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In this paper we consider planar random motions with four directions and four
different speeds, switching at Poisson paced times. We are able to obtain, in
some cases, the explicit distribution of the position (X (¢),Y (¢)), t > 0 in all its
components (the discrete one, lying on the edge 0Q); of the probability support
@, as well as the absolutely continuous one, concentrated inside ;).
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1. Introduction

Many concrete situations suggest the idea of planar random motions with drift.

The usual description of such motions based on Wiener process has some basic draw-
backs. For example, the velocity of a Wiener particle is infinite and its sample paths have a
fractal structure. We suggest a more realistic model where the trajectories are composed by
finite-length segments and are run at finite velocity (changing with directions).

Furthermore, we observe that under a suitable rescaling, these motions can be appro-
ximated by the usual planar Brownian motion.

In principle, the number of possible directions of motion, as well as the angle formed by
each segment of the trajectories, should be arbitrary. However it can be easily realized that
the mathematical difficulties implied by the treatment of motions with an arbitrary number of
directions cannot be overcome and we are obliged to consider cases which represent
reasonable approximations of the reality with an acceptable level of mathematical difficulty.It
seems to us that a balanced compromise is obtained by considering a planar motion with four
possible directions Dy with four different velocities c;, k = 0,1, 2, 3.

The minimal number of directions of a non-trivial planar motion is three (changing
cyclically or randomly) but the probabilistic results which can be obtained are not completely
satisfactory (see [2] and [5]).
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The case of planar motions with four possible orthogonal directions and coinciding velo-
cities (i.e. without drift) has been analyzed in two papers [3, 4]. The models considered in
these papers differ because the chance mechanism governing the changes of direction is
different.

In this paper we assume that the directions Dy, are run at velocities ¢, and that the changes
among them are governed by a homogeneous Poisson process with rate A > 0. More
precisely, if the particle is moving with direction D;, and a Poisson event occurs, then it will
move either with direction Dy or Dj_y (with probability 1/2).

Therefore reflection and continuation on the same direction are excluded. The assumption
that no reflection is possible after each change of direction plays a central role in our analysis.

For the probabilistic description of the random motion, we consider the position of the
particle (X (¢),Y (¢)), ¢ > 0 and the related distribution

Pr{X () € dz, Y (t) € dy}. (1.1)

The motion with four orthogonal directions and coinciding velocities ¢, = ¢, k = 0,1,2, 3,
and orthogonal deviations at Poisson times is examined in [4]. In this case all components of
the distribution, in the set ); of possible positions (having the form of a rotated square), have
been obtained. In particular, the singular component of (1.1) for (z,y) € 9Q; and above all,
the joint distribution (1.1) inside @); have been derived explicitly (this is so far the unique
case).

In the present paper, the assumption that the four velocities ¢, differ implies that the set of
possible positions of the randomly moving particle is an irregular quadrangle.

The particle can be located either inside ); (when at least two speed changes have been
recorded) or on the edge JQ); (if the particle always chooses the outward pointing direction).

In Section 2 we derive the fourth-order hyperbolic equation governing the distribution
(1.1) (see formula (2.5)) and despite all our efforts could not be further investigated. In the
symmetric case, this coincides with equation (2.6) and has been extensively examined in [4].

The difficulties connected with the analysis of this type of planar motion with drift (with
four different orthogonal velocities) are somehow circumvented in Section 3, where three
directions Dy, k = 0, 1, 2 are assumed collinear with the axes and run with velocities ¢; and
the fourth one has components Dy = (¢y — ¢2, — ¢1) (see Figure 2). The basic advantage of
this assumption is that the random position (X (¢), Y'(¢)) can be expressed as a suitable linear
combination of two independent, one-dimensional, telegrapher's processes with drift.

Recently, the explicit distribution of the telegrapher's process (depending on two different
velocities and two different rates) has been obtained (see [1]). This permits us to derive the
joint distribution of the particle's position inside ; (formula (3.11)) and the distribution on
the edge 0@, (see Remark 3.4).

All these results generalize those of [4] and permit us to give a mathematical description of
planar motion with a drift, roughly coinciding with the diagonal of the set (); depicted in
Figure 2.

In Section 3 we present an analytical approach to the derivation of the distribution of the
particle, by deriving and solving its governing equation. By means of the solutions of this
equation, we are able to construct the singular components of the distribution (on the edge
0Q;) and the absolutely continuous part (lying inside Q).

We also verify that these distributions (obtained by means of analytical tools) coincide
with those obtained directly from the representation (2.9) of the planar motion in terms of
one-dimensional telegraph processes with drift.
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2. Description of the Model and Derivation of the Equations Governing
the Distributions

We assume that a particle (initially in the origin) can move according to the four orthogonal
directions

Dy = {ckcos %,cksin g—”},k:O,l,Q,B. (2.1)
The changes of direction are governed by a homogeneous Poisson process (with rate A > 0)
and we suppose that at each Poisson event (N (¢) is the cumulative number of events up to
time t) the particle can move from Dj, to D4 (i.e. only on the line orthogonal to which it
was moving on) and the two possible directions are chosen with equal probability 1/2. We
point out that reflecting backwards on the same line considerably complicates the analysis,
even in the case where ¢, = ¢, k =0,1,2,3.

We note that at time ¢, the set @); of possible positions is the quadrangle depicted in Figure
1 (where two sample paths are sketched, one ending on the edge dQ); and one inside Q).

Figure 1
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We remark that, with probability e M the particle lies, at time ¢, on one of the vertices of

Q:, while it is located on the outer boundary (excluding the corners) with probability

Pr{(X(t),Y(t)) € 0Q; — corners} = > Pr{N(t) = k} 5
k=1
(2.2)
— 2(6—/\t/2 _ e_)‘t).

Thus the total amount of probability splits up into three parts, i.e. on the corners, on the edge
0Q; and inside Q; (as in the no-drift case, see Orsingher [4]). In this case the distribution

substantially differs on the two latest sets.
It is a simple matter to realize that the density functions

fu(z,y, t)dedy = Pr{X(t) € dz,Y (t) € dy, D(t) = Dy}, k=0,1,2,3 (2.3)

(D(t) being the current direction of motion at time t) are solutions of the following
differential system:

% = _00% +3{A+ fs} = Mo
Y= —agi sl oy = AN
% 202% +3{fi+ fs} = Afo

o = 03%—’;3 +3{fa+ fo} = Afs.

(2.4)

With some calculations, it easy to check that the functions f;, j=0,1,2,3, as well as
D= Zj:(] fj satisfy the fourth-order equation

G+ 0"+ (G + N e = ) — o]

(2.5)
2 A N
x [(% +2)"+ (F + N (e —es) gy — 01035)7}}1)
V(G e G+ g0
In the no-drift case, where ¢; = ¢, j = 0, 1, 2, 3 equation (2.5) coincides with
: 2[ 92 92 2 KL
(& +2) [%4—2)\%—02(%4-3%2)] P+ sk = (2.6)

(see formula (3.9) of [4]).
We observe that the transformation
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converts (2.5) into

? o? ? ? o? o?
oz + (o= ) g — COC2W] [()_t +(e1 — ¢s) gy — Cicagp |w

(2.7)
9 c—c 0 9 c—c3 0 _
-G+ {aJF 7 3_y}w_0
and thus the special case (2.6) into
ﬁ[‘[’—2f/\2762(i+i)}u}+c4—“m =0 (2.8)
ot | ot? 022 042 gzt .

The presence of the drift considerably complicates the situation. We do not think that it is
possible to obtain solutions to equation (2.7) in a closed form, expressed by means of well-
known functions with which one can construct the distribution of (X (¢), Y (¢)).

Our idea is to study a less general case where the position vector (X (¢),Y(¢)), ¢ > 0 can
be expressed in terms of a suitable combination of two independent one-dimensional
telegraph processes with drift, say U and V (the complete distribution of which is well-
known, see [1]).

We assume that U(¢) and V(¢) have parameters A/2 and velocities (cy, — ca) and
(c1, — c3), respectively.

Our process is defined as

X(t) = af{allireve}

c1 o+

y(t) = — {allal ),

coFco

(2.9)

The set of possible values of the random vector defined in (2.9) is the quadrangle @); with
vertices

A ={cpt, 0}, B={0,cit},

C={ - oo cray, asanl (2.10)

¢y Ccoter cotca

D= {@ Gl —CC3y CUM—Q}t}
= , .

c1 o+ [RRE)

The joint distribution of (U (t), V(t)), t > 0, is

p(u,v,t) = p(u, t)p(v,t)

where (u,v) € Ry = {(u,v): — cat <u < cpt, — st < v < ¢t} and (consult [1], formula
4.3))
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p(u,t)
(2.11)

—A\t/2
= iﬁ-(fz {%IO (Coicz \/(u + CQt) (Cot N u)) . %IO (ﬂoicz \/(u + CQt) (Cot N u)>

_ (”Z%U) %Io (cuiq \/(u + cot)(cot — u))} + ef;t/z {6(u + cot) + 6(u — cpt)}

p(v,t)
(2.12)

o M/2
= [%IO (CJJ’\FC3 \/(v + cst)(ert — v)) + %Io (C]icg \/(U + cst)(ert — U))

_ ((’3;_51) %Io(qicg V(v +est) (et — v))] + ef;f/‘z{&(v +cst) + 6(v—cit)}.

We emphasize that, in the case of planar, symmetric motion, with four directions, that is
cj=c,7=0,1,2,3, the set Q; reduces to the square

Se=A{(@,y): lz+y| <ct, |[x—y| <ct} (2.13)

and the representation (2.9) takes the form
(2.14)

If ¢co = ¢y, c3 = c1, the motion is obtained by composing two independent telegraph processes
(each one being symmetric but with different velocities). In this case, (); reduces to a
rhombus and the resulting asymmetry is reflected in the form of equation

2 2 2 2 &
(Z+N[&+228 - {dL+ 3L} p+ 2 =0 (2.15)

An intermediate situation occurs when only one direction is run with asymmetrically valued
velocities (say the horizontal axis with velocities ¢y, ¢o and the vertical one with + ¢;).

In this case, in order to maintain the independence of the components of (X (¢),Y (¢)) and
thus representation (2.9), the quadrangle (); must have vertices

A ={cpt,0}, B={0,c1t},

C = { — Mt,q—q_(’“t} (2.16)

cotco o+

D= {CO C—Cp _ 2600115}.

cotco cotco

As with the general motion represented by (2.9), here the assumption of independence of the
components U,V implies that two directions of motion are not collinear with the axes. In
order to preserve representation (2.9) and approximate as much as possible the general



Planar Random Motions With Drift 195

situation described in the first part of this section, we assume that one velocity value, for
example cs, is a function of the other three as follows

C1C

C3 = o

The set Q; of possible positions is represented in Figure 2, where two sample paths are also
drawn.

Figure 2

The first three directions of motion coincide with Dy, k=0,1,2 and D4y =
(co — 2, — ¢1) (one trajectory of Figure 2 twice chooses direction Dy).

It must be emphasized that, in the case of planar motion with drift, the orthogonality of
directions, in general, excludes the possibility of representing (X(¢),Y (¢)) as the linear
combination of independent, one dimensional, processes. On the other way independence
excludes orthogonality of directions.

3. Probabilistic Analysis of Motion
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As stated above, we here examine in detail the case (related to Figure 2) where the possible
directions of motion are represented by three vectors collinear to the axes and one has
components (cy — ¢z, — ¢1). This permits us to obtain the exact distribution of the position
vector (X (t),Y(¢)) in all its components and to obtain a probabilistic description of planar
motions with drift. The differential system governing the distributions (2.3) reads

8= — %+ A+ fs—2f0)
9 of
o= —C1ai;+%{f2+fo—2f1} (3.1)
G=of+ A+ 20}
U = — (cp—cr) % +Cl%—/;3+%{f2+fo—2f3}-
The functions w; = eM fiaswellasw = Z?‘:ow]‘ satisfy the fourth-order equation
2 2 2 2 2 92 2
[% + (co—c2) g — COCQ%} [% + (co—c2) g — C%%Q + c1(e — 02)£—3y]w
(3.2)

N2
_)\2{%4_(%;@) %}wzo

which coincides with (2.8) when c¢; =¢, 7= 0,1,2,3 and with (2.15) if cq = ¢, (after the
introduction of exponential transformation).
Equation (3.2) can be further simplified by means of the Galilean transformation

! o CQ—C
r=x— " 52 t

Y=y (3.3)
t =t

which leads to

2 2 92 2 1 —Co )2 2 92 2
[ — o 2] [ - 25 £ - i+l —cagtipu
(3.4)
20w _
— A gz =0.

Equation (3.4) can be rewritten as follows (deleting the )
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tw 2 gre; o2 2 9% &
5~ {)‘ G gm telgp —alo - 62)837511}7“0
(3.5)

(cote)?® 9% [ (co—c2)® 82 2 9 9 _
T Ey T o T Ciag — ala — ) g jw=0.

From our point of view, equation (3.5) has the advantage that the odd order derivatives with
respect to time t are absent. This makes the derivation of the explicit distribution of
(X(t),Y(t)),t > 0, possible (despite the presence of drift).

We emphasize here that, in the case where the distribution is directed by Equation (2.5),
all orders of the time derivatives appear and this makes the analytical approach prohibitively
complex.

Clearly the Fourier transform

F(a,B,t) = [ [elet By (z,y, t)dzdy (3.6)
RQ

is a solution to the biquadratic equation

/4 + 2

(3.7)
+ %Q(CO + 02)2{ (o 462) a?+c2p? — ey — (32)045} =0.
The four roots of the algebraic equation associated to (3.7) are
r= 4 3{/A = (B + na)? + /X = (af — o)’} (3.8)
and thus the general solution of equation (3.7) has the form
Fla, B,t) =
Ae% VAZ=(c1B+c20)+ 1 /A2 —(c1 B—coar)?
1 BesV P (aBraaP-5/R—(af-aa?
(3.9)

+ C€7§ VAZ=(c1B+c20)2+ 5\ /A2=(c1 B—coar)?

+ De*% \/)\27((:] ﬂJrc«zoz)Zf% \/)\27((‘,] B—cor)?

A, B,C, D being arbitrary constants.
To check this, we write equation (3.7) in the more convenient form

‘5—5 — %{)\2 — (1B + ) + X2 — (18 — coa)Q}‘f;Tf
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2

+ % (eo + {2520 + 38 — e1(co — 2)aB}F (3.10)

_ d'‘F 1 2 2\ d*°F
=@ — U+ K

2

+ %(Co + 02)2{%042 +2B% = e1(eo — CQ)aB}F =0.

where H = /A2 — (c18 + c2a)% K = /A2 — (c18 — cpa)2.
The related algebraic equation is
rt — %TQ{HQ + K%} + %Q(CO + CQ)Q{MOZQ +e26% = e1(eo — 02)046} =0.
A routine calculation shows that

rt— %TQ{H? + K7}
= (inserting (3.8))

= UERY ([ 4 K)2(H? + K?)

—H'-K'toH*K?
24

—(c18+c20)! —(e18—co) *+2(c1 8+c20)*(¢1 S—cor)®
2-’1

40,2 .22 k P 212‘2
= — clacal o e cpea(en — o)) — o (ep + ¢)?

Co—Cs 2
T "

which concludes our verification.

We are able to derive the distribution of (X (¢),Y(¢)) in two ways. The first approach is
based on the representation (2.9) of motion (with the assumption that c3 = ¢;c2/¢y), while the
second method is analytical and uses the solution (3.9) of the Fourier transform (3.6) of the
governing equation (3.2).

We are now in a position to state the basic result of this section.

Theorem 3.1: The absolutely continuous part of the distribution of (X (t),Y (t)), t > 0 is

e M C2 [&
p(@,9,t) = oy [%L}(ﬁ\/(ﬂﬁ — 2y + cat)(cot — x + ﬁ))

+ %10(%162 \/(fc— 2y +oot)(cot —z + —fy)) (3.11)
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- e —adh b (2@ - 2yt an(at—o+ 2y)]

[310( 25/ + 2y +eat)(eot — o — 29))

ay

+ a0 (2 e+ Byt an(at—o - 2))

_ 2<("(f:+"(?3) {02% + Cl%}%(ﬁ \/(x + Z—‘]‘y—i— cot)(cot — T — ‘—0))}

ay

Proof: We consider the transformation

Clu—Ccov (312)

C) Clu+Cov
r =% 4a 2
1 coptee

co+Ca

and its inverse

L= (3.13)
v=y+ Z—;z '
with Jacobian
du  OQu
| oz 0y | _ cote
J = v | T e
oz dy

The joint distribution of (X (¢), Y'(¢)) becomes

p(x,y,t) = 22 py(z — 2y, Opy(y + 2, t), (3.14)

where py is given in (2.11) and py in (2.12), with ¢3 = ¢1ca/cp. In performing (3.14) it
should be kept in mind that, by (3.12), we have that

9 _ _1 9 _ .0
du c[)-‘r(:g{coax €1 By}

0 _ a fao 0
o cUJrc«z{cJ oz + Oy}'

Remark 3.1: In the special case where ¢; = ¢, j = 0, 1, 2, the density (3.11) reduces to
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e

e,,0) = 5 3o (2V/PF ) + By (3P~ )]

B 0(3 V= wF9)?) + 1o (VP = @+ 1)?)]

and coincides with (3.5) of [4].
If ¢y = co # ¢4, from (3.11) we also obtain

p(z,y,t)

e~ /\
- 2(;? [5 (2(’00 \/CZCQtQ Coy - Clx) ) + df 1y (2(‘0(‘1 \/0202t2 (C()y - Clx)Q):|

[2 0 (2(0(1 Vet — (coy + clz)2> + 21 (2&)\01 Vet — (coy + clz)Q)} .
In view of constraint (2.2) it is easy to check that
Pri(X(t),Y(t)) € Qi = 0Q:} = 1 = Pr{(X(1),Y (1)) € 0Q:}
=1—2e M2 p e,
By considering (3.14) we have that

[ [p(z,y,t)dzdy
@

””“f f pu (e — Ly, t)py(y + L, t)dedy

= [by (3.13)]

= f}!pU(ua t)pv (v, t)dudv

cot cit
=[ pu(ut)duf py(v,t)dv
—cot _ ey

<

= [by Remark 5.1 of [1]]

2
(1 — e_%) .
It is also very important to note that the bounds of the set (); in Figure 2 are implied by the

analytical structure of the distribution (3.11).
Remark 3.2: The set (), where the distribution (3.11) is concentrated, is

Q: = {(m,y): —ot <z — Zy<cf, —ct <z + Py < cot},
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represented in Figure 2.
By means of the Galilean transformation

/I __ _ =0
r=x— 252 t

=t
the joint density (3.11) becomes
p(a’, 1)
_ M A A cotes 2
R {gfo(cw \/ (5202 — (a7 — 2y ) (3.16)

(a2 — (@~ 2y)?)

(ca—co) o) d A cte s
+ 2{;2+F21)) {CIW + C2W}IO((«‘0+@ \/( 02 2t/>2 - (1'/ o (‘_iy/)Q)]

|:%IO((«’04>\‘02 \/(%t/)Q - (y/ + f_[l)m/)Q)

+ (2 (e — (y + 2a)2)

28 ok~ ol - 77 59
and is defined in the quadrangle

< Cn;(ig t/ } .

o= {r

2 R ’
Tz — g_fy/ < (/()2(_1:/7 y/+ é_?m,
The transformation (3.15) eliminates the drift along the = axis due to different horizontal
velocities.
In the next theorem we present the Fourier transform of the absolutely continuous com-

ponent of the distribution (3.11).
Theorem 3.2: The characteristic function of (X (t'), Y (t')) is

Gla, B, 1) = [ [e 0 p(a’,y t')da'dy’ (3.17)
R2

— 1 =Xt

A
22¢ |: (1 + VA= (acy—fer)?

) et\/)\z—((ycn—ﬁal)Q/Z
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+ (1 o ﬁ)eft\//\zf(acofﬂcl)z/Q

aco—fer)?

A t\/A2—(aco+Bc1)?/2
|:<1 + \/)\2—((102-0-501)2)6 ’

+ (1 o ﬁ)eft\//\zf(a(’,gfﬂcl)z/Q )

aco—fer)?

Proof: For the convenience of the reader we report formula (5.3) of [1], suitably adapted:

Je™ py (u, t)du

e*%{l‘ﬁ(Cz*Co)#»/\}t |:(1 + eh /A2—~2(catcp)?/2

A
A2—~2(ea+cp)?

DO =

N (1 _ —t /\2—“(2(02‘9-00)2/2]

X
A2—=~2(catep)?

In view of formula (3.14) and of the transformation (3.15), we get

G, B, = ke [ [eior iy (o — 2y 4 oy )
R‘Z

v <y/ 4Gy 4 Cl((;’)(;[:'z)tl’tl) dz'dy'

Co

[.’E/: &) (u_i_i_fv)_%;‘zt y/: i} (U—C—lu), =t

o+ cotco co

jac2co/atba,

e -acg—Bcy
- e—m(’Trzter%“’pU(u, tydu [e' otz "py(v,t)dv
R R

= e fexp{ 5 (4272 ) (e — )t — ¥ } (3.18)

BN
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(14 iy ) e

+ (1 _ A )e—t\/kz—(aco—[}cl)zﬂ] }

A —(acy—fer)?

1 i | 2 _acwy_t M
{QCXP{Q |:cl Oé+00ﬁ:| (Cl cy )CU+52 2}

A t\/A2—(aco+Bc1)?/2
|:<1 + \/)\2—((102-0-[301)2)6 ’

+ (1 o A )eft\/)\zf(a02+ﬂcl)2/21| }
A2—(aco+Ber)? '
In the last step, formula (5.3) of [1] has been applied. Some simplifications yield (3.18).
Remark 3.3: If

1

(1+ =) (1 =)
VA2—(ace+Ber)? VA2—(acy—Per)?

(1+ Fermr) (- Jmemer)
A2—(acy+Bcr)? A2—(aco—fcr)?

Q
Il
8-

A A
- (1 - \/)\Zf(acz+ﬂcl)2) (1 + \/)\27((1007[301)2)

— 1 I S I S
D=3 (1 )\27((1524@%1)2) (1 )\Zf(acofﬁcl)z)

[}

the Fourier transform (3.17) can be written down as

Glo, B,t) =M [Aet(\/V*(acofﬂcl)2+\/A27(a02+ﬂcl)2>/2

+ Bel(WX=(acs—fer)? =/ X —(acy—Pfc1)?) /2

+ Oeft(\/)\27((1627,%1)27\/)\27((160+/3CJ )2)/2
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+ Deft(\/A27((Y02*ﬂ61)2+\/)\27(an7[301)2)/2

=e MF(a, B,1).

This clearly shows that the function e*p(z/,4/,t') (p is the joint distribution (3.16) in the
frame (2/,4/,t')) has Fourier transform which satisfies equation (3.10). The Fourier transform
of the distribution (3.11) in the frame (x, y, ), denoted by H, is then

H(a, B,t) = G(a, B, t)eoloelll2,

Remark 3.4: The components of the singular distribution on the edge 0Q); are
(7) on the lines y + c1x/cy — 1t = 0 and y + c1/cy + creat/co =0

At

a(e,9.0) = 5 |30 (hn [l - But et — o + 2y)

+%5Qﬁw¢@—gy+@ﬂwm—x+gw) (3.19)

Co—Cy Js) 0 & .
gl - ad Po(Fha /- Byt aner -2+ 2y)]

(1)  onx —coy/c; — et = 0and x — coy/cy + et =0

e M C C
r(o,y.) = g | 3o (2 /@ + 2y + ) (et —2— 2y))

+%h@£@¢@+%y+@ﬂ@@fxf%w) (3.20)

c—¢ J o) A ¢ ¢
_ —2(§2+2()) {Cg% + Cla_y}lo(c(,+n2 \/(x + (,—[l’y + cot)(cot — x — C—i’y))] .

Formulas (3.19) and (3.20) can be easily derived from (2.9). Points (x,y) on the lines
y+cax/cg= £t can be determined as intersections with = — coy/c; = u. Thus
X(t) — Y (t) /e = U(t) for all (X (¢),Y(¢)) and the distribution on this part of the edge
0Q; coincides with that of U (¢) given by (2.11), where u = = — coy/cy.
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