d  in  th e  

K a d y sh ev sk y  form alism .

1By fram e d ependen t we m ean: d ependen t on a vector
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2 M e s o n - B a r y o n  S c a t t e r in g  K in e m a t ic s

W e con sid er th e  p io n -n u cleo n  or m ore gen eral th e  m eso n -b a ry o n  rea ctio n s

Mi(q) +  Bi(p, s) ^  M f  (q') +  B f  (p', s ') . (1)

w h ere M  sta n d s  for a m eson  an d  B  is  a b aryon . For th e  four m o m en tu m  o f  th e  b ary on s and  

m eso n s w e tak e, r e sp e c tiv e ly

p% = (Ec, p c) , where E c = \J p 2c + M c2 ,

=  i£c, q c) , where £c = v / q T+™% ■ (2 )

H ere, c s ta n d s  for eith er  th e  in it ia l s ta te  i or th e  final s ta te  f . In  so m e ca ses  w e find  it  usefu l 

to  u se  th e  d efin itio n s (2) for th e  in term ed ia te  m eso n -b a ry o n  s ta te s  n .

U sin g  th e  K a d y sh ev sk y  fo rm alism  (a p p en d ix  A ) an d  esp e c ia lly  th e  seco n d  q u a n tiza tio n  pro ­

cedu re (a p p en d ix  B ) ex tern a l q uasi p a rtic le s  m a y  o ccu r w ith  in itia l an d  final s ta te  m o m en ta  

nK an d  n K , re sp ective ly . T herefore , th e  u su a l overall fo u r-m om en tu m  co n serv a tio n  is g en era lly  

re p laced  b y

p  +  q +  k  n  =  p' +  q' +  k' n  . (3)

A s (3) an d  (1) m ak e clear  a ” p rim e” n o ta tio n  is  u sed  to  in d ica te  final s ta te  m om en ta ; n o  prim e  

m ea n s in it ia l s ta te  m o m en ta . W e w ill m a in ta in  th is  n o ta tio n  (a lso  for th e  en ergies) th ro u g h o u t 

th ese  a rtic les, u n less  in d ica ted  o th erw ise .

F u rth erm ore w e find  it  u sefu l to  in tro d u ce  th e  M a n d elsta m  variab les in  th e  K a d y sh ev sk y  

form alism

spq =  (p  +  q)2 , sp'q' =  (p ' +  q ')2 ,

tp'p =  (p — p ) ; tq/q =  (q — q) ,

Up,q =  (p ' -  q)2 , upq ! =  (p  -  q')2 , (4)

w h ere spq an d  sp /q/ e tc ., are o n ly  id en tica l for k  ' =  k  =  0. T h ese  M a n d elsta m  variab les sa tis fy  

th e  re la tion

^ \/̂ j7q^ pq tp'p tqfq +  Upq' up' q =  2 (M j TTl f  “1“ ) • (5)

T h e  to ta l an d  re la tiv e  fou r-m om en ta  o f  th e  in itia l, final, an d  in term ed ia te  ch an n el (c =  i, f ,  n ) 

are d efin ed  b y

Pc =  Pc +  qc , kc =  Mc,2 Pc -  Mc, 1 qc , (6)

w h ere th e  w e ig h ts  sa t is fy  mc,i +  Mc,2 =  1. W e ch oose  th e  w e ig h ts  to  be

-  Ec 
Mc>1 E c + £ c  ’

Mc’2 =  £ c +  £c ' (7)
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S in ce  in  th e  K a d y sh ev sk y  form alism  all p a rtic les  are on  th eir  m ass sh ell, th e  ch o ice (7) m ean s  

th a t  alw ays  k0 =  0.

In th e  cen ter-o f-m a ss (C M ) sy s te m  p  =  —q  an d  p  ' =  — q ' , th erefore

Pi =  (W , 0 ) , Pf  =  (W ', 0 )  , 

ki =  (0, p )  , k f  =  (0, p ' ) . (8)

w h ere W  =  E  +  E an d  W ' =  E ' +  E '. F u rth erm ore w e ta k e  n M =  (1 , 0 ) .

A lso  w e ta k e  as th e  sca tter in g  p la n e th e  x z-p la n e , w h ere th e  3 -m o m en tu m  o f  th e  in itia l 

b aryon  is  o r ien te d  in  th e  p o s it iv e  z-d irection .

In th e  C M  sy s te m  th e  u n p o la r ized  d ifferen tia l cross sec tio n  is d efin ed  to  be

do_\ =  ]p ]_  \  ’

C M  2 | P l

M fi
87Ta/s

(9)

w h ere th e  a m p litu d e  M f  is  d efin ed  in  a p p en d ix  A  an d  th e  su m  is  over th e  sp in  co m p o n en ts  o f 

th e  final baryon .

To g en era te  a m p litu d es  a t a ll ord ers w e u se  th e  K a d y sh ev sk y  in tegra l eq u a tio n  in  th e  CM  

sy s te m

M (W ' p ' ; W  p )  =  M00r (W ' p '; W  p ) ^  d3k„ M 0 7 ( W ' p ' ; W n k „ )

x 7 ^ 3  T c V  ~t -----)= T^  M« o ( ^ k » ; f f P) • (10)(27r) 4:Cnrjn V S — a /s^  +  I E

A lth o u g h  th ere  are s till  K -labels in  (1 0 ) , th e y ’re fixed  a t k  =  Pj0 — P ,0. A lso  w e h ave  in c lu d ed  

th e  sp in ors o f  th e  p ro jectio n  o p era to r  o f  th e  ferm ion p rop agato r

S (+ )(p „) =  A (1 /2 )(p„) ^ (pn)^(pn -  M 2) ,

= 2-^ u(Pnsn)u(Pnsn) ^ (P „ )^(P„ -  M )  , (11 )

Sn

in  th e  a m p litu d es  M oK(p'q ';Pnqn) an d  M Ko(Pnqn;pq).

W e h ave  p u t th e  in term ed ia te  n eg a tiv e  en erg y  s ta te s  ( A ( - )  (x  -  y; ) an d  S ( - )  (x  -  y; M 2 ) )  

in  M ^ r , b u t in  p rin cip le th e y  co u ld  also  p a r tic ip a te  in  th e  in tegra l eq u a tio n . H ow ever, u sin g  

p air su p p ressio n  in  th e  w a y  w e d o  in  p ap er II, th ese  term s vanish .

2

2 .1  n - i n d e p e n d e n c e  o f  K a d y s h e v s k y  I n t e g r a l  E q u a t io n

W h en  g en era tin g  K a d y sh ev sk y  d ia gram s to  ra n d om  order u sin g  th e  K a d y sh ev sk y  in tegra l eq u a ­

t io n , th e  (fu ll) a m p litu d e  is id en tica l to  th e  on e o b ta in e d  in  F eyn m an  form alism  w h en  th e  

ex tern a l q u asi p a rtic le  m o m en ta  are p u t to  zero. It is  th erefore n -in d ep en d en t, i.e . fram e 

in d ep en d en t.

S in ce  an  a p p ro x im a tio n  is u sed  to  so lv e  th e  K a d y sh ev sk y  in tegra l eq u a tio n , n a m ely  tree  level 

d ia gram s as d r iv in g  term s, it  is  n o t clear  w h eth er  th e  fu ll am p litu d e  rem ain s to  b e  n -in d ep en d en t  

w h en  th e  ex tern a l q u asi p a rtic le  m o m en ta  are p u t to  zero.
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In ex a m in in g  th e  n -d ep en d e n c e  o f  th e  a m p litu d e  w e w rite  th e  K a d y sh ev sk y  in tegra l eq u a tio n  

sch em a tica lly  as

Moo =  M00r +  ƒ  dK M0Kr GK M Ko , (12)

S in ce  n 2 =  1, o n ly  v a ria tio n s in  a sp ace-lik e  d irectio n  are u n restr ic ted , i.e . n  • Jn  =  0 [13]. W e 

therefore in tro d u ce  th e  p ro jectio n  op era tor

P -  n “ n^ , (13)

from  w h ich  it  fo llow s th a t  n a P =  0. T h e  n -d ep en d e n c e  o f  th e  a m p litu d e  ca n  n ow  b e  stu d ie d

d d  M irr
P a^ M 00 =  P a p J P f

d n p a n p

+ P a/ 3 I' dK
, w ir r  W  5 M k0

Qn ii Mk0 +  M 0« G k (14)

If b o th  K a d y sh ev sk y  co n tr ib u tio n s  are con sid ered  a t seco n d  order in  M oo, th e n  it  is  n -in d ep en d en t, 

s in ce  it y ie ld s  th e  F ey n m a n  exp ressio n . A s far as th e  seco n d  term  in  (14) is  co n cern ed  w e ob serve  

th e  follow in g

^  «  « / ( « )  > K " * * )  ’ (15)

w h ere f  (k ) an d  #(k ) are fu n ctio n s th a t  d o  n o t co n ta in  p o le s  or z e r o ’s a t k  =  0. T herefore , th e  

in teg ra l in  (14 ) is  o f  th e  form

j  dK k h (« )G ^  . (16 )

W h en  p erform in g  th e  in teg ra l w e d eco m p o se  th e  G K as follow s

G'r oc ------ — =  P ----- îæ ô (h ) . (17)
K +  i£  K

A s far as th e  ¿ (K )-part o f  (17 ) is con cern ed  w e im m e d ia te ly  see  th a t  it g iv es  zero w h en  used  

in  th e  in teg ra l (1 6 ) . For th e  P r in cip le  va lu ed  in teg ra l, in d ica ted  in  figure 1 b y  I, w e c lo se  th e  

in teg ra l b y  co n n ec tin g  th e  en d  p o in t (k  =  ± œ )  v ia  a (h u ge) sem i-c irc le  in  th e  u pp er  half, 

c o m p lex  K -plane (lin e I I  in  figure 1) an d  b y  co n n ec tin g  th e  p o in ts  aro u n d  zero  v ia  a sm all sem i 

circ le  a lso  in  th e  u p p er  h a lf  p la n e (lin e I I I  in  figure 1 ) . S in ce  ev ery  sin g le  (tree leve l) am p litu d e  

is  p ro p o rtio n a l to  1 / ( k + A + * e ) ,  w h ere k is  re la ted  to  th e  m o m en tu m  o f  th e  in co m in g  or o u tg o in g  

q u asi p a rtic le  an d  A  so m e p o s it iv e  or n eg a tiv e  num ber, th e  p o le s  w ill a lw ays b e  in  th e  low er 

h a lf  p la n e an d  n o t w ith in  th e  con to u r. T herefore , th e  con to u r in teg ra l is  zero.

S in ce  w e h av e a d d ed  in teg ra ls  ( I I  a n d  I I I  in  figure 1) w e n eed  to  k now  w h a t th e ir  con tr ib u ­

t io n s  are. T h e  ea s ie st p art is  in teg ra l I I I .  I ts  co n tr ib u tio n  is  h a lf  th e  resid u e a t k  =  0 an d  sin ce  

th e  o n ly  rem ain in g  in teg ra n d  p art h(K) in  (16) d o e sn ’t co n ta in  a p o le  a t zero  it is  zero.

I f w e w an t th e  co n tr ib u tio n  o f  in tegra l I I  to  b e  zero, th a n  th e  in teg ra n d  sh o u ld  a t le a s t b e  o f 

order 0 ( 4 j ) .  U n fo r tu n a te ly  th is  is  n o t (a lw ays) th e  ca se  as w e w ill see  in  sec tio n s  4 an d  paper

II. To th is  en d  w e in tro d u ce  a p h e n o m en o lo g ica l ” form  fa cto r”

(  A 2 \ Nk 

F W = •  (18)
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F ig u r e  1: Principle value integral

C h a n n e l E x c h a n g e d  p a r t ic le

t fo ,c r ,P ,p
u N , N *,  S 'i l ,  A 33

s N , N * , S u , A 33

T a b le  1: E xchanged  partic les in the  various channels

w h ere A K is la rg e an d  N K is  so m e p o s it iv e  in teg er . In (18 ) e is real, p o s it iv e , th o u g h  sm all and  

e (« ) =  0 (k ) — 0( —k ).

T h e effect o f  th e  fu n ctio n  F (k )  (1 8) on  th e  orig in a l in teg ra n d  in  (16 ) is litt le , s in ce  for large  

A k it  is  c lo se  to  u nity . H ow ever, in c lu d in g  th is  fu n ctio n  in  th e  in tegran d  m ak es su re th a t  it is 

at lea st o f  order  O(-ij) so  th a t in teg ra l I I  g iv es  zero  co n tr ib u tio n . T h e  —ie(n)£ p art en su res 

th a t  th ere  are n ow  p o les  on  or w ith in  th e  c lo sed  con to u r, sin ce  th e y  are a lw ays in  th e  low er h a lf  

p la n e (in d ica ted  b y  th e  d o ts  in  figure 1 ) .

3  A p p l ic a t io n :  P i o n - N u c l e o n  S c a t t e r in g

In  th e  fo llow in g sec tio n s  w e ’re g o in g  to  a p p ly  th e  K a d y sh ev sk y  form alism  to  th e  p io n -n u cleo n  

sy s tem , a lth o u g h  w e p resen t it  in  su ch  a w a y  th a t  it ca n  e a s ily  b e  e x ten d e d  to  o th er  m eson ­

b aryon  sy stem s. T h e  iso sp in  factors  are n o t in c lu d ed  in  our trea tm en t; w e are o n ly  co n cern ed  

a b o u t th e  L oren tz an d  D irac stru c tu re . For th e  d e ta ils  a b o u t th e  iso sp in  fa ctors  w e refer to  [3].

T h e  in g red ien ts  o f  th e  m o d el are tree  lev el, ex ch a n g e  a m p litu d es  as m en tio n ed  before . T h ese  

a m p litu d es  serve as in p u t for th e  in tegra l eq u a tio n . V ery sim ilar to  w h a t is d on e in  [3] w e co n ­

s id er  for th e  a m p litu d es  th e  ex ch a n g ed  p a rtic le s  as in  ta b le  1 . G rap hica lly , th is  sh ow n  in  figure

2. C on trary  to  [3] w e d o  n o t con sid er th e  ex ch a n g e  o f  th e  te n so r  m eson s, sin ce  th eir  co n tr ib u tio n  

is  l it t le . T h e  in c lu sio n  o f  th e  th e m  ca n  b e  rega rd ed  as an  e x te n s io n  o f  th is  w ork.

For th e  d escr ip tio n  o f  th e  a m p litu d es  w e n eed  th e  in tera c tio n  L agra n gian s, w h ich  in  our tr e a t ­

m en t a lw ays serve  as th e  s ta r tin g  p o in ts

6



u  : N ,  N  *, A

F ig u r e  2: Tree level am p li tudes  as in p u t  for integral equation. T h e  inclusion o f  the  quasi particle  

lines is schematically. Therefore, th e  diagrams represent either the  ( a )  or the  (b) diagram.

T rip le m eson  vertices

L s p p

L y p p

gPPS 4P,a4P,b • 4 s  ,

gVPP ( 4 a id M4b ) 4M ,

(19a)

(1 9b )

w h ere S , V, P  s ta n d  for scalar, vector an d  pseudo scalar to  in d ica te  th e  va riou s m eson s. 

T h e  in d ices  a , b are u sed  to  in d ica te  th e  o u tg o in g  an d  in co m in g  m eso n , resp ectiv e ly . For 

th e  d eriv a tiv e  .

M eson -b aryon  vertices

L s n n  =

L v n n  =

C pv  =

Lv  =

g s  VV • 4 s  ,

g v  Vym V 4m -

f p v

f v  

2, M y
idM mvV ) • 4 v

■ V ’ 7 5 7 m V ’ •

—  4 7 ^ 4  • d^4>p ,

m n

(20a)

(20b )

(20c)

(20d )

w h ere <rMi, =  ^ [7 ^ , 7 ^]. T h e  co u p lin g  c o n sta n ts  f y  o f  (2 0 b ) an d  (2 0 d ) d o  n o t n ecessa r ily  

co in cid e .

W e h av e ch o sen  (20b ) in  su ch  a w a y  th a t  th e  vec to r  m eso n  cou p le s  to  a cu rrent, w h ich  

m a y  co n ta in  a d er iva tive . T h is  is  a b it  d ifferent from  [3, 18], w h ere th e  d eriv a tiv e  a c ts  on  

th e  vecto r  m eson . In  F ey n m a n  th eo r y  th is  d o es n o t m ak e a d ifference, h ow ever it d o es in  

K a d y sh e v sk y  form alism , b eca u se  o f  th e  p resen ce o f  th e  q uasi p artic les.

E q u a tio n  (20 c) is  u sed  to  d escr ib e  th e  ex ch a n g e  (u , s-ch a n n el) o f  th e  n u c leon  an d  R o p er  

( N *) an d  (20d ) is  u sed  for th e  S n  exch an ge. T h is , b eca u se  o f  th e ir  in tr in sic  p arities. N ote , 

th a t  w e co u ld  a lso  h av e ch osen  th e  p seu d o  sca lar an d  sca lar co u p lin g s for th ese  exch an ges. 

H ow ever, s in ce th e  in tera c tio n s  (20c) an d  (20d ) are a lso  u sed  in  [3] an d  in  ch iral sy m m e try  

b a sed  m o d els , w e u se  th ese  in tera c tio n s.

7



•  n N A 33  vertex

LnNA =  ggi { d ^ v) Y5Ya^  (dp ^) +  Qgi V’757a  (^M̂ v ) ( d p , (21 )

T h e  u se  o f  th is  in tera c tio n  L agran g ian  d iffers from  th e  on e u sed  in  [3]. W e’ll com e back  

to  th is  in  p aper II.

T h e  m eso n  ex ch a n g e  p ro cesses  are d iscu ssed  in  sec tio n  4 . A s m en tio n ed  b efore th e  d iscu ss io n  o f  

th e  b ary on  ex ch a n g e  p rocesses  (in c lu d in g  pair su p p ression ) is  p o stp o n e d  to  p ap er  II. A n  o th er  

im p o rta n t in gred ien t o f  th e  m o d el is th e  u se  o f  form  factors . W e also  p o stp o n e  th e  d iscu ssio n  

o f  th e m  to  p ap er II.

4  M e s o n  E x c h a n g e

H ere, w e p roceed  w ith  th e  d iscu ss io n  o f  th e  m eso n  ex ch a n g e  p rocesses. W e g iv e th e  am p litu d es  

for m eso n -b a ry o n  sca tter in g  or p io n -n u cleo n  sca tter in g , sp ec ifica lly , m ea n in g  th a t  w e ta k e  eq ual 

in it ia l an d  final s ta te s  (M f =  M* =  M  an d  m f  =  =  m , w h ere M  an d  m  are th e  m a sses  

o f  th e  n u c leo n  an d  p ion , r e sp e c tiv e ly ). T h e  resu lts  for g en era l m eso n -b a ry o n  in it ia l an d  final 

s ta te s  are p resen ted  in  a p p e n d ix  A  o f  p ap er II.

4 .1  S c a la r  M e s o n  E x c h a n g e

For th e  d escr ip tio n  o f  th e  sca lar m eso n  ex ch a n g e  p ro cesses  a t tree  lev el, g ra p h ica lly  sh o w n  in  

figure 3, w e u se  th e  in tera c tio n  L agran g ian s (19 a ) an d  (2 0 a ), w h ich  lead  to  th e  ver tices

r p p s  =  gp ss  ,

r s  =  g s , (22 )

u s in g  L j  =  —"Hi ^  —r .  For th e  a p p rop ria te p rop agato r  w e u se  th e  first lin e o f  (6 3 ) .

F ig u r e  3: Scalar meson exchange

A p p ly in g  th e  K a d y sh ev sk y  ru les  as d iscu ssed  in  a p p en d ix  A , th e  a m p litu d es  read

8



w h ere Pa^  =  ± A t  +  \  (k ' +  k) —nn\  (here a, corresp on d s to  th e  +  s ig n  an d  b to  th e  — sign ) and  

A t = \  {p' — P — q' + q)- For th e  in teg ra tio n  w e con sid er th e  ¿ -fu n ctio n  in  (23)

(а) : 5(Pl -  M j)  =  —  (J ( « i  -  k^~) +  J (« i  -  ))  ,
|K1 -  Ki 1

n f  =  A t ■ n  + - ( k  + k ) ± A t ,

(б ) : (5(P 62 -  M g )  =  — -------—  ( ¿ ( « i  -  k ^ )  +  S(k  1 -  n i ))  ,

|Ki -  Ki 1

=  —A t • n  +  — (k! +  k ) ±  At , (24 )

w h ere A t = \ J (n  ■ A t ) 2 — A 2 +  M j .  In b o th  ca ses  6 (P® b) se lec ts  th e  so lu tio n . T herefore ,

Pa =  A t -  (A t • n ) n  +  A tn  ,

Pb =  - A t  +  (A t • n ) n  +  A tn  . (25)

W ith  th ese  ex p ressio n  w e fin d  for th e  am p litu d es

1 1
= gpssgs  [u{p's')u(Ps)\ —  ■

2 At  A t • n  +  k — At  +  *e

1 1
M?-* =  gpssgs  \u(p's')u(ps)] — — • — ------------------ ---------  , (26 )y * l Vi7 ; ^  2 At _ Ai  . n  +  R _ A t +  ie ’ v ;

where R = ^ ( k ' +  k).

A d d in g  th e  tw o  to g e th er  an d  p u tt in g  k / =  k  =  0 w e g et

Moo =  gpssgs  [u(p s')u(ps)\ -----  1 . , (27)
t  — M S  +  i£

w h ich  is F ey n m a n  re su lt [3].

In su b se c tio n  2 .1 w e d iscu ssed  th e  n -d ep en d e n c e  o f  th e  K a d y sh ev sk y  in tegra l eq u a tio n . In  

order to  d o  th a t  w e n eed  to  k now  th e  n -d ep en d e n c e  o f  th e  a m p litu d e  (14)

M 0a+ b) =  M0K) +  M0K) , 

d M 0(a+b) , / / /\ / M
=  K gpssgs  [u{p s )u{ps)\

dvP

w n - A t ( A t )/3 ( n  • A t ) 2 -  3 A 2 - +  2« A t 

X 2 /I3 /  / . 2 ' 2 ' 128J
^(n • A t)2 — (At — f  ) +

If w e w ou ld  o n ly  con sid er sca lar m eso n  ex ch a n g e  in  th e  K a d y sh ev sk y  in teg ra l eq u a tio n  th e  in ­

te g ra n d  w ou ld  b e  o f  th e  form  (1 6 ) , w h ere h(n) w ou ld  b y  its e lf  b e  o f  order O(-^r) as ca n  b e  seen  

from  (2 8 ) . T herefore, th e  p h e n o m en o lo g ica l ” form  fa cto r” (1 8) w ou ld  n o t b e  n eed ed .

S in ce  th e r e ’s n o  p rop agato r  as far as P o m ero n  ex ch a n g e  is con cern ed , th e  K a d y sh ev sk y  am p li ­

tu d e  is  th e  sam e as th e  F eyn m an  a m p litu d e  for P o m ero n  ex ch a n g e  [3]

= 9PP̂ I 9P [u{p's')u(p)\ . (29 )
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4 .2  V e c t o r  M e s o n  E x c h a n g e :  E x a m p le

B efore w e go  on  w ith  real vec to r  m eson  exch an ge, w e con sid er s im p lif ied  vec to r  m eso n  exch an ge. 

W e u se  th is  as an  ex a m p le  to  illu s tr a te  sea m in g  p rob lem s th a t  m ig h t o ccu r in  th e  re su lts  in  

th e  K a d y sh ev sk y  form alism , e sp e c ia lly  w h en  com p ared  to  th o se  in  th e  F ey n m a n  form alism . 

W e stress  th a t  a lth o u g h  w e con sid er th e  ex a m p le  o f  s im p lif ied  vec to r  m eso n  exch an ge, th ese  

p ecu lia r itie s  are g en era lly  p resen t w h en  in tera c tio n  L agran g ian s co n ta in in g  d eriv a tiv es  a n d /o r  

h ig h er  sp in  field s (s  >  1) are con sid ered .

In order to  s tu d y  sim p lified  vec to r  m eson  ex ch a n g e  w e ta k e  in tera c tio n  L agra n g ian  (19b ) 

a n d  (2 0 b ) , w ith o u t th e  <rMV-term

L i  =  4b • 4>M • 4>M , (30)

4 .2 .1  N a i v e  K a d y s h e v s k y  A p p r o a c h

T h e K a d y sh e v sk y  d ia gram s for th e  (s im p lified ) vec to r  m eson  ex ch a n g e  are sh ow n  in  figure 4 . 

For th e  various co m p o n en ts  o f  th e  d ia gram s w e ta k e  th e  fo llow in g v er tex  fu n ction s

p

F ig u r e  4: Vector meson exchange in K a d y sh e v sk y  formalism.

r ^  =  g 7 M

r f f  =  g  (q/ +  q )M , (31)

follow in g from  (3 0 ) , an d  th e  th ird  lin e o f  (63) for th e  p ro p agato r.

A p p ly in g  th e  K a d y sh ev sk y  ru les  as g iv en  in  a p p en d ix  A  stra ig h tfo rw a rd ly  w e g e t th e  follow ­

ing  am p litu d es

A i j f  =  - S '  I  ^

X d(P0tb)S(P2a,b — M 2 ) ( q / +  q)v , (32 )

1 0



The « i-in tegra l is discussed in (24) and (25). We, therefore, give the results im m ediately

=  - g 2 u ( p s  ')

1
-  (sp>q> ~  Spq) +  -  (

— 2 (A t • n  — A t)n  • Q 

1

Upqf up' q) — (m 2 — m 2)

i(p s)

2A t  A t ' n  h (k/ +  K) — A t  +  ie

M =  —g 2 u ( p s  ')

-  (sp>q> -  spq) + -  (Upqf u p 'q ) — (m 2 — m 2)

— 2 (A t • n  +  A t)n  • Q

1 1

2v4¿ — A t • n  +  ^ i.K' K) ~  At -\- ie

( (p s)

(33 )

A d d in g  th e  tw o  to g e th er  an d  p u ttin g  k ' =  k =  0 w e sh o u ld  g et back  th e  F ey n m a n  ex p ressio n

Moo M (a) +  M (b)M 00 +  M 00

—g 2u ( p s  0 2Q  +
(M f  — Mi) 2

—g u ( p s  7) [n] u (p s)

M 2 

2Q • n

(m f — m j u (p s)
1

t — M y  +  i£

(34)

F rom  (34) w e see  th a t  th e  first term  on  th e  rhs is  in d eed  th e  F eyn m an  re su lt. H ow ever, th e  

seco n d  term  on  th e  rhs is an  u n w an te d , n -d ep en d en t, co n ta c t term .

A s m en tio n ed  before , sim ilar d iscrep a n cies  are o b ta in e d  w h en  co u p lin g s co n ta in in g  h igher  

sp in  field s (s > 1 )  are u sed . T herefore , it seem s th a t  th e  K a d y sh e v sk y  form alism  d o e sn ’t y ie ld  

th e  sam e resu lts  in  th ese  cases  as th e  F ey n m a n  fo rm alism  w h en  K  an d  k  are p u t to  zero . S in ce  

th e  real d ifference b etw een  F ey n m a n  form alism  a n d  K a d y sh ev sk y  form alism  lies  in  th e  tr ea tm e n t  

o f  th e  T im e O rdered  P ro d u ct (T O P ) or ^ -fu nctio n  a lso  th e  d ifference in  re su lts  sh o u ld  find  its  

origin  in  th is  trea tm en t.

In F ey n m a n  form alism  d eriv a tiv es  are ta k en  o u t o f  th e  T O P  in  order to  g e t F ey n m a n  func ­

t io n s , w h ich  m a y  y ie ld  ex tra  term s. T h is  is  a lso  th e  ca se  in  th e  ab ove ex a m p le

T  r ( x ) ^ v (y)]
M 2 j

í A f  (x  — y) — íó °Sq ^4 (x  — y)

S fi  =  ( —¿)2g 2 / d4x d 4y [^Yo^] x T [4 ° ( x )^ V(y )] 4aidv 4b

^  Mextra =  —g 2u (p 's ') [ $  u(p.S
2 Q ■ n

~ w
(35)

x

1

x

y

1 1



2 If w e in c lu d e th e  ex tra  term  o f  (35) on  th e  F ey n m a n  sid e  w e see  th a t  b o th  form alism s y ie ld  

th e  sa m e resu lt.

A lth o u g h  w e h av e e x a c t eq u iv a len ce  b etw een  th e  tw o  form alism s, th e  re su lt, th o u g h  covari ­

an t, is  s till n -d ep en d e n t, i.e . fram e-d ep en d en t. O f co u rse  th is  is  n o t w h a t w e w an t. A s it  

w ill tu rn  o u t th ere  is an oth er  sou rce o f  ex tra  te rm s e x a c t ly  ca n ce llin g  for in sta n c e  th e  on e th a t  

p o p s-u p  in  our ex a m p le  ( (3 4 ) , (3 5 ) ). A s m en tio n ed  in  th e  in tro d u c tio n  w e p resen t tw o  m e th o d s  

for g e tt in g  th ese  ex tra  te rm s ca n ce llin g  th e  on e in  (34) an d  (3 5 ) : th e  T U  m e th o d  is m ore fun ­

d a m en ta l an d  th e  G J m e th o d  is m ore sy s te m a tic  an d  p ra g m a tic . B o th  m e th o d s  w e w ill sh o r tly  

in tro d u ce  an d  a p p ly  to  th e  p ro b lem  in  sec tio n s  4 .2 .2  an d  4 .2 .3 , resp ectiv ely .

4 .2 .2  T a k a h a h s i  &  U m e z a w a  S o l u t i o n

In  order to  d em o n stra te  th e  T U  m e th o d  [10, 11, 12] w e s ta r t w ith  a rew ritten  versio n  o f  th e  

Y an g-F e ld m an  (Y F ) eq u a tio n s  [19] for a gen eral in tera c tio n

$ a (x ) =  $ a (x ) -  ƒ  d4y R aj3 (d ) D a(y) A ret(x  -  y ) • j^;a (y ) , (36 )

w h ere $ a (x ) an d  $ a (x ) are fie ld s in  th e  Heisenberg Representation (H .R .)  an d  Interaction 

Representation (I .R .) , re sp ective ly . F u rth erm ore, th e  vec to rs D a (x ) an d  j a;a(x ) are d efin ed  to  

b e

D a (x )  =  ( 1 ,d Ml,d MldM2, . . . )  ,

• M  =  (  d C l d C l d C l \  ( m
Ja’a x  y  d&a(x) ’ <9 (dMl$ a (x ) )  ’ <9(<9Ml<9M2$ a (x ) )  ’ ’

N e x t, a free a u x ilia ry  field  $ a (x , a )  is in tro d u ced , w h ere a  is  a sp ace-lik e  su rface  an d  x  d o es  n o t  

n ecessa r ily  lie on  a . W e p o se  th a t  it  h as th e  fo llow in g  form

$ a ( x ,a )  =  $ a (x ) +  i  d4y R ap (d )D a (y )  A ( x  -  y ) • j^ ;a (y ) , (38)
«/ —̂

C om b in in g  (3 8) w ith  (36) lead s to

1
$ a (x ) =  $ a (x/cr ) +  i  ƒ  d4y R ap (d )D a (y ) ,  e (x  -  y) A (x  -  y ) • j^ ;a (y ) .

(39 )

T h is  eq u a tio n  w ill b e  u sed  to  exp ress  th e  field s in  th e  H .R . in  te rm s o f  fie ld s in  th e  I.R .

In a p p en d ix  C it  is  ex p la in ed  th a t th e  a u x ilia ry  field s an d  th e  field s in  th e  I.R . are re la ted  

b y  a u n ita r y  o p era to r  u sin g  th e  B M P  theory . A lso  it  is  sh o w n  h ow  th e  in tera c tio n  H a m ilto n ia n  

sh o u ld  b e  d ed u ced .

2If we include th e  n M-vector in th e  0-function of th e  T O P, w hich w ould n o t m ake a difference, th e n  we can  m ake 

th e  replacem ent Sq ^  n M. This, to  m ake th e  resu lt m ore general.
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Applying these concepts to  our exam ple we determ ine the "curren ts” via (37)

3  0 a,' 

3  0 b,' 

3

3  0 ^,

( - g  *dM0b • ^ g  0 6  • 0 M) , 

(g  id M0 a • ^  - i g  0 a • 0M) ,

( - g  ,0 )  ,

- g  0a*d M0 6  -  g  ^ 7 ^ ,  0 (40)

U sin g  (39) w e ca n  exp ress  th e  field s in  th e  H .R . in  term s o f  field s in  th e  I .R ., i.e . free fields

0 a (x ) =  ^ a (x / a )  ,

0 b (x ) =  4b( x / a )  ,

dM^a(x ) [dM</>a (x , cr)]æ/(T +   ̂J d4y [d*d”, e (x  -  y)\ A ( x  -  y ) (i '4 "  )y

=  [dM̂ a (x , a ) ]x/ ff +  ign^ 4 b n  • 4

dM 0 b(x ) = [<9M</>6(x, cr)]æ/(T +  i J d4y  [d*d”, e(x -  y )] A (x -  y ) ( - ¿ ^ a • 4 ' ') l 

[d^4b(x,a)]x/a -  ign^4a  n  • 4  ,

■0(x)

0 ^ ( x )

=  ^ ( x / a )  ,

=  4 ^{x /a )  +  ^  f  d4y - g MV - 1 4
, e (x  -  y) A ( x  -  y)

x  ( - g ^ a id v 4 b  -  g V Y ^

g n  —
4 m (x / c t ) -  [4>an  • id<f>b + (41 )

A s ca n  b e  seen  from  (3 9) th e  first term  on  th e  rhs is  a free field  and th e  seco n d  term  co n ta in s  

th e  current exp ressed  in  te rm s o f  fie lds in  th e  H .R ., w h ich  on  th eir  tu rn  are ex p a n d ed  sim ilarly . 

T herefore, on e g e ts  cou p led  eq u a tio n s. In  so lv in g  th ese  eq u a tio n s  w e a ssu m ed  th a t  th e  co u p lin g  

c o n sta n t is  sm all an d  th erefore co n sid ered  o n ly  te rm s u p  to  first order  in  th e  co u p lin g  co n sta n t  

in  th e  e x p a n sio n  o f  th e  field s in  th e  H .R . P r a c tic a lly  sp eak in g , th e  cu rren ts on  th e  rhs o f  (41) 

are exp ressed  in  term s o f  free fields.

T h ese  ex p a n sio n s  (41 ) are u sed  in  th e  co m m u ta tio n  re la tio n s o f  th e  field s w ith  th e  in tera c tio n  

H a m ilto n ia n  ( (93) o f  a p p en d ix  C)

[4 a (x ), H i (y)] =  i U - 1 ( a ) A ( x  -  y ) - g  id M0b  • +  g  *dM0b  • U (a )

iA ( x  -  y) - g  idu.4b • 4 M

m 2
+  Y 7T  n  ' i d 4b 4 a n  ■ id 4 b  +  r4 i ' 4 )  ~  Q2 4a{n  ■ 4)

y

2
2

y
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[^ (x ) , H i  (y)] =  iU  1 (c t ) ( ì /  +  M  )A ( x  -  y ) [—g y m-0 • 0M]y U  (ct) 

=  i(i</ +  M  )A ( x  — y)

4  ( x ) , h i  (y )]

- g  • 4^ +  ^  ^ 0n  • idcj)b +

(  d ^3 v \
i U - \ * )  A{ x _ y)

— g 0 oi<9v06 — g V>7v^ U (ct)

— g 2 n„ 4  — g 2 n v 4&n • 4

—g 4a*dv4b — g V’Yv^

(42)

A s s ta te d  b elo w  (93) th ese  are th e  fu n d a m en ta l eq u a tio n s  from  w h ich  th e  in tera c tio n  H a m ilto ­

n ia n  ca n  b e  d ete rm in ed

H i —g 4a *dMi/

g 2 g 2 

4 ^ - 3  V’YmV’ • 4M -  y  4a( n  • <W2 -  y  </>6(n • 4) 2

+

g 2

2 M 2
2 +  ^  

M 2
4an  • id  4b +

g
2

2 M 2
4 a n  • id 4b

+ O ( g 3) . . . (43 )

I f eq u a tio n  (41) w as so lv ed  co m p lete ly , th en  th e  rhs o f  (41 ) w ou ld  co n ta in  h igh er  ord ers in  

th e  co u p lin g  co n sta n t an d  th erefore a lso  th e  in tera c tio n  H a m ilto n ia n  (4 3 ) . T h ese  te rm s are 

in d ica ted  b y  th e  ellipsis .

I f w e w an t to  in c lu d e th e  ex tern a l q u asi field s as in  a p p en d ix  B , th e n  th e  e a sy  w a y  to  d o th is  

is  to  a p p ly  (73 ) stra igh tforw ard ly . H ow ever, s in ce  w e w an t to  d erive th e  in tera c tio n  H a m ilto n ia n  

from  th e  in tera c tio n  L agran g ian  w e w ou ld  h ave  to  in c lu d e a x ( x ) x ( x )  pa ir in  (30) s im ilar to  

(7 3 ) . T h is  w ou ld  m ea n  th a t  th e  te rm s o f  order g 2 in  (43) are q u artic  in  th e  q uasi field , w here  

tw o  o f  th em  ca n  b e  co n tra cted

x ( x ) x ( x ) x ( x ) x ( x ) =  x ( x )9[n(x  ~  x )]x (x ) ■ (44)

D efin in g  th e  ^ -fu nctio n  to  b e  1 in  its  orig in  w e assure th a t  all te rm s in  th e  in tera c tio n  H a m ilto ­

n ia n  (43 ) re levan t to  n N -sc a t te r in g  are q u a d ra tic  in  th e  ex tern a l q uasi fields, ev en  h igh er  order  

term s in  th e  co u p lin g  co n sta n t.

T h e  o n ly  term  o f  order g 2 in  (43 ) th a t g iv es  a co n tr ib u tio n  to  th e  first order in  th e  S -m atr ix  

d escr ib in g  n N -s c a t te r in g  is th e  seco n d  term  on  th e  seco n d  lin e in  th e  rhs o f  ( 4 3 ) . Its  co n tr ib u tio n  

to  th e  first order in  th e  S -m a tr ix  is

Sf/p =  — i l  d4x H i  (x ) =
- w
M 2

d4 4an  • id  4b

u(p' s')ij,u(ps)n • (q1 + q)

2

y

y

y

2

x
x
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2 n  • Q
=> M canc =  g2 u (p 's ')$ u (p s )  m 2 (45)

In deed  w e see  th a t  th is  term  (45) ca n ce ls  th e  ex tra  term  in  (3 4 ) .

F rom  (43) on e ca n  see  th a t  th e  in tera c tio n  H a m ilto n ia n  co n ta in s  n o t o n ly  te rm s o f  order  

g, b u t a lso  h ig h er  order term s. In our ex a m p le  w e see  th a t  th e  g 2 te rm s in  th e  in tera c tio n  

H a m ilto n ia n  is re sp o n sib le  for th e  ca n ce lla tio n . In  th is  lig h t w e w ou ld  also  like to  m en tio n  

th e  sp ec ific ex a m p le  o f  sca lar e lec tro d y n a m ics  as d escr ib ed  in  [20], sec tio n  6 -1 -4. T h ere  th e  

in tera c tio n  H a m ilto n ia n  also  co n ta in s  a term  o f  order g 2, w h ich  h as th e  sa m e p u rp o se  as in  our 

case . T h e  m e th o d  d escr ib ed  in  [20] is  n o t g en era lly  ap p lica b le, w h erea s th e  ab ove d escr ib ed  

m e th o d , a lth o u g h  ap p lied  to  a sp ecific  ex a m p le , is.

4 .2 .3  G r o s s  &  J a c k i w  S o l u t i o n

T h e essen ce  o f  th e  G ro ss an d  Jack iw  m e th o d  [13] is to  d efin e a d ifferent T O P : th e  T * p rod u ct, 

w h ich  is b y  d efin itio n  n -in d ep en d en t

T * ( x ,y )  =  T ( x ,y ;  n ) +  T (x ,y ;  n ) , (46)

S tu d y in g  th e  n -d ep en d e n c e  is  d o n e  in  th e  sa m e w a y  as d escr ib ed  in  su b se c tio n  2.1

In our a p p lica tio n s  w e are in terested  in  seco n d  order co n tr ib u tio n s  to  n N -sc a t te r in g . T h ere ­

fore, w e an a ly ze  th e  n -d ep en d e n c e  o f  th e  T O P  o f  tw o  in tera c tio n  H a m ilto n ia n s, w h ere w e tak e  

it  to  b e  ju s t  H i  =  - L I

pal3 SnPT (x , y , n ') = pal3(x  ~  y)p 5  [n  ' (x  ~  y)] [H /(x ) ,H /( i / ) ]  . (48)

In gen eral on e h as for eq u al t im e  co m m u ta tio n  re la tio n s

J [n (x  -  y)] [H i(x ) ,  H i(y ) ]  =  [C (n ) +  P a?S a (n)d ^

+ P P »vQ a » d ^ d v  +  . . . ]  ¿4 (x  -  y ) . (49)

w h ere th e  e llip s is  s ta n d  for h igh er  order d eriva tives. W e w ill o n ly  con sid er (an d  en cou n ter) u p  to  

q u a d ra tic  d eriva tives. T h e  S a an d  Q “ ^ te rm s in  (49 ) are k now n  in  th e  litera tu re  as Schwinger 

terms.
It sh o u ld  b e  m en tio n ed  th a t  in  [13] o n ly  th e  first tw o  te rm s on  th e  rhs o f  (49 ) are con sid ered .

U sin g  th e  fact th a t  th e  T O P  an d  therefore a lso  th e  T * p ro d u ct ap p ears  in  th e  S -m a tr ix  as 

an in teg ra n d , w e are allow ed  to  u se  p a rtia l in teg ra tio n  for th e  S a (n ) an d  Qa@(n ) term s. T h e  

C (n )  a lw ay s v an ish es. F u rth erm ore, w e u se  th e  fact th a t  P a 13 is a p ro jectio n  op era to r . W ith  

th ese  co n sid era tio n s  w e find  from  (4 7 )- (49) th e  ex tra  term s

t ( x  -  y; n ) =  ƒ  d n '3  S 3 (n ') +  P MV ^ Q p ^ n ') +  Q Mp (n ') )  dv ¿4 (x  -  y ) . (50)
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In  p rinc ip le  th e  rhs o f  (50 ) ca n  a lso  co n ta in  a co n sta n t term , i.e . in d ep en d en t o f  n M. B u t  sin ce  

w e are lo o k in g  for n M-d ep en d en t te rm s only, th is  term  is irrelevan t.

N ow , w e ’re g o in g  to  a p p ly  th e  m e th o d  o f  G ross an d  Jack iw . T h e  ”co v a r ia n tized ” eq u al tim e  

co m m u ta to r  o f  in tera c tio n  H a m ilto n ia n s  is

J [n (x  -  y)] [H i(x ) ,  H i (y)] =  

1
+  [4 n M4 L 4a n  • id 4b

+ 4a n  • id  4b [r4n v'4]y +  4aid^4b [^ n^ ]y

+  [̂ n ^ ]y [̂ 7m '4]x +  [̂ 7M ^]y \ .H r4 \

+ 4a n  • id 4b 4a idu,4 b + 4 aid u4 b 4 a n  • id 4b

+  4a (y )n  • 4(x)4a  ( x ) 4 M (y ) +  4a(y)4v  (x )4 a  (x )n  • 4 (y )

+  [4bn  • 4 ]x [4&4 M]y +  [4&4 M]x [4bn  • 4 ]y j  PMP*dp^4 (x  -  y ) . (51)

C om p arin g  th is  w ith  (49) w e see  th a t  th e  term s b etw een  cu r ly  b ra ck ets co in cid e  w ith  -  *Sa (n); 

th e  Qap (n ) te rm s are a b sen t. T herefore , th e  T -fu n ction , rep resen tin g  th e  co m p e n sa tin g  term s, 

b eco m es b y  m ea n s o f  (50) an d  (51)

t  (x  -  y; n ) ig
i  (  r ^  i 2 r ^  12

4 an  ■ i d 4 b  ̂ +  +  4 an  ■ id  4 b

+ 4 a (n  • 4 ) 2 + 4 2 ( n  • 4 ) 2 04 (x  -  y ) . (52 )

Its  co n tr ib u tio n  to  n N -sc a t te r in g  S -m a tr ix  an d  am p litu d e  is

S (2)

M c

( ~ 0 2 [  J4..J4. . 2V  
2 !

d4 x d 4 y

g 2 w (p V )n « (p s )

M 2 

2n ■ Q

~ w

[4 n 4 ]  4 a n  • id  4b) ó4 (x  -  y)

(53 )

w h ich  is th e  sam e ex p ressio n  as th e  ca n ce llin g  a m p litu d e  d er iv ed  from  th e  T U  sch em e in  (4 5 ) .

y y

X

y y

4 .2 .4  P  A p p r o a c h

F rom  th e  forgo in g  su b se c tio n s  (se c tio n s  4 .2 .3  an d  4 .2 .2 )  w e h ave  seen  th a t  i f  w e ad d  all co n tr i ­

b u tio n s , re su lts  in  th e  F ey n m a n  form alism  an d  in  th e  K a d y sh ev sk y  form alism  are th e  sa m e (o f 

co u rse  w e n eed  to  p u t k ' =  k =  0 ). A lso, w e h av e seen  from  (35) a n d  th e  forgoin g su b sectio n s  

th a t if  w e br in g o u t th e  d eriv a tiv es  o u t o f  th e  T O P  in  F eyn m an  form alism  n o t o n ly  d o w e g et  

F eyn m an  fu n ction s, b u t also  th e  n -d ep en d e n t c o n ta c t term s ca n ce l ou t.

U n fo rtu n a te ly , th is  is n o t th e  ca se  in  K a d y sh ev sk y  form alism . T h ere , a ll n -d ep en d e n t co n ta c t  

te rm s ca n ce l o u t after ad d in g  u p  th e  a m p litu d es. So, w h en  ca lcu la tin g  an  a m p litu d e  accord in g
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to  the K adyshevsky rules in appendix A one always has to  keep in m ind the contributions as 

described in sections 4.2.2 and 4.2.3. For practical purposes th is is not very convenient.

Inspired by the Feynm an procedure we could also do the same in K adyshevsky formalism, 

nam ely let the derivatives not only act on the vector meson p ropagator 3 bu t also on the quasi 

particle propagator (^-function). In doing so, we know th a t all contact term s cancel out; ju st 

as in Feynm an formalism.

We show the above in formula form.

0[n(x -  y)]d£dVA(+) (x -  y) +  0[n(y -  x ) ] d £ d £ A « (y  -  x)

=  dx dV0[n(x -  y )]A (+) (x -  y) +  d^dV0[n(y -  x )]A (+) (y -  x)

+*nMn V ¿4(x -  y)

i I d n i f  d4P

Kl +

x / e-iK,in(x-y)e - i P (x - y ) +  eiK,1n(x-y)eiP( x - y)

+*nMn V¿4(x -  y) , (54)

where P  =  P  +  nK1. In th is way the second order in the S-m atrix  becomes

S (2) =  - g 2 ƒ  d4xd4y [u(p's ' b Mw(ps)] (q' +  q)v e -lx(q-q' )eiy(p-p)

* r dKi r d4P ( , W D 2 , P ^ P v
— —  ——g-0(P )(5(P -  M y) ( — + 2 

2n J  Ki +  *e J  (2n)3 \

^ ^e-iK in(x-y)e-iP  (x-y) einn; x-inny +  e ^ in (x -y) ̂ iP (x-y) e - inna x+inny^j

+*g2 ƒ d4x [u(p 's' )n«(ps)] n  • (q' +  q) e -ix(q-q ' - p  +p-nK ' +nK) . (55)

We see th a t the second term  on the rhs of (55) brings about an am plitude, which is exactly the 

same as in (34) and (35) and is to  be cancelled by (45) and (53).

Perform ing the various integrals correctly we get

/ \ i ki = At • n -  A t + \  (V + k ) n 
\  P  = At + 5 (V + k) n

< « * { ? :  ,56)

This yields for the invariant am plitudes

M i al  =  - g2 u(p 's ' ) 2$  +  ^ 2 " -  Mi) +  - ( k ' -  n)iji + t/lnj

X ^ ( ^  ƒ  ̂ ^  4 ^  Up'q Upq' ) -j- 2k Q • Tl^

1 1

u(ps)

2At A t • n  +  P -  A t +  *£

3W ith  ’p ro p ag a to r’ we m ean  th e  A + (x — y)  and  n o t th e  Feynm an p rop ag a to r A F (x — y).
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m KK =  - g 2 u (p 's  ') 2 $ +  2 "  -  +  2 ( k /  _  K ) ^  _

x ( ( m 2f  -  m?) +  -  (spg -  sp,q, +  Mp/g -  wpg,) -  2kQ • n w(ps)

1 1

M

2At - A t  • n  +  p -  At +  *£ 

(M f -  Mi)

M (a) +  M (b)M 00 +  M 00

- g  u (p 's ') 2$  + (m^ -  m 2) u(ps)
t  -  m 2  +  *e ’

(57)

where k  =  ^ («' +  k ). As before we get back the  Feynm an expression for the am plitude if we add 

bo th  am plitudes obtained in K adyshevsky formalism and pu t k ' =  k =  0. The big advantage 

of th is procedure is th a t we do not need to  w orry about the contribution n-dependent contact 

term s because they  cancelled out when introducing PP .

It should be noticed however th a t the PP-m ethod is only possible when bo th  Kadyshevsky 

contributions a t second order are added. This becomes clear when looking a t the first two lines 

of (54): Letting the derivatives also act on the 0-function gives com pensating term s for the 

A (+) (x -  y )-part and for the A (-) (x -  y )-part. Only when added together they  combine to  the 

£4 (x -  y )-part.

Also it becomes clear from (54) th a t a t least two derivatives are needed to  generate the  ¿4( x -  

y)-part. Therefore, when th e re ’s only one derivative, for instance in the case of baryon exchange 

(so, no derivatives in coupling only in the propagator) a t second order, the ¿4(x -  y )-part is not 

present and it is not necessary to  use the P -m ethod . In these cases it doesn’t  m a tte r for the 

sum m ed diagram s w hether or not the PP-m ethod is used, however for the individual diagram s 

it does make a difference. This am biguity is absent in Feynm an theory, there derivatives are 

always taken out of the T O P  (which is sim ilar to  the P -m ethod , as discussed above) in order 

to  come to  Feynm an propagators.

In the forgoing we have dem onstrated  the P -m ethod  for simplified vector meson exchange and 

stric tly  speaking for K =  K =  0. We stress, however, th a t th is m ethod is generally applicable, 

i.e. for k  ' , k  =  0 and for general couplings containing m ultiple derivatives an d /o r higher spin 

fields.

x

1

4 .3  R e a l  V e c t o r  M e s o n  E x c h a n g e

Now th a t  we have discussed how to  deal w ith m ultiple derivatives an d /o r higher spin fields in 

the K adyshevsky formalism by m eans of the simplified vector meson exchange example, we’re 

prepared to  deal w ith real vector meson exchange. In order to  do so we use the in teraction 

Lagrangians as in (19b) and (20b). From  these in teraction  Lagrangians we distillate the already 

exposed vertex function in (31) (second line) and

K n n  =  9 V ^  +  ^ ( P ' - P ) 0 a ^  . (58)

The K adyshevsky diagram s representing vector meson exchange are already exposed in figure

4 . Applying the K adyshevsky rules of appendix  A and the PP m ethod described in section 4.2.4
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we obtain  the following am plitudes

M (a)
- g v p p  u (p 's ') 2 g v  Q

gv

Mv2
f /  1 1

+  2M y 2 ^Upq' Up'q  ̂ ~  2 ^Sp' q' Spq^

~  M 2" m ~  2 (y2^ p'p ^q' q  ̂ Upq' Spq

1 2
+ 2 M'ijin +  — (k ' — k ) — (p'  +  p) • nn  J

1 1
X spq) ^  ^ ( UPqr u prq) 2 KTt  • Q

1 1

((p s)

2At A t • n  +  p  -  At +  *£

M
(b)

=  - g v p p  « (p 's  ') 2gv Q

^  M 2 (4 i s p ; q ; s p q  ^  U p q '  U p ' q )  2 k Q  • T£

f v

2M v

1 1
“1“  ^  TI i- ( 4 M $  +  ^  ( u p q ; +  u p ;q )  2 ( S P / Q,/ “1“  S p g )

-  1 7 2 "  (  A f 2 +  t o 2 -  -  ( - ( t p ' p  +  t q’ q) +  w p g / +  spg
M ?

—2Mt/bn +  — (k7 — k )2 +  (p7 +  p) •

1 1
X  s f>q) ^ { UPqr Up'q) 2K' i l  • Q

1 1

(ps)

2At - A t  • n  +  p  -  At +  *£
(59)

The sum of the two in the lim it of K =  K =  0 yields

M 00 =  - g v p p  u (p 's ') 

1

2^  + 2 &  ((2M V

t  — M y  +  i £

( ps )

(60)

which is, again, the Feynm an result [3].

Ju s t as in section 4.1 we study  the n-dependence of the am plitude. This, in light of the

n

u — s

x
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n-dependence of the K adyshevsky integral equation (see section 2.1).

M
(a+b)

m 0K) +  m 0K),

- g v p p  u(ps)

1

29 v $  + 2M v  +  2 <yllpq' +  Up,q>

“ o ( v ? '  +  SP?)2

/i _  «
w(ps)-------

A t (At  • n )2 — (Aj  — f ) +  i

gv f v  K

2M 3
(ps) ^ ( p 1 + p )  ■ n(Q -n )n  ( A t -  0

+  o ip' +P)  - « ( V i '  - s pq + u pq> - u p>q) A t - n  
8

—n  ■ Q f  M 2 +  m 2 — — f —(tp'p +  t q' q) +  +  Spg'j +  y

+

x A t • n

gv ppn  _ 

~ M f

1
u(ps) —

1

u (p 's ')

At (At • n )2 — ( f  — At )2 +  *£

^   ̂
^ lv'Sp / q / ~ r  ^ p 'q )

( ^  +  M v  )  U ( W

+  Kn • Q M(PS) 7TT-
1

2At At  • n  +  — At +  is
(61)

Differentiating this w ith respect to  n a in the same way as in (28) we know th a t the result will 

contain an overall factor of k. This can be seen as follows: The first term  in (61) is very sim ilar 

to  M0a+ b) in (28). Therefore, the overall factor of k when differentiating w ith respect to  n a is 

obvious. All o ther term s in (61) contain already an overall factor of k, which doesn’t  change 

when differentiating.

As can be seen from (61) the num erator is of higher degree in k then  the denom inator. 

Therefore, the function h(n)  in (16) will not be of order O(-^r) and the ’’form factor” (18) is 

necessary.

In (59) as well as in (26) we have taken u and  up spinors. The reason behind this is pair 

suppression which we will discuss in paper II.

K

1

1

A p p e n d ic e s

A  K a d y s h e v s k y  R u le s

Ju s t as in Feynm an theory  K adyshevsky am plitudes can be represented by K adyshevsky dia ­

gram s. Since the basic sta rtin g  points are the same as in Feynm an theory  we take a general 

Feynm an diagram  and give the K adyshevsky rules from there on to  construct the am plitude 

M fi . Here, we define the am plitude as

S f i =  Sfi -  i(2 n )2¿4 (Pf  -  P i) M f i  , (62)
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where P f / i is the sum  of the final/in itial m om enta.

K a d y s h e v s k y  R u le s :

1) A rbitrarily  num ber the vertices of the diagram .

2) Connect the vertices w ith a quasi particle line, assigned to  it a m om entum  nKs (s =  1 . . .  n - 1). 

A ttach to  vertex 1 an incoming initial quasi particle w ith m om entum  nK and a ttach  to  vertex 

n  an outgoing final quasi particle w ith m om entum  nK ' 4.

3) O rient each in ternal m om entum  such th a t it leaves a vertex w ith a lower num ber th an  the 

vertex it enters. If 2 fermion lines w ith opposite m om entum  direction come together in one 

vertex assign a +  symbol to  one line and a -  to  the other. Each possibility to  do th is yields a 

different K adyshevsky diagram .

4) Assign to  each in ternal quasi particle line a p ropagator K .

5) Assign to  all o ther internal lines the appropriate W ightm an function of (63). Assign to  a 

fermion line w ith a ±  symbol: S (±) ( P ) (see 3))

6) T here’s m om entum  conservation a t the  vertices, including the quasi particle mom enta.

7) In tegrate over the in ternal quasi m om enta: ƒ—o d«s .

However, since we use K adyshevsky d iagram s as in p u t for an  in teg ral equation  we allow for ex tern al quasi particles.

A (+)( P ) =  0 ( P > ( P 2 -  M 2) ,

S (±)( P ) =  A(1/2)( ± P ) 0 (P 0)£ (P 2 -  M 2) 

A ^ ( P ) =  A # ( P ) 0 (P o) J ( P 2 -  M 2) , 

S {± )( P ) =  A[?/2)( ± P ) 0 ( P > ( P 2 -  M 2) (63)

where

A&/2)( P ) =  (P  +  M ) ,

(64)

4O bviously these quasi p artic le  m ay n o t ap p ear as in itia l or final s ta tes, since th ey  are n o t physical particles.
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8) In tegrate  over those in ternal m om enta not fixed by m om entum  conservation a t the vertices:
r°° d4P

J — oo ( 2 n ) 3 '

9) Include a — sign for every fermion loop.

10) Include a — sign for identical initial or final fermions.

11) R epeat the various steps for all different num berings in 1.

It is clear from 3) and 11) th a t one Feynm an diagram  leads to  several K adyshevsky diagram s. 

Generally, one Feynm an diagram  leads to  n! K adyshevsky diagram s, where n  is the  num ber of 

vertices (or; the order). Especially for higher order diagram s th is leads to  a dram atic  increase 

of labour. Fortunately, we will only consider second order diagram s.

A few rem arks need to  be m ade about these rules as far as the  choice of definition is concerned. 

In 3) we have followed [5] to  orient the in ternal m om enta. Furtherm ore we have chosen to  use 

the integral representation of the 0-function

,-iKin^(x-y)

2it  J 1 k i  +  ie

i / e
' [ n - ( x - y ) ]  =  —  d K i -------- —----- , (65)

instead of its complex conjugate. Since the 0-function is real, th is is also a proper representation, 

originally used in the papers of Kadyshevsky. To understand  why we have chosen to  deviate 

from the original approach, consider the S-m atrix

°° /*°
S  =  1 +  (—i)n / d4x i . .. d4xn 0[n(xi — X2)] . .. 0[n(xn - i — x n )]

= 1 3 —°

x H i ( x i ) . . .  H i  (xn) . (66)

In each order Sn there is a factor (—i )n a lready in the definition. In th a t specific order there are 

(n — 1) 0-functions, each containing a factor i from the integral representation (65). Therefore, 

every Sn will, regardless the order, contain a factor (—i). Hence, the am plitude M f i ,  defined in 

(62), will not contain overall factors of i, anymore.

The m om entum  space S ( - ) (P)-functions differ an overall minus sign by their coordinate 

space analogs (0|V(x)V(y)|0) =  S ( - ) (x — y). The reason for th a t is twofold. In m any cases the 

W ightm an functions S ( - ) (x — y), including the overall minus sign, appear in com bination with 

the Norm al O rdered P roduct (NO P): N ("̂ VO =  — N (V ^). Therefore, the minus signs cancel. In 

all o ther cases the W ightm an functions S ( - ) (x — y) appear in fermion loops and are therefore 

responsible for the fermion loop minus sign in 9), since every fermion loop will contain an odd 

num ber of S ( - ) (x — y) functions. We stress th a t th is m ethod of defining the K adyshevsky rules 

for fermions differs from the original one in [7].
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B  S e c o n d  Q u a n t iz a t io n

W hen discussing the K adyshevsky rules in subsection A and the K adyshevsky integral equation 

in (10) we allowed for quasi particles to  occur in the initial and final sta te . In order to  do this 

properly  a new theory  needs to  be set up containing quasi particle creation and  annihilation 

operators. I t is set up in such a way th a t external quasi particles occur in the S-m atrix as 

triv ial exponentials so th a t when the external quasi m om enta are taken  to  be zero the Feynm an 

expression is obtained. We, therefore, require th a t the vacuum  expectation value of the quasi 

particles is the 0-function

<  0 |x (n x )x (n x  ' )|0 > =  0[n(x — x 1)] , (67)

and th a t a quasi field operator acting on a s ta te  w ith quasi m om entum  (n)« only yields a trivial 

exponential

x(nx)|K  >  =  e -iKnx ,

<  K|X(nx) =  eiKnx . (68)

Assuming th a t  a s ta te  w ith quasi m om entum  (n)«  is created in the usual way

a^(«)|0  >  =  |k  > ,

<  0 |a(« ) =  <  k | , (69)

we have from the  requirem ents (67) and (68) the following m om entum  expansion of the fields

i f  dK
X (nx) = —  — -  e - ^ a ( K) 

2n J k +  i£

d«
X(nx ')  = —  — —  e“ ”x a t ( K) , (70)

2n J  k +  i£

and the fundam ental com m utation relation of the creation and annihilation operators

[a(K),a^(K ' )] =  —i2n«^(«  — k ' ) . (71)

From  this com m utator (71) it is clear th a t the quasi particle is no t a physical particle nor a 

ghost.

Now th a t  we have set up the second quantization  for the quasi particles we need to  include 

them  in the S-m atrix. This is done by redefining it

S

where

1 +  J 3 ( —i)n J  d4x i . . . d 4x n H i (x i) . . .  H i  (xn) , (72)

H i(x )  =  H i (x )x (n x )x (n x ) . (73)

In th is sense contraction of the quasi fields causes propagation of th is field between vertices, 

ju s t as in the Feynm an formalism. Those quasi particles th a t are no t contracted  are used to
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annihilate external quasi particles form the vacuum.

S  (2)(p /q ' n « ; psqn«) =

=  (—i)2 J  d4x id 4x 2 <  n N x |H i( x i ) H i( x 2) |n N x  >

=  (—i)2 j  d4x id 4x2 <  0 |b (p 's/)a(q/)a (k /)

x (« x i)H /  (x i)x (n x i )x (« x 2 )H / (x2)x(nx2) a^(K )a^(q)b^^s)|0 >

(—¿)2 / d4x 1d4x 2 einKX1 eK X1 — IUKX2

x <  0|b(p/s /)a (q/)H i(x i)0 [n (x i — x 2) ]H i(x 2)flt(q)&t(ps)| 0 >  . 

For the n  and  N  fields we use the well-known m om entum  expansion 

f  d31

(74)

4 (x) [a(1)e-i1x +  a t (1)ei1x] ,
J  (2n)32 E

_ ƒ d3 k
tp(x) =  j  -¡—- ^ - ¡ = r [ b ( k , r ) u ( k , r ) e ~ tkx +  c Û ( k , r ) v ( k , r ) e lkx] (75)

(2n)32Ek

where the  creation and annihilation operators satisfy the following (anti-) com m utation relations

[a(k), a t (l)] (2n)3 2 E k ¿3(k -  l)

{b(k, s), bt (1, r)}  =  (2n)3 2Ek ¿sr¿3(k — l) =  {d(k, s), dt (1, r)}  . (76)

P u ttin g  k  / =  k  =  0 in (74) we see th a t we get the second order in the S-m atrix  expansion for 

nN -scattering  as in Feynm an formalism. O f course th is is w hat we required from the beginning: 

external quasi particle m om enta only occur in the S-m atrix as exponentials.

So, we know now how to  include the external quasi particles in the  S-m atrix and therefore 

we also know w hat their effect is on am plitudes. For practical purposes we will not use the 

S-m atrix as in (72), bu t keep the above in mind. In those cases where the (possible) inclusion 

of external quasi fields is less trivial we will make some comments.

x

C  B M P  T h e o r y

According to  H aag’s theorem  [17] in general there does not exist a u n ita ry  transform ation  which 

relates the fields in the I.R. and the fields in the H.R. On the o ther hand  there is no objection 

against the existence of an un ita ry  U[a] relating the TU -auxiliary fields and the fields in the 

I.R.

$ a (x, a) =  U - i [a] $ a (x) U[a] . (77)

Here, we follow the framework of Bogoliubov and collaborators [14, 15, 16], to  which we refer 

to  as the  BM P theory, to  prove (77) in a straightforw ard way (see appendix C .2).

The B M P theory  was originally constructed to  bypass the use of an un ita ry  operator U as 

a m ediator between the fields in the H.R. and in the I.R.
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C .1  S e t - u p

In the description of the BM P theory  we will only consider scalar fields. B y the assum ption 

of asym ptotic com pleteness the S-m atrix is taken  to  be a functional of the asym ptotic fields 

&as,p(x), where as  =  in , out. In the following we use in-fields, i.e. 4 P(x) =  ^ i n,P(x)

S  =

n=1

1 +  ^  ƒ  d4x i .. . d4x n S „ (x ia i ,  .. . ,x „ a n ) ■

X : 4ai (x i) . . . 4 a n (xn ) :  . (78)

Here, concepts like u n ita rity  and the stab ility  of the vacuum, i.e. (0 |S |0) =  1, and the 1-particle 

states, i.e. (0|S|1) =  0 are assumed. The Heisenberg current, i.e. the current in the H.R., is 

defined as 5

J  p(x) =  SS  . (79)
d ^p (x)

We note th a t  for a herm itean field <̂p (x) the current is also herm itean, due to  unitarity . Micro ­
causality takes the  form, see [15], section 17 6,

¿ J P{x)
0 , for x <  y  . (80)

It can be shown th a t the notion of m icrocausality is reflected in the expression of the S- 

m atrix  as the Tim e-O rdered exponential. See [15] for the details on th is point of view. It can 

also be shown th a t w ith the current (79) the asym ptotic fields <ftin/ 0ut,p (x) satisfy a YF type of 

equation (as in (87))

(x) $in/put,p(x) +  ^  d y A ret/adv(x y) J p(y) , (81)

giving the Heisenberg fields 0 p(x) in term s of the ^ in/ 0ut (x)fields.

Lehm ann, Symanzik, and Z im m erm ann (LSZ) [21] form ulated an asym ptotic condition utilizing 

the  notion of weak convergence in the H ilbert space of sta te  vectors. See e.g. [22] for an detailed 

exposition of the LSZ-formalism. The correspondence of BM P theory  w ith LSZ is obtained by 

the  identification

J p(x) = - i S f =  ( □  +  m 2) 4>p{x) . (82)

5N ote th a t  in  [16] th e  out-field is used. T hen

J P(x) = i J S, .
5<pp (x)

Also, we take a m inus sign in  th e  definition of th e  curren t.

6 H ere x  <  y  m eans e ither (x — y ) 2 >  0 and  x 0 <  y 0 or (x — y ) 2 <  0. So, th e  po in t x  is in  th e  p as t of or is spacelike 

separa ted  from  th e  po in t y.
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As is explained in for instance [16], the local com m utivity  of the currents follows from mi­

crocausality  (80). Using the YF equations one can show th a t for space-like separations the 

fields in the H.R. com m ute w ith the currents and am ong themselves, as was assum ed in the 

LSZ-formalism. For more details and results of BM P see [14, 15, 16].

C .2  A p p l i c a t i o n  t o  T a k a h a s h i - U m e z a w a  s c h e m e

In this subsection we introduce the auxiliary field sim ilar to  (38)

4(x, a) =  4(x) — / d4x / A (x  — x /) J (x  /) ,
J -œ>

(83)

and  prove th a t 4(x) and 4(x, a) satisfy the same (usual) com m utation relations. Such a relation 

justifies the existence of an un ita ry  operator connecting the two as in (77).

The difference of the  com m utation relations is, using (83),

4 (x ,a ) , 4 (y ,a )

- i  d4y / A (y — y/)
J -œ>

4 (x ), 4 (y ) 

4 (x ), J ( y /)
' — ̂  
nC nC

+  / d4x 7 A (x  — x /)
J —̂

4 (y ), J (x / )

/
C pc

ƒ d4x /d4y/ A (x  — x /)A (y — y /) J ( x /), J ( y /) (84)

Since the S -operator is an expansion in asym ptotic fields, so is J  (x) by m eans of its definition 

in term s of th is S -operato r (79). Now, from the com m utation relations of the asym ptotic fields 

one has _ _
j4„./ a / „  „ /\ J c (y)

4 p (x ) , J c (y )
S ^ p (x/)

(85)

Using this in (84) we have

4 (x ,a ) , 4 (y ,a ) 4 (x ), 4 (y )

C Ptt
d4y / / d4x /A (x  — x / )A (y — y / )

J —̂C

/
C

d4x / ƒ d4y / A (x  — x /)A (y — y /)

S<f>(x') 

^  ô 3(x ' )

m / )

—i f  d x 
J —̂ ,iV L <iVA(" ■y) A(!' - (Hi -

0 . (86)

Cancellation takes place in (86) when the second integral of the first two term  on the rhs in 

(86) is split up: J -oo =  . The rem aining term s are zero because of the m icrocausility

condition (80). A lthough we shown the proof for scalar fields only, the generalization to  other 

types of fields is easily made.
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C om plem entary to  w hat is in [10, 11, 12] we explicitly show th a t the un ita ry  operator in (77) 

is not any operator bu t the one connected to  the S-m atrix. We, therefore, consider (general) 

*n- and  out-fields. Their re lation to  the fields in the H.R. is

$ a (x) =  &in,a (x) +  ƒ  d4y R ap (d ) Are t (x  -  y) Ja (y )

=  ®out,a (x) +  ƒ  d4y R aa (d) A odv (x -  y) Ja (y ) , (87)

where A ret(x  -  y) =  - 0 ( x 0 -  y0)A (x -  y) and A odv(x -  y) =  0(y0 -  x 0)A (x  -  y).

E quation  (87) makes clear th a t the choice of the Green function determ ines the choice of 

the free field (in- or out-field) to  be used. In th is light we make the following identification: 

(x, - t o )  =  &in,a(x),  since we have used the re ta rded  Green function in section 4.2.2 (text 

below (36)). W ith  (87) we can also relate the out-field to  the auxiliary field $ a (x, to ) =

^ out,a (x ).
Using these identifications in (77) we obtain  the relation between $ a ,in (x) and § aout  (x)

^a, in  (x) 

^in,a  (x)

=  U [—to]U [to] $ a,out(x) U [to]U[—to]

S  $out,a S  — 1 (88)

Obviously, the operator connecting the in- and out-fields is the S-m atrix, where the relation 

between U [a] and the S-m atrix  is

U [a] =  T  

U [t o ] =  S

exp ( — i d x H i(x ) 
«/ —̂

U [—t o ] =  1 . (89)

To m ake contact w ith the in teraction  H am iltonian we follow [10, 11, 12] for com pletion by 

realizing th a t the un ita ry  operator satisfies the Tomonaga-Schwinger equation

.¿U  [a]

Ja (x )
=  H i(x ; n)U[a] =  U[a] H I (x /a ;  n) . (90)

x / c

Here, the  in teraction  H am iltonian will in general depend on the vector n M (x) locally norm al to  

the surface a (x ), i.e. n M(x)daM =  0. It is herm itean because of the un ita rity  of U[a]. Then, 

from (77) and (90) one gets th a t

. ¿ $ a (x, a )

M y )
U —1[a] $ a (x ), H i  (y; n) U [a] .

On the other hand, varying (38) w ith respect to  a(y ) gives

. (5$a (x , a)

* M s /)
i D a(y) R ap (d) A (x  — y) • j^ ;a (y) .

(91)

(92)

Com paring (91) and (92) gives the relation

$ a (x ) , H i  (y; n) i U [a] D a(y) R a/3(d) A (x  — y) • j f ta(y) U —1[a] .

(93)

This is the fundamental  equation by which the interaction Hamiltonian mus t  be determined.

C
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D  R e m a r k s  o n  t h e  H a a g  T h e o r e m

Here, we take a closer look a t the connection between the fields in the H.R. and in the I.R. in 

the  covariant form ulation of Tom onaga and Schwinger [23, 24]

$ a (x) =  U - 1 [a] $ a (x) U[a] , (94)

This in light of the Haag theorem  [17], which states th a t if there is an un ita ry  operator connecting 

fields in two representations a t some tim e (as in (94)), where the field in one representation is 

free, bo th  fields are free. This would lead to  a triviality.

The question is w hether th is situation  (94) is applicable to  our case. In order to  answer th a t 

question we look a t the results of the previous subsection (appendix C ). By introducing the 

auxiliary field in the scalar case as in (38) (or for general fields as in (83)) we proved (77) using 

BM P theory.

Now, we s ta r t w ith (36) and use sim ilar argum ents to  come to

/
t t

d4y D 0(y) R a/}(d) 0[n(x -  y)]A (x -  y) • jp-a(y)

-tt

/
t t

d4y 0[n(x -  y)] D 0(y) R ap (d) A (x  -  y) • j f ta(y)

-tt

/
t t

d4y [Da (y) R ap (d), 0[n(x -  y)]] A (x  -  y) • j^ ;a (y) ,

t t

U - 1 [a] $ a (x) U [ a ] ^

1 f t t
+  X /  d4y [ D a(y) R al3( d ) , e ( x - y ) ] A ( x - y ) - j l3.a(y) . (95)

2 J — t t

7 The above is different from w hat is exposed in [22] (ch 17.2). The difference is the com m utator 

p a rt in (95) and th is term  is non-zero for theories w ith couplings containing derivatives and 

higher spin fields, carefully excluded in the trea tm en t of [22]. Therefore (95) could be seen as 

an extension of w hat is w ritten  in [22].

R eturning to  H aag’s theorem  we see th a t if the last term  in (95) is absent there is an u n itary  

operator connecting $ a (x) and $ a (x) and therefore they  are bo th  free fields. Such theories can 

then  be considered as trivial, although they  can still be useful as effective theories.

In our application we use various in teraction Lagrangians (for the overview see section 3) 

to  be used in order to  describe the various exchange (and resonance (paper II)) processes. 

W hether or not the non-vanishing com m utator p a r t in (95) is present depends on the process 

under consideration. In the vector meson exchange diagram s (section 4.3) and  in the spin-3/2 

exchange and  resonance diagram s (paper II) those com m utator p arts  are non-vanishing. If we 

include pair suppression in the way we do in paper II also in the spin-1/2  exchange and  resonance 

diagram s the com m utator parts  will be non-vanishing. So, if we take the model as a whole (all 

diagram s) then  it is m ost certain ly  not triv ial in the sense of the Haag theorem .

7We have included th e  n M-vector in th e  first line of (95), w hich causes no effect. T he  reason for th is  inclusion is 

th a t  we can  keep th e  surface a  general, th o u g h  space-like.

$ a (x) =

^ a (x)
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