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Plasma  Wave  Wigglers  for  Free-Electron  Lasers 

CHAN  JOSHI, MEMBER, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIEEE, T. KATSOULEAS, J .  M.  DAWSON,  Y.  T.  YAN, AND JACK  M.  SLATER 

Abstract-We explore the possibility of using a relativistic plasma 
density wave as  a wiggler for producing free-electron laser radiation. 
Such a wiggler is a purely electric wiggler with frequency w p  (plasma 
frequency) and wavenumber zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk,,. If an electron beam is injected parallel 
to the plasma wave wavefront, it is wiggled transversely with an  ap- 
parent wiggler wavelength X, = 27rc/wp. Using plasma densities in the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10" (cm-') range, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX, of order 100 pm may  be obtained, thereby per- 
mitting generation of short wavelength radiation with modest energy 
beams. The effective wiggler strength zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa, = e A / m c 2  - 0.5 can be ex- 
tremely large. We discuss the excitation methods for such wigglers and 
examine the constraints imposed by the plasma medium on FEL gain 
in this scheme. 

I. INTRODUCTION 

T HERE is a great  deal of  interest in developing  short 
wavelength  wigglers for free-electron  lasers  and  syn- 

chrotrons.  Unfortunately,  the  high  magnetic field 
strengths  needed for such  wigglers  are  not  attainable  with 
present  technology  for  conventional  static  magnetic  wig- 

glers  with  wavelengths  less  than 1 cm.  Operation  at  wave- 
lengths  shorter  than  this,  therefore,  would  require  a  large 
increase  in  the  number  of  wiggler  periods,  and  thus  result 
in a  very  small  extraction  efficiency as well  as  require  a 
very  small  electron  beam  energy  spread  and  emittance.  In 
this  paper,  we  explore  the  suitability of purely  electric 
wigglers  with  an  effective  wavelength in the 100 pm 
range.  Such  wigglers,  because  of  their  extremely  short 
wavelengths,  allow  the  use of a  rather  modest  energy 
electron  beam  for FEL action  in  the  visible or VUV range. 

In our  proposal,  the  purely  electric  wiggler  is a  relativ- 
istic  plasma  density  wave.  The  geometry  of  the  plasma 
wiggler  is  illustrated in Fig. 1. In' this  simplified  picture; 
the  wiggler  consists of  a  purely  electric field oscillating 
perpendicular  to  the  electron  beam  with a  frequency up, 
but  with  no  spatial  dependence  since k of  the  radiation  is 
transverse  to kp. The  amplification  of  radiation by such  a 
field in vacuum  has  been  modeled  recently by  Yan  and 
Dawson [l]. Using a  plasma  wave as a  purely  electric 
wiggler is attractive  for  two  reasons.  First,  the  effective 
wiggler  wavelength ( -2nc/wp,  typically  of  order 100 
pm) is shorter  than  that  available  with  conventional  mag- 
net  wigglers,  and  second,  the  effective  wiggler  strength 
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Fig. 1. Geometry of the  plasma  wiggler  FEL. 

can  be  extremely  large  (equivalent to 1 MG wiggler fields 
at 100 pm  wavelength).  However,  when a  plasma  me- 
dium is used  for  exciting  the purely electric  wiggler,  the 
FEL  electron  beam  can  be  strongly  influenced by it.  In 
this  paper,  we  discuss  how  plasma  density  waves  suitable 
for  FEL  action  can  be  excited  and  the  limitations  to  FEL 
gain  imposed  by  the  plasma  medium. 

11. FEL MECHANISM IN A PLASMA WIGGLER 

The  equivalence  among  magnetic,  electromagnetic,  and 
purely electric  (plasma)  wigglers  can  most  easily  be  seen 
from  the  point of  view  of  the  electrons.  Fig. 2 illustrates 
the  fact  that  although  the  three  cases  appear  quite  different 
in  the  laboratory  frame, in the  electron  frame,  all  appear 
to be electromagnetic  waves. Here, wo and wp represent 
the  frequencies  of  the  electromagnetic  and  electrostatic 
(plasma)  waves,  respectively,  and ko. and k, represent  the 
wavenumbers  of  the  electromagnetic  and  magnetic  wig- 
glers,  respectively,  in  the  laboratory  frame.  The  purely 
electric  wiggler  has  a  zero k ,  whereas  the  purely  magnetic 
wiggler  has a zero w .  In  the  electron  frame,  the  momen- 
tum  four  vectors  are 

(r ) = [ iBr] ( ::o) electromagnetic 
-iPy y 

(7) purely magnetic 

(O) purely electric (plasma) 

( 1 )  

For P 2: 1, the  transformed  quantities  satisfy w' = k'c 
for all the  cases,  except  that  their  wavelengths  are differ- 
ent: h' = Awly  (magnetic), Xo/2y (electromagnetic),  and 
2nc/wp y (purely  electric  or  plasma).  Each  electromag- 
netic  wave  has  a  wiggler  strength a, = eEr/rnw'c = 
eA/rnc2 equal  to its corresponding  value, eBX,"/2nrnc2 
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Fig. 2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

ELECTRON  FRAME  LA0 FRAME  UNDULATOR TYPE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
@ , q p  

m m m  
w'= Ypk,c 

wo= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ,  k = k W   k ' =  Yk, 
a m m  Purely  magnefic 

@ 1 Electromaanetic 

Purely Electric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w' = YWP (Plasma Wave) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k'= Ypwp lc  k X  = 0 

Equivalence among  magnetic,  electromagnetic. and purely electric 
(plasma)  wigglers. 

(magnetic), eEo/mwO c (electromagnetic),  and eE, /mup c 
(purely  electric  or  plasma)  in  the  lab  frame. In the plasma 

wiggler,  as in the  other  two  cases,  the  noise that  seeds  the 
lasing  process comes  from  Compton  scattering,  with  the 
radiated  frequency  in  the  exact  forward  direction w, = 
2y2w,. Once  there is spontaneous  emission  at w,, there is 
a  resonant  ponderomotive  force  on  the  radiating  elec- 
trons.  This  force is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF = -ev,v X B, /c  where v, is the 
wiggle  velocity  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB, is the  magnetic field of the  spon- 
taneous or  stimulated  radiation.  For zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa plasma  wave  (wig- 
gler) of the  form E = Ep sin ( wp t )  a, and radiation field 

B, = - E, sin (k,z - w,t + 4)av ,  ckr 

*r 

the  ponderomotive  force is 

F = ai 2 (-) ymw,c ("> marc mc2k, 

X {sin [k,z - (w ,  - wp) t  + $1 

In  order  to  obtain  a  net  energy  exchange  from  the  elec- 
tron  beam  to  the  radiation,  the  electrons  must  have  veloc- 
ities in a  range  that  is  slightly  greater  than  the  phase  ve- 
locity of the  ponderomotive  bucket.  The  second  term in 
(2) has  a  phase  velocity  slightly  greater  than c, and  thus 
time  averages  to  zero.  The  phase  velocity  of  the  resonant 
(first) term  in (2) is 

The last  term w;/2wF in  (3)  arises  because w,/k, is  not 
exactly c in a  plasma.  However,  for  relativistic  beams, 
w p / w ,  << 1, so that  this  term  can be  neglected.  Thus, 
the resonance  condition (z, = u+) and y = ( 1  '- 

V ~ / C ~ ) - ~ / *  becomes w, I 2y2wp, in  complete  analogy  to 
conventional FEL's. 

The effective  maximum  undulator  strength  parameter a,  
of the  plasma  wiggler  can be  easily  estimated  from 1-D 

Poisson's  equation: V . E = -4.rrenl where n ,  is the  per- 
turbed  electron  density  associated  with  the  plasma  wave. 
The  maximum  density  rarefaction  occurs  when n1 = no, 
known as  the  cold  plasma  wavebreaking  limit.  In  this 
limit, 1 ik, E,,,,, I = 4 ~ e n ,  or w,/k,c = 1. Thus,  the 
maximum  value of Ep attainable in the plasma  corre- 
sponds  to a,  = 1, independent  of  the  plasma  density.  The 
effective  maximum  magnet  strength of a  plasma  wave  is 

It  can be seen  that  effective  magnetic field strengths of 
order 1 MG  are  possible in a  plasma of density loi7 crnp3. 

The  undulating  mechanism of the plasma  wiggler is 
shown  schematically in Fig.  3.  The electron  beam is as- 
sumed  to be  thin;  the  diameter of the  beam  is  small  com- 
pared to X, = ~ T C / W , .  In  Fig.  3(a),  the  electric field E, 
of the  plasma  wave deflects the  electrons toward  the  left 
of  the  figure  where  there  is  an  excess  of  ions.  Since  both 
the  electrons  and  the  plasma wave are moving  at  the  speed 
of  light, by the  time  the  electrons  move  up by a  distance 
TC/W,, the  plasma  wave  moves  to  the  right by the  same 
amount.  The  electric field Ep now drives  the  electron  to 
the  right.  This  is  shown  in  Fig.  3(b).  At a  time r / w P  later 
still,  Fig.  3(c),  the  electrons  move  up  another nc/w, while 
the plasma wave  moves  to  the right by the  same  amount. 
The  electric field Ep once  again  drives  the  electrons  to  the 
left.  Thus,  the  apparent  wiggler  wavelength is A, = 

2ac/oP which  is .the  same  as  the plasma  wave  wave- 
length.  The  choice of plasma  density  determines  the  ef- 
fective  wiggler  wavelength 

h,"(cm) = 3 X IO'/& (crnp3>. ( 5 )  

Thus,  for plasma  densities  in  the  range 10'3-1018 ~ m - ~ ,  
A,v ranges  from 1 cm to 30 p.m. 

111. PLASMA  WIGGLER  EXCITATION 

The relativistic  plasma wave,  used  for a  wiggler,  can 
be  excited by two  schemes  known  as  laser  beat  wave  ex- 
citation [2] and  wake field excitation [3]. Both are  ac- 
tively  being  investigated for  accelerator  applications in 
which the  electrons  are  injected  in  the  same  direction  as 
the  phase velocity of the  wave.  If,  instead,  the  electrons 
are injected  perpendicular  to  the  plasma  wave  (parallel  to 
the  wavefronts),  they  are  wiggled  transversely  causing 
them  to  radiate. 

In  the  beat  wave  excitation  scheme,  two  laser  beams 
( wo, k , )  and ( w l ,  k , )  are  copropagated  into  a  homoge- 
neous  plasma  such  that  their  frequency  difference  is  the 
plasma  frequency.  Under  such  resonant  excitation,  the  ra- 
diation  pressure of the  lasers  drives  up  the plasma wave, 
which  eventually  saturates due to relativistic  effects [4]. 
The  peak  amplitude  at  saturation,  assuming  a  square- 
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Electron Trajectory zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
"e6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE 

net  E 

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  Undulating  mechanism of the  plasma  wiggler.  Solid  contours  are 
increasing in density and dotted  contours  are  decreasing in density com- 
pared to  the  background  plasma  density. 

shaped  laser  pulse,  is  given by 

where  superscripts  refer to the  plasma  wave  and  the  two 
lasers  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa& = eEJ/mwjc as  before.  Note  that,  once 
again,  the  saturation  amplitude is independent of the 
plasma  density.  The  growth  rate of the plasma  wave, 
however,  does  depend  on  the plasma density.  The  exci- 
tation of plasma  waves  by  this  technique  has  been  dem- 
onstrated in a  series  of  experiments  at  UCLA  [5].  Using 
a COz laser, with  a  modest  intensity of 2 x W/cm2, 
operating  on 10.6 and 9.6  pm  lines, a  plasma  wave with 
a, - 0.93-0.1  was  excited in a loi7 cm-3 density  plasma. 
This  corresponds  to  a 105 pm period  wiggler  with  an 
equivalent  magnetic field of - 32-95 kG. Using  a  more 
intense  laser  should  allow  even  higher  wiggler  strengths 
to be generated. 

Table  I  shows  the  possible  combination of laser  wave- 
lengths  that  could be used  to  excite  plasma  wigglers of 
various  wavelengths.  The  intensity  required,  in  Table I, 
is  for a, = 0.5 assuming that  both lasers  have  square- 
wave  shapes  and  equal  intensities.  The  intensity  required 
changes  somewhat  when  one  takes  into  consideration  the 

1573 

We  have  carried  out  two-dimensional  computer  simu- 
lations  to  examine  the  transverse ( to  k , )  coherence of the 

plasma  wave  [2],  [6].  In  order  to  act  as  a  wiggler,  the 
potential  contours of the  plasma  wave  must  be  planar.  The 
results of a  typical 2D simulation,  using  a  fully  relativ- 
istic,  electromagnetic  particle  code,  are  depicted in Fig. 
2. The  simulation  parameters  were  as  follows:  two  laser 
beams coo = 5wp and wl  = 40, each  with  an rms a",. = 
0.4, a  transverse  intensity  profile of cos2 y .  and  a  beam 
width of 30 c / w ,  were  injected  into a  homogeneous 

plasma 60 c / o p  long  and  60 c / w p  wide  with  a  tempera- 
ture  of 2.5 keV. The  laser  beams  had a  cubic  rise  from 
zero  to  maximum intensity in 3 0 0 / w p ,  after  which  the 
laser  intensity  remained  constant.  The  ion-to-electron 
mass  ratio  was  1836 and  the  temperature ratio  was 1. 
Thus,  for  an IR  laser  with  wavelengths 9.6 and  12 pm, 
the  parameters  were: a hydrogen  plasma  with ne - 4.9 X 
loi7 ~ m - ~ ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX ,  - 47  pm, laser  risetime -7.6 ps,  laser 
intensity - 2 X 1015 W/cm2, beam  width - 25  wave- 
lengths,  and  system  length 50 wavelengths.  The  simula- 
tion  parameters  were  chosen  to  study  both  the  growth  and 
saturation of the  plasma  wave  and  its  transverse  coher- 
ence  and  ,stability. 

In Fig. 4(a),  the  laser  beat  wave  contours at 150 /up are 
shown  as  the  beams  propagate  from  left  to  right.  Fig.  4(b) 
shows  the  contour  plot of the  potential of the  plasma  den- 
sity  wave at  the  same  time.  According  to  the fluid theory, 
the  plasma  wave  should  reach  peak  amplitude  at  this time. 
The  plasma  wavefronts in the  contour  plot  are  seen  to  be 
planar.  A  section  through  the  center of the  transverse  axis 
of the  longitudinal  electric  plot  is  shown  in  Fig.  4(c).  An 
extremely  coherent  plasma  wave  builds  up  rapidly  in  time/ 
space  and  saturates  at a, = 0.5, in excellent  agreement 
with the  value  expected  from  the fluid theory [4].  We find 
that  the  plasma  wave typically  remains  coherent for a  few 
ion plasma periods,  which  translates  to  between a  few to 
a  few  tens of picoseconds for parameters  in  Table I before 
disrupting  due  to  ion  dynamics. 

In this scheme,  we need  a wide  plasma  wave which  has 
E, nearly constant  over 100 or so wiggle  periods.  The  ac- 
tual  length  of the  wave (in the  direction of the  driving 
lasers)  need  only be  two  or  three  wavelengths with the 
central  potential  trough  used for  wiggling  the  electron 
beam.  The  laser  beam  pump  depletion  length is given  by 

[71 

This  assumes  that  the  maximum  effective  length of the 
laser  pulse is determined by relativistic  detuning [4]. For 
parameters  in  Table 1, w o / w p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 10 and ap,'amsa - 0.5, L d  

can  be  hundreds of plasma  wavelengths  long.  Thus, by 
using  small F number  cylindrical  focus  optics  which  pro- 
duce a  line  focus  that  is  greater  than 100 X," wide  but  only 
has a Rayleigh  length of about 3 X,, it  may be possible  to 
reuse  the  laser  light. 

We now briefly discuss  an  alternate  method of excita- 
tion of the Dlasma winder which  uses  a  high-current  but risetime of the  laser  pulse  [6]. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY" Y 
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TABLE I 
PARAMETERS FOR EXCITING PLASMA WIGGLERS OF DIFFERENT WAVELENGTHS 

Laser  Wiggler  Approximate 
Wavelengths  Intensity  Wavelength  Plasma Density 

Laser  Type ( P m )  ( W / c m 2 )  ( P m )  ( ~ m - ~ )  
~~ ~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

co* 9.6 and 10.6 2 X 1014 100 1017 
coz 9.6 and 10.3 2 X 1014 140 5.8 x 
co* 10.6 and 10.3 2 x 1Ol4 3 64 10Ih 

Nd : glass 1.05 and 1.06 2 x 1 O l 6  110 10” zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
60 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

t = 1 5 O l W p  

, 
0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA30 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA60 

x (C/Wp) 

L ’w 1 
0 30 60 

x (C/WP) 

0 30 60 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x (C/Wp)  

Fig. 4. Laser beat excitation of plasma  wiggler. (a) Laser  beat  contours as 
lasers  propagate  from  left to right, (b) wavefronts of the relativistic 
plasma wave, and (c) longitudinal  electric field or, equivalently, a,, on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
axis. The  dotted line is the predicted value of the a, on axis from fluid 
theory [4]. 

low-voltage  electron  beam  as  the  free  energy  source.  This 
is known as  the  wake field excitation  scheme.  To  distin- 
guish  this  electron  beam  from the radiating  beam, we shall 
call  this the  driver  bunch.  As  shown by Chen et al. [3], 
when  such  a  driver  bunch  is  shot  through a high-density 
plasma,  the  space-charge  force of the  bunch  displaces  the 
plasma  electrons  and  leaves  behind  a  wake of plasma os- 
cillations. The phase  velocity of the  wake,  like  that of a 
wake  behind  a boat, is tied  to the velocity of the  driving 
bunch,  which  is  almost c. The  undulating  mechanism  in 
this  scheme  is  exactly  the  same  as in the  laser  beat  wave 
scheme.  In  order  to obtain  a large zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAawr one has  to  use  a 
driving  bunch  that  is  much  smaller  than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA, ( say x c / q , ) .  
For aw of up  to 0.5, provided  that  the  above  condition is 
met,  then a,  - nb/no where n, is the  driving  beam  den- 

sity.  The required  beam  current is I ,  (amps) = lo3 N 
( nb/nD)  if the  driving  bunch  is  assumed  to  be  like  a foot- 
ball, N c / w ,  wide  in one  dimension  and c / w p  wide  in  the 
other. 

As an  example,  consider  a  plasma  wake field wiggler 
excited by a 5 ps long  bunch  from a linac.  The wiggler 
wavelength  and  strength  turn  out  to be 3 mm  and 15 kG, 
respectively, if the  plasma  density  is cmP3. Unfor- 
tunately,  to  excite  a  wave  that is 100 wiggler  periods  wide, 
we  need 50 kA current.  Thus,  at  the present time, this 
method of excitation  for  the  plasma  wave  wiggler  does 
not seem  as  promising  as  the  laser  beat  wave  method. 

Two-dimensional  simulations of the  wake field excita- 
tion of a  plasma  wave  have  been  carried  out [SI which 
show the  same  qualitative  behavior regarding  the  trans- 
verse  coherence  and  stability  as  that of a  plasma  wave 
excited by a  laser  beat  wave. 

IV. FEL PARAMETERS FOR GAIN 

As  mentioned  earlier,  the  plasma  wiggler in principle 
is  exactly the  same  as  a static  magnetic  wiggler of com- 
parable  wavelength  and  strength. To  the zeroth order,  the 
requirements  for  obtaining  a significant  gain are exactly 
the  same  for  the  plasma  wiggler  as that for  a  static  mag- 
netic  wiggler  as  far  as  the  radiating  electron  beam  is  con- 
cerned.  Here  we  work  out  some  typical  parameters  as- 
suming  that we  have  a  wiggler  with 100 wiggle  periods 
with A, of 100 pm and  an a,  of 0.5. We work out beam 
parameters  for  obtaining a single  pass  gain  of 20. 

We  start with the  maximum  small-signal  gain  formula 
for  an FEL driven by a perfectly  monoenergetic  beam [9] : 

where  the  optimum  beam  cross section CJ = N X R A w , / h  
was  assumed.  The FEL beam  parameters  consistent with 
the  energy  spread requirement A y/y = 1 / ( 2 N )  and  di- 
vergence  angle A 8 < 1 /( y f i  ) turn  out  to be as  shown 
in Table 11. 

The  gain  formula  provides  valuable  insight, but is not 
quantitatively  retiable. By not  taking  into  account  the 
change  in  the  amplitude  of  the  radiation  field,  it  under- 
estimates  the  actual  gain; by neglecting the energy  spread, 
it overestimates  the  gain. 

The  angular  contribution to the energy  spread  is 
(A?/?) ,  - y2A8*.  The emittance  consistent  with  this  is 
a r A 8  which,  for  the  parameters  listed  in  Table 11, is be- 
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TABLE I1 
PARAMETERS FOR OBTAINING GAIN 

Radiated  Beam Beam Beam  Divergence 
Beam Energy Wavelength  Current  Diameter  Density  Angle Beam Brightness zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(Y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA,( P m )   ( A )   ( p m )  ( ~ m - ~ )  AO(rad) (A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. cm-' . rad-') 

15 0.22  75 36 1.5 X 6.7 X lo-' 2.3 X 10' 
20 0.125 100  27 3.6 X 1015 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 X 1 0 - ~  5.6 X 10' 
50 0.02 250  11 5.4 x 10l6 2 x 10-3 8.3 X lo9 

tween 0.76-0.07 mm - mrad.  There  is  another  constraint 
on the  electron  beam  emittance.  An  electron  entering  the 
wiggler  at  an  angle zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO to  the  beam  axis  has a  displacement 

NX,A8 after it has  traversed  the  length of the  wiggler. 
Unless  the  displacement  is  much  smaller  than  the  plasma 
wave  wavelength, a  significant  fraction  of  the  electrons 
will  absorb  power  from  the  electromagnetic  radiation. 
Thus,  letting NX,AO < X,v/ lO,  we have for N = 100, O 
= 1 mrad,  and E = 0.1-0.035  mm mrad for  the  param- 
eters  listed  in  Table 11. Such  high-quality  beams  will be 
required  to  obtain the  FEL  action in the  short wavelength 
regime  no  matter  what  kind  of  wiggler  is  used. The plasma 
medium  imposes  some  additional  restrictions on  the elec- 
tron  beam  which  will be discussed  shortly. 

Detailed  calculations  and  simulations of the  plasma 
wiggler FEL which  take  into  account  the  variation  in a,  
across  the  beam  cross  section,  edge effects, beam energy 
spread,  emittance,  and  plasma  wave  harmonics  are being 
carried  out  presently.  The rest of this paper  is  devoted  to 
discussing  the influence of the  plasma  medium  on  the  ra- 
diating  electron  beam. 

V.  PLASMA EFFECTS ON THE RADIATING  ELECTRON 
BEAM 

Thus  far  in  this  and  other  plasma-based  FEL  schemes 
[ 101, the effect of the  plasma  medium  on  the  FEL process 
has  been  neglected.  In  this  section,  we  consider  the  con- 
sequences  of  beam-plasma  interactions  for FEL gain  and 
the  effect  of the plasma  in  altering the  resonance  condi- 
tion.  The  main  concern with  beam-plasma  interactions  is 
that  they may degrade  the  electron  beam quality (i.e., en- 
ergy  spread  and  emittance)  beyond  the  acceptable  limits 
for  FEL  gain.  Such  degradation  can  arise  either  from 
plasma  instabilities or plasma  wave fields  created by the 
beam.  The  plasma  can  also  modify  the  resonance  condi- 
tion  because Vph > c for  light  waves in plasma. 

For sufficiently small  beams,  plasma  instabilities may 
be  avoidable.  Consider  the  well-known  two-stream insta- 
bility.  This  results  in  the  growth  of  plasma  space-charge 
oscillations  on  the  beam  with  frequency o = wp and  par- 
allel  wavenumber k, ? zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAup / v b  where ub zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAaZ is the  beam  ve- 
locity. The growth  rate of the instability for  relativistic 
beams is v - (nb/no)'/3 w p / y  and  the  group  velocity  is 
vgaZ = ( 2 / 3 ) c .  If  the  e-folding  length  of  the  instability 
( u g u Z ) / v  is  greater  than  the  length L of  the  beam, then 
the  two-stream  instability  cannot  grow.  Thus,  we  expect 
to avoid  this  instability  using beams of length 

L 5 y(no/nb) ' i3 ./up. (9)  

For  instance, a 10 MeV  beam  in a loL6 ~ r n - ~  plasma 
should be of order 1 mm ( - 3 ps)  long  or  less. 

Another  instability of concern  is  the  Weibel  instability. 
This purely  transverse (a ,  or a,) instability  is  responsible 
for filamentation  of wide  beams in plasmas  and  is  not  sup- 
pressed  by  short  bunches.  Fortunately,  it  is  largely sup- 
pressed by beams  that  are  narrower  then  the plasma  skin 
depth c /op .  However,  we  have  already  assumed  that  we 
have  beams  that are  narrower  than this  in  preceding  dis- 
cussion. 

For sufficiently short  and  narrow  beams, it is  the  beams' 
own  wake fields  rather  than  instabilities  which are  impor- 
tant.  The radial  and  longitudinal  wake  forces on a  relativ- 
istic,  uniform  beam  of  length L, charge -eN,, and  radius 
a ( less  than ./up) are  approximately [ll] 

* [ l  - COS kp (z  - ~ t ) ]  O( t  - Z / C )  

4ae 'Ne kp 
F, = -eE, = 

L 

sin [ kP (z  - c t ) ]  e ( t  - z / c )  ( 10) 

where --z is  the  distance  behind  the  leading  edge of the 
beam, r is  radial  position,  and O is the  step  function. In 
terms of convenient  units,  the  common coefficient 
( 4 n e 2 N , k p / L  ) can  be  expressed  as 

IF,(MeV/cm)I = 7 X 10-'oI [amps] 

(11) 

where  the  beam  radius  in  cm  is  assumed  less  than 

The radial  force F, gives  rise to emittance  growth,  while 
the  longitudinal  force Fz directly  gives  rise to energy 
spread.  The radial wake  exerts a  pinching  force  on  the 
beam.  This effect is used  to  advantage  in  the  plasma  lens 
scheme  for  focusing  electron  beams  [12].  Here,  the 
pinching  leads to  undesirable  angular  variation  (i,e., 
emittance  growth) of the  beam  particles. A physical  ex- 
planation  of the  pinching  force in the  plasma  is  as  fol- 
lows.  In  vacuum,  the  radial  space-charge  repulsion of a 
relativistic  beam is cancelled [to  order ( 1 - v l . /c ) ]  by 
the vz X BB force  created by the  beam's  own  azimuthal 

c /Qp(cm).  
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magnetic  field.  In  plasma,  the  space  charge of the  beam 
expels  plasma  electrons,  leaving  plasma  ions  to  neutralize 
the  space-charge  repulsion of the  beam.  However,  the 
plasma  does  not  completely  neutralize  the  beam  current 
(since  the return current  flows in a  cylinder of radius 
./up, which is partly outside  of  the  assumed  beam ra- 
dius).  The net result is the pinching of the  beam by the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABo force. 

Quantitatively,  the  angular  spread of the  beam  can  be 
estimated  from  the  betatron  motion  of  individual  parti- 
cles.  These  transverse  oscillations  are  described  approx- 
imately  by  the  harmonic  equation 

Thus,  the betatron  wavelength  is  approximately zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2x (ymc2r /  --Fr)'l2. The  betatron  oscillations  give rise 
to  an  angular  spread  of  the  beam of order  AI^)^ = 2ar/@. 
For the  parameters of Table 11, this gives ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAO), in the 
range 2.4 X low3 rad (y = 15)-7.46 X lop4 rad (y = 

50). Since  focusing  force  rises  quadratically  from  zero  at 
the  end  of  the  bunch,  short  bunches  with kf L << 1 will 
have  smaller  angular  spreads by a  factor k p L / 2 .  The  min- 
imum  beam  length  for FEL  gain is L = NXr = NT / k p  y '. 
For the  present  parameters,  this  gives k f L / 2  = N / 2 y 2  
and (AO), = 1.67 X lop3 rad (y = 15)-4.7 X rad 
(y = 50) which  is  small  enough  to  allow  gain. 

The longitudinal wake  directly  gives rise to  energy 
spread.  Simple  uniform  beams in plasmas will always  suf- 
fer  unacceptable  energy  spread  for FEL  action,  as  can  be 
seen  from  the  following  argument.  The  energy  spread  over 
the  length of the  FEL  is of order Aymc2 = 1 F, 1 . NX,,. 
Substituting  from (10) and ( 3 ,  this  becomes A y 2: 5 X 

NZ[amps].  However, Ay/y  = 1/2N for  gain, so 
5 X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBANZ/y has  to  be  less  than 1 / 2 N  or 

N2Z/y 5 100. (13) 

Since  the  gain G is less - 2  X N2Z/y  (8), we find 
that G 5 0.02. 

In order to obtain  a  reasonable  single-pass  gain  of, say 
(20), one  must  reduce  the  longitudinal  wake  force by a 
factor 100. One solution is ultrashort  beams.  From (lo), 
the  peak  retarding force  scales as kpL for kp L << 1, so 
that  beam  length  would  need  to be less  than 0.1 k i  * = 

0.01 c /wp  = 5 x 103/no ( ~ m - ~ )  cm.  Another solution 
is  to  employ a  precursor  beam [8]. This  had  been sug- 
gested  as  a  means of providing  uniform  focusing  in  the 
plasma  lens [2] scheme.  It  can  be  shown that  any  precur- 
sor  arrangement  that  provides  uniform  focusing  (i.e., uni- 
form  radial  wake force  within  the  beam)  also  creates  a 
longitudinal wake  which  exactly  cancels  the  trailing 
beam's longitudinal wake.  This  eliminates  the  energy 
spread  arising  from  longitudinal wake fields. 

For  example,  the longitudinal  energy  spread  could  be 
avoided if one  could inject a short precursor  bunch  ahead 
of  the  FEL  beam by a  distance Xf/4 + mXp ( m  = 0,  1, 
2 ,  . . ), with  the  amount  of  charge -eN,/kpL where  the 

FEL  beam length L can now  be  arbitrarily  long  (subject 
to the  two-stream  instability). 

In  addition  to  affecting the  electron  beam,  the  plasma 
also  affects the  radiation.  The  phase velocity of the  elec- 
tromagnetic  waves  in  the  plasma  is c (  1 - W ; / O ~ ) - ' / ~ ,  

which  is  greater  than c. This  forces  a restriction on the 
maximum  allowable  wiggler  wavelength  for  which  the 
ponderomotive  buckets  can  be  resonant  with  the  electron 
beam.  For  example,  consider the  recently  proposed 
scheme to  use  the  self-generated magnetic fields of a  se- 
ries of laser-produced  plasmas (no = lo2' ~ m - ~ )  as a 
static  undulator [ 101. In  this  case,  the  resonance  condition 
is 

where k, is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa divided by the  laser spot  spacing ( - 100 
pm  in  the  example  proposed). In order  for this to  be less 
than c, we  require  that k , /k ,  > zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw i / 2 w p  or 

For  the  static  plasma  wiggler  parameters  proposed by 
Loeb  and  Eliezer [lo], k,  = . l r / lOO ,urn = 300 cm-' and 
wp/2c = lo4 cm-I, so y > 30 would  be  required.  For 
the  plasma  wave  wigglers  described  in  this  paper,  the  ef- 
fective k, is wf / c  so that  this condition (14) is automati- 
cally  satisfied for  all relativistic beams. 

VI. PROSPECTS 
In  this  paper,  we  have  introduced  the  concept of a 

plasma  wave  wiggler,  which  simultaneously  offers  the 
prospect of a  small  effective wiggler  wavelength  and  a 
high  wiggler  strength.  We  have  described how such  wig- 
glers may be  produced  and  some  limitations  on  the FEL 
process  imposed by the  plasma  medium.  There is a  con- 
siderable  ongoing effort  in generating  coherent relativistic 
plasma  wave  wavefronts  for  high-energy  accelerator  ap- 
plications.  A natural extension of this  work  will  lead  to 
characterization of these  waves  for  wiggler  application. 
Extremely  high-quality electron  beams  are  required  for 
FEL action in the visible  or VUV  region  using  any  kind 
of wiggler,  including  a  plasma  wave  wiggler.  Finally,  al- 
though  'lasing  may  not be possible  at  even  shorter  wave- 
lengths  than  this,  the strong a ,  and  short X, of a  plasma 
wiggler may enable significant  spontaneous  emission  (say 
of y rays) to be obtained by using a modest  energy  elec- 
tron  beam  (such  as  that  from a  compact  GeV  storage  ring). 
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