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Plasma waves can be used to create efficient and small-sized electron accelerators. Despite the already
demonstrated success in reaching GeV-scale energy gain in the motion of electrons, laser-induced
wakefields still suffer from the transverse spreading and the loss of synchronization with the accelerating
particles. In this work, to tackle these problems, we propose using a two-wavelength structured laser beam
with a designed angular dispersion and adjustable group velocity in free space to efficiently excite a
nondiverging plasma wave. This approach allows one to generate an electron bunch with low transverse
spread and reach high average acceleration gradients.
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I. INTRODUCTION

Since the very beginning of laser-plasma interaction
research, plasma waves have been of significant scientific
and technological importance. They could open new
possibilities for fusion as a heating mechanism [1,2],
serve as an electron density probe [3], and even act as an
efficient all-optical modulator for intense laser radiation
[4]. However, the most prominent current technology
based on the plasma-wave excitation (also coined as
plasma wakefield excitation) is the laser-driven particle
acceleration [5–14].
There are several pathways for generating plasma

waves [3,5,15–18], and the laser wakefield acceleration
(LWFA) is probably the most promising of them for
modern applications. The LWFA mechanism is based on
the excitation of a plasma wave by an intense and very
short laser pulse (ideally with the duration τL < λp=c, where
λp is the plasma wavelength). The requirement of a high
optical power is a current challenge of the LWFA schemes.
An additional issue to consider is the low wall-plug effi-
ciency of the modern ultrashort-pulse laser systems [19].
However, there are several methods that do not require fs-
length pulses for plasma-wave excitation [20–22]. One of
them, which serves as a basis for this work, is the plasma
beat-wave acceleration (PBWA) [23,24]. The excitation in
this case is resonant and provided by copropagating laser
pulses with different central frequencies ω1 andω2 such that

ω2 − ω1 approximately matches the plasma frequency ωp.
Being resonant, the method allows using lower laser
powers. Since the plasma oscillation is formed by the
ponderomotive force of the beating laser pulses, there is
no need to make the pulse duration short. While the creation
of such a pulsed two-frequency beam is a challenging task,
some laser systems exhibiting this property have already
been demonstrated and used for scientific purposes, espe-
cially in femtosecond pump-probe experiments [25,26].
The most notorious issue of the PBWA scheme is a loss
of the resonance between the laser drive and the plasma
wave. The problem, however, can be at least partially solved
by choosing an optimal frequency mismatch [27] or using
certain pulse-chirping schemes [28,29].
In practice, all plasma-wave excitation and acceleration

mechanisms using high-intensity (focused) light pulses share
the same diffraction and dephasing problems. Focused laser
beams inevitably spread, which limits the light-plasma
interaction length to a few Rayleigh ranges. The diffraction
problem can be solved with the help of relativistic self-
focusing [30] or an opticalwaveguide [31,32]. For instance, a
meter-scale laser-generated plasma channel has been dem-
onstrated to guide high-intensity laser light [31]. Recently,
using these all-optical plasmawaveguide structures, efficient
electron acceleration, up to a GeV level energy, has been
achieved [32].
The other issue, the dephasing, is caused by a mismatch

between the electron and wakefield velocities. For the
acceleration to be efficient, the electrons must “ride” the
wake as a surfer rides the water wave. However, the real
outcome is that they outrun the wake after propagating over
the so-called dephasing length L3D

d ¼ 4ω2
0

ffiffiffiffiffi
a0

p
=3ω2

pkp [9],
where ω0 is the central angular frequency of the laser
beam and kp is the plasma wave number. To make the
intensity peaks accelerate together with the electrons, the
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conventional LWFA scheme was combined with a spatio-
temporal shaping of the laser pulse [33]. A similar approach
was reported in [34], where quasi-Bessel beams with
designed spatiotemporal profiles were successfully utilized
to unlock the dephasing-free regime with a more than
tenfold increase in the electron beam energy gain.
The goal of this paper is to show that a pulsed Bessel-

Gauss beam that exhibits the wave beating phenomenon is
capable to drive essentially nondiverging high-amplitude
plasma waves with adjustable speed. This can not only
eliminate the need for the creation and control of plasma
waveguide structures but also allow monitoring of the
possible velocity mismatch between the electrons and the
wakefield without any specific optical equipment.

II. THE APPROACH

As illustrated in Fig. 1(a), our wakefield generation
approach relies on a two-color optical field, with
angular frequencies ω1 and ω2 significantly exceeding
ωp, focused into an underdense plasma by an axicon. The
ponderomotive force of the beating light resonantly drives
plasma waves that propagate with a phase velocity
approximately equal to the group velocity of the driving
light. To the first order, the speed of the plasma wave is
v ≈ cð1 − ω2

p=2ω1ω2Þ, where c is the speed of light in
vacuum. Thus, in the case of a plane-wave excitation, the

velocity of the wave is always slightly below the speed
of light in vacuum. However, the group velocity and
even acceleration of a two-color Bessel beam can be
adjusted [35,36], which provides the possibility to control
the speed mismatch between the axial optical and plasma
waves. The group velocity in such a Bessel beam is
determined by the propagation angles θ1 and θ2 of the
plane-wave components of the beam at the two frequen-
cies, ω1 and ω2, respectively (see Fig. 1). It is given
by [35,36].

vg=cp ¼
ω2 − ω1

ω2 cos θ2 − ω1 cos θ1
; ð1Þ

where cp ¼ c=np ¼ c=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ω2

p=ω1ω2

q
is the phase veloc-

ity of light in the plasma. The group velocity can be higher
than cp (superluminal), lower than cp (subluminal), or
even negative, also in free space [35,36].
For an ordinary transmissive axicon, the angles θ1

and θ2 are determined by the dispersion of the axicon
material that, for the application proposed here, must have
a high optical damage threshold. It is also possible to
design a diffractive axicon or a meta-axicon that provides
prescribed angles θ1 and θ2 for prescribed wavelengths λ1
and λ2 (see, e.g., [37,38]). When dealing with high optical
powers (> 1014 W=cm2), reflective axicons (either smooth
conical or flat diffractive mirrors) would be preferable. For
a reflective diffractive axicon, we normally have θ1 > θ2
for λ1 > λ2, which is required to obtain a luminal or a
superluminal group velocity. In addition, two Bessel
beams with different wavelengths can be created sepa-
rately and combined into a single double-wavelength
beam. We also point out that a Bessel beam can be created
without an axicon by Fourier transforming a ring-shaped
intensity profile using a lens.
Using a 1D analysis presented in [15] for the wake

excitation by a beating optical wave in a cold homo-
geneous plasma, one can obtain the amplitude growth rate
of the plasma wave as γ ¼ a1a2Δkc2=4ωp, with a1;2 ¼
eE1;2=mecω1;2 being a peak amplitude of the normalized
dimensionless vector potential in a gauge with the scalar
potential equal to zero [18], and Δk ¼ 1

c ðω2 cos θ2 −
ω1 cos θ1Þ. Obviously, the amplitude increases proportion-
ally to Δk. The calculated dependence of the plasma-wave
amplitude on angles θ1 and θ2 is presented in Fig. 1(b) (see
the Appendix for the 1D analysis details).
The 1D analysis suggests that the plasma wave ampli-

tude can be increased by adjusting the angles of the beam
plane-wave components. Therefore, to obtain a more
realistic picture, we performed particle-in-cell simulations
using a 3D massively parallel code EPOCH [39]. The
excitation beam is assumed to be linearly polarized and
propagating in the positive x direction. As a target, we used
a fully ionized cold electron plasma with a uniform density

FIG. 1. Plasma wave excited by a beating Bessel-Gauss beam.
(a) Schematic of the approach. Here, a two-color optical beam
is converted by an axicon to a nondiverging beam to excite
the plasma wakefield; θ1 and θ2 are the deflection angles of the
components with frequencies ω1 and ω2, respectively, at the
axicon. (b) The angular distribution of the plasma wave ampli-
tude (A) obtained from an approximate 1D analysis. The results
of the 3D particle-in-cell simulations: (c) the longitudinal
electric-field distribution of the excited plasma wave in the xy-
plane crossing the beam center and (d) the distribution of the field
in the yz-plane in the middle of the Bessel-Gauss beam. The
curves at the bottom of (c) and (d) are the field profiles at y ¼ 0.
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of n0 ¼ 4.5 × 1019 cm−3. To satisfy the resonance con-
dition for the wakefield excitation at this density, we
selected the wavelengths of the beam components as
λ1 ¼ 1 μm and λ2 ¼ 0.833 μm. In the simulations, we
used a realistic Bessel-Gauss beam instead of an infinitely
wide Bessel beam. The Gaussian envelope was taken in the
form exp ð−r2=w2Þ, where w ¼ 15 μm. The Bessel-Gauss
beam is obtained by adding the radially varying phase
ϕðrÞ ¼ 2πr sin θi=λi to each component i of the Gaussian
beam [40]. The considered interaction length of the beam
with the plasma (along x) was taken to be 50 μm. The beam
was assumed to be pulsed, with the pulse duration of 100 fs
and the intensities of 5 × 1015 W=cm2 for each frequency
component. The pulse duration is chosen rather arbitrarily,
to make the simulation time reasonably short and simulta-
neously have the parameter values achievable in an experi-
ment. All other parameters and simulation details are listed
in Table I.
To start with, we consider the case of θ1 ¼ θ2 ¼ 15°. In

Fig. 1, subfigures (c) and (d) present the longitudinal and
transverse profiles of the electric-field component Ex of
the plasma wave at a fixed instant of time. The plasma
wave follows the profile of the Bessel-Gauss beam and
does not diverge. If a Gaussian beam of the same waist
radius was used, its diameter would increase to ca. 15 μm
upon propagation over a distance of 50 μm, and the peak
power would drop by more than 50 times. Hence, if a
focused laser beam is to be used, a Bessel-Gauss beam
could be a better option, allowing the laser spot size to be
small and the intensity to be high within a large propa-
gation distance. This, however, requires the total power of
the beam to be increased. In the case considered here, the
maximum total power of the Bessel-Gauss beam is larger
than that of the corresponding Gaussian beam by a factor
of 2. This factor would be equal to about 10 if the
Gaussian envelope of the Bessel-Gauss beam had a radius
of 1 mm.

III. TRADE-OFF BETWEEN THE BEAT-WAVE
AND PLASMA-WAVE VELOCITIES

To obtain information about the dependence of the
plasma-wave excitation efficiency on both angles θ1 and
θ2 of the beam components, we calculate Ex for several sets
of the angles [see the crosses in Fig. 2(a)]. The data were
then interpolated, resulting in a smooth distribution of Ex
in the upper plot of Fig. 2(a). The distribution is not
symmetric, suggesting that the optimal values of θ1 and θ2
can be different, i.e., θ1 ≠ θ2. The lower plot in Fig. 3(a)
shows the distribution of the group velocity in the same
angular range, calculated using Eq. (1). We recall that the
on-axis group velocity of a beam can be higher than the
speed of light in vacuum [35,36]. It can be seen that Ex is
maximized when the on-axis group velocity of the beam is
close to the plasma-wave velocity, which is v ≈ 0.98 c for
the electron density used here. This happens when
θ1 ≈ 1.1θ2. If this condition is not fulfilled, a dephasing
of the laser and plasma waves occurs, and a further increase
in Ex becomes impossible.
Let us next increase the light intensity and analyze the

electron density perturbation along with the kinetic
energy of the electrons, E. We calculate the energy density
distributions of the accelerated electrons, En, for a sublu-
minal group velocity of the driver beam [vg=c≈ 0.91,
Figs. 2(b)–2(d)] and for the case of vg=c≈1 [see
Figs. 3(e)–(g)]. The peak intensity of each frequency
component I1;20 is increased from 1016 W=cm2 to
1017 W=cm2 in both simulation sets. The wave-breaking
limit of the electric field of the plasma wave [18],
Ewb≈96

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0ðcm−3Þ

p
≈600GV=m, was reached already at

5 × 1016 W=cm2 (the corresponding peak vector potentials
in the Bessel-Gauss beam are a1 ¼ a2 > 1 at this intensity
value). At this point, the self-injected electrons are “blown
out” from the cavitation area.
The electron density perturbation is larger for the

subluminal regime [Figs. 2(b)–(d)]. As a result, the elec-
trons are accelerated with a pronounced transverse spread.
As described in [41], this propagation regime results in
unwanted injection and trapping of the particles, reducing
the acceleration field and increasing the divergence of the
electron bunch. For vg=c ≈ 1, the energy gain is consid-
erably higher and the electron spread is low [see Fig. 2(e)–
(g); note that the energy density distributions are plotted in
a logarithmic scale]. Thereby, the PBWA scheme based on
the designed angular dispersion helps to control the
characteristics of the accelerated electrons.
To look into more details on the mismatch between the

laser field and the plasma wave, we have studied the time-
resolved evolution of the plasma density peak for the cases
of luminal, subluminal, and superluminal propagation
regimes of the light field. Figures 3(a)–3(c) illustrate the
temporal evolution of the density perturbation overlapped
with the beat-wave longitudinal electric field profile, while

TABLE I. Simulation parameters.

Parameter Value

Box size, x × y × z 65 × 25 × 25 μm3

Number of grid points
nx × ny × nz 1200 × 450 × 450

Time step Δt, defined
by the CFL condition: 0.95 ¼ cΔt=Δx, Δx ¼ x=nx
Particles per cell 4
Plasma length 50 μm
Plasma density 4.5 × 1019 cm−3

Pump wavelengths, λ1, λ2 1 μm, 0.833 μm
Pump intensity, I1;2 5 × 1015 Wcm−2

Pulse temporal profile exp½−ðt − t0Þ2=T2�, T ¼ 100 fs
Pulse spatial profile expð−r2=w2Þ, w ¼ 15 μm
Profile of component i [40] ϕðrÞ ¼ 2πr sin θi=λi, i ¼ 1; 2
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FIG. 3. Plasma wakefield driven by a Bessel-Gauss laser beat-wave with adjustable group velocity. In each plot, the electron density
perturbation δn=n0 and the longitudinal electric field EL of the laser are shown. (a) vg=c ≈ 0.82—plasma wave outruns the beat wave,
(b) vg=c ≈ 1.13—plasma wave lags behind the beat wave, (c) vg=c ≈ 0.91—plasma wave slightly outruns the beat wave. The cyan/blue
and black dashed lines are the indicators of the delay between the plasma wave and the laser intensity peaks. (d) Time-resolved evolution
of the density peak with respect to the beat-wave maximum for the cases (a–c) compared to the luminal propagation.

FIG. 2. Plasma wakefield excitation via the controlled group velocity. (a) The upper plot shows the plasma wake amplitude Ex as a
function of θ1 and θ2 obtained by interpolating the simulation data. The cross symbols correspond to the values extracted directly from
the simulation. The lower plot shows the distribution of the group velocity calculated using Eq. (1). (b–d) The energy density profiles in
a logarithmic scale for θ1 ¼ 15° and θ2 ¼ 10°, corresponding to vg=c ≈ 0.91. (e–g) The same as in (b–d), but for θ1 ¼ θ2 ¼ 10°,
corresponding to vg=c ≈ 1. The cases (b–d) and (e–g) are additionally highlighted in (a) by the blue-colored cross symbols. The intensity
of both frequency components takes the values of 1016 W=cm2 in (b) and (e), 5 × 1016 W=cm2 in (c) and (f), and 1017 W=cm2 in (d) and
(g). The data are shown at the instant of time 0.1 ps after the pulse center matched the center of the plasma.
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Fig. 3(d) summarizes the observed dynamics and provides
a comparison of the different propagation regimes. It can be
seen that the phase velocity slippage of the plasma wave for
the superluminal case is so strong that no efficient wave
excitation is observed at any instance of time. As Fig. 3(d)
illustrates, the slope is the smallest for the case of vg ≈ c.

IV. ELECTRON ACCELERATION

Figure 4(a) compares the energy spectra obtained by
analyzing the accelerating electrons at the output of the
plasma in Figs. 2(d) and 2(g). The beam with vg ≈ c is
clearly more efficient than the beam with vg=c ≈ 0.91.
However, the angular spread of the accelerated electrons is
approximately the same in the two cases [see Fig. 4(b)].
The width of the profile corresponds to the average
deviation of 11.5° of the direction of the electron motion
from the y axis. This corresponds to the values of angles θ1
and θ2, suggesting that the angular spread of the accelerated
electrons approximately matches the angular spread of the
accelerating beams. In other words, the electrons are
accelerated by the plane-wave components of the Bessel-
Gauss beams. However, we still observe a significantly
reduced transverse spread of the accelerated electrons for
vg ≈ c, which implies that the acceleration is more efficient
near the beam axis at this particular group velocity.
Staying in the high-intensity regime, I1;20 ¼ 5×

1016 W=cm2, we next address the wakefield-based accel-
eration process by changing θ1 and keeping θ2 at 7.5°. By
doing so, we tune the group velocity of the two-color
Bessel-Gauss beam from subluminal to superluminal in the
region of maximized Ex [see Fig. 2(a)]. Figures 5(a)–5(c)
shows the velocity-dependent curves for the kinetic energy
E, standard deviation σ of the transverse coordinate from
the beam center, and the relative density perturbation
δn=n0. We observe a direct correlation between the electron
density perturbation [Fig. 5(c)] and the bunch divergence
[Fig. 5(b)]. Moreover, the decrease in the energy gain at

vg=c < 1 is partly at odds with the enhancement of the
plasma-wave electric field shown in Fig. 2(a). We see that,
while it is preferable to have a subluminal group velocity of
the driver beam to maximize the plasma-wave amplitude,
the reduction of the electron bunch size favors a super-
luminal regime. Hence, a group velocity equal to the speed
of light in vacuum can be considered a trade-off for
generating highly energetic electrons with reduced trans-
verse spread via a two-color Bessel-Gauss beam. We
compare these parameters with those obtained when using
a Gaussian PBWA (see the dashed line in Fig. 5). The waist
and the peak electric field of the Gaussian beam were
adjusted to match the characteristics of the Bessel-Gauss
beam. In the considered case, the pulse underwent self-
focusing and experienced subsequent transverse spreading,
losing the energy. We think that a proper increase in the
peak intensity can lead to a more efficient self-channeling
of the pulse. However, the self-channeling caused by the
self-phase modulation of the beam will be sensitive to
fluctuations of the beam power, while a Bessel-Gauss
beam-driven wakefield will be naturally divergence-free
and more stable. Another key point is that Gaussian-beam-
driven PBWA will face a dephasing limit in a short
propagation distance, while a structured beam makes it
possible to avoid this problem. We also emphasize that
laser beams used in such electron accelerators typically
have a diameter of several tens of micrometers or larger,
and the transverse spread of the accelerated electrons is

FIG. 4. The histograms for the electron (a) energy and
(b) angular spread. The results presented in these plots corre-
spond to the same simulation setup that was used for obtaining
the data in Figs. 2(d) and 2(g). In (b), the number of electrons is
normalized to its maximum value.

FIG. 5. Dependence of PBWA parameters on θ1 at fixed
θ2 ¼ 7.5°: (a) electron energy E, (b) standard deviation of electron
position σ, and (c) density perturbation δn=n0. The dashed line
indicates the values obtained for the Gaussian PBWA with the
same beam diameter and peak intensity. The green rectangle
highlights a range of optimal values of θ1.
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therefore the same as the beam diameter or larger. Such
diameters are used to make the Rayleigh range of the beam
comparable to or larger than the acceleration length. When
a Bessel-Gauss beam is used, the beam diameter can be
much smaller and the Rayleigh range is essentially unlim-
ited. For example, the Bessel beam used in our calculations
(with a radius of 2 μm only) can easily be made to remain
propagation-invariant over a distance of 10 mm, making it
possible to achieve much smaller electron spreads.

V. CONCLUSIONS

We have proposed an approach to generate a plasma
wakefield by the resonant interaction of plasma with a
beating dual-color structured optical beam. The approach is
capable of exciting nondiverging Bessel-like plasma waves
and producing electron bunches with low transverse spread.
The method can be used with other structured beams as
well and at any electron density. However, it should be
taken into account that the dephasing length is smaller at
higher electron densities. One should therefore carefully
select ne to allow for a long acceleration distance able to
produce monoenergetic electrons [6]. Moreover, the group
velocity of laser light in a dual-frequency Bessel beam can
be made dependent on the distance of propagation [35,36],
which can be used to compensate for the dephasing. We
expect this scheme to be experimentally examined in the
near future for efficient operation over a few-mm accel-
eration distance.
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APPENDIX: ONE-DIMENSIONAL MODEL
OF PLASMA WAVE EXCITATION BY
BEATING BESSEL BEAM PULSES

We analyze the excitation and amplitude enhancement of
a plasma wave by a beating Bessel beam of pulsed light,
using an analytical theory proposed by Rosenbluth and Liu
in [15]. This theory considers a one-dimensional problem
of the interaction of plasma with light. The monochromatic
plane-wave components of the considered Bessel beams
are E1 sinðk1z cos θ1 − ω1tÞ and E2 sinðk2z cos θ2 − ω2tÞ,
where ω2 − ω1 ¼ ωp. The goal is to find a response of the
cold homogeneous plasma to the total electric field of the
two waves. For this, we solve the following equation for
the electron displacement δx [15]:

∂
2δx
∂t2

þ ω2
pδx ¼

e
mec

ðvy1Bz2 þ vy2Bz1Þ; ðA1Þ

where Bzi is the z component of the magnetic flux
density of component i of the beam and vyi ¼
− e

2meωi
Ei exp½iðkiz cos θi − ωitÞ þ c:c:� is the y component

of the velocity vector obtained by solving the fluid
momentum equation. Considering the ansatz in the form
δxðx0; tÞ ¼ AðtÞ sin½k0x0 − ωptþ ϕðtÞ�, we obtain the
equations

∂A
∂t

¼ −α sin½ϕþ x0ðk0 − ΔkÞ�; ðA2Þ

A
∂ϕ

∂t
¼ −α cos½ϕþ x0ðk0 − ΔkÞ�; ðA3Þ

which are similar to those derived in [15]. Here, we
have α ¼ a1a2Δkc2=4ωp, with a1 and a2 being the
normalized vector potentials (see the main text), and
Δk ¼ k2 cos θ2 − k1 cos θ1. The stationary phase solution
provides the growth rate of the plasma-wave amplitude of
γ ¼ a1a2Δkc2=4ωp. This solution is plotted in Fig. 1(b) of
the article.
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