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A new method for the analysis of the diffraction of a plane wave impinging on a perfectly conducting circular
cylinder in front of a generally reflecting surface is presented. The surface is characterized by its complex
reflection coefficient, enabling us to treat a wide class of reflecting surfaces. The presence of the surface is
taken into account by means of a suitable expansion of the reflected field in terms of cylindrical functions.
The method gives the solution of the scattering problem in both the near and the far field regardless of
the polarization state of the incident field. Numerical examples for dielectric interfaces are presented, and
comparisons are made with results presented in the literature. [0 1996 Optical Society of America

1. INTRODUCTION

Plane-wave scattering by a perfectly conducting circular
cylinder in an isotropic and homogeneous medium is a
classical problem, whose solution can be found in sev-
eral books of fundamental electromagnetism.’?> More-
over, the case of an arbitrary-cross-section cylinder has
been treated by numerical methods.3-7

If the cylinder is placed near a plane of discontinuity
for the electromagnetic constants, the scattering problem
assumes a more complicated form. If the surface of dis-
continuity is a perfectly conducting mirror, it is possible
to use image methods,®~!! and the problem is reduced to
that of several cylinders in a homogeneous medium.!2-14
The case of a conducting surface of finite extent has also
been treated.’®~!7 For the case in which the surface is
a dielectric interface or a real conducting substrate, so-
lutions have been presented for the far field'®1° and also
for noncylindrical objects.20~27

In the limit of very small (with respect to the wave-
length) radii, the cylinders reduce to wires and the
problem can be solved by use of effective-impedance
methods.?®?° For circular conducting cylinders of ar-
bitrary size in the presence of interfaces with arbitrary
reflection properties, the problem has not yet been solved
in a general and rigorous way.

The method presented here gives the determination
of the field diffracted by a perfectly conducting cylinder
placed near a plane surface with a given reflection coef-
ficient I', which is an arbitrary function of the incidence
angle, when the structure is illuminated by a plane wave.
The formulation allows us to treat both the far and the
near field for both TM and TE polarization and can be
applied also to interfaces between an isotropic and an
anisotropic medium, such as a thermonuclear plasma.3°

The study of this class of problems is useful in a
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wide variety of applications. For instance, we may recall
the propagation and diffraction of microwave beams by
arrays of scattering elements,?! the radar detection of
objects near the ground,'® the design of diffractive opti-
cal gratings,? and the study of quasi-optical launchers
of lower-hybrid plasma waves,®® for which a highly ac-
curate evaluation of the near field is necessary. These
techniques are of interest also for the study of surface
contamination in the semiconductor industry.3?

The theoretical analysis of the problem is presented in
Section 2, where procedures for the evaluation of the elec-
tromagnetic field are developed. In Section 3 some nu-
merical results regarding the case of a dielectric interface
are reported for the near-field distribution for both po-
larization states. Furthermore, comparisons are made
in some particular cases with different approaches for
the far-field patterns, with very good agreement. Pos-
sible extensions of the present theory are discussed in
Section 4.

2. THEORETICAL ANALYSIS

The method described here gives a rigorous analysis of
plane-wave scattering by a perfectly conducting circular
cylinder close to a nonideal mirror, i.e., a plane interface
characterized by an angle-dependent reflection coefficient.

To obtain the solution without any mirror, i.e., in an
isotropic and homogeneous medium, it is customary to
express the total field as the sum of two terms: the inci-
dent plane wave and a diffracted field. The latter can be
expanded in terms of cylindrical functions, which are de-
fined as the product of a Hankel function of the first kind
of integer order H(Y times a sinusoidal angular factor
exp(ind). The time dependence of the field is assumed
to be exp(—iwt), where w is the angular frequency. One
can determine the complex expansion coefficients by im-
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posing the electromagnetic boundary conditions on the
surface of the conducting cylinder.!

In the case of an ideal mirror the total field can be
expressed as the sum of the incident plane wave, a dif-
fracted field, and two further terms that are produced by
the reflection of the incident plane wave and the diffracted
wave, respectively. The last term will be denoted the
diffracted—reflected field. This is equivalent to the use
of the image method.®-11

Dealing with a nonideal mirror, we preserve the ideal-
mirror scheme, using the four terms just indicated. The
main difficulties arise from the diffracted—reflected field.
In fact, as we said above, the diffracted field is easily
expressed in terms of cylindrical outgoing waves, but the
reflection properties of a plane of discontinuity are known
only for plane incident waves.!

The key to solving this problem is the use of the ana-
lytical plane-wave spectrum of the cylindrical waves.?*
In this way we may characterize the surface by means
of only its plane-wave reflection coefficient, which can be
an arbitrary function of the generally complex wave vec-
tor. As a consequence, we can deal with rather general
interfaces, such as those with anisotropic media, multilay-
ered media, and lossy media. A quite similar approach
has been adopted with reference to spherical waves.?

In Fig. 1 the geometrical layout of the problem is
shown. The axis of the cylinder is parallel to the y axis
and is at a distance 4 from the interface. The structure
is assumed to be infinite along the y direction, so that
the problem is reduced to a two-dimensional form. The
wave vector of the incident field, ki, lies in the x—z plane.
The polarization is said to be TM (with respect to the axis
of the cylinder) or E when the electric field is directed
along the y axis, and TE or H when the magnetic field
is axially directed. ¢ is the angle between ki and the
x axis, and ¢ specifies the propagation direction of a typi-
cal plane wave building up the angular spectrum of the
field diffracted by the cylinder. For the sake of brevity
the following dimensionless notation is used: ¢ = kx,
{ = kz, and y = kh, where %k is the wave number. A
polar coordinate system (p, ), with p = kr, centered on
the cylinder axis has been introduced. In the following,
V (&, ¢) stands for the component of the electromagnetic
field parallel to the y axis; i.e., V = E, for TM polarization
and V = H, for TE polarization.

The incident field wave vector k’ is related to the angle
¢ through the following expressions:

kﬁ=ksinqo,
ki =k cos ¢, (1)

where the symbols L and || refer to the orthogonal and
the parallel components, respectively, of a vector with
respect to the interface. The presence of the interface
is described by the complex reflection coefficient I'(ny),
where n = k/k is the unit vector parallel to k.

According to the above-outlined procedure, the total
field is expressed as the superposition of the following
four fields:

e V,, field of the incident plane wave;
e V,, field due to the reflection of V; by the plane
surface;
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o V,, field diffracted by the cylinder;
e V,,, field due to the reflection of V,; by the plane
surface.

In applying the boundary conditions on the circular
cylinder it is useful to express the aforementioned fields
in terms of functions that have cylindrical symmetry,
centered on the axis of the cylinder itself. By use of the
expansion of a plane wave in terms of Bessel functions
Ji(x), the incident field V; may be expressed as

Vi(é, {) = Vo exp(in’ & + inj{)

=V, l; i' exp(—ile)di(plexp(ild).  (2)

The field V; is expressed as the sum of the following
cylindrical functions CW;, defined as

CWi(¢, §) = H,"(pexp(il9), (3)

with unknown coefficients c¢;; of course, the (¢, {) depen-
dence is implicit in p and 4. Hence we have

Vale, 0= Vo S i expl-ilg)eiCWilé, £), (@)

where the term i’ exp(—il¢) has been added to make the
comparison with Eq. (2) easier. The reflected field V, is
given by

Vi€, ) = Vol (njexp(in’, 2x — in’ & + inj{)
- vor(nﬁ)exp(inizx)l:z_ iy ( p)explil(® — ¢)],

(%)

where ¢’ = m — ¢ denotes the angle of propagation of the
reflected wave.
As discussed in Appendix A, the V. field is given by

Var(é, 0) = Va@2x — &, 0) = T(Q), (6

where the asterisk denotes convolution with respect to

Fig. 1. Geometry of the problem and notation used throughout
the paper.
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the ¢ variable, and I'(¢) represents the inverse Fourier
transform of the reflection coefficient; i.e.,

0= 5 [ Towexplmodn. ™

Then, recalling Eqgs. (4) and (6), we have

Varé, )= Va 5 il expl-ile)eiCWil2y ~ & ¢) * Q)

+o0
=V l; i' exp(—il@)e,RWi(2x — €, 0),  (8)

where the functions RW;(&, &) = CW, (¢, ¢) * T'(0) take on
an explicit form if we introduce the angular spectrum of
cylindrical functions with respect to the variable /. Such
a spectrum, denoted by F;(¢, ny), is related to the CW;
functions by

CWie, O = 5 [ File, miexplmddm. (@)

With use of this equation, the RW;(¢, ¢) functions become

RWi(e, 0= 5 [ TewFi(é, mexplim)dny. (10)

The explicit expression of the functions F;(¢, n)) is given
in Ref. 34 and after some algebra can be rewritten,
for both homogeneous and evanescent waves, as (see
Appendix B)

2 exp(in, &)

Fi(é, ) = .

exp(—il arccos n)), (11)

where n; =4/1 — nﬁ and the function arccos is meant to
be defined over the whole real axis.

From Eqgs. (8) and (10), taking into account that a shift
in the ¢ variable corresponds to a multiplication by an
exponential factor [see Eq. (11)], we have the following
expression:

< . . 1 ([
Varle, 0= Vo 3 it expl-ilglerg- [ TeFizy, m)

p——

X exp(—in, & + in{)dn . (12)

By expressing the plane wave in the integral in Eq. (12)
through a series as in Eq. (2), we have

+o0 +oo

Vi€, 0 =Vy D il exp(—ilg)e; Y. i"Ju(p)

p— m=—w

X exp[im(® — )]

1 te
= f T(u)Fy(2x, np)dny, (13)
ar —o
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where (see Fig. 1) ' = 7 — ¢, the angle ¢ being defined
as ¢ = arcsin n. Rearranging Eq. (13), we have

Vdr(f, g)

=Vy D i' exp(~ile)e; D i"Im(p)(~1)" exp(imd)

l=—» m=—x

1 tee 2 in, 2
X — f l"(n”)iexr)(”u X) exp(—il arccos ny)
27 ) n,

X exp(im arcsin n))dn

+oo 4o
=V, > i exp(=ile)e; Y. In(plexp(imd)

p— m=—w

y % f_:w F(n||)2 exp’(liLnLZ,\/)
X exp[—i(l + m)arccos njldny, (14)
where the trigonometric relation
exp(im arcsin n|) = i™ exp(—im arccos n)) (15)

is used. Thus we obtain

Vi€, ) = Vo D il exp(—ile)e; Y. I plexpimd)

p— m=—c

1 e
X 5 f C(n)Frm 2y, nydny
o —

+ +o
=V, > i exp(=ile)er D Julp)

l=— m=-x

X exp(im®)RW;4,,(2x, 0). (16)

Once the expressions of all fields in the frame centered
on the cylinder axis are given, we have to impose the
boundary conditions on the surface of the cylinder, namely

[Vi+ V. + Vi + Vylpmta =0 for TM polarization,
[Vi+ V. +Vy+ Vgl 1o =0 for TE polarization,

17)

where the prime denotes derivation with respect to the
variable p. By using Eqgs. (2), (4), (5), (16), and (17), after
some algebra we obtain the following linear system for
the unknown coefficients c;:

+o
Z Amlcl = bm ) (18)

p——
where
A, = exp(—ilg)[8pm + i "G (ka)RWii(2x, 0)], (19)
bn, = —G(ka)exp(—ime) + F(nﬁ)exp(iQni/\/)
X exp[—im(7m — @)1}, (20)

and the symbol §,,; denotes the Kronecker delta. The
function G,,, which contains the information regarding
the boundary conditions, is defined as follows:
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;I]ﬁ)( ZC)) for TM polarization
m \X
Gnl®) =1 g1 () @1)
(Wf), for TE polarization
Hn (x)

It is useful to note that, if I' is constant with respect to
ny, the integral in Eq. (16) can be performed analytically
and the V. field reduces to the field diffracted by an
image cylinder, placed in ¢ = 2y, under the action of V,
as the incident field. Moreover if I' = 0, i.e., in absence
of the interface, Egs. (5) and (6) show that V, = 0 and
Va4 = 0, so that linear system (18) yields the classical
solution for scattering in an isotropic and homogeneous
medium.!

Once system (18) has been solved, it is possible to evalu-
ate the electric (magnetic) field for TM (TE) polarization
by means of Eqgs. (2), (4), (56), and (16). For complete in-
formation on the electromagnetic field to be obtained, the
magnetic (electric) field for TM (TE) polarization remains
to be evaluated.

From Maxwell’s equations we obtain

E=-VXxH,
wE
H=---VXE. (22)
ou

By using dimensionless coordinates, we have
V==FV, (23)

where the symbol V denotes the gradient with respect to
the dimensionless coordinates. By substituting Eq. (23)
into Eq. (22), we obtain

E(p) = 15 ¥ x H(p) = i29 x H(p),

H(p)?;—ivxmp):iizvxmp), (24)

where Z = \/u/e.
Regardless of the polarization state of the incident field,

one has to evaluate the curl of V (£, ¢)§, where the symbol
" denotes a unit vector, i.e.,

VXV QY =, V(E DR+, V(E Dz (25)
Thus we can write, for TM polarization,

E(¢, )=V, Dy,
1

H(E, 0) = = 0V D% + 55 0V (6, 02, (26)

and, for TE polarization,

E(, ) =—-iZo V(¢ O +iZoV (€, Oz,

H(¢, ) =V, 0Oy . (27)
As a consequence, to evaluate the total field, one has to
use the partial derivatives of V (£, {), and in particular
the partial derivatives of CW;(&, ¢) and RW,(&, () [see

Eqgs. (4) and (8)]. The detailed analysis, carried out in
Appendix C, yields
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3:CWi (¢, {) =R[CW,1(¢, §) — CWia(€, O], (28)
3, CW (¢, &) = "H[CW,_1 (¢, &) + CWia(é, O], (29)
IeRW (¢, {) = Vo[ RW;_1(¢, {) — RWiha(é, )], (30)
I RWi(&, {) = 1H[RW—1(¢, {) + RWia(é, O] (8D

Through the knowledge of these functions, the evalu-
ation of the transverse component of the electromagnetic
field may be carried out in a straightforward way.

Once system (18) has been solved, it is possible to
evaluate the total electromagnetic field for both polar-
ization states, through only the knowledge of the scalar
function V (£, ¢). In particular, the total diffracted field
Vit =V, + Vg, is given by

+oo

Vi, ) = Vol: > GCWi(¢, O + lg G RW;(2x — €, f):|

=—o0

=Vo 3 alCWi(E, O) + BWi2x — £, 0, (32)

where, for the sake of simplicity, we put & = i

exp(—ile)c;. The diffracted field in the far zone is eas-
ily calculated by use of the asymptotic expansion of the
Hankel function?®®:

HY(p) =+—2i/mpi ! explip). (33)

In fact, for the CW;, we obtain the following far-field
expression:

CWi(€, &) =+—2i/mpi~" exp(ip + il9), (34)
of which the coordinates (p, ) are shown in Fig. 2.

With respect to the functions RW;, the following expres-
sion is obtainable3637;

RWi (&, ) =1/ —2i/mp T'(sin )i " exp(ip + il9), (35)

corresponding to the well-known interpretation of the far
field by means of plane waves. Therefore

RW,2x — &, ) =+/—2i/mp [(sin 9)i "' exp(ip + ilD),
(36)

where (7, U) are also shown in Fig. 2.

Fig. 2. Notation used in Section 2.



Borghi et al.

To compute the far field, we can substitute from re-
lations (34) and (36) into Eq. (32), making the following
approximations:

|‘a||»—l

1
p
= q —

7,
exp(ip) = exp(—2iy cos ¥)exp(ip). (37)

After some algebra we finally obtain the far-field expres-
sion of the total diffracted field:

VIHE, O) = Voo/—2i/mp exp(ip)l p2 il¢

X [exp(il®) + (—1)'T'(sin &)
X exp(—2iy cos ?)exp(—ild)]. (38)

The far-field pattern can be thought of as the angular
part of relation (38); i.e.,

g(¥) = +Zx i~'éi[exp(il®) + (—1)'T(sin )
p—
X exp(—2iy cos ¥)exp(—ild)]. (39)

In the particular case of a thin wire above a plane
interface, Eq. (39) reduces to the result given in Ref. 38
for TM polarization, since only the Hankel function of zero
order is significant. On the other hand, in the TE case,
as is well known, the first higher-order terms (I = 1) must
be taken into account, even for a thin wire.!

3. NUMERICAL RESULTS

Although no approximations have been introduced in the
theoretical basis of this method, when one is dealing with
numerical procedures it is necessary to truncate the series
in Eq. (18) to a finite number 2N + 1; ie.,

+N
S Ayc=b, (m=-N,...,N). (40)
I=-N

With respect to the convergence of Eq. (40), a suggested
criterion® based on the properties of the Hankel functions
sets N = ka. Elsherbeni'® and Ragheb and Hamid'? sug-
gest N = 3ka. To verify the validity of these conditions
we performed various numerical tests. As an example,
in Fig. 3 we show the behavior of the modulus of the ex-
pansion coefficients ¢; in Eq. (40) for the case of an ideal
mirror, for (a) TM and (b) TE polarizations and different
values of the truncation index (N = 1, 3,9, 15). The
other parameters are ka = 3, kh = 4, ¢ = 0°. As is
clearly shown, in both cases the choice N = 3ka seems to
be a reasonable compromise between accuracy and com-
putational heaviness.

The second approximation is related to the numerical
evaluation of the RW; functions. Indeed, since in many
practical cases, such as dielectric or vacuum-plasma
interfaces,?® the expression of the reflection coefficient
I'(n)) does not allow an analytic evaluation of the inte-
grals in Eq. (10), they must be solved numerically. The
evaluation of these integrals has previously been carried
out with the use of Gaussian integration techniques.?®
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The divergences for |nj| = 1 were removed by a suitable
change of the integration variable. The results obtained
in this way are quite satisfactory, as we shall see in the
following.

A. Near Field

In Fig. 4 we show two-dimensional (2-D) plots of the
modulus of the total electric field E;,; on the x—z plane,
when the reflecting surface (bottom of each plot) is the
interface between the vacuum and an isotropic dielec-
tric medium, and the incident plane wave impinges on
it normally (¢ = 0°) from above. On the right-hand side
of the figure, schematic drawings of the geometrical ar-
rangement are sketched. The values of the field are codi-
fied through a gray scale ranging from black (E; = 0)
to white (maximum of E;y). The plots refer to different
choices of the radius of the cylinder [ka = 7, Figs. 4(a)
and 4(b); ka = 7/10, Figs. 4(c) and 4(d)], of the cylinder—
interface distance [kh = 37, Figs. 4(a) and 4(c); kh =
77/2, Figs. 4(b) and 4(d)], and of the refractive index of
the dielectric medium (n = 1.1, 2, 50). The incident wave
is TM polarized, so that the E;.; vector is parallel to the
surface of the cylinder and vanishes there.

We chose the two distances in such a way that the cylin-
der axis is located in correspondence to antinodal (kh =
77/2) and nodal (kh = 37) positions of the standing-wave
pattern produced by the incident wave impinging on a per-
fect mirror. We did this to highlight the different pertur-
bations induced by the position of the cylinder.

The three values of the refractive index correspond to
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Fig. 3. Behavior of the modulus of expansion coefficients ¢; for
a dielectric interface (n = 50), for (a) TM and (b) TE polarization
and different values of the truncation index (N = 1, 3,9, 15).
The other parameters are ka = 3, kh =4, ¢ = 0°.
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(a) ka = 7, kh = 37; n = 1.1, 2, 50; (b) ka = 7, kh = 3.57;
On the right-hand side, schematic

drawings of the geometrical arrangement are sketched. The arrows indicate the direction of the incident plane wave.

a weak (n = 1.1), an appreciable (n = 2), and a strong
(n = 50) reflection. The first and the third case may be
useful in a comparison with the results for the cases of the
absence of any interface and of the presence of an ideal
mirror, respectively.!

Figure 5 shows 2-D plots of the moduli of the total elec-
tric [Fig. 5(a)] and magnetic [Fig. 5(b)] fields when the
cylinder is illuminated by a plane TE-polarized wave that

propagates normally to the vacuum—dielectric interface.
On the right-hand side of the figure is a schematic draw-
ing of the geometrical arrangement. The radius of the
cylinder is ka = 7/2, the refractive index is n = 2, and
the cylinder—interface distance is kA = 37. The evalu-
ation of the electric field for TE polarization, carried out
by means of Eq. (27), is an important task, especially in
some applications.?®
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B. Far Field different ¢ and refractive index values have been consid-
As highlighted in Section 2, once the expansion coeffi- ered (¢ = 0°, 30°; n = 1.1, 2, 50).

cients ¢; are known, the present method leads to the With a suitable choice of the parameters, the predic-
evaluation of the far field in a simple way by means of tions of our procedure can be compared directly with the
relation (38). As an example, in Fig. 6 we show the scat- results obtained by other authors for particular cases.
tering cross sections' when the reflecting surface is the For example, in Ref. 15 the scattering of a Gaussian beam
interface between vacuum and a lossless dielectric, for TM by a perfectly conducting cylinder placed onto a finite
(dashed curves) and TE (solid curves) polarizations. Al- conducting plane is carried out. The authors used the
though ka = 7 and kh = 27 are kept fixed in all figures, extinction theorem*’ for the evaluation of the far-field

’ —
\

2

.

e
—
—
-
-

-

@ a (b)

Fig. 5. 2-D plot of the modulus of the (a) H and (b) E fields for TE polarization: ka = 7/2, kh = 37, n = 2. On the right-hand side,
a schematic drawing of the geometrical arrangement is sketched. The arrow indicates the direction of the incident plane wave.
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Fig. 6. Semilogarithmic plots (a.u.) of the scattering cross section og as a function of the scattering angle ¥ for the case of a dielectric
interface: ka = m, kh = 27, ¢ = 0°, 30°, and n = 1.1, 2, 50, for TE (solid curves) and TM (dashed curves) polarization.



490 J. Opt. Soc. Am. A/Vol. 13, No. 3/March 1996

— i
-90 -60 -30 0 30 60 90

Fig. 7. Semilogarithmic plot (a.u.) of the scattering cross section
os as a function of the scattering angle ¥ for an ideal mirror:
ka = kh =4, ¢ = 0°, for TE (solid curve) and TM (dashed curve)
polarization.

Fig. 8. Semilogarithmic plot (a.u.) of the scattering cross section
ogs as a function of the scattering angle 9 for a dielectric lossy
medium and TM polarization: n = /4.0 + :10.18, kh = 20.94,
¢ = 20°, ka = 4.19 (solid curve), ka = 10.47 (dashed curve).

pattern. Our results are in perfect agreement with the
ones reported in that reference when the spot size of the
incident Gaussian beam is much larger than the cylinder
size. As an example, in Fig. 7 we show the scattering
cross section og as a function of the scattering angle 9
when ka = kh = 4 and ¢ = 0°, in both TM (dashed curve)
and TE (solid curve) polarization. These curves can be
compared with those in Fig. 10 of Ref. 15. The results
are identical except for the presence, in the latter case, of
a central peak that is due to the reflection of the incident
Gaussian beam by the surface (V,), which is not reported
in our figures.

Cottis and Kanellopoulos!® studied the scattering of a
TM-polarized plane wave by a perfectly conducting cylin-
der near a lossy dielectric interface, by using an integral
equation technique for the evaluation of the current dis-
tribution on the surface of the cylinder. The results ob-
tained with our method, when kA = 20.94, ka = 4.19 (solid
curve), ka = 10.47 (dashed curve), n = v/4.0 + {0.18, are
reported in Fig. 8, which can be compared with Fig. 2 of
Ref. 18, for which the same parameters have been used.
There is a good qualitative agreement, although the two
figures show some differences.
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4. CONCLUSIONS

The method presented here gives the solution of plane-
wave scattering by a circular, perfectly conducting cylin-
der of arbitrary radius at a given distance from an
arbitrary plane interface. Both the near and the far
fields can be accurately determined.

The method seems to be simple and general and can
be applied to any plane surfaces, such as dielectric inter-
faces, multilayered structures, and anisotropic and lossy
media. A further attractive feature is that both polar-
ization states can be treated with essentially the same
procedure.

The problem of scattering by an array of arbitrarily
placed circular cylinders (either conducting or dielectric)
with parallel axes has been treated by several authors us-
ing different techniques'®!* for a homogeneous medium.
Our method may be generalized to treat such a problem
in the presence of a plane interface. Therefore it should
prove useful in a variety of practical applications, both in
optics and in microwaves.

Furthermore, by means of a suitable plane-wave decom-
position, our method can be extended to more complicated
incident fields, such as Gaussian beams.

APPENDIX A

Let us consider a general field distribution V;(¢, ¢) (with
¢ < 0) impinging on a surface coinciding with the & = y
plane and characterized by the reflection coefficient I'(r)).
Our aim is to study the field reflected by the surface. By
means of a plane-wave expansion of the field V;(£, ¢) on
the ¢ = 0 plane, we get

1 A .
Vi0, 0= 5o [ A0, mexpmdny,  (AD

where the function A;(¢, n)) is the angular spectrum of
the field in a plane ¢ = constant.

The field on the surface ¢ = y can be expressed in terms
of A;(0, nj)by consideration of the propagation features of
the angular spectrum; i.e.,

1 [* .
Vilx, 0) = o f_x A;(x, nyp)exp(ing{)dmny

1 +e ) .
= % f A0, nll)exp(lnLX + m”{)dn”. (A2)

The angular spectrum of the reflected field can be sim-
ply expressed by means of the definition of the reflection
coefficient; i.e.,

A (x, n) = Ai(x, npI'(ny) = A;(0, nyexp@En. ) (ny).

(A3)
Thus we have
1 +oo
V.x, )= 2— f A (x, n||)eXp(in||§)dn”

T )
1 +oo

=5 f_ A0, )T (n))exp(in, y + inyd)dny .

(A4)
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The reflected field on a plane ¢ = constant < y is

Ve, 0= 5o [ A0, mTmexplin,x)

X explin, (y — &) + iny{ldmy (A5)
1 tee

=5, . A;(0, np)I'(ny)
X explin, (2y — £) + iny{ldny, (A6)

where the backward propagation of the reflected plane
waves has been taken into account. Now Eq. (A5) can
be written, using the convolution theorem for Fourier
transform, as

V(& 0 =Vi@2x — & )= TQ), (A7)

where the asterisk denotes convolution with respect to
the ¢ variable and I'({) is the inverse Fourier transform
of the reflection coefficient; i.e.,

A 1 +e .
I =5 f_x I(nyexp(ing{)dny . (A8)

Equation (A7), applied to the fields V; and V., coincides
with Eq. (6) of Section 2.

APPENDIX B

Starting from Eq. (11) of Ref. 34, and referring to Fig. 1
of the same reference, we have

Hi(plexplila) = [ Fin, plexpiprds,  BD

where in this case the prime is used to distinguish the
old notation from the present one. The two sets of func-
tions are different because a new frame of reference is now
employed. Explicit expression of the above-mentioned F;
functions is given in Eq. (12) of Ref. 34. Our purpose is
to obtain the expression of the F; functions used through-
out the paper, which are defined as

. 1 [ .
Hi( p)exp(il®) = 5— f_x Fi(&, nyexp(in){)dny . (B2)

To this end, it is necessary to change the frame of refer-
ence. This requires the following substitutions:

C(—’7T/2_’l9, f_)gy 77_’5, B_)n“' (B3)

After the substitutions we obtain

ile(p)eXp(—ilﬂ)=[_m Fj(¢, nyexp(in){)dny. (B4)

By changing [ to —/ and using the well-known property
H_(p) = (-1)'H;(p), we have

Vol. 13, No. 3/March 1996/J. Opt. Soc. Am. A 491

+oo
D H pexp(ild) = [ FE, miexplimdn,
(B5)
and therefore

+

Hi(p)explil9) = f (=i} F' (€, nmpexpliny)dny . (B6)

—o0

By comparing Eq. (B2) with Eq. (B6), we obtain the fol-
lowing expression:

Fi(¢, ny) = 27(—=)'F, (&, my). B7

By recalling Eq. (12) of Ref. 34 we finally obtain

-

2 exp(ff nﬁ - 1)
iw/nﬁ -1

2 exp(if 1- nﬁ — il arccos n

\/1 - nj

2 exp<—g nj — 1)

iynd —1

(-1

()

for nj € (=, —1)

Fi(&, ny) = 4
forn, € (-1, 1)

(Vo T+ m)

for n € (1, +x)
(B8)

Taking into account the algebraic relation

(—1)l(w/nﬁ -1- n||>_ = (w/nﬁ -1+ n||>l, (B9)

we can rewrite Eq. (B8) as

l

2 exp<i§ 1- nﬁ
,ll—nﬁ

where g;(n)) is defined as

gilny) = (Vnﬁ Sl n”)

exp(—1il arccos ny)

Fi(¢,ny) = gi(ny), (B10)

l

for |n||| =1

In particular, Egs. (B11) can be formally rewritten in a
compact form by use of the definition of the arccos function
in the complex domain.*! Finally, after some algebra, we
can write

2 exp (ifﬁl - nﬁ — il arccos nH)
\V1-— nﬁ

for nj € (—, +x), (B12)

Fi(¢,ny) =

which coincides with Eq. (11) of Section 2.
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APPENDIX C
We start from the definition of the function RW,,(&, {):

RWae, )= 5 [ TonFat, mexplimoidny.
1

In particular, for the case I'(n) = 1, we have RW,,(¢, {) =
CW,.(&, ). Byrecalling Eq. (11), we obtain from Eq. (C1)

N e e

n,

X exp[—i(m + 1)arccos njlexp(i{ny)dny

1 +o0
o [fw L(n))Fn(¢, ny)exp(—i arccos n))

X exp(iny{)dny . (C2)
We take into account the trigonometric relation

exp(—i arccos nj) = cos(arccos n|) — i sin(arccos ny)

=n| - ini 5 (CS)
and Eq. (C2) becomes

RW m+1(§’ g)
= —1 f+x F(n )F (f n )(n —in )ex (ln g“)dn
2 . ) m\s, 1| Il 1 P II Il

1 e
or [ mTEFaE, mpexpin )

1 re .
~ o in, U'(n))F,(&, n)exp(in{)dn
o —x

= —i19RWn(&, §) — 9:RWn(¢, 0). (Ce)

Proceeding in the same way for RW,,_1, we get the follow-
ing linear system:

RWerl(f, g) = _lafRWm(fa g) - 8§RWWL(§7 5)7
RWm—l(g’ Z) = 7la{RWm(§’ g) + afRWm(é:’ 5)7 (05)

and, by inversion, finally we obtain

3eRW,u (€, &) = VA RWy—1(€, §) — RWyia(€, )], (C6)
3 RWy (€, §) = [RW,,1(€, &) + RWyia (€, O] (CT)

Equations (C6) and (C7) coincide with Eqgs. (30) and (31),
respectively. Equations (28) and (29) can be simply de-
rived by replacement of RW with CW in Egs. (C6) and
(C7), respectively.
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