{: SCISPACE

formerly Typeset

@ Open access « Journal Article « DOI:10.1109/TAP.1984.1143190
Plane-wave diffraction by a wedge--A spectral domain approach — Source link [

A. Ciarkowski, J. Boersma, Raj Mittra

Institutions: Polish Academy of Sciences

Published on: 01 Jan 1984 - IEEE Transactions on Antennas and Propagation (IEEE)

Topics: Wedge (geometry), Diffraction, Plane wave, Physical optics and Near and far field

Related papers:

« A hybrid asymptotic solution for the scattering by a pair of parallel perfectly conducting wedges

« UAPO Solution for the Plane Wave Diffraction by a 90° Coated Wedge

« Plane Wave Diffraction by Arbitrary-Angled Lossless Wedges: High-Frequency and Time-Domain Solutions
« Time domain diffraction coefficients for a lossless acute-angled wedge

« A uniform geometrical theory of diffraction for an edge in a perfectly conducting surface

Share thispaper: @ ¥ M ™

View more about this paper here: https:/typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-
3ssaahxf03


https://typeset.io/
https://www.doi.org/10.1109/TAP.1984.1143190
https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03
https://typeset.io/authors/a-ciarkowski-3jr01w506x
https://typeset.io/authors/j-boersma-47crp7osbd
https://typeset.io/authors/raj-mittra-4zbfdj8vf0
https://typeset.io/institutions/polish-academy-of-sciences-166dvrh2
https://typeset.io/journals/ieee-transactions-on-antennas-and-propagation-3v6ts1n3
https://typeset.io/topics/wedge-geometry-18dmxewl
https://typeset.io/topics/diffraction-3kvxyvg6
https://typeset.io/topics/plane-wave-yhkn5z9g
https://typeset.io/topics/physical-optics-f0cryq9f
https://typeset.io/topics/near-and-far-field-25o86b3c
https://typeset.io/papers/a-hybrid-asymptotic-solution-for-the-scattering-by-a-pair-of-1j3lbf3a9u
https://typeset.io/papers/uapo-solution-for-the-plane-wave-diffraction-by-a-90-coated-z964rbbgts
https://typeset.io/papers/plane-wave-diffraction-by-arbitrary-angled-lossless-wedges-4auut8t3sy
https://typeset.io/papers/time-domain-diffraction-coefficients-for-a-lossless-acute-1vlldk8idt
https://typeset.io/papers/a-uniform-geometrical-theory-of-diffraction-for-an-edge-in-a-4y8ylyjrym
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03
https://twitter.com/intent/tweet?text=Plane-wave%20diffraction%20by%20a%20wedge--A%20spectral%20domain%20approach&url=https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03
https://typeset.io/papers/plane-wave-diffraction-by-a-wedge-a-spectral-domain-approach-3ssaahxf03

REPORT R-967 NOVEMBER, 1981 UILU-ENG 82-2233

\=—WCOORDINATED SCIENCE LABORATORY

PLANE-WAVE DIFFRACTION
BY A WEDGE-A

SPECTRAL DOMAIN APPROACH

UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN



5 SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

READ INSTRUCTIONS
1. REPORT NUMBER 2. GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER
4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED
Plane-Wave Diffraction by a Wedge--A Spectral Technical Report

Domain Approach

6. PERFORMING ORG. REPORT NUMBER
R-967; UILU-ENG 82-2233

7. AUTHOR(3) 8. CONTRACT OR GRANT NUMBER(S)
A, Ciarkowski and R. Mittra NOOO-1479C-0424
10. PROGRAM ELEMENT, PROJECT, TASK
5. PERFORMING ORGANIZATION NAME AND ADDRESS PROGRAM ELEMENT, PROJEC]

Coordinated Science Laboratory
University of Illinois
Urbana, IL 61301

11. CONTROLLING OFFICE NAME ANO ADDRESS 12. REPORT DATE
. November 1981
Joint Services Electronics Program 13. NUM;;ROFPAGES

4. MONITORING AGENCY NAME & ADORESS(if different from Con’rolling Office) 1S. SECURITY CLASS. (of this report)

Unclassified

1Sa. DECLASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)

Electromagnetic Scattering
Wedge diffraction

Spectral domain approach
Uniform asymptotic expansion

20. ABSTRACT (Continue on reverse side if necessary and identify by block number)

. In this paper we investigate the canonical problem of plane wave diffraction
by a wedge in the context of the spectral domain approach which exploits the re-
lationship between the induced current on a scatterer and its far field. We show
how the Sommerfeld solution to the wedge diffraction problem can be manipulated
in a form which enables one to interpret the far scattered field as the Fourier
transform of the physical optics current on the two faces of the wedge, augmented
by the fringe current near the tip of the wedge. We also show that the (continued)

DD ,fan'% 1473

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)




SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

20.

uniform asymptotic expansion derived by Lee and Deschamps on the basis of the
Lewis, Ahluwalia and Boersma ansatz can be rigorously obtained using the
approach presented in this paper.

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)



PLANE-WAVE DIFFRACTION BY A WEDGE--A SPECTRAL DOMAIN APPROACH

A. Ciarkowski and R. Mittra



ABSTRACT

In this paper we investigate the canonical problem of plane wave
diffraction by a wedge in the context of the spectral domain approach
which exploits the relationship between the induced current on a scatterer
and its far field. We show how the Sommerfeld solution to the wedge
diffraction problem can be manipulated in a form which enables one to
interpret the far scattered field as the Fourier transform of the
physical optics current on the two faces of the wedge, augmented by the
fringe current near the tip of the wedge. We also show that the uniform
asymptotic expansion derived by Lee and Deschamps on the basis of the
Lewis, Ahluwalia and Boersma ansatz can be rigorously obtained using the

approach presented in this paper.

Keywords: electromagnetic scattering, wedge diffraction, spectral domain

approach, uniform asymptotic expansion.
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I. INTRODUCTION

The Spectral Theory of Diffraction (STD), which was introduced recently
by Mittra, Rahmat-Samii and Ko [1], has been found to be a useful tool for
solving high-frequency diffraction problems. The concepts of STD together
with its scope, advantages and disadvantages can be found in a number of
publications [1], [2] which have appeared recently in the literature. This
theory is founded on the concept that the scattered field is related to
the Fourier transform of the induced current on the scatterer and that
the ray description of the scattered field is derivable from the spectral
representation via an asymptotic evaluation of the integral form of this
representation.

The canonical geometries of the semi-infinite half-plane and the wedge
play important roles in the development of the various theories for high-
frequency scattering. The Sommerfeld half-plane solution has been extensively
studied [2] in the context of STD, and the STD formalism for the half-plane
diffraction has been applied to planar and curved strips. In this paper,
we extend the STD concepts to the geometry of the wedge. We show how tﬁe
contour integral a la Sommerfeld for the wedge problem can be manipulated
to yield a transform representation for the scattered field in terms of
the currents flowing on the two faces of the wedge. We also show that it
is possible to derive a uniform asymptotic solution for the total field,
one which is valid for all observation angles. The uniform solution so

derived is found to be identical to that conjectured by Lee and Deschamps

[6].




IT. SOMMERFELD SOLUTION TO THE WEDGE PROBLEM

The starting point of our analysis is the Sommerfeld solution to the
problem of plane-wave diffraction by a wedge. Let a perfectly conducting

wedge, with the faces defined by the angles ¢ = 0 and ¢ = &, be illuminated

*
by a plane wave

ui 4 e—ikpcos(¢-¢')

(1)

incident from the ¢' direction. (See Fig. 1.)

Figure 1. Geometry of the wedge-diffraction problem.

The angles involved have the following ranges:

%ﬂ < ¢ < 2m; 0<9 < @ o e WAl

The total field u is subject to the boundary condition
u = 0 on the wedge surface, for u = Ez (E-wave), or ' (2a)

ou

e 0 on the wedge surface, for u = Hz (H-wave) . (2b)

-

A
e ot time convention is implicit throughout.



This field, as derived by Sommerfeld, can be represented in the form [3]

u(p,9) = W(ps¢;¢') ¥ w(ps¢;—¢')a (3)

where
e-ikpcos(a-¢) do

_eiﬂ(a-¢) (4)

w(p,d);cb) ”%AI 3

is the Sommerfeld integral defined on the contour A in the complex o
plane (Fig. 2), and Q = %u The upper (lower) sign in (3) applies to the

case of the E-wave (H-wave).

Rea

Figure 2. Contour A = Al + A2 in the complex a
plane. The shadowed areas indicate the
convergence regions for the Sommerfeld

integral w(p,¢;9).

III. ALTERNATE FORM OF THE SOMMERFELD INTEGRAL w

In this section we derive an alternate form of the Soﬁmerfeld integral

w, one which would allow us to express the scattered field in terms of the

transform of the induced current on the two faces of the wedge.




We begin with the integrand for w given in (4) and note that the poles

are located on the real axis in the a plane at the points
ap =y + 2pd, p =0k d, £ 2, o .

Since ¢ > 7, only one of these poles can appear in the region (-m + ¢,
T + ¢). This implies that only the incident and one reflected wave can reach
the given observation point (p,$). The next step is to replace the contour

A by a sum of the contours K and L (= L, + L2), as shown in Fig. 3.

1

Rea

Figure 3. Contours K and L (=L. + L2) in the a plane.

1
Because the contours L1 and L2 are separated by 2w, and traverse in opposite
directions, we can write

[£(a)da = -[£f(a+2m)da.

Ly by

Consequently, the integral along L can be replaced by one along either L1
or L2. Next, let us turn to the integral along the contour K. The contri-
bution to w from the integral along K may be found by evaluating the residue

at the pole ap. Incorporating these manipulations in the expression for w

given in (4), we get




—1kpcos(ap—¢)

w(p,959) = I’L;n(w-[ap-d)])e + I(p,039), (5)
where

£ 9 -ikpcos(a-¢)__ @ sinQm dao

T 27 Lf y: cosQ(a=y+m)-cosQm ’ g (62)
I(p,03¥) = .

. -ikpcos (a-¢) Q sinQm do

2 LI % cosQ(a-yP-m)cosQm (6b)
2

and n(x) is the Heaviside step function. The sum in (5) is extended over
all p's for which the inequality w-[ap—¢]>0 holds at least for some value
of ¢ lying in the range 0 < ¢ < &.

Simple asymptotic considerations reveal that the sum over p in the
r.h.s. in (5) is of the order of (kp)° as kp>~, whereas the integral I is
of the order of (kp)-llz. Hence the representation (5) can be useful for
high-frequency asymptotic analysis. Also, it will be seen from the following

that the integral I can be easily converted into Fourier integral form.

Both of these features will be taken advantage of in subsequent sections.

IV. RAY-OPTICAL REPRESENTATION OF U

When ¢' and ¢ 1lie in the range 0 < ¢' < m, 0 < ¢ < &, only one pole
o = aé of w(p,9;¢") and two poles a = ag, and a = ai of w(p,$3-¢') can

satisfy the inequality -m+¢<a<m+¢. These are

Q
I

0 ¢', due to the incident wave,

ag = -¢"', due to the wave reflected from the wall ¢ = 0, and
ai = 20 - ¢', due to the wave reflected from the wall ¢ = d.
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Thus, we find from (5)
W(ps930") = n(mep'-g)e ThPCO8(87-9) I(p,$3¢'), and (7)
-ikpcos(¢'+¢)

+ n[2¢-(¢'+¢)-r]e-ikpcos(2¢-¢'_¢)
(8)

w(ps93-¢') = n[m=(¢"+¢) ]e
+ I(p’¢;-¢')-

Substituting (7) and (8) into (3), we obtain the representation for u

which is amenable to ray-optical interpretation. Indeed, the first term

in (7) and first two terms in (8) are of the order of (kp)° as kp+», and
represent the GO approximation to the total field. The remainders in (7)
and (8), represented by I(¢') and I(-¢'), respectively, are of the order

of (kp)—ll2 and represent the field diffracted at the edge of the wedge (for

details see [4], [5]).

V. CONVENTIONAL REPRESENTATION OF U

The representation for the total field u, given in (3), (7) and (8),
contains terms which are discontinuous functions of the observation angle
¢ though the total field is continuous. It is useful to seek an alterﬁate
representation in the context of STD, which consists of continuous functions
only. This is accomplished by deforming the contour L such that the poles
aé, ag and ai do not cross the new contour as ¢ and ¢' are varied. We
choose this deformed contour to be L< for ¢ < m and L> for ¢ > m. Both of

these contours are shown in Fig. 4.



I 7
. Rea
Figure 4. Contours LS (¢<m) and R (¢>7) in the o plane.
. With such a choice for the contours, the pole aé is always located inside
the region bounded either by L]<_ and L;, or by L; and L;, and the poles a;
. and ai always appear outside of the regionms.
, The total field u can now be expressed as
. u = ui o us, 1 (9
I where ui and u® are, respectively, the incident and scattered fields. The
. scattered field is defined by the formula
u® = £2 g grikecos(@ad)y ) 4, (10)
. P
A
where
<
l Ll A =1
A =sgny, PA = : (10a)
>
I L2 A=1
' and W(a) is defined as
» W(a) = Qsinfz-n{[cosﬂ(a-w+>\1r)—cos§21r]-l ¥ [cosQ(a+1p-l->\1r)—cosQ1r]_1}; (11)
. the upper (lower) sign corresponds to the case of the E-wave (H-wave).




Our choice of L< and L; for the contour PA

1
< < > >
are free to use either L1 or L2 for P_ and Ll or L2 for P+, with appro-

priate choice for the corresponding integrals.

is arbitrary in that we

In the literature, the expression given in (9) is referred to as the
conventional representation. (See reference [1].) We proceed next to
find the Fourier transform representation of the scattered field. This

is described in the following section.

VI. FOURIER TRANSFORM REPRESENTATION OF THE SCATTERED FIELD u®

Let us introduce the following change of variables:

w=kcosa; v=¢k2-w2=-kksina; X=pcosd; y=psind;
(12)
k_=-kcos¢'; k =-ksing’.
X y

For v, the branch of the square root is chosen such that Im v>0.
Since the transformation w + a is a multiple-valued function, the two
contours L; and L. in the a-plane transform into a single contour C in

2

the w-plane. The resulting contour in the w-plane is shown in Fig. 5.

s k C
/:\ ° fo\ . —————. Rew
-k w w 5
l 2

Figure 5. Contour C in the complex w-plane (image of

< >

L1 and L2 in a-plane).

W, = -kx, w

o -(cosZ‘I)kx + sin2®ky)

Thus the scattered field us, as defined by (10) and (11), becomes




Y I =N =N =y = N = .

iv|y]
A -iwx e
U C] dv e S 2V(w) (13)

where

V(w) = W(a). (14)

If we define the direct and inverse Fourier transforms for the functions
u(x) and U(w) as

i iwx 1 =4 -1
U(w) = f e u(x) dx; u(x) = e f Mgl U(w) dw, A>0, (15)
-0 " —co- A :

then a comparison of (13) and (15) reveals that u° iT f13) has the form
iv|y
of an 1nTeTse Fourier transform for the function E_EE;_ 2V. We observe
iv|y
e

that = o v is the Fourier transform of the free-space Green's function
%-Hél)(kR) and that the scattered field has been expressed in the form of
a convolution integral involving the Green's function g and the surface

current j. These integrals take the form

u® ()

-iwp [ g(x-r')j(z')dr' for E-wave, and (16a)
s

u® ()

g% f g(x-r')j(z')dr' for H-wave. (16b)
s .

Returning now to (13) we deduce that the function V(w) is proportional to
the Fourier transform of the current flowing on the surface of the wedge.

This conjecture will now be verified.

VII. ALTERNATE FORMS FOR THE SCATTERED FIELD

In this section we derive alternate forms for the scattered field which
can be interpreted in the context of the spectral domain. We consider the

E-wave and H-wave cases separately.
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7.1. E-Wave

From (16) it follows that the scattered field u° can be represented as

a summation of two terms, viz.,

u® = uj + u] (17)
vhere

uS @) = -tuy Z ax £ B{D (| r-gx )3, (00, (18a)
and

(o) = -tuy Z ax; £ 8D (k|22 % D3, ). (18b)

The two terms in the r.h.s. of (17) may be associated with the two currents,

> 5 1 3du(x,y=0)
Jo(x) = - S a; ’ (19a)
and
du(x, ,y,=0)
: prend 171
33G59) = 1om T . (19b)

which flow on the two surfaces of the wedge defined by ¢ = 0 and ¢ = &,

respectively (Fig. 6).

Figure 6. The currents jo(x) and jl(xl) flowing on the
wedge surfaces defined by ¢ = 0 and ¢ = 9,

respectively. Both currents flow along the z-axis.
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Replacing the Hankel function in (18) by its integral representation [4]

% e-iw(x—x')+ivly—y'|

4 v

dw; v = k2—w 35 Im v>0;

2 (1) o
; Bp  (kR) =

QY—

R =/(x-x")? + (3-y">

and changing the order of integration leads to the following expressions for

S S

U and Uyt
iv|y]
s AU ) -iwx e
ug (X == | dwie Sm— Jo(, and (202)
2 iv |y |
s = _ iwu =fw x le 1Sl
ul(g) e o é dwl e 171 ——Eizzf—-Jl(wl), where (20b)
Jo @) = [ dxe™™j; (x), and (21a)
0
c iw.x ’
3, (wy) = é dx e 171], (x,). (21b)
We observe from (20) that the component fields u® and u® comprising the

0 1

scattered field u® have the form of inverse Fourier transforms of functions
related to the Fourier transforms of currents jO and jl flowing along the
faces of the wedge. This is one of the results we had been seeking.

Next, we show that the scattered field u can be written as a Fourier
transform of a single quantity which is related to a suitable combination
of the two currents. We begin by introducing an additional change of

variables, defined by

Wy, = k cos(a-3), —llvl = k sin(a-%), where Al = sgn y;. (22)
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Such a change of variables is equivalent to the enforcement of the condition
“Wi¥y + vllyll = ~wx + vly].

This may be verified by using the relationship
x, = xcos® + ysind, ) -xsin® + ycos9.

When these changes of variables given in (22) are inserted into (20a) we get

ug = - %%B [ da e-ikpcos(a-¢) J,(kcosa), (23)
T op 0
A

where PA is defined in (10a), and

L3 Al=l, A=1,
i Alwu
u =

L -ikocos (a=¢)
1 4

- Lf do e
u

Jl[kcos(a-¢)], where Lu = L4 A1=—1, A=1l, .

Ly A;=-1, A=-1,

The contours L3, L4 and L5 are shown in Fig. 7.

Figure 7. Contours L3, L4 and L5 in the a plane.
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The contour L3 can be deformed into the contour L; (see Fig. 4), the

contour L4 into the contour which coincides with L< but is orientated

1
along the opposite direction, and the contour L5 into the contour LZ.
With these changes, ui can be rewritten as
o PR L T L e (24)
1 2 P 1
Using (14) and (23) in (24), we finally obtain
gl P %% f da e-1kpcos(a-¢){_ 1%3 [Jo(kcosa) + Jl[kcos(a-¢)]]}. (25)
PA
Comparison of this result and (10) gives
jwu
W(a) = - i & {J (kcosa) + Jl[kcos(a-é)]}. (26)

This formula is useful for providing a physical interpretation of the
function W(a) in that the scattered field u® is a Fourier transform of W(a)
which is related to the transforms of Jo and Jl as shown in (26). Note.
that equating the integrands of (10) and (25) is permissible because the
two integral representations for u® are valid for any contour resulting
from the deformation of PA in Fig. 5.

Next we proceed to separate the physical optics (PO) and the fringe

currents in the transform domain. We begin by introducing the function

Wf(a) which is to be interpreted later as the transf?rm of the fringe current:

W) =W =W ), (27)

where WPO(a) is obtained from (26) by replacing Jy and J, with JPO and

1 0
Jlo, respectively, the latter being the transforms of the physical optics
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components of the currents jo and jl. The physical optics currents jgo
and jio are obtained in the usual way from the knowledge of the incident

H-field and are given by

1 P 1 | - '_
jgo(x) % 2k§:n9. = ikxcosd 8 jio(xl) 58 2ks$ﬁ(g ®) ” ikxlcos(¢ ®).

Transforming these using (21), we get

PO 2 sing' ¥) '
Jo (kcosa) = 15 sosa-cuiit Im(cosa~cos¢')>0, and (28a)

Jio[kcos(a-¢)] = X iiu cos(:§2§?;;:%¢'—¢) » Im[cos(a~®)-cos(¢'~-3)]1>0, (28b)

where

1 if the incident wave illuminates the wedge face ¢ = ¢,

0 1if the wedge face ¢ = ¢ lies in the shadow region
of the incident wave.

Note that both W(a) given in (11) and WPo(a) found from (26) and (28) have
simple poles at a = #¢' and a = 2¢-¢"'. However, by considering the limits
. 1
(a-p') —2in¢ —> -1 as o',

cosa-cos¢’

i QsinQm B :
jae) cosQ(a=¢"+m)-cosqm 7 -1 as o9,

(at+o") = 8188 — 1 as o9¢',

cosa-coso’

-QsinQm ) '
cosf (o+¢ '+1)-cosQm LEas otod s

(ot9")

' -sin(¢'-0) '
famétd ) cos(a-%)-cos(¢'-2) — -1 as a*20-¢', and

-0sinQm
cos(o+¢'-m)-cosQm

(a=20+¢") > -1 as oa>20-¢'
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one can show that the singularities in (27) cancel each other out and,
consequently, Wf(a),'the transform of the fringe current, is a regular
function. If we replace W(a) in (10) with wf(a) and apply the method of
stationary phase to the resulting integral, we obtain a field of the order
of (kp)-ll2 which is regular away from the wedge, and includes the shadow
boundaries of the incident and both reflected waves. This field can be

attributed to the fringe current, which is the excess over the PO current

on the surface of the wedge.

7.2 H-wave.
The scattered field for the H-polarization case can be again expressed

by (17), but the function ug and ui now becomes

ShY 1 (1 %
ug(g) T of dx Z'Hé )(klgf§x|) jQ(X)
and
s o r 22(1) i
i (r) e 7, of dx; 7 Hy™ (k|r-xx ) 3, (x))
where

Jo®) =ulx,y =0) and j,(x;) = u(x;,y; = 0).

The current jo(x) flows along the x-axis and the current jl(xl) along the

negative X - axis. (Fig. 8)

By applying a procedure similar to the one for the E-wave case, we find

S

o -ikpcos(a-¢) k.
g mmgr f due 21
PX

[sina Jb(kcosa) - sin(a-9) Jl[kcos(a—Q)]]}.

(29)
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Figure 8. The currents j,(x) and j,(x,) flowing on
0 + iy £

the surfaces ¢ = 0 and ¢ = o.

Then from (10) and (29) we obtain
W(a) = %%-{sinan(kcosa) - sin(a—@)Jl[kcos(a-é)]}.

The function W(a) can again be interpreted as a combination of terms related
to the Fourier transform of the currents on the faces of the wedge. All
further observations regarding Wf(a) continue to remain valid, except that

the expressions for JPO and JPO are now given by

0 1
PO LI ) DT
JO (kcosa) = E e Im(cosa-cos¢')>0 , and

21 1
k cos(a-®)-cos(¢'-d)'

Jio[kcos(u-é)] = Im[cos(a=®)-cos(¢'-2)]1>0.
The main result of this section is that we represented the scattered field
u® in terms of Fourier transforms of currents flowing along the faces of the
wedge. Even though the transforms are discontinuous functions in the
spectral domain (compare (26) and (11)), the integral representation for the

scattered field (25) remains a uniformly continuous function of the observa-
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tion angle ¢ in its range of variation. Of course, the total field is also
a continuous function of this angle.

In the next section we construct an approximate, uniformly continuous,
asymptotic representation for the total field - one which is expressed in

terms of known functions.

VIII. UNIFORM ASYMPTOTIC EXPRESSION FOR THE TOTAL FIELD U

As a first step toward constructing a uniform asymptotic expression
(UAE), we return to the representation given in (3) for the total field
u(p,¢). Next, we manipulate the expressions for the functions w(p,d;¢')
and w(p,$,-¢"') to derive a representation which remains valid for all
observation angles. We begin by considering the function w(p,$3;¢'). For
the purpose of later manipulation, it is convenient to represent this

function in the form

-ikpcos(¢'=¢)

w(p,039') = n(m+d'-9)e + Il(o,cb;cb') + Iz(p,¢;¢'), where (30)

e-ikpcos(a—¢)
l_eiQ(a-¢')

2

I (0,056") =5 [ da.

L

n
In order to find its UAE we will employ a technique, described in [4],
which is suitable for an asymptotic analysis of integrals which contain a
simple pole in the neighborhood of the saddle point. According to this
technique, the integral

I(A) = f f(a)ekg(a)da #
SDP
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with a2 simple pole at a = a. and nearby saddle point at a = ags has the

0

asymptotic expression:
Ag(a ) \b? /T >
I()\)ve s’{+i2a/T e Q(tib/i) + K'T(O)} ’ Imb<0, as A > » , where

a = lin[(a-a )E(@)]; b = /g(as)-g(aa) ; T(0) = hf(a) +2;

a~>-a0

® 2
} =2 =t
h = gn(as) H Q(Y) = f e dx,

y

and the sign of H is defined such that arg h = (arg da)a , where da is an

s
element along the steepest descent path SDP, while arg b is defined such

that

s 35 O, > O o
s
In our case we have

= - - . _—_..g.___l__._. = 1 .
g(a) icos(a-9); £(a) o 1_eiﬂ(“‘¢) s ao ¢', and on Ll.

-4 X Fos
o = --n'+¢; a= - L; h = e 14/-2— s b = /2- eil’ cos u H
s 127w 2

T
e v 1 v 1
T(0) = e "4z o 1ol (-m+=0")  12n T oL
Y2 e4 cosg-—ii

Now w(p,¢3;¢"') can be rewritten in the form

w(0,456") = n(mmb)e*80) + 1 (0,036") + 1,(0,030").
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Let us assume that the pole a = ¢' lies near the contour Ll. We observe that

-iz- ) i 2
f P dp is the Fresnel integral, and
m™ VA

T
Q(y) = /;F(eiZy), where F(z) = £
that F(z) = 1 - F(-z). Consequently,

n (Imb) e<°8 (%) + 12a/7e**8 (%) o (T1b/kp) = XP8(%0) R /g%jb),

and the sum of the first two terms in (30) have the following UAE:

n(n+¢,_¢)e—ikpc08(¢'-¢) . Il(p,cb;cb')'\:eikp{e_ikp[1+C°S(¢'_¢)]F(- Brscoa LZ-Q +

. T T
eiz Qe_i4 1 }
| FFE R N ]
2V21kp cos 9—2—% V2rkp l-eig(‘b Salv,

Since the pole a = ao is away from the contour L2, the contribution to

w(p,903¢') from I2 (p,93¢") can be calculated by applying the standard saddle-

point method, with the result

™
eik"'i'z.' Q
ke 1-eR(tm=4")

I,(0,430") ™ - (32)

Upon adding (31) and (32) together, we obtain the needed UAE for the function
wip,9350"):

$or
'-
F(-V/2kpcos gzq:) 3+ -£ 4 1 ~

'—
2V2tkp cos L?i

Wi, d50") u o P reT R LEtcoB (s 1=0)]

3=
e 4 QsinQm

V21ko cosQ(¢-9¢') - cosQm

¥e

(31)
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If the pole ao lies near the contour L2, then the above reasoning can be
repeated with the contours L1 and L2 interchanged. It can be shown that
the final result is the same.

To find the UAE for the function w(p,$;-¢'), let us represent it in

the form:

-ik ' -i 2y-¢ '~
W(p,85-0") = n(n-¢'~p)e TPCOSETHO) | 0 oprgragyeThoCOS(2-0-0)
(33)
A Q f e—ikpcos(a—¢)
where I (p,¢3-9¢ = — . do
n ZNL l_eiQ(a+¢ )
n
In this case the pole o = -¢' appears near the contour L1 and another
pole a = 2¢-¢"' lies near the contour Lz. Therefore, now we employ the same

technique to the first and the third and to the second and the fourth terms

in (33), respectively, as was used to find (32). The result is

1%
- ' '
w(0583-6" JnelkP o ko [THcos (40 g e 0 ) 4 o4 b s
2V271kp cos 2
ik i
o M AT
Qe 4 iﬁ(;—ﬂ+¢') 5, ikp [1+cos (2y=d ¢)]F(— ZkDCOS.QL%%_ﬁg oo 0 34)
V27kp l-e
T ™
eiz 1 Qe—il& i

STt SR }.
2V21kp cos Zﬂ:%——i v27kp l-eig(n+¢ $)

*The sum of (33) and (34) yields the UAE for the total field u. It will be

rewritten in a compact form below. Let us first introduce the notations
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s = p; gt -ocos(¢=6"'); sl = —pcos(¢+4'); s 2 = —pcos(2y-6'=4).

In the context of ray optics, these quantities are the eiconals of the
diffracted, incident, and the two reflected waves, respectively. We also

introduce the functions ei, si

region and +1 in the shadow region of the respective fields. Next we

and E;* which are equal to -1 in the 1lit

use the notation

e e

2/ %

which is the first term of the asymptotic expansion of F(x), according to

Flx) = n(-%) 2 2@ .20 & 5,

Then the UAE for the total field u takes the form:

0% g (B Yela~s) ) = K(e /ele-ad) §1 F (1> nEF (Ler,) sl G5

where
i i 51 T 2 s
u = exp(is™), u = exp(is 1), ¥ = exp(is °) (36a)
d eikp+i% P i 1
u = - —— QsinQn{[cosQ(¢-¢"')=-cosQn] — * [cosQ(¢+d")=cosQr] ~}.
/oo o

d |
We note that the expression for the total field u contains u , given in

(36) which is the diffracted field & la Keller. This diffracted field is
non-uniform in nature as it is singular both at the shadow boundary and in

|
!
the neighborhood of p = 0. However, the total field given by (35) is uniform
at the shadow boundaries because the singularies in ?'s appearing in the :
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first three terms exactly cancel out the singularity in ud. However, such
a cancellation does not occur at p = 0. Hence the expression for u in (35)
is still non-uniform at the tip of the wedge; nonetheless, the uniform
nature is maintained at asymptotic distances away from the tip, i.e., for
kp large.

Finally, we point out that the expression in (35) is identical to the
one based on the Lee and Deschamps ansatz [6] which is a generalization of
tne uniform formula for the half-plane derived by Ahluwalia, Boersma and

Lewis [7].
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