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◆♦♠❡♥❝❧❛t✉r❡

t t✐♠❡
E ✸✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr✐❝ s♣❛❝❡ ♦❢ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s
B ✸✲❞✐♠❡♥s✐♦♥❛❧ ♠❛t❡r✐❛❧ s♣❛❝❡ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❝♦♥t✐♥✉♦✉s ♠❡❞✐✉♠
D ▼❛t❡r✐❛❧ ✭p−❞✐♠❡♥s✐♦♥❛❧✱ p < 3✮ r❡❢❡r❡♥❝❡ s✉❜s♣❛❝❡
M ❘✐❣✐❞ ♠✐❝r♦str✉❝t✉r❡
B = D ×M ▼❛t❡r✐❛❧ s♣❛❝❡ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠
(O,E1, E2, E3) ▼❛t❡r✐❛❧ ❢r❛♠❡ ❛tt❛❝❤❡❞ t♦ B
(o, e1, e2, e3) ❙♣❛t✐❛❧ ❢r❛♠❡ ❛tt❛❝❤❡❞ t♦ E
x = xiei P♦✐♥ts ♦❢ ❣❡♦♠❡tr✐❝ s♣❛❝❡
X = XiEi ▼❛t❡r✐❛❧ ♣♦✐♥ts ♦❢ B
X = XαEα ▼❛t❡r✐❛❧ ♣♦✐♥ts ♦❢ D
Φt ❚r❛♥s❢♦r♠❛t✐♦♥ ❛t t✐♠❡ t ❢r♦♠ ♠❛t❡r✐❛❧ t♦ ❣❡♦♠❡tr✐❝ s♣❛❝❡
Φt(B) ❉❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ B
Φo(B) ❘❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ B
(Φt ◦ e)(D) ❉❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ D
(Φo ◦ e)(D) ❘❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ D
r(X) P♦s✐t✐♦♥ ♦❢ (Φt ◦ e)(X)
R(X) ∈ SO(3) ❘♦t❛t✐♦♥ t❡♥s♦r ♠❛♣♣✐♥❣ (E1, E2, E3) ♦♥t♦ (t1, t2, t3)(X)
(g1, g2, g3)(X) ❈♦♥✈❡❝t❡❞ ❜❛s✐s ♦♥ Φt(B) ❛t Φt(X)
(h1, ...hp)(X) ❈♦♥✈❡❝t❡❞ ❜❛s✐s ♦♥ (Φt ◦ e)(D) ❛t r(X)
(t1, t2, t3)(X) ❖rt❤♦♥♦r♠❛❧ s♣❛t✐❛❧ ❜❛s✐s ❛tt❛❝❤❡❞ t♦ t❤❡ X✲♠✐❝r♦str✉❝t✉r❡
(gijg

i ⊗ gj)(X) ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ t❡♥s♦r ✐♥ t❤❡ ❝♦♥✈❡❝t❡❞ ❜❛s✐s ♦❢ Φt(B)
(hαβh

α ⊗ hβ)(X) ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ♦♥ (Φt ◦e)(D) ✐♥ ✐ts ❝♦♥✈❡❝t❡❞ ❜❛s✐s
ν✱ νo✱ νt ❖r✐❡♥t❡❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞

s✉r❢❛❝❡ ❡❧❡♠❡♥t ♦❢ D
dS✱ dSo✱ dSt ❆r❡❛ ♦❢ t❤❡ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ s✉r❢❛❝❡ ❡❧❡♠❡♥t ♦❢ D
C ❈♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ D ×M
G ❛♥❞ ❣ ●r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ♠✐❝r♦str✉❝t✉r❡
g✱ g∗ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ G ❛♥❞ ✐ts ❞✉❛❧
Ad ❛♥❞ Ad∗ ❆❞❥♦✐♥t ❛♥❞ ❝♦❛❞❥♦✐♥t ❛❝t✐♦♥ ♠❛♣ ♦❢ G ♦♥ g ❛♥❞ g∗

ad ❛♥❞ ad∗ ❆❞❥♦✐♥t ❛♥❞ ❝♦❛❞❥♦✐♥t ❛❝t✐♦♥ ♠❛♣ ♦❢ g ♦♥ g ❛♥❞ g∗

η ❛♥❞ ξα ▲❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ❛❧♦♥❣ t✐♠❡ ❛♥❞ s♣❛❝❡✲✈❛r✐❛❜❧❡s
L✱ Lo ❛♥❞ Lt ❉❡♥s✐t② ♦❢ ❧❡❢t✲r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ ♣❡r ✉♥✐t

♦❢ ✐ts ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡
∂L
∂η ✱

∂Lo

∂η ❛♥❞ ∂Lt

∂η ❉❡♥s✐t✐❡s ♦❢ ♠❛t❡r✐❛❧ t✲❝♦♥❥✉❣❛t❡ ✭❦✐♥❡t✐❝✮ ♠♦♠❡♥t✉♠✱ ♣❡r ✉♥✐t
♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡

∂L
∂ξα

✱ ∂Lo

∂ξα
❛♥❞

[
∂L
∂ξα

]
t
❉❡♥s✐t✐❡s ♦❢ ♠❛t❡r✐❛❧ Xα✲❝♦♥❥✉❣❛t❡ ✭str❡ss✮ ♠♦♠❡♥t✉♠✱

♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡
Fext✱ Fext,o ❛♥❞ Fext,t ❉❡♥s✐t✐❡s ♦❢ ♠❛t❡r✐❛❧ ❡①t❡r♥❛❧ ❢♦r❝❡s ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱

r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡
F ext✱ F ext,o ❛♥❞ F ext,t ❉❡♥s✐t✐❡s ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡s ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r✲

❡♥❝❡✱ ❞❡❢♦r♠❡❞ ❜♦✉♥❞❛r② ✈♦❧✉♠❡



D × R
+ ❙♣❛❝❡✲t✐♠❡ ♦❢ ❛ p−❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐✉♠

X0 ∂
∂t +Xα ∂

∂Xα P♦✐♥t ✐♥ s♣❛❝❡✲t✐♠❡ ✇✐t❤ t = X0

Υ ❙♣❛❝❡✲t✐♠❡ ✶✲❢♦r♠ ✜❡❧❞ ✇✐t❤ ✈❛❧✉❡ ✐♥ g

Λ✱ Λo ❛♥❞ Λt ❉❡♥s✐t② ♦❢ ❛ s♣❛❝❡✲t✐♠❡ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ ✈❛❧✉❡ ✐♥ g∗✱ ♣❡r ✉♥✐t ♦❢
♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡✱ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡

< ., . > ❛♥❞ (., .) ❉✉❛❧✐t② ♣r♦❞✉❝t ✐♥ g ❛♥❞ s♣❛❝❡✲t✐♠❡

Ad∗
❣−1

(√
|h|
(

∂Lt

∂η

))
❉❡♥s✐t✐❡s ♦❢ s♣❛t✐❛❧ ✭✐♥ t❤❡ ✜①❡❞ ❢r❛♠❡✮ ❦✐♥❡t✐❝ ✇r❡♥❝❤✱ ♣❡r

✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡
Ad∗

❣−1

(√
|h|
(

∂Lt

∂ξα

))
❉❡♥s✐t✐❡s ♦❢ s♣❛t✐❛❧ ✭✐♥ t❤❡ ✜①❡❞ ❢r❛♠❡✮ str❡ss ✇r❡♥❝❤✱ ♣❡r

✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡
SE(3) ❙♣❡❝✐❛❧ ❊✉❝❧✐❞❡❛♥ ●r♦✉♣ ✐♥ R

3 ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ se(3)
(R, r) ❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ SE(3)
(ΩT , V T )T ∈ se(3) ▼❛t❡r✐❛❧ t✐♠❡✲r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ✭✈❡❧♦❝✐t②✮ ♦❢ t❤❡ ♠✐✲

❝r♦str✉❝t✉r❡ ❢r❛♠❡s
(ωT , vT )T ∈ se(3) ❙♣❛t✐❛❧ t✐♠❡✲r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ✭✈❡❧♦❝✐t②✮ ♦❢ t❤❡ ♠✐❝r♦str✉❝✲

t✉r❡ ❢r❛♠❡s
(ΣT

t , P
T
t )T ∈ se(3)∗ ❉❡♥s✐t② ♦❢ ♠❛t❡r✐❛❧ ❦✐♥❡t✐❝ ✇r❡♥❝❤ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞
✈♦❧✉♠❡

(σT
t , p

T
t )

T ∈ se(3)∗ ❉❡♥s✐t② ♦❢ s♣❛t✐❛❧ ✭✐♥ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❢r❛♠❡✮ ❦✐♥❡t✐❝ ✇r❡♥❝❤
♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡

(KT
α , Γ

T
α )T ∈ se(3) ▼❛t❡r✐❛❧ Xα✲r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡
❢r❛♠❡s

(kTα , γ
T
α )

T ∈ se(3) ❙♣❛t✐❛❧Xα✲r❛t❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❢r❛♠❡s
(MT

α,t, N
T
α,t)

T ∈ se(3)∗ ❉❡♥s✐t② ♦❢ ♠❛t❡r✐❛❧ str❡ss ✇r❡♥❝❤ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞
✈♦❧✉♠❡

(mT
α,t, n

T
α,t)

T ∈ se(3)∗ ❉❡♥s✐t② ♦❢ s♣❛t✐❛❧ str❡ss ✇r❡♥❝❤ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✲
✉♠❡

(ρ, ρo, ρt) ❛♥❞ (J, Jo, J t) ❉❡♥s✐t✐❡s ♦❢ ♠❛ss ❛♥❞ ♦❢ ♠❛t❡r✐❛❧ ❛♥❣✉❧❛r ✐♥❡rt✐❛ t❡♥s♦r
♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡✱ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡

(I, Io, It) ❉❡♥s✐t✐❡s ♦❢ s♣❛t✐❛❧ ✐♥❡rt✐❛ t❡♥s♦r ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡✱ ❞❡✲
❢♦r♠❡❞ ✈♦❧✉♠❡

ǫαβ , ραβ , τα ❊✛❡❝t✐✈❡ str❛✐♥ ♠❡❛s✉r❡s ✭str❡t❝❤✐♥❣✱ ❜❡♥❞✐♥❣✱ tr❛♥s✈❡rs❡ s❤❡❛r✐♥❣✮
♦❢ ❛ ❝❧❛ss✐❝❛❧ s❤❡❧❧

Nαβ
t ,Mαβ

t ,Qα
t ❉❡♥s✐t✐❡s ♦❢ ❡✛❡❝t✐✈❡ str❡ss ♦❢ ❛ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ♣❡r ✉♥✐t ♦❢ ❞❡✲

❢♦r♠❡❞ ✈♦❧✉♠❡

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❝♦♥tr❛st t♦ ❝❧❛ss✐❝❛❧ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛ ✇❤❡r❡ t❤❡ ❜❛s✐❝ ❝♦♥st✐t✉t✐✈❡ ❡❧❡♠❡♥t
♦❢ ♠❛tt❡r ✐s t❤❡ ♣♦✐♥t ♣❛rt✐❝❧❡✱ ❈♦ss❡r❛t ♠❡❞✐❛ ❛r❡ ❞❡✜♥❡❞ ❜② s♠❛❧❧ r✐❣✐❞ ❜♦❞✲
✐❡s✱ ❝❛❧❧❡❞ ♠✐❝r♦✲str✉❝t✉r❡s✱ ❝♦♥t✐♥✉♦✉s❧② st❛❝❦❡❞ ❛❧♦♥❣ ♠❛t❡r✐❛❧ ❞✐♠❡♥s✐♦♥s ❬✶❪✳
❚❤✐s ❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡ ❤❛s str♦♥❣ ❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ t✇♦ t❤❡♦r✐❡s ✭❝❧❛s✲
s✐❝❛❧ ✈s ❈♦ss❡r❛t✮✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✱ t❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ♦❢ ✜♥✐t❡ r♦t❛t✐♦♥s
❞✐s❛♣♣❡❛rs ❢r♦♠ t❤❡ ♠♦❞❡❧✱ ♦♥❧② r❡✲❛♣♣❡❛r✐♥❣ ❛s ❛ ❦✐♥❡♠❛t✐❝ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ tr❛♥s❧❛t✐♦♥s ✭❡✳❣✳ t❤r♦✉❣❤ t❤❡ ❝✉r❧ ♦❢ t❤❡ ❧✐♥❡❛r ✈❡❧♦❝✐t② ✜❡❧❞✮✱ ✇❤✐❧❡ ✐♥ t❤❡



❈♦ss❡r❛t ♠♦❞❡❧ t❤❡ r♦t❛t✐♦♥s ❤❛✈❡ ❛ st❛t✉s s✐♠✐❧❛r t♦ t❤❛t ♦❢ tr❛♥s❧❛t✐♦♥s ❢r♦♠
t❤❡ ❜❡❣✐♥♥✐♥❣ t♦ t❤❡ ❡♥❞ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❢♦r♠✉❧❛t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ▲✐❡ ❣r♦✉♣
str✉❝t✉r❡ ♥❛t✉r❛❧❧② ❛♣♣❡❛rs ✐♥ t❤❡ ✐♥tr✐♥s✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡
♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ t❤r♦✉❣❤ t❤❡ r✐❣✐❞ tr❛♥s❢♦r♠❛t✐♦♥s ✭✐♥ SO(3)✱ ❛♥❞ ♠♦r❡
❣❡♥❡r❛❧❧② SE(3)✮ ✉♥❞❡r❣♦♥❡ ❜② ✐ts ❝♦♥st✐t✉t✐✈❡ ♠✐❝r♦✲str✉❝t✉r❡s✳ ❚❤✉s✱ t❤❡ ♠♦❞❡❧
♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ s❤♦✉❧❞ ❜❡ r❡❝♦✈❡r❛❜❧❡ ❢r♦♠ t❤❡ ❛❜str❛❝t ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s
❞❡✈❡❧♦♣❡❞ ❜② ❍❡♥r✐ P♦✐♥❝❛ré ❬✷❪✱ ❦♥♦✇♥ t♦❞❛② ❛s t❤❡ P♦✐♥❝❛ré ♦r ❊✉❧❡r✲P♦✐♥❝❛ré
❡q✉❛t✐♦♥s ❬✸❪✱ ❬✹❪✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ▲❛✲
❣r❛♥❣❡✬s ❡q✉❛t✐♦♥s t♦ s②st❡♠s ✇❤♦s❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✐s ❞❡✜♥❡❞ ❛s ❛ ♥♦♥
❝♦♠♠✉t❛t✐✈❡ ▲✐❡ ❣r♦✉♣✳ ❆s P♦✐♥❝❛ré r❡♠❛r❦❡❞ ❤✐♠s❡❧❢✱ t❤❡② ❛r❡ ♣❛rt✐❝✉❧❛r❧② r❡❧✲
❡✈❛♥t ✇❤❡♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤❡ s②st❡♠ ✐s ❧❡❢t ✭♦r r✐❣❤t✮ ✐♥✈❛r✐❛♥t ❜② t❤❡ ❣r♦✉♣
tr❛♥s❢♦r♠❛t✐♦♥s✱ ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ s②♠♠❡tr② ♦❢ s♣❛❝❡ ✭❧❡❢t ✐♥✲
✈❛r✐❛♥❝❡✮ ❛♥❞ ♠❛tt❡r ✭r✐❣❤t ✐♥✈❛r✐❛♥❝❡✮ ❛s ❆r♥♦❧❞ ❛♥❞ ▼❛rs❞❡♥ ❞✐s❝♦✈❡r❡❞ ❧❛t❡r
t❤r♦✉❣❤ t❤❡ ▲❛❣r❛♥❣✐❛♥ r❡❞✉❝t✐♦♥ t❤❡♦r② ❬✸❪✱ ❬✹❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ r✐❣❤t ✐♥✈❛r✐✲
❛♥❝❡ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❛ ❦❡② ❝♦♥❝❡♣t t♦ ✐♥❝❧✉❞❡ t❤❡ ❊✉❧❡r✐❛♥ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢
✢✉✐❞ ♠❡❝❤❛♥✐❝s ✇✐t❤✐♥ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré✬s ❛♣♣r♦❛❝❤ ❬✺❪✳ ❆r♥♦❧❞ ❞❡♠♦♥str❛t❡❞
t❤❛t t❤❡ ✐❞❡❛❧ ✢✉✐❞ ✐s t❤❡ ✐♥✜♥✐t❡ ✭r✐❣❤t ✐♥✈❛r✐❛♥t✮ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ✜♥✐t❡ ✭❧❡❢t
✐♥✈❛r✐❛♥t✮ ❊✉❧❡r ❛♥❞ P♦✐♥❝❛ré✬s r✐❣✐❞ ❜♦❞② ❬✻❪✳ ❆♥♦t❤❡r ❝❛s❡ t❤❛t ♠♦t✐✈❛t❡s ✉s
t♦ s❤✐❢t ❢r♦♠ t❤❡ ✜♥✐t❡ t♦ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s t❤❛t ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛
❬✼❪✳ ❲❤✐❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐❞❡❛❧ ✢✉✐❞✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❧✐✈❡ ✐♥ ❛♥ ✐♥✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❣r♦✉♣✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ t❤❡ tr❛♥s✐t✐♦♥ t♦✇❛r❞ ✐♥✜♥✐t❡
❞✐♠❡♥s✐♦♥ ✐s ❞r❛♠❛t✐❝❛❧❧② ❞✐✛❡r❡♥t✳ ■♥ t❤✐s ♦t❤❡r ❝❛s❡✱ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ ❛ ❝♦♥t✐♥✲
✉♦✉s ♠❛t❡r✐❛❧ ♠❡❞✐✉♠ D✱ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❣r♦✉♣ G ❛❝ts ♦♥ ❛ ♠✐❝r♦str✉❝t✉r❡
M✱ ✐✳❡✳✱ ❛ r✐❣✐❞ ❜♦❞② ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ s✐③❡✳ ❆♣♣❧②✐♥❣ P♦✐♥❝❛ré✬s ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉✲
❧✉s t♦ t❤✐s ❝♦♥t❡①t r❡q✉✐r❡s ❛ s❤✐❢t ❢r♦♠ t❤❡ ❜❛s✐❝ ♣✐❝t✉r❡ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ♦❢ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✱ t♦ ❛ s❡t ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✐♥ ❛ ✜❡❧❞ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤ ❛s ✐t ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ s❡♠✐♥❛❧
✇♦r❦s ❬✽❪ ❛♥❞ ❬✾❪✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❛✐♠ ♦❢ t❤❡ ❈♦ss❡r❛t ❜r♦t❤❡rs ❬✼❪✱ ✐♥
❬✽❪✱ t❤❡ ✜❡❧❞s ❡q✉❛t✐♦♥s ♦❢ ❛♥ ✉♥❜♦✉♥❞❡❞ ❈♦ss❡r❛t ♠❡❞✐✉♠ ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ❝♦♥✲
t❡①t ♦❢ t❤❡ ❛❜str❛❝t ❢♦r♠❛❧ t❤❡♦r② ♦❢ s②st❡♠s ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❬✶✵❪✱
✇✐t❤ ♥♦ r❡❢❡r❡♥❝❡ t♦ t❤❡ P♦✐♥❝❛ré ♣✐❝t✉r❡✳ ❋r♦♠ ❛ ♠♦r❡ ❣❡♦♠❡tr✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ ✐♥
❬✾❪✱ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ♦❢ P♦✐♥❝❛ré ✐s ❡①t❡♥❞❡❞ ❢r♦♠ ❛ ❝♦♥✜❣✉r❛t✐♦♥
▲✐❡ ❣r♦✉♣ t♦ ❛ ♣r✐♥❝✐♣❛❧ ✜❜❡r ❜✉♥❞❧❡ t♦ ❞❡r✐✈❡ ❛ s❡t ♦❢ ❝♦✈❛r✐❛♥t ❊✉❧❡r✲P♦✐♥❝❛ré
❡q✉❛t✐♦♥s ❜✉t ✇✐t❤ ♥♦ r❡❧❛t✐♦♥ t♦ ❈♦ss❡r❛t ♠❡❞✐❛✳ ■♥ ❬✶✶❪✱ ❜♦t❤ ✜❡❧❞s ❡q✉❛t✐♦♥s
❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❜♦✉♥❞❡❞ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐✉♠ ❛r❡
❞❡r✐✈❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❊✉❧❡r✲P♦✐♥❝❛ré r❡❞✉❝t✐♦♥✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❞②♥❛♠✲
✐❝s ♦❢ t❤❡ ❈♦ss❡r❛t ♠❡❞✐✉♠ ❛r❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❛ ✉♥✐q✉❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② ❧❡❢t
✐♥✈❛r✐❛♥t ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ G✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡✐♥❣ ♣❛r❛♠❡t❡r✐③❡❞
❜② t❤❡ t✐♠❡ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s ✭▲❛❣r❛♥❣✐❛♥ ❧❛❜❡❧s✮ ♦❢ t❤❡ ♠❡❞✐✉♠ D✳
❚❤♦✉❣❤ ✐t ♠❛② s❡❡♠ ❛❜str❛❝t ❛t ✜rst✱ t❤✐s ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐s❡s
P♦✐♥❝❛ré✬s ❝❛❧❝✉❧✉s ❢r♦♠ ♦♥❡ ♣❛r❛♠❡tr✐❝ ❞✐♠❡♥s✐♦♥ ✭t❤❡ t✐♠❡ ❛①✐s✮ t♦ s❡✈❡r❛❧
✭s♣❛❝❡✲t✐♠❡✮✱ ✐s ✐♥ ❢❛❝t ❛ ♣♦✇❡r❢✉❧ ❛❧t❡r♥❛t✐✈❡ t♦♦❧ t♦ ◆❡✇t♦♥✬s ❧❛✇s ❛♥❞ ❊✉❧❡r✬s
t❤❡♦r❡♠s ❢♦r ❞❡r✐✈✐♥❣ ✐♥ ❛ ❜❧✐♥❞ ♠❛♥♥❡r t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡✲
❞✐❛✳ ❋✉rt❤❡r♠♦r❡✱ r❡✈❡❛❧✐♥❣ t❤❡ ✐♥tr✐♥s✐❝ ❣❡♦♠❡tr✐❝ ♥❛t✉r❡ ♦❢ t❤❡s❡ ♠❡❞✐❛✱ t❤❡
❛♣♣r♦❛❝❤ ❝❛♥ ❛ss✐st ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛❜❧❡ t♦ ❝♦♣❡ ✇✐t❤



✜♥✐t❡ r♦t❛t✐♦♥s✳ ■♥ t❤✐s ❧❛t❡r ❝♦♥t❡①t✱ ❈♦ss❡r❛t ♠❡❞✐❛ ❤❛✈❡ ❜❡❡♥ ♣r♦♠♦t❡❞ ✐♥ t❤❡
✜❡❧❞ ♦❢ t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞✱ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ t❤❡ ✧❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t
❛♣♣r♦❛❝❤✧ ❜② ❏✳❈✳ ❙✐♠♦ ❛♥❞ ❝♦✲❛✉t❤♦rs ❬✶✷❪✱ ❬✶✸❪ ❜✉t ✇✐t❤ ♥♦ r❡❢❡r❡♥❝❡ t♦ t❤❡
❊✉❧❡r✲P♦✐♥❝❛ré r❡❞✉❝t✐♦♥ t❤❡♦r②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤♦✉❣❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ str✉❝✲
t✉r❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ r♦❞s ❛♥❞ ♣❧❛t❡s ✐s r❡✈❡❛❧❡❞
✐♥ ❬✶✹❪ t❤r♦✉❣❤ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜r❛❝❦❡t✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡
❝♦♥s✐❞❡r❡❞ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ✐♥ ❬✶✹❪✱ ❛♥❞ ❞❡r✐✈❡❞ ❢r♦♠ ◆❡✇t♦♥✬s ❧❛✇s ❛♥❞ ❊✉✲
❧❡r✬s t❤❡♦r❡♠s✳ ▼♦r❡ r❡❝❡♥t❧②✱ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ▲❛❣r❛♥❣✐❛♥ r❡❞✉❝t✐♦♥ ❛♥❞
❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❜❡❛♠ t❤❡♦r②✱ ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❛♥❞ ❡①♣❧♦✐t❡❞ ✐♥ ❬✶✶❪✱
❬✶✺❪ ❛♥❞ ❬✶✻❪✱ ✇✐t❤ ❢✉rt❤❡r ❡①t❡♥s✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ♠♦❧❡❝✉❧❛r str❛♥❞s ❬✶✼❪✱ ❬✶✽❪✳
■♥ ❬✶✽❪✱ s❡✈❡r❛❧ s❡ts ♦❢ r❡❞✉❝❡❞ ♠♦t✐♦♥ ❡q✉❛t✐♦♥s✱ r❛♥❣✐♥❣ ❢r♦♠ ❊✉❧❡r✲P♦✐♥❝❛ré
t♦ ▲❛❣r❛♥❣❡✲P♦✐♥❝❛ré ❡q✉❛t✐♦♥s✱ ❛r❡ ❞❡✈❡❧♦♣❡❞ ❢♦r ♠♦❞❡❧❧✐♥❣ ♠♦❧❡❝✉❧❛r str❛♥❞s
s✉❜❥❡❝t❡❞ t♦ ♥♦♥❧♦❝❛❧ ❡❧❡❝tr♦st❛t✐❝ ❢♦r❝❡s✱ ✇❤✐❧❡ ✐♥ t❤❡ s❛♠❡ r❡❢❡r❡♥❝❡✱ t❤❡ ❝❛s❡
♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♠❡❞✐❛ ✭✐♥ t❤✐s ❝❛s❡✱ ♠♦❧❡❝✉❧❛r ♠❡♠❜r❛♥❡s✮✱ ✐s ❡✈♦❦❡❞ ❛s
❛ ❢✉rt❤❡r ♣❡rs♣❡❝t✐✈❡ ❜② t❤❡ ❛✉t❤♦rs✳ ■♥ t❤❡ r♦❜♦t✐❝s ❝♦♠♠✉♥✐t②✱ t❤❡ P♦✐♥❝❛ré
❡q✉❛t✐♦♥s ❢♦r ❈♦ss❡r❛t ❜❡❛♠s ❤❛✈❡ ❛❧s♦ r❛✐s❡❞ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st ❜② ♣r♦✈✐♥❣ t❤❛t
t❤❡② ❛r❡ ❛♥ ❡✣❝✐❡♥t t♦♦❧ t♦ ♠♦❞❡❧ t❤❡ ❧♦❝♦♠♦t✐♦♥ ♦❢ ♥♦✈❡❧ ❝♦♥t✐♥✉♦✉s ✭❤②♣❡r✲
r❡❞✉♥❞❛♥t✮ ❛♥❞ s♦❢t r♦❜♦ts ✐♥s♣✐r❡❞ ❢r♦♠ ✜s❤ ❬✶✾❪✱ s♥❛❦❡s ❛♥❞ ✇♦r♠s ❬✷✵❪✱ ❛s
✇❡❧❧ ❛s t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❜② s♦❢t r♦❜♦ts ✐♥s♣✐r❡❞ ❢r♦♠ ♦❝t♦♣✉s ❛r♠ ❬✷✶❪✳ ▼♦r❡
r❡❝❡♥t❧②✱ ❝❡♣❤❛❧♦♣♦❞s ❤❛✈❡ ❞r❛✇♥ t❤❡ ❛tt❡♥t✐♦♥ ♦❢ ❜✐♦r♦❜♦t✐❝✐sts ✇✐t❤ t❤❡ ❧♦♥❣
t❡r♠ ❛✐♠ ♦❢ ❞❡s✐❣♥✐♥❣ sq✉✐❞✲❧✐❦❡ s✇✐♠♠✐♥❣ r♦❜♦ts ❛❜❧❡ t♦ ♣r♦♣❡❧ ❜② ❝②❝❧✐❝❛❧❧②
❝♦♥tr❛❝t✐♥❣ ❛ s♦❢t s❤❡❧❧ ❝❛✈✐t② ✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ ♠❛♥t❧❡ ♦❢ t❤❡s❡ ❛♥✐♠❛❧s ❬✷✷❪✳

❖r✐❣✐♥❛❧❧② ❞r✐✈❡♥ ❜② t❤❡ ♥❡❡❞ t♦ ♠♦❞❡❧ s♦❢t r♦❜♦ts ✐♥s♣✐r❡❞ ❢r♦♠ sq✉✐❞s✱ t❤❡
♣r❡s❡♥t ❛rt✐❝❧❡ ❛✐♠s ❛t ❛♣♣❧②✐♥❣ t❤❡ P♦✐♥❝❛ré ♣✐❝t✉r❡ t♦ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐❞✐♠❡♥✲
s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐❛ ❛♥❞ ❡s♣❡❝✐❛❧❧②✱ t❤❡ ❈♦ss❡r❛t s❤❡❧❧s✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ✇✐❧❧
r❡st❛rt ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ ❬✶✶❪✱ ❛♥❞ ✇✐❧❧ r❡♠✐♥❞ ❤♦✇ ♦♥❡ ❝❛♥ ❞❡r✐✈❡
❢r♦♠ ❛ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② r❡❧❛t❡❞ t♦ t❤❡ s♣❛❝❡ ♦❢ ♠❛t❡r✐❛❧ ❧❛❜❡❧s ♦❢ D✱ ❛ ✜rst
s❡t ♦❢ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ❝♦♥s❡q✉❡♥t❧② ♥❛♠❡❞ ✧P♦✐♥❝❛ré ❡q✉❛t✐♦♥s
♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♠❛t❡r✐❛❧ ❧❛❜❡❧s✧✱ ♦r ♠♦r❡ ❝♦♥❝✐s❡❧②✱ ✧✐♥ t❤❡
♠❛t❡r✐❛❧ s♣❛❝❡ D✧✳ ■♥ t❤✐s ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❜♦t❤ t❤❡ ✜❡❧❞ ❡q✉❛✲
t✐♦♥s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ (D,M)✱ ✇✐t❤ D ♦❢
❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥ p✱ ❛♥❞ M ❛ ❢✉❧❧ ✭♥♦♥✲❞❡❣❡♥❡r❛t❡❞✮ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✭✸❉✮
♠✐❝r♦str✉❝t✉r❡✳ ❚❤✐s ✜rst s❡t ♦❢ ❡q✉❛t✐♦♥s ❜❡✐♥❣ r❡❧❛t❡❞ t♦ D✱ ✐✳❡✳✱ t♦ ❛ s♣❛❝❡
❞✐s❝♦♥♥❡❝t❡❞ ❢r♦♠ t❤❡ ♣❤②s✐❝❛❧ ❣❡♦♠❡tr✐❝ s♣❛❝❡✱ ✐t ✐s ♣❤②s✐❝❛❧❧② ✐♥❝♦♥s✐st❡♥t ❛♥❞
♣r❛❝t✐❝❛❧❧② ✉♥✉s❛❜❧❡ ❢♦r s❤❡❧❧s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞❡r✐✈❡ t✇♦ ❢✉rt❤❡r
s❡ts ♦❢ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s✱ ♦♥❡ r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ t❤❡
s❡❝♦♥❞✱ r❡❧❛t❡❞ t♦ t❤❡ ❞❡❢♦r♠❡❞ ✭❝✉rr❡♥t✮ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐✉♠✱ ❜♦t❤ ❜❡✲
✐♥❣ ❡♠❜❡❞❞❡❞ ✐♥ ❣❡♦♠❡tr✐❝ s♣❛❝❡✳ ❚♦ ❞❡r✐✈❡ t❤❡s❡ ♥❡✇ ❡q✉❛t✐♦♥s✱ ✇❡ ✇✐❧❧ st❛rt
❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ D ♦❢ ❬✶✶❪✳ ❚❤❡♥✱ ❧②✐♥❣ ♦♥ t❤❡ ❝♦♥❝❡♣t
♦❢ ❞✉❛❧✐t②✱ ✇❡ ✇✐❧❧ ✐❞❡♥t✐❢② t❤❡ ✐♥tr✐♥s✐❝ ❣❡♦♠❡tr✐❝ ♥❛t✉r❡ ♦❢ ❛❧❧ t❤❡ ♦❜❥❡❝ts t❤❡②
❤❛♥❞❧❡✱ ❛♥❞ ❡st❛❜❧✐s❤ ❤♦✇ t❤❡② tr❛♥s❢♦r♠ ❢r♦♠ ♠❛t❡r✐❛❧ s♣❛❝❡ D t♦ t❤❡ r❡❢❡r❡♥❝❡
❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐✉♠✳ ■♥ ♣❛r❛❧❧❡❧ t♦ t❤✐s ✜rst ❛♣♣r♦❛❝❤ ♦❢
❞❡r✐✈❛t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡s❡ t✇♦ s❡ts ♦❢ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ str❛✐❣❤t✲
❢♦r✇❛r❞❧② ❜② ❡①t❡♥❞✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ♦❢ ❬✶✶❪ t♦ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s



r❡❧❛t❡❞ t♦ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ❈♦ss❡r❛t ♠❡❞✐✉♠✳ ❆❧♦♥❣
❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ♣r♦❣r❡ss✐✈❡❧② r❡❧❛t❡ t❤❡ ♦❜❥❡❝ts ♥❛t✉r❛❧❧②
♣r♦❞✉❝❡❞ ❜② t❤❡ P♦✐♥❝❛ré ❝❛❧❝✉❧✉s t♦ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❈♦ss❡r❛t ♠❡❞✐❛✱ ❛♥❞ ✇✐❧❧
r❡❝♦✈❡r ✐♥ ❛ ♣✉r❡ ❞❡❞✉❝t✐✈❡ ♠❛♥♥❡r✱ s❡✈❡r❛❧ ♦❢ t❤❡ ❦❡② ❝♦♥❝❡♣ts ♦❢ t❤❡ ♠✐❝r♦♣♦❧❛r
t❤❡♦r② ❬✶❪✱ ❛s t❤♦s❡ r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧ ♦❜❥❡❝t✐✈✐t② ♦❢ t❤❡✐r ❝♦♥st✐t✉t✐✈❡ ❧❛✇s✱
t❤❡✐r ❦✐♥❡♠❛t✐❝ ❛♥❞ ❦✐♥❡t✐❝ ♠♦❞❡❧s✱ s❡✈❡r❛❧ ♠♦❞❡❧s ♦❢ str❛✐♥ ❛♥❞ str❡ss✱ ❛♥❞ t❤❡✐r
❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❢♦r♠✳ ❆t t❤❡ ❡♥❞✱ t❤❡ ❛♣♣r♦❛❝❤ ✇✐❧❧
❣✐✈❡ ❛ str✉❝t✉r❡❞ ♣✐❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛✱ ✇❤✐❧❡ ♦♣❡♥✐♥❣ ♣r♦♠✐s✲
✐♥❣ ♣❡rs♣❡❝t✐✈❡s ❢♦r ❢✉t✉r❡✳

❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ✐❧❧✉str❛t✐♦♥✱ ✇❡ ✇✐❧❧ t❤❡♥ s❤♦✇ ❤♦✇ t❤❡s❡ ❢✉rt❤❡r ❣❡♥❡r❛❧ ❢♦r✲
♠✉❧❛t✐♦♥s ✐♥ ❣❡♦♠❡tr✐❝ s♣❛❝❡✱ ❛❧❧♦✇ r❡❝♦✈❡r✐♥❣ t❤❡ s♦ ❝❛❧❧❡❞ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t
❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❡①✐st✐♥❣ s❤❡❧❧ t❤❡♦r② ❛s t❤❡② ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r
t❤❡ ②❡❛rs ❜② ♦t❤❡r ♠❡❛♥s ✐♥ ✇♦r❦s ❜② ❘❡✐ss♥❡r ❬✷✸❪✱ ●r❡❡♥ ❛♥❞ ◆❛❣❤❞✐ ❬✷✹❪✱
❆♥t♠❛♥ ❬✷✺❪✱ ▲✐❜❛✐ ❬✷✻❪ ❛♠♦♥❣ ♦t❤❡rs✳ ❆♣♣❧②✐♥❣ ♦✉r ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡
❝❛s❡ p = 2✱ ✇✐❧❧ ❣✐✈❡ t❤❡ ❣❡♦♠❡tr✐❝ ❡①❛❝t ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ ❛ ♠✐❝r♦♣♦❧❛r s❤❡❧❧
❬✷✻❪✱ ✇✐t❤ s❡✈❡r❛❧ ♠♦❞❛❧✐t✐❡s ♦❢ ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡② ❛r❡ r❡❧❛t❡❞
t♦ t❤❡ r❡❢❡r❡♥❝❡ ♦r ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ D✱ ❛♥❞✱ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡ ♦r t❤❡
s♣❛t✐❛❧ ❢r❛♠❡ ♦❢ M✳ ❇❛s❡❞ ♦♥ t❤❡s❡ ♥♦♠✐♥❛❧ s❡ts ♦❢ ❡q✉❛t✐♦♥s✱ ✇❡ ✇✐❧❧ s❤✐❢t ❢r♦♠
♠✐❝r♦♣♦❧❛r t♦ ❝❧❛ss✐❝❛❧ s❤❡❧❧✱ ✇❤✐❧❡ str❡ss✐♥❣ t❤❡ r♦❧❡ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s ✐♥
❛ ❣❡♥❡r✐❝ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ❛❧❧♦✇✐♥❣ t♦ r❡❝♦✈❡r t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❢♦r♠✉✲
❧❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✐♥ ✇❤✐❝❤ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❞❡❣❡♥❡r❛t❡ ✐♥t♦ ❛ ❞✐r❡❝t♦r
❬✷✸❪✱❬✷✹❪✱❬✷✺❪✱❬✶✷❪✳ ❋♦❧❧♦✇✐♥❣ ❬✶✷❪✱ ✐♥ t❤❡ r❡s✉❧t✐♥❣ r❡❞✉❝❡❞ ❞②♥❛♠✐❝ ♠♦❞❡❧✱ t❤❡
❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✜❡❧❞ ❛r♦✉♥❞ t❤❡ ❞✐r❡❝t♦rs✱ r❡❢❡rr❡❞ ❛s t❤❡ ✧❞r✐❧❧✐♥❣ r♦t❛t✐♦♥✧ ✐♥
t❤❡ s❤❡❧❧ ❧✐t❡r❛t✉r❡ ❬✷✼❪✱ ✐s ❛r❜✐tr❛r✐❧② ❢♦r❝❡❞ t♦ ③❡r♦✳ ■♥ ❛ ✜♥❛❧ st❡♣✱ ✇❡ ✇✐❧❧ r❡✐♥✲
❝♦r♣♦r❛t❡ t❤❡ ❞r✐❧❧✐♥❣ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ ❞❡r✐✈❡ ❛ ❢✉rt❤❡r ❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥
❤♦❧❞✐♥❣ ❢♦r ❝❧❛ss✐❝❛❧ ❈♦ss❡r❛t s❤❡❧❧s ✇✐t❤ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s✳ ❲❤✐❧❡ t❤✐s ❛♣♣r♦❛❝❤
✐s ✐♥s♣✐r❡❞ ♦❢ ✇♦r❦s ✐♥ ✜♥✐t❡✲❡❧❡♠❡♥ts ❬✷✽❪✱ ✐t ✐s ❤❡r❡ st❛t❡❞ ✐♥ ❛ ♥❡✇ ❢♦r♠ ✇❤✐❝❤
❡①♣❧♦✐ts t❤❡ st❛t❡✲s♣❛❝❡ ❢♦r♠ ♦❢ t❤❡ P♦✐♥❝❛ré ♣✐❝t✉r❡✱ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ♦❢
s✉r❢❛❝❡s ✭♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ❧❛❜❡❧s ♦❢ D✮ ✐♥ SE(3)× se(3)✳

❚❤❡ ❛rt✐❝❧❡ ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s ❛❧❧ t❤❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s
❛♥❞ st❛t❡♠❡♥ts r❡q✉✐r❡❞ ❜② t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ P♦✐♥❝❛ré ♣✐❝t✉r❡ t♦ ❛ ❈♦ss❡r❛t
♠❡❞✐✉♠ ♦❢ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❞❡r✐✈❡ t❤❡ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s
♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✐ts ♠❛t❡r✐❛❧ ❧❛❜❡❧s✳ ❙❡❝t✐♦♥ ✹ r❡❝♦♥s✐❞❡r
t❤❡s❡ ✜rst ❡q✉❛t✐♦♥s ❢r♦♠ t❤❡ ✈✐❡✇♣♦✐♥t ♦❢ ❞✉❛❧✐t② ❛♥❞ ❛♥❛❧②s❡s t❤❡ ✐♥tr✐♥s✐❝
❣❡♦♠❡tr✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ♦❜❥❡❝ts t❤❡② ❤❛♥❞❧❡❞✱ ❛♥❞ ❤♦✇ t❤❡② tr❛♥s❢♦r♠ ❢r♦♠ t❤❡
♠❛t❡r✐❛❧ t♦ t❤❡ ❣❡♦♠❡tr✐❝ s♣❛❝❡✳ ❇❛s❡❞ ♦♥ t❤✐s ❛♥❛❧②s✐s✱ ✐♥ s❡❝t✐♦♥ ✺✱ t❤❡ P♦✐♥❝❛ré
❡q✉❛t✐♦♥s ♦❢ p✲❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✲
✜❣✉r❛t✐♦♥ ❛r❡ ❞❡r✐✈❡❞✱ ❛♥❞ t❤❡✐r ✉♥❞❡r❧❛②✐♥❣ ♠♦❞❡❧ ♦❢ str❡ss ✐s ❞❡t❛✐❧❡❞ ✐♥ r❡❧❛t✐♦♥
t♦ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛ ♠❡❝❤❛♥✐❝s✳ ■♥ s❡❝t✐♦♥ ✻✱ t❤✐s ❣❡♥❡r❛❧ ♣✐❝t✉r❡ ✐s ❛♣♣❧✐❡❞ t♦
2✲❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐❛ t♦ ❞❡r✐✈❡ t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❜❛❧❛♥❝❡ ❡q✉❛✲
t✐♦♥s ♦❢ ♠✐❝r♦♣♦❧❛r s❤❡❧❧s✳ ❋r♦♠ t❤❡s❡ ✜rst s❡t ♦❢ ❡q✉❛t✐♦♥s✱ ✇❡ ❞❡❞✉❝❡ t♦ ♦t❤❡r
s❡ts ♦❢ ❡q✉❛t✐♦♥s✱ t❤♦s❡ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤ ♥♦ ♠♦❞❡❧ ♦❢ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s
✭s❡❝t✐♦♥ ✼✮✱ ❛♥❞ ✇✐t❤ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s ✭s❡❝t✐♦♥ ✽✮✳ ❋♦r t❤❡ ♣✉r✲



♣♦s❡ ♦❢ ✐❧❧✉str❛t✐♦♥✱ t❤❡ ❢✉❧❧ P♦✐♥❝❛ré ♣✐❝t✉r❡ ✐s ❛♣♣❧✐❡❞ ❢r♦♠ ✐ts ❜❡❣✐♥♥✐♥❣ t♦
❛①✐s②♠❡tr✐❝ s❤❡❧❧s ✐♥ s❡❝t✐♦♥ ✾✳ ❙❡❝t✐♦♥ ✶✵ s✉♠♠❛r✐③❡s ❛♥❞ ♦♣❡♥s ♣❡rs♣❡❝t✐✈❡s
❢♦r ❛♣♣❧✐❝❛t✐♦♥s t♦ sq✉✐❞ ❧♦❝♦♠♦t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♦❢t ❘♦❜♦t✐❝s✳

✷ ❇❛s✐❝ st❛t❡♠❡♥ts ❛♥❞ ❞❡✜♥✐t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st❛t❡ t❤❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ❛rt✐✲
❝❧❡✳ ❲❡ ✐♥✈✐t❡ t❤❡ r❡❛❞❡r ✇❤♦ ✐s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢
✜♥✐t❡ ❡❧❛st✐❝✐t② ❬✷✾❪ t♦ ❣♦ ❞✐r❡❝t❧② t♦ s✉❜s❡❝t✐♦♥ ✷✳✺✳ ❚❤❡ ❦❡② ✐♥❢♦r♠❛t✐♦♥ ♦❢ s❡❝✲
t✐♦♥s ✷✳✶✲✹ ❛r❡ ❡ss❡♥t✐❛❧❧②✿ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ❛♥❞ t❤❡ ❜❛s✐❝
❦✐♥❡♠❛t✐❝s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✭❡q✳ ✭✸✮ ❛♥❞ ✭✽✮✮✱ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❛r❡❛
❡❧❡♠❡♥t ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✭❡q✳ ✭✶✷✮✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✜❣✉r❡ ✶ ✇❤✐❝❤
✐❧❧✉str❛t❡s t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥t❡①t ✉s❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡✳

✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ♠❡❞✐✉♠

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛✱ ❛ ❝❧❛ss✐❝❛❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
♠❡❞✐✉♠ B ✐s ❛ ❝♦♠♣❛❝t s❡t ♦❢ ♠❛t❡r✐❛❧ ♣♦✐♥ts ♦❢ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ R

3 ❧❛❜❡❧❧❡❞ ❜②
✸ ♣❛r❛♠❡t❡rs {Xi}i=1,2,3 ✐♥ ❛ ❈❛rt❡s✐❛♥ ❢r❛♠❡ (O,E1, E2, E3) ♥❛♠❡❞ ♠❛t❡r✐❛❧
❢r❛♠❡✳ ❆ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ B ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ x = xi(Xj)ei ♦❢ ❛❧❧ t❤❡
♠❛t❡r✐❛❧ ♣♦✐♥ts X = XjEj ♦❢ B ✐♥ ❛♥ ✐♥❡rt✐❛❧ ❢r❛♠❡ (o, e1, e2, e3) ♦❢ t❤❡ ❛♠❜✐❡♥t
❊✉❝❧✐❞❡❛♥ s♣❛❝❡ E ∼= R

3✳ ❋♦r♠❛❧❧②✱ ✇❡ ❞❡✜♥❡ s✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛s Φ(B) ✭t❤✐s
✐s t❤❡ s❡t ♦❢ t❤❡ x = Φ(X) ❢♦r X r✉♥♥✐♥❣ ♦✈❡r B✮✱ ✇❤❡r❡ Φ ✐s ❛ s♠♦♦t❤ ✐♥✈❡rt✐❜❧❡
♠❛♣ ❢r♦♠ R

3 t♦ R
3 ✇❤✐❝❤ ♣r❡s❡r✈❡s ♦r✐❡♥t❛t✐♦♥✱ ✐✳❡✳✱ ❛♥ ❡❧❡♠❡♥t ♦❢ ❉✐✛(R3)✳ ❚❤❡

s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ B ✐♥ E ✐s t❤✉s ❞❡✜♥❡❞ ❛s✿

C = {Φ(B) ⊂ E , ∀Φ ∈ ❉✐✛(R3)}, ✭✶✮

❛♥❞ ❛ ♠♦t✐♦♥ ♦❢ B ✐♥ E ✐s ❞❡✜♥❡❞ ❛s ❛ ❝✉r✈❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐✳❡✳✱ ❛ ♠❛♣♣✐♥❣✿

t ∈ R
+ 7→ Φt(B) ⊂ E , ✭✷✮

✇❤❡r❡ Φt ❞❡♥♦t❡s ❛ t✐♠❡✲♣❛r❛♠❡t❡r✐③❡❞ ❝✉r✈❡ ♦❢ ❉✐✛(R3)✳ ❆♠♦♥❣ ❛❧❧ t❤❡ ♣♦s✲
s✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛❝❝❡ss✐❜❧❡ t♦ B✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ♦♥❡ ♦❢ t❤❡♠ ❛s ❛ r❡❢❡r❡♥❝❡
❝♦♥✜❣✉r❛t✐♦♥✱ ❞❡♥♦t❡❞ Φo(B) ✐♥ ✇❤✐❝❤ B ✐s ✐♥t❡r♥❛❧❧② ✭❡♥❡r❣❡t✐❝❛❧❧②✮ ❛t r❡st✸✳ ■♥
♣r❛❝t✐s❡ ✇❡ ✇✐❧❧ ❛ss✉♠❡ (O,E1, E2, E3) = (o, e1, e2, e3) ❛♥❞ ✇✐❧❧ ✐♥t❡r❝❤❛♥❣❡❛❜❧②
s♣❡❛❦ ❛❜♦✉t t❤❡ ✧✐♥❡rt✐❛❧✧ ♦r ✧♠❛t❡r✐❛❧ ❢r❛♠❡✧✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✳ ❋♦r
t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r ✐♥ ❛❧❧ s✉❜s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥ts
t❤❛t E1 = (1, 0, 0)T , E2 = (0, 1, 0)T ✱ ❛♥❞ E3 = (0, 0, 1)T ✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡s❡
❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❢r♦♠ t❤r❡❡✱ t♦ t✇♦✱ ❛♥❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❧❛ss✐❝❛❧
♠❡❞✐❛✱ ✇✐t❤ ❛ ♠❛t❡r✐❛❧ ✐♥❞❡① i r✉♥♥✐♥❣ ❢r♦♠ 1 t♦ n ✇✐t❤ n = 2 ❛♥❞ n = 1 r❡s♣❡❝✲
t✐✈❡❧②✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t {Xi}i=1,...n ❞❡✜♥❡s ❛ ✭♠❛t❡r✐❛❧✮ ❝❤❛rt

✸ ❍❡r❡ ♥♦t❡ t❤❛t Φ ✐s ♥♦t ❛ ♠❡❝❤❛♥✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜♦❞② ✐♥ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡
❜✉t r❛t❤❡r ❛ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♦r ♠♦r❡ ❡①❛❝t❧② ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ B✳ ❚❤❡
♠❡❝❤❛♥✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥s
✐s ✐♥ ❢❛❝t ❞❡✜♥❡❞ ❛s Φt ◦ Φ

−1

o ✳



♦♥ t❤❡ ♦♣❡♥ s❡t B−∂B✱ ❛♥❞ t❤❛t ❢♦r t♦♣♦❧♦❣✐❝❛❧ r❡❛s♦♥s✱ ✐t ♠❛② ❜❡ ❝♦♥✈❡♥✐❡♥t t♦
♣r♦✈✐❞❡ B ✇✐t❤ ❛♥ ❛t❧❛s ♦❢ s❡✈❡r❛❧ s✉❝❤ ♠❛t❡r✐❛❧ ❝❤❛rts✱ ❡✈❡♥ ✐❢✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡ ♦❢ t❤❡♠✳

✷✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♣❛❝❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠

❆ ❈♦ss❡r❛t ♠❡❞✐✉♠ (D,M) ✐s ❛ ❝❧❛ss✐❝❛❧ p✲❞✐♠❡♥s✐♦♥❛❧ ✭p ≤ 3✮ ♠❡❞✐✉♠ D✱ ✐♥
❡❛❝❤ ♣♦✐♥t✱ ♥♦t❡❞ X✱ ♦❢ ✇❤✐❝❤✱ ❛ ▲✐❡ ❣r♦✉♣ G ♦❢ r✐❣✐❞ ❜♦❞② ♠❡❝❤❛♥✐❝s ✭SO(3)✱
SE(2)✱ SE(3)✳✳✳✮ ❛❝ts ♦♥ ❛ r✐❣✐❞ s♦❧✐❞ ♦❢ s♠❛❧❧ ❞✐♠❡♥s✐♦♥s ✭❛ ✧♠✐❝r♦✲s♦❧✐❞✧ ♦r
✧♠✐❝r♦str✉❝t✉r❡✧✮✱ ❞❡♥♦t❡❞ M✱ t♦ ❣❡♥❡r❛t❡ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢
(D,M)✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ (D,M) ❝❛♥ t❤✉s ❜❡
❞❡✜♥❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ♣❛r❛♠❡t❡r✐③❡❞ ♠❛♣s ✐♥ G✿

C = {❣ : X ∈ D 7→ ❣(X) ∈ G}. ✭✸✮

▼♦t✐♦♥s ♦❢ (D,M) ✐♥ C ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ t✐♠❡✲♣❛r❛♠❡t❡r✐③❡❞ ❝✉r✈❡s ♦❢ ❝♦♥✜❣✲
✉r❛t✐♦♥✿

t ∈ R
+ 7→ ❣t(D) = ❣(D, t) ⊂ G. ✭✹✮

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ ❣(D, t) ✐♥❞✐❝❛t❡s t❤❛t t❤❡ s♣❛❝❡ ❛♥❞ t✐♠❡ ✈❛r✐❛❜❧❡s ♣❧❛② s✐♠✲
✐❧❛r r♦❧❡s✳ ❚❤✐s ❜❛s✐❝ ❝♦♥t❡①t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ s✐t✉✲
❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡❛♥✐♥❣ ✇❡ ❛ttr✐❜✉t❡ t♦ D ❛♥❞ M✳ ❋♦r ✐♥st❛♥❝❡✱ ❛
♥♦♥✲❝❧❛ss✐❝❛❧ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ✭✸❉✮ ♠❡❞✐✉♠ ❝♦♥st✐t✉t❡❞ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
♠✐❝r♦✲str✉❝t✉r❡s✱ ❛❧s♦ ❝❛❧❧❡❞ ♠✐❝r♦✲♣♦❧❛r ♠❡❞✐✉♠✱ ♦❜❡②s t❤✐s ❞❡✜♥✐t✐♦♥ ✐❢ ✇❡ t❛❦❡
M ≃ D ≃ R

3✳ ■♥ ❛❧❧ t❤❡ ❛rt✐❝❧❡✱ ✇❡ ✇✐❧❧ ♣r❡❢❡r❡♥t✐❛❧❧② ✉s❡ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥
❛s ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ ❛ ❝❧❛ss✐❝❛❧ ✸❉ ♠❡❞✐✉♠ B ❢♦r ✇❤✐❝❤ B = D ×M
✇❤❡r❡ D ✐s ❛ s✉❜✲♠❛♥✐❢♦❧❞ ♦❢ B ♦✈❡r ❡❛❝❤ ♣♦✐♥t X ♦❢ ✇❤✐❝❤✱ M ✐s tr❛♥s❢♦r♠❡❞
❜② ❛♥ ❡❧❡♠❡♥t ♦❢ G = SE(3)✱ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❤♦♠♦❣❡♥❡♦✉s tr❛♥s❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✿

❣(X) =

(
R(X) r(X)
0 1

)
, ✭✺✮

✇✐t❤ R(X) ∈ SO(3) ❛♥❞ r(X) ∈ R
3 ❜❡✐♥❣ t❤❡ r♦t❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥ ❝♦♠♣♦✲

♥❡♥ts ♦❢ ❣ r❡s♣❡❝t✐✈❡❧②✳ ❋♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✷✳✶✱ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ B = D×M
✐s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ♠❛♥♥❡r t❤❛t D ❛♥❞ M ❛r❡ ❝♦♦r❞✐♥❛t✐③❡❞ ❜② {Xα}α=1,2..p

❛♥❞ {Xγ}γ=p+1,..3 r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ ❛♥② ♣♦✐♥t ✐♥ D ✐s ✐♥tr✐♥s✐❝❛❧❧② ❞❡✜♥❡❞
❛s X = (X1, X2, ...Xp) ❛♥❞ t❤❡ ♠❛♣ e : X 7→ e(X) = (X, 03−p)✱ ❞❡✜♥❡s ❛♥
❡♠❜❡❞❞✐♥❣ ❢r♦♠ D t♦ B ≃ R

3✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ❛❧❧♦✇s ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ D ✐♥
E t♦ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉❜♠❛♥✐❢♦❧❞ (Φ ◦ e)(D) ♦❢ Φ(B)✳ ■♥ E ✱ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
t❤❡ ♠✐❝r♦str✉❝t✉r❡ M ❛❜♦✈❡ X ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s Φ(X,M) ✭s❡❡ ✜❣✉r❡ ✶✮✳ ❲✐t❤
t❤✐s ♣❛r❛♠❡tr✐③❛t✐♦♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ B ✐♥t♦ D×M ✐s ♠♦t✐✈❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣
♠❛t❡r✐❛❧ ♠❡❞✐❛ ❛s ❜❡❛♠s ❛♥❞ s❤❡❧❧s✱ ❤❛✈✐♥❣ ❞✐♠❡♥s✐♦♥s ❛❧♦♥❣ D ❢❛r ❧❛r❣❡r t❤❛♥
t❤❡ ♦t❤❡rs ✭❛❧♦♥❣ M✮✱ ✐✳❡✳✱ ♠❡❞✐❛ ❢♦r ✇❤✐❝❤ t❤❡ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ✭✶✮ ❝❛♥ ❜❡
❡①♣❛♥❞❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛②❧♦r s❡r✐❡s ✐♥ ✇❤✐❝❤ γ = p+ 1, ..3✿

Φ(X) = Φ(X, 03−p) +
∂Φ

∂Xγ
⊥

(X, 03−p) X
γ
⊥ + o(||X⊥||2), ✭✻✮



✇✐t❤ X⊥ = X−e(X) t❤❡ ✈❡❝t♦r ❝♦♠♣♦♥❡♥t ♦❢ X ❛❧♦♥❣ M✳ ❇❛s❡❞ ♦♥ t❤✐s ❡①♣❛♥✲
s✐♦♥✱ t❤❡ ❈♦ss❡r❛t ❜❛s❡❞ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ r❡❞✉❝✐♥❣ t❤❡ ❦✐♥❡♠❛t✐❝s ✭✻✮ t♦ ✐ts
✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ||X⊥|| ✇❤✐❧❡ ♥❡❣❧❡❝t✐♥❣ t❤❡ ❞❡❢♦r♠❛✲
t✐♦♥s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛❜♦✈❡ ❡❛❝❤ (X, 03−p)✱ ❛ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ r✐❣✐❞
♠✐❝r♦str✉❝t✉r❡ M✳ ❚❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛❧❧♦✇ ✭✻✮ t♦ ❜❡ r❡✇r✐tt❡♥ ❛s✿

Φ(X) = r(X) + tγ(X) Xγ
⊥ ✭✼✮

✇✐t❤ X 7→ r(X) = (Φ ◦ e)(X) t❤❡ ✜❡❧❞ ♦❢ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣♦✐♥ts ♦❢
D ✐♥ E ✱ ❛♥❞ tγ(X) = ((∂Φ/∂Xγ

⊥) ◦ e)(X) ❛ s❡t ♦❢ ✈❡❝t♦rs ❧②✐♥❣ ✐♥ Φ(X,M)✳
❋✉rt❤❡r♠♦r❡✱ M ❜❡✐♥❣ r✐❣✐❞✱ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ ✐ts ♣❛r❛♠❡t❡r✐③❛t✐♦♥
{Xγ}γ=p+1,..3 s✉❝❤ t❤❛t tγ = R(X).Eγ ✇✐t❤ R(X) ∈ SO(3)✱ ❛♥❞ t♦ r❡✇r✐t❡ t❤❡
r❡❞✉❝❡❞ ❦✐♥❡♠❛t✐❝s ✭✼✮ ❛s✿

Φ(X) = r(X) + tγ(X) Xγ
⊥ = r(X) +R(X).(Xγ

⊥Eγ) = r(X) +R(X).X⊥, ✭✽✮

✇❤✐❝❤ ❡①♣❧✐❝✐t❧② ♠❛❦❡s t❤❡ ❣r♦✉♣ tr❛♥s❢♦r♠❛t✐♦♥s ❣(X) ∈ SE(3) ♦❢ ✭✸✲✺✮ ❛♣♣❡❛r✱
✇✐t❤ R(X) ❞❡✜♥❡❞ ❛s t❤❡ t✇♦✲♣♦✐♥t t❡♥s♦r ❬✸✵❪✿ R(X) = ti(X)⊗Ei✱ ❛♥❞✿ r(X) =
ri(X)ei✳ ❆s ✐♥ r✐❣✐❞✲❜♦❞② ♠❡❝❤❛♥✐❝s✱ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛❝t ♦♥ t❤❡ ♠❛t❡r✐❛❧
❢r❛♠❡ (O,E1, E2, E3) ❝♦♥s✐❞❡r❡❞ ❛s r✐❣✐❞❧② ❛tt❛❝❤❡❞ t♦ M✳ ❍♦✇❡✈❡r t❤❡② ❞♦ ♥♦t
tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ s✐♥❣❧❡ ❢r❛♠❡✱ ❜✉t ✐♥t♦ ❛ ✜❡❧❞ ♦❢ ♦rt❤♦♥♦r♠❛❧ ♠♦❜✐❧❡ ❢r❛♠❡s
(t1, t2, t3)(X) = (R(X).E1, R(X).E2, R.(X)E3) ❜❛s❡❞ ✐♥ ❡❛❝❤ ♣♦✐♥t (Φt ◦ e)(X)
❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✶✳ ■♥ ❬✶✶❪✱ t❤❡ r❡❞✉❝❡❞ ❦✐♥❡♠❛t✐❝s ✭✽✮ ❛r❡ ❛♣♣❧✐❡❞ t♦
❜❡❛♠s✱ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❛rt✐❝❧❡✱ t❤❡② ❛r❡ ❛♣♣❧✐❡❞ t♦ s❤❡❧❧s ✇✐t❤
D ≃ R

2 ❞❡✜♥✐♥❣ t❤❡ ✭♠❛t❡r✐❛❧✮ r❡❢❡r❡♥❝❡ s❤❡❧❧✬s ♠✐❞ s✉r❢❛❝❡✳ ❋♦r ❛ s❤❡❧❧✱ t❤❡
♠✐❝r♦str✉❝t✉r❡ M ♠♦❞❡❧s ❛ ❣❡♥❡r✐❝ r✐❣✐❞ ✜❜❡r ❛❝r♦ss ❡❛❝❤ ♣♦✐♥t ♦❢ ✐ts ♠✐❞✲
s✉r❢❛❝❡ D✱ ✐✳❡✳ ❛ ❞❡❣❡♥❡r❛t❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞② ♥❛♠❡❞ ✧❞✐r❡❝t♦r✧ ✐♥
t❤❡ s❤❡❧❧✬s ❧✐t❡r❛t✉r❡ ❬✷✹❪✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ ❜❡❛♠s✱ ✇❤❡r❡ M st❛♥❞s ❢♦r
❛ ❢✉❧❧ ✸❉ r✐❣✐❞ ❜♦❞② ♠♦❞❡❧❧✐♥❣ t❤❡ ❜❡❛♠ ❝r♦ss✲s❡❝t✐♦♥s✳ ❆s ❛ r❡s✉❧t✱ ❢♦r s❤❡❧❧s✱
s❤✐❢t✐♥❣ ❢r♦♠ ✭✼✮ t♦ ✭✽✮✱ ✐✳❡✳ r❡♣❧❛❝✐♥❣ t3 ❜② R ✐♥ t❤❡ ❜❛s✐❝ ❦✐♥❡♠❛t✐❝s ✐♥tr♦❞✉❝❡s
❛♥ ✐♥❞❡t❡r♠✐♥❛❝② ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ ❛ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ r❡♠♦✈❡❞ ❜②
r❡❞✉❝✐♥❣ ✐ts ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ❢r♦♠ ✭✸✮ t♦ {(r, t3) : X ∈ D 7→ (r(X), t3(X)) ∈
R

3 × S2}✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ✐♥✐t❛❧❧② ✐❣♥♦r❡ t❤✐s ❢❛❝t ❛♥❞ ❝♦♥s✐❞❡r s❤❡❧❧s ❛s ❢✉❧❧✲
❈♦ss❡r❛t ✭✷❉✮ ♠❡❞✐❛ ✇✐t❤ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ✭✸✮✱ ✐✳❡✳ ♠❡❞✐❛ ❢♦r ✇❤✐❝❤ M ✐s
❛ ❢✉❧❧ ✭♥♦♥✲❞❡❣❡♥❡r❛t❡❞✮ r✐❣✐❞ ❜♦❞② t♦ ✇❤✐❝❤ ❛ ❢✉❧❧ ✸❉✲♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ❝❛♥
❜❡ ❛tt❛❝❤❡❞✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ s❡❡ t❤❛t X 7→ R(X) ✐s ✉♥✐✈♦❝❛❧❧② ❞❡✜♥❡❞ ❜②
❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ P♦✐♥❝❛ré✬s ♣✐❝t✉r❡ ♦♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥
s♣❛❝❡ ✭✸✮✳ ❋r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ s✉❝❤ ❛ ♠♦❞❡❧ ❤♦❧❞s ❢♦r ♠✐❝r♦✲♣♦❧❛r
s❤❡❧❧s✱ ✐✳❡✳ ✷❉✲♠❡❞✐❛ ✇✐t❤ ✐♥tr✐♥s✐❝ ❦✐♥❡t✐❝ s♣✐♥ ❛♥❞ ❝♦✉♣❧❡ str❡ss ❛❧♦♥❣ t3 ❬✶❪✳
■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ ♠♦❞❡❧ ♦❢ ✷❉✲❢✉❧❧ ❈♦ss❡r❛t ♠❡❞✐❛ ❝❛♥ ❜❡
❛❞❛♣t❡❞✱ ❛♥❞ t❤❡ ✐♥❞❡t❡r♠✐♥❛❝② ♦♥ R ❝❛♥ ❜❡ r❡♠♦✈❡❞✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❝❧❛ss✐❝❛❧ ♠♦❞❡❧ ♦❢ s❤❡❧❧ ✐♥ ✇❤✐❝❤ t❤❡ ❢r❛♠❡ ❛tt❛❝❤❡❞ t♦ M ✐s ❞❡❣❡♥❡r❛t❡❞ ✐♥t♦ ❛
s✐♥❣❧❡ ❞✐r❡❝t♦r✳

✷✳✸ ❈♦♥✈❡❝t❡❞ ❢r❛♠❡ ❛♥❞ ❝♦✲❢r❛♠❡

■♥ ❛❧❧ t❤❡ ❛rt✐❝❧❡✱ ✇❡ ✇✐❧❧ ✉s❡ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡s t♦ ❡①♣r❡ss t❤❡ t❡♥s♦r ✜❡❧❞s
r❡❧❛t❡❞ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ st❛t❡ ♦❢ B ❛♥❞ D✳ ❆ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡ ✜❡❧❞ ✐s ❞❡✲
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❋✐❣✳ ✶✳ ▲❡❢t ❛♥❞ r✐❣❤t ❜♦tt♦♠✿ P❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ Φt(B)
t❤r♦✉❣❤ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ B✳ ❘✐❣❤t✿ ❑✐♥❡♠❛t✐❝s ✐♥ E ✭❜♦tt♦♠✮ ❛♥❞ ♦♥ G ✭t♦♣✮ ♦❢
❢r❛♠❡s r✐❣✐❞❧② ❛tt❛❝❤❡❞ t♦ t❤❡ ♠✐❝r♦✲str✉❝t✉r❡s✳

✜♥❡❞ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ B ❛s t❤❡ ♥❛t✉r❛❧ ❜❛s✐s t❛♥✲
❣❡♥t t♦ ❛ s❡t ♦❢ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡ ❧✐♥❡s ❞r❛✇♥ ♦♥ B ❛♥❞ ❛❞✈❡❝t❡❞ ❜② ✐ts
❝✉rr❡♥t ❞❡❢♦r♠❛t✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠♦t✐♦♥ ❛s ❞❡✜♥❡❞ ❜② ✭✷✮ ✇✐t❤ Φo =
Φt=0✳ ❆t ❛♥② t✐♠❡ t✱ ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ ✜❡❧❞ ♦❢ t❤❡ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡s ❝♦✈✲
❡r✐♥❣ t❤❡ ♠❛♥✐❢♦❧❞ Φt(B) ❛s ❛ ♠❛♣ Φt(B) 7→ TΦt(B) ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❛♥②
♣♦✐♥t Φt(X) ∈ E ✱ t❤❡ ❢r❛♠❡ (g1, g2, g3)(X) = ((∂Φt/∂X

i)(X))i=1,2,3✳ ■♥ t❤✐s
✜❡❧❞ ♦❢ ❢r❛♠❡✱ t❤❡ ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ♦❢ E ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❡♥s♦r
(gi.gj)(g

i ⊗ gj) = gij(g
i ⊗ gj) ♦❢ ❞❡t❡r♠✐♥❛♥t |g|✱ ✇❤❡r❡ Φt(X) 7→ (g1, g2, g3)(X)

❞❡✜♥❡s ❛ ✜❡❧❞ ♦❢ ❝♦✲❢r❛♠❡ s✉❝❤ t❤❛t gi.gj = δij ✳ ❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥
t♦ t❤❡ s✉❜✲♠❛♥✐❢♦❧❞ (Φt ◦ e)(D) ⊂ Φt(B) ❛❧❧♦✇s t♦ ✐♥tr♦❞✉❝❡ t✇♦ ♦t❤❡r ✜❡❧❞s
♦❢ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡ ❛♥❞ ❝♦✲❢r❛♠❡ ✇❤♦s❡ ❜❛s❡ ♣♦✐♥ts ❧✐❡ ✐♥ (Φt ◦ e)(D) r❡s♣❡❝✲
t✐✈❡❧② ❞❡✜♥❡❞ ❛s (hα)α=1,2..p(X) = ((∂r/∂Xα)(X))α=1,2..p✱ ❛♥❞ (hα)α=1,2..p(X)
s✉❝❤ t❤❛t hα.hβ = δαβ ✱ ✇✐t❤ h = hαβ(h

α ⊗ hβ) t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠❡tr✐❝ t❡♥✲
s♦r ♦♥ (Φt ◦ e)(D) ✇❤♦s❡ ❞❡t❡r♠✐♥❛♥t ✐s ❞❡♥♦t❡❞ ❜② |h|✳ ❯s✐♥❣ t❤❡ ❡①♣r❡s✲
s✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡❞ ❦✐♥❡♠❛t✐❝s ✭✼✮ ✐♥ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞
t♦ s❤♦✇ t❤❛t (gi(X, 0))i=1,2,3 = (h1, ..hp, tp+1, ..t3)(X)✳ ❛♥❞ t❤❛t✱ ❢♦r ❛ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✭❜❡❛♠✮✱ h1(X

1) ✐s ❛ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ❞❡✲
❢♦r♠❡❞ ❧✐♥❡ ♦❢ t❤❡ ❜❡❛♠ ❝❡♥tr♦✐❞s ✐♥ ✐ts ♠❛t❡r✐❛❧ ❛❜s❝✐ss❛ X1✱ ✇❤✐❧❡ (t2, t3)(X

1)
s♣❛♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ X1✲❝r♦ss✲s❡❝t✐♦♥s✱ ✐✳❡✳✱ Φt((X

1),M)✳ ❋♦r ❛ ✷✲



❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✭❛ s❤❡❧❧✮✱ (h1, h2)(X
1, X2) ❞❡✜♥❡s ❛ ❜❛s✐s ♦❢ t❤❡

t❛♥❣❡♥t ♣❧❛♥❡s t♦ t❤❡ s❤❡❧❧✬s ♠✐❞✲s✉r❢❛❝❡ ✐♥ t❤❡ ❜❛s❡ ♣♦✐♥t ♦❢ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s
(X1, X2) ✇❤✐❧❡ (t3)(X

1, X2) s♣❛♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ (X1, X2)✲✜❜❡rs✱
✐✳❡✳✱ Φt((X

1, X2),M)✳

✷✳✹ P✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞

❖✉r ❈♦ss❡r❛t ♠❡❞✐✉♠ ✐s ❞❡✜♥❡❞ ❛s B = D×M ✇❤❡r❡ M ❛♥❞ D ❛r❡ tr❛♥s❢♦r♠❡❞
t❤r♦✉❣❤ ❞✐✛❡r❡♥t ❦✐♥❡♠❛t✐❝s✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ t✇♦ ❦✐♥❡♠❛t✐❝❛❧❧②
✐♥❞❡♣❡♥❞❡♥t ♣✉s❤✲❢♦✇❛r❞✴♣✉❧❧✲❜❛❝❦ ♣r♦❝❡ss❡s✱ ♦♥❡ r❡❧❛t❡❞ t♦ t❤❡ r✐❣✐❞ tr❛♥s❢♦r✲
♠❛t✐♦♥s ♦❢ M✱ t❤❡ s❡❝♦♥❞ r❡❧❛t❡❞ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ D✳ ❲❡ ♥♦✇ ♣r❡s❡♥t
t❤❡s❡ t✇♦ ♣r♦❝❡ss❡s ❛♥❞ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ✜❣✉r❡s ✶ ❛♥❞ ✷ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❛
♣❛rt✐❛❧ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t❡①t✳

P✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞ ❜② t❤❡ r✐❣✐❞ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ M✿ ❉✉❡ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ✐♥ t❤❡✐r ❜❛s✐❝ ❝♦♥st✐t✉t✐✈❡ ❞❡✜♥✐t✐♦♥✱ ❈♦ss❡r❛t
♠❡❞✐❛ ✐♥❤❡r✐t ❢r♦♠ t❤❡ ❣❡♦♠❡tr✐❝ ♣✐❝t✉r❡ ♦❢ t❤❡ r✐❣✐❞ ❜♦❞② ❬✸✶❪✱ ✐♥ ✇❤✐❝❤ ♦r✲
t❤♦♥♦r♠❛❧ ❢r❛♠❡s ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥② ✈❡❝t♦r ✜❡❧❞ (Φt◦e)(X) 7→
v(X) ♦❢ T (Φt◦e)(D) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✈❡❝t♦r ✜❡❧❞ ♦❢ E ✱ ✐✳❡✳ ❛ ✧s♣❛t✐❛❧ ✈❡❝t♦r
✜❡❧❞✧ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠♦❜✐❧❡ ♦rt❤♦r♥♦r♠❡❞ ❢r❛♠❡ ❛❝❝♦r❞✐♥❣ t♦ v = V iti
♦r ♣✉❧❧❡❞✲❜❛❝❦ ✐♥ t❤❡ ✉♥✐q✉❡ ♠❛t❡r✐❛❧ ❢r❛♠❡ ♦❢ B t❤r♦✉❣❤ V = RT .v = V iEi✳
❘❡♠❛r❦❛❜❧②✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ s♣❛t✐❛❧ ✈❡❝t♦r ✐♥ ✐ts ♠♦❜✐❧❡ ❢r❛♠❡ ❛r❡ t❤♦s❡ ♦❢
✐ts ♣✉❧❧✲❜❛❝❦✱ ♥❛♠❡❞ t❤❡ ✧♠❛t❡r✐❛❧ ✈❡❝t♦r✧✱ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡✳ ❉✉❡ t♦ t❤❡
♦rt❤♦❣♦♥❛❧✐t② ♦❢ R✱ t❤❡ s❛♠❡ r❡❧❛t✐♦♥s ❛♣♣❧② t♦ ❝♦✲✈❡❝t♦r ✜❡❧❞s ♦❢ T ∗(Φt ◦ e(D))
❛♥❞ ✜♥❛❧❧② t♦ ❛♥② ❊✉❝❧✐❞❡❛♥ t❡♥s♦r ✜❡❧❞ t❛♥❣❡♥t t♦ (Φt ◦ e)(D)✳ ❋♦r t❤❡ ♣✉r✲
♣♦s❡ ♦❢ ✐❧❧✉str❛t✐♦♥ ✭s❡❡ ❛❧s♦ ✜❣✉r❡ ✷✮✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ s❤❡❧❧s ❢♦r ✇❤✐❝❤
p = 2✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✜❡❧❞ ♦❢ ❢r❛♠❡s ❛♥❞ ❝♦✲❢r❛♠❡s ❞❡✜♥❡❞ ❜② (h1, h2)(X)
❛♥❞ (h1, h2)(X)✳ ❚❤❡② ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ X 7→ (Γ1, Γ2)(X) = (RT .h1,
RT .h2✮(X) ❛♥❞ X 7→ (Γ 1, Γ 2)(X) = (RT .h1, RT .h2)(X) ✱ ✇❤✐❝❤ ❞❡✜♥❡ ♠✐❞✲
s✉r❢❛❝❡ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡ ❛♥❞ ❝♦✲❢r❛♠❡ ✜❡❧❞s r❡s♣❡❝t✐✈❡❧②✱ ♣✉❧❧❡❞ ❜❛❝❦ ✐♥t♦ t❤❡
♠❛t❡r✐❛❧ ❢r❛♠❡✳ ◆♦t❡ t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ s♣❛❝❡ ✐s ✐❞❡♥t✐❝❛❧ ❢♦r t❤❡ t✇♦ ✜❡❧❞s
❜❡❝❛✉s❡ R−1 = RT ✱ ✇❤✐❧❡ ❞✉❛❧✐t② ✐♠♣♦s❡s Γα.Γ

β = δβα✳

P✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞ ❜② ❞❡❢♦r♠❛t✐♦♥s ♦❢ D✿ ❉✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡
♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡❞✐✉♠ D ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❈♦ss❡r❛t ♠❡❞✐✉♠ D × M✱ ❛
s❡❝♦♥❞ ♣✉❧❧✲❜❛❝❦✴♣✉s❤✲❢♦r✇❛r❞ ♣r♦❝❡ss ❤♦❧❞s ❜❡t✇❡❡♥ T (e(D)) ❛♥❞ T (Φt ◦e)(D)✳
❯s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Φt✱ ❛♥② t❡♥s♦r ✜❡❧❞ ♦♥ e(D) ❝❛♥ ❜❡ ♣✉s❤❡❞ ❢♦r✇❛r❞ ♦♥t♦
(Φt ◦ e)(D)✱ ❛♥❞ r❡❝✐♣r♦❝❛❧❧② ♣✉❧❧❡❞ ❜❛❝❦ ❢r♦♠ (Φt ◦ e)(D) t♦ e(D) ❜② ✉s✐♥❣ t❤❡

r❡str✐❝t❡❞ ❧✐♥❡❛r t❛♥❣❡♥t ♠❛♣s∇Φt = hα⊗Eα✱∇Φ−1

t = Eα⊗hα✱∇Φ
T

t = Eα⊗hα
❛♥❞ ∇Φ−T

t = hα⊗Eα✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢r❛♠❡s ❛♥❞ ❝♦✲❢r❛♠❡s ❝♦♥✈❡❝t❡❞ ❜② t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ❛r❡ r❡❧❛t❡❞ t♦ {Eα}α=1,..p ❛♥❞ {Eα}α=1,..p t❤r♦✉❣❤✿

hα = ∇Φt.Eα, E
α = ∇ΦT

t .h
α. ✭✾✮



Material space : B Geometric space : E
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❋✐❣✳ ✷✳ ●❡♦♠❡tr✐❝ ♣✐❝t✉r❡ ♦❢ ❢r❛♠❡s ❛♥❞ t❤❡✐r ♣✉s❤✲❢♦r✇❛r❞✴♣✉❧❧✲❜❛❝❦ r❡❧❛t✐♦♥s✳

❍♦✇❡✈❡r✱ s♦♠❡ ❣❡♦♠❡tr✐❝ t❛♥❣❡♥t ♦❜❥❡❝ts ❛s t❤❡ ✧❡①t❡r✐♦r ❢♦r♠s✧ ❛♥❞ ✧♠✉❧t✐✲
✈❡❝t♦rs✧ ❛❧s♦ ✐♥✈♦❧✈❡

√
|h| ✐♥ t❤✐s ♣✉❧❧✲❜❛❝❦✴♣✉s❤✲❢♦r✇❛r❞ ♣r♦❝❡ss✳ ❚❤✐s ✐s ♣❛r✲

t✐❝✉❧❛r❧② t❤❡ ❝❛s❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦r✐❡♥t❡❞ ♠❛t❡r✐❛❧ ✈♦❧✉♠❡ ❡❧❡♠❡♥t dX1 ∧
dX2 ∧ ...dXp ♦❢ D✱ ✇❤✐❝❤ ✐s ❝❤❛♥❣❡❞ ✐♥t♦ t❤❡ ♠❡tr✐❝ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡ ♦❢ s❛♠❡
♦r✐❡♥t❛t✐♦♥

√
|h|dX1 ∧ dX2 ∧ ...dXp ❜② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Φt ◦ e✳ ❙✐♠✐❧❛r❧②✱

t❤❡ ♦r✐❡♥t❡❞ ♠❛t❡r✐❛❧ ❛r❡❛ ❡❧❡♠❡♥t ✐♥ ❛♥② ♣♦✐♥t X ♦❢ D ✐s ❞❡✜♥❡❞ ❛s t❤❡ p − 1
❢♦r♠ dY 1 ∧ dY 2...∧ dY p−1✱ ✇❤❡r❡ {Y γ}γ=1,2...p−1 ✐s ❛ ❈❛rt❡s✐❛♥ ❝❤❛rt✱ ♦❢ ♥❛t✉✲
r❛❧ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s {Hγ = ∂/∂Y γ}γ=1,2..p−1✱ ❝♦✈❡r✐♥❣ ❛ ♠❛t❡r✐❛❧ ❤②♣❡r♣❧❛♥❡
❝r♦ss✐♥❣X✳ ❚❤✐s ❢♦r♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ |h|1/2dY 1∧dY 2∧...dY p−1 ❜② t❤❡ ❞❡❢♦r✲
♠❛t✐♦♥✱ ✇✐t❤ |h| t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❡♥s♦r ♦❢ E ✐♥ t❤❡ ❝♦♥✈❡❝t❡❞
❜❛s✐s {hγ = ∇Φt.Hγ = ∂r/∂Y γ}γ=1,2..p−1✳ ❊①♣❧♦✐t✐♥❣ ❞✉❛❧✐t② ♦❢ (p − 1)✲❢♦r♠s
❛♥❞ (p − 1)✲✈❡❝t♦rs✱ ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ ♠❛t❡r✐❛❧ ♦r✐❡♥t❡❞ ❛r❡❛ ❡❧❡♠❡♥t ❛s t❤❡
(p − 1)✲✈❡❝t♦r H1 ∧ H2... ∧ Hp−1✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦♥❥✉❣❛t❡
tr✉❡ ✈❡❝t♦r ♦❢ T ∗e(X) ❬✸✷❪✿

ν = ναE
α =

1

(p− 1)!
ǫαα1...αp−2αp−1

∣∣∣∣
∂(Xα1 , Xα2 ..., Xαp−1)

∂(Y 1, Y 2, Y 3..., Y p−1)

∣∣∣∣E
α, ✭✶✵✮

✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ❡❧❡♠❡♥t✱ ✇❤❡r❡
∣∣∣∂( ✱ ✱✳✳✱ )
∂( ✱ ✱✳✳✱ )

∣∣∣ ❞❡♥♦t❡s ❛ ❢✉♥❝✲

t✐♦♥❛❧ ❞❡t❡r♠✐♥❛♥t✱ ✇❤✐❧❡ ❢♦r ❛♥② ✐♥t❡❣❡r n✱ ǫi1i2...in ✐s ❡q✉❛❧ t♦ ③❡r♦ ✐❢ t✇♦ ✐♥❞✐❝❡s



❛r❡ ✐❞❡♥t✐❝❛❧✱ ❡q✉❛❧ t♦ +1 ✭r❡s♣❡❝t✐✈❡❧② −1✮✱ ✐❢ (i1, i2, ...in) ✐s ❛♥ ❡✈❡♥ ✭r❡s♣❡❝t✳
♦❞❞✮ ♣❡r♠✉t❛t✐♦♥ ♦❢ (1, 2, ...n)✳ ❙✐♠✐❧❛r❧②✱ ♥♦r♠❛❧✐③✐♥❣ t❤❡ ❝♦♥❥✉❣❛t❡ ✈❡❝t♦r ♦❢
h1 ∧ h2... ∧ hp−1✱ ❞❡✜♥❡s t❤❡ ✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ♦r✐❡♥t❡❞ ❞❡❢♦r♠❡❞ ❡❧❡♠❡♥t ❛s
t❤❡ ❝♦✈❡❝t♦r✿

νt = νt,αh
α =

∣∣∣∣
h

h

∣∣∣∣
1/2

1

(p− 1)!
ǫαα1...αp−2αp−1

∣∣∣∣
∂(Xα1 , Xα2 ..., Xαp−1)

∂(Y 1, Y 2, Y 3..., Y p−1)

∣∣∣∣h
α. ✭✶✶✮

◆♦t❡ t❤❛t t❤❡ t✇♦ ✈❡❝t♦rs ν ❛♥❞ νt ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ r❡❧❛t❡❞ ❜② νt,α =
(|h|/|h|)1/2να✱ ❝♦♥t❛✐♥ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧
(p−1)✲❢♦r♠s✳ ▼♦r❡♦✈❡r✱ ❞❡✜♥✐♥❣ t❤❡ ♠❡❛s✉r❡ ✭❛r❡❛✮ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ ❞❡❢♦r♠❡❞
❡❧❡♠❡♥ts ❛s dS = dY 1...dY p−1 ❛♥❞ dSt = |h|1/2dY 1...dY p−1 r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡
❡❛❝❤ dY γ r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡❝t♦r dY γHγ ✭✇✐t❤ ♥♦
s✉♠♠❛t✐♦♥ ♦♥ γ = 1, 2...p− 1✮✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦✲✈❡❝t♦rs
νtdSt ❛♥❞ νdS ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥st❡❛❞ ♦❢ t❤❡
♦r✐❣✐♥❛❧ (p− 1) ❢♦r♠s✿

νtdSt = (νt,αdSt)h
α = (

√
|h|ναdS)∇Φ

−T

t .Eα =
√
|h|∇Φ−T

t .(νdS). ✭✶✷✮

❚❛❦✐♥❣ dS = |H|1/2dY 1...dY p−1✱ ✭✶✷✮ ❤♦❧❞s ❢♦r ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♠❛t❡r✐❛❧
❛♥❞ ❞❡❢♦r♠❡❞ ♦r✐❡♥t❡❞ ❛r❡❛ ❡❧❡♠❡♥ts ♦❢ ❛♥② ❤②♣❡r✲s✉r❢❛❝❡ ♦❢ D ♣❛r❛♠❡t❡r✐❝❛❧❧②
❞❡✜♥❡❞ ❜② Xα(Y γ)✱ ✇✐t❤ |H| t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♠❡tr✐❝ ♦❢ D ✐♥ t❤❡ ♥❛t✉r❛❧
❜❛s✐s {Hγ}γ=1..p−1 ❝♦✈❡r✐♥❣ t❤❡ ❤②♣❡r✲s✉r❢❛❝❡✳

✷✳✺ ▲❛❣r❛♥❣✐❛♥ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠

❖♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✮ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ ❛ ❈♦ss❡r❛t
♠❡❞✐✉♠ B = D ×M ❛t ❝✉rr❡♥t t✐♠❡ t ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧✿

L =

∫

D

Lt

(
❣,
∂❣

∂t
,
∂❣

∂Xα

)√
|h|dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✶✸✮

✇❤❡r❡ Lt

√
|h|dX1 ∧ ... ∧ dXp ✐s t❤❡ ▲❛❣r❛♥❣✐❛♥ ✈♦❧✉♠❡✲❢♦r♠ ♦❢ t❤❡ ❈♦ss❡r❛t

♠❡❞✐✉♠✱ ❛♥❞ Lt ✐s t❤❡ ❞❡♥s✐t② ♦❢ ▲❛❣r❛♥❣✐❛♥ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡
√
|h|dX1∧

dX2 ∧ ...∧ dXp ♦❢ t❤❡ ❝✉rr❡♥t ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ (Φt ◦ e)(D)✳ ❆❧t❡r♥❛t✐✈❡❧②✱
L ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ (Φo ◦ e)(D) ❛s✿

L =

∫

D

Lo

(
❣,
∂❣

∂t
,
∂❣

∂Xα

)√
|ho|dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✶✹✮

♦r ❞✐r❡❝t❧② t♦ t❤❡ ✈♦❧✉♠❡ ♦❢ ♣❛r❛♠❡tr✐❝ ✭♠❛t❡r✐❛❧✮ s♣❛❝❡ D✿

L =

∫

D

L
(
❣,
∂❣

∂t
,
∂❣

∂Xα

)
dX1 ∧ dX2 ∧ ... ∧ dXp. ✭✶✺✮

■♥ ✭✶✹✮ ✭r❡s♣❡❝t✐✈❡❧② ✭✶✺✮✮ Lo✱ ✭r❡s♣❡❝t✳ L✮✱ ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢
B ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡

√
|ho|dX1 ∧ dX2 ∧ ... ∧ dXp ✭r❡s♣❡❝t✳ ♥♦♥✲♠❡tr✐❝

✈♦❧✉♠❡ dX1 ∧ dX2 ∧ ... ∧ dXp✮ ♦❢ (Φo ◦ e)(D) ✭r❡s♣❡❝t✳✱ ♦❢ D✮✳



✷✳✻ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥

P❤②s✐❝❛❧❧②✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ L ❞❡♣❡♥❞s ♦♥ ∂❣/∂t t❤r♦✉❣❤ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢
B✱ ❛♥❞ ♦♥ ∂❣/∂Xα t❤r♦✉❣❤ t❤❡ ✐♥t❡r♥❛❧ str❛✐♥ ❡♥❡r❣② ♦❢ ✐ts ♠❛t❡r✐❛❧ t❤❛t ✐s
❛ss✉♠❡❞ t♦ ❜❡ ❤②♣❡r❡❧❛st✐❝✳ ❚❤❡ t❤r❡❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s L✱ Lo ❛♥❞ Lt ❛r❡
❧❡❢t ✐♥✈❛r✐❛♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t s✉❜st✐t✉t✐♥❣ ❣ ❜② ❦❣✱ ✐♥ ❛♥② ♦❢ t❤❡♠ ✭✇✐t❤ ❦

❛ ❝♦♥st❛♥t tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ G ♦✈❡r ❡❛❝❤ ♣♦✐♥t ♦❢ s♣❛❝❡✲t✐♠❡ D × R
+✮✱ ❞♦❡s

♥♦t ❝❤❛♥❣❡ ✐ts ✈❛❧✉❡✳ P❤②s✐❝❛❧❧②✱ t❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ❜♦t❤ t❤❡ ❞❡♥s✐t✐❡s ♦❢
❦✐♥❡t✐❝ ❛♥❞ ✐♥t❡r♥❛❧ str❛✐♥ ❡♥❡r❣② ❛r❡ t❤❡ s❛♠❡ ✇❤❡♥ ♦❜s❡r✈❡❞ ❢r♦♠ ❛♥② ❢r❛♠❡ ♦❢
❣❡♦♠❡tr✐❝ s♣❛❝❡✳ ❚❤❡ ✜rst ♣r♦♣❡rt② ✐s ❛ ❦❡② r❡s✉❧t ♦❢ r✐❣✐❞ ❜♦❞② ♠❡❝❤❛♥✐❝s ❬✸✶❪✱
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡ ✐♥❞✐✛❡r❡♥❝❡ ♦❢ ♠❡❝❤❛♥✐❝s
♦❢ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛ ❬✸✸❪✳ ❆s ❛ r❡s✉❧t✱ t❛❦✐♥❣ ❦ = ❣−1✱ ❛❧❧♦✇s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
♦❢ t❤❡ ❛❜♦✈❡ t❤r❡❡ ▲❛❣r❛♥❣✐❛♥ ✐♥t♦ ❛ ✉♥✐q✉❡ r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡
✇r✐tt❡♥✱ ✐❢✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❡ st❛rt ❢r♦♠ ✭✶✸✮✱ ❛s✿

Lr =

∫

D

Lt (η, ξα)
√

|h|dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✶✻✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡❢t ✐♥✈❛r✐❛♥t ✈❡❝t♦r ✜❡❧❞s ❧❡❛✈✐♥❣ ✐♥ t❤❡ ▲✐❡
❛❧❣❡❜r❛ g ♦❢ G ✭❝♦♥s✐❞❡r❡❞ ❛s ❛ ❣r♦✉♣ ♦❢ ♠❛tr✐❝❡s✮✿

η = ❣−1 ∂❣

∂t
✱ ξα = ❣−1 ∂❣

∂Xα
✱ α = 1, 2...p ✭✶✼✮

■♥ ✭✶✻✮✱ Lt ❞❡✜♥❡s t❤❡ r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥ ✈♦❧✉♠❡ ❞❡♥s✐t② ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝
✈♦❧✉♠❡ ♦❢ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ (Φt◦e)(D)✱ ✇❤✐❧❡ |h| ✐s ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❞❡t❡r✲
♠✐♥❛♥t ♦❢ t❤❡ ♠❛tr✐① hαβ = hα.hβ = (RT .(∂r/∂Xα)).(RT .(∂r/∂Xβ)) = Γα.Γβ ✳
❚❤❡♥✱ ✉s✐♥❣ ✭✺✮ ✐♥ ✭✶✼✮✱ s❤♦✇s t❤❛t Γα ✐s t❤❡ ❧✐♥❡❛r ✭♦♣♣♦s❡❞ t♦ ❛♥❣✉❧❛r✮ ❝♦♠✲
♣♦♥❡♥t ♦❢ ξα✳ ❚❤✉s

√
|h| ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ξα✱ ❛♥❞ ✭✶✻✮

❞♦❡s ❞❡✜♥❡✱ ❛s ❛ ✇❤♦❧❡✱ ❛ r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥ Lr ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g✳

❆❧t❡r♥❛t✐✈❡❧②✱ ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss t♦ ✭✶✹✮ ♦r ✭✶✺✮ ✐♥st❡❛❞ ♦❢ ✭✶✸✮✱
♣❡r♠✐ts t❤❡ r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s t♦ ❜❡ ❞❡✜♥❡❞ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡
♦❢ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ (Φo ◦ e)(D) ❛♥❞ ♣❡r ✉♥✐t ♦❢ ♥♦♥✲♠❡tr✐❝ ✭♠❛t❡r✐❛❧✮
✈♦❧✉♠❡ D✱ ❞❡♥♦t❡❞ Lo ❛♥❞ L r❡s♣❡❝t✐✈❡❧②✳ ❆s Lt✱ t❤❡s❡ t✇♦ ❢✉rt❤❡r ❞❡♥s✐t✐❡s
♦♥❧② ❞❡♣❡♥❞ ♦♥ (η, ξα)✳ ▼♦r❡♦✈❡r✱ ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ t✇♦ ♦t❤❡r ❝❛s❡s✱ t❤❡ ✈♦❧✉♠❡
❡❧❡♠❡♥t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
▲❛❣r❛♥❣✐❛♥ ✐s ❧❡❢t ✐♥✈❛r✐❛♥t t♦♦✳ ❋✐♥❛❧❧② ❡q✉❛t✐♥❣ t❤❡ r❡❞✉❝❡❞ ✈❡rs✐♦♥s ♦❢ ✭✶✸✮✱
✭✶✹✮ ❛♥❞ ✭✶✺✮✱ ❛❧❧♦✇s st❛t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ r❡❞✉❝❡❞
▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s✿

L = Lo

√
|ho| = Lt

√
|h|, ✭✶✽✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ st❛rt ❢r♦♠ t❤❡ ❞❡♥s✐t② L r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ ❛♥❞
✇✐❧❧ ✐♥tr♦❞✉❝❡ ❧❛t❡r t❤❡ ❝❛s❡ ♦❢ ❞❡♥s✐t✐❡s Lo ❛♥❞ Lt✳



✸ P♦✐♥❝❛ré✬s ❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ ♠❛t❡r✐❛❧

s♣❛❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ q✉✐❝❦❧② r❡♠✐♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❬✶✶❪ ❧❡❛❞✐♥❣ t♦ t❤❡ ❜❛❧❛♥❝❡
❡q✉❛t✐♦♥s ♦❢ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡✱ ✐✳❡✳✱ ✐♥ t❤❡ s♣❛❝❡
♦❢ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ♠✐❝r♦✲str✉❝t✉r❡s✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❛ ✜rst st❡♣ t♦✇❛r❞
t❤❡✐r ❡①t❡♥s✐♦♥ t♦ t❤❡ ❣❡♦♠❡tr✐❝ s♣❛❝❡✱ ♥❛♠❡❧② ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞
❝♦♥✜❣✉r❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡② ✇✐❧❧ t❛❦❡ t❤❡ ❝♦♥s✐st❡♥t ❢♦r♠ r❡q✉✐r❡❞ ❜② t❤❡✐r ♣r❛❝✲
t✐❝❛❧ ✉s❡✳ ❋♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✬s ❛♣♣r♦❛❝❤ ❬✷❪✱ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ B = D × M
s✉❜❥❡❝t❡❞ t♦ ❛ s❡t ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡s ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❡①t❡♥❞❡❞ ❍❛♠✐❧t♦♥ ♣r✐♥✲
❝✐♣❧❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ st❛t❡❞ ❞✐r❡❝t❧② ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✮ ♦❢ C ✭α r✉♥♥✐♥❣ ❢r♦♠ 1
t♦ p✮✱ ❛s✿

δ

∫ t2

t1

∫

D

L (η, ξα) dX
1 ∧ dX2 ∧ ... ∧ dXpdt = −

∫ t2

t1

δWextdt, ✭✶✾✮

❢♦r ❛♥② δ❣ = ❣δζ ✇❤❡r❡ δζ ∈ g ✐s ❛ ✜❡❧❞ ♦❢ ♠❛t❡r✐❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ❣ ❛❝❤✐❡✈❡❞
✇❤✐❧❡ t ❛♥❞ ❛❧❧ t❤❡ Xα ❛r❡ ❦❡♣t ✜①❡❞✳ ■♥ ✭✶✾✮✱ δWext ♠♦❞❡❧s t❤❡ ✈✐rt✉❛❧ ✇♦r❦ ♦❢
❡①t❡r♥❛❧ ❢♦r❝❡s ❛♥❞ ❝❛♥ ❜❡ ❞❡t❛✐❧❡❞ ❛s✿

δWext =

∫

D

< Fext, δζ > dX1 ∧ dX2 ∧ ... ∧ dXp +

∫

∂D

< F ext, δζ > |H|1/2dY 1 ∧ dY 2 ∧ ... ∧ dY p−1, ✭✷✵✮

✇✐t❤ < ., . > t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g✱ (Y γ)γ=1,2..p−1✱ ❛ s❡t
♦❢ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s ❝♦✈❡r✐♥❣ t❤❡ ❜♦✉♥❞❛r② ∂D✳ ❋✐♥❛❧❧②✱ Fext ❛♥❞ F ext ❛r❡
❞❡♥s✐t✐❡s ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡s ✐♥ g∗ ♣❡r ✉♥✐t ♦❢ ✈♦❧✉♠❡ ♦❢ D ❛♥❞ ∂D r❡s♣❡❝t✐✈❡❧②✳
◆♦t❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r ❜♦✉♥❞❛r✐❡s s✉❜❥❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ❢♦r❝❡s ♦♥❧②✱ t❤❡ ❝❛s❡ ♦❢
✐♠♣♦s❡❞ ♠♦t✐♦♥s ❜❡✐♥❣ ❡❛s✐❧② ♠♦❞❡❧❧❡❞ ❜② ❞❡✜♥✐♥❣ t✇♦ t②♣❡s ♦❢ ❜♦✉♥❞❛r✐❡s✳ ❆❧s♦
♥♦t❡ t❤❛t ❢♦r ❜❡❛♠s✱ ✐✳❡✳ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❈♦ss❡r❛t ♠❡❞✐❛✱ ♦♥❡ ❤❛s t♦ t❛❦❡✿

|H|1/2 = δ✐r❛❝(∂D), ✭✷✶✮

✇❤❡r❡ δ✐r❛❝ ✐s t❤❡ ❉✐r❛❝ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ✭✷✵✮ ❤❛s t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ t❤❡
♠❡❛♥✐♥❣ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ◆♦✇✱ ❧❡t ✉s ✐♥✈♦❦❡ t❤❡ ❝♦♥str❛✐♥ts ♦❢ ✈❛r✐❛t✐♦♥ ❛t ✜①❡❞
t✐♠❡ ❛♥❞ ♠❛t❡r✐❛❧ ❧❛❜❡❧s✿

δ
∂❣

∂t
=
∂δ❣

∂t
✱ δ

∂❣

∂Xα
=

∂δ❣

∂Xα
✱ ❢♦r α = 1, 2..p. ✭✷✷✮

❚❤❡♥ ✐♥s❡rt✐♥❣ ✧δ❣ = ❣δζ✧ ✐♥t♦ ✭✷✷✮ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✱ ❛s ✜rst ❞❡r✐✈❡❞
❜② P♦✐♥❝❛ré ❬✷❪✱ ✇❤✐❝❤ ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ♦♥ ▲✐❡ ❣r♦✉♣s
❬✸✹❪✿

δη =
∂δζ

∂t
+ adη(δζ) ✱ δξα =

∂δζ

∂Xα
+ adξα(δζ), ✭✷✸✮

✇✐t❤ ad t❤❡ ❛❞❥♦✐♥t ♠❛♣ ♦❢ g ♦♥ ✐ts❡❧❢✳ ❆s ❞❡t❛✐❧❡❞ ✐♥ ❬✶✶❪✱ ❛♣♣❧②✐♥❣ t❤❡ st❛♥❞❛r❞
✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s t♦ ✭✶✾✮ ✇✐t❤ ✭✷✸✮ r✉♥♥✐♥❣ ❜❡❢♦r❡ t❤❡ ✉s✉❛❧ ❜② ♣❛rt ✐♥t❡❣r❛t✐♦♥



✐♥ t✐♠❡✱ ❛♥❞ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ❣✐✈❡s t❤❡ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ♦❢ ❛ ❈♦ss❡r❛t
♠❡❞✐✉♠ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡ ✭✇❡ ✉s❡ s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥ ♦♥ r❡♣❡❛t❡❞ ✐♥❞✐❝❡s
α✮✿

∂

∂t

(
∂L

∂η

)
− ad∗η

(
∂L

∂η

)
+

∂

∂Xα

(
∂L

∂ξα

)
− ad∗ξα

(
∂L

∂ξα

)
= Fext, ✭✷✹❛✮

∂L

∂ξα
να = −F ext, ✭✷✹❜✮

✇❤❡r❡ ad∗ ✐s t❤❡ ❝♦✲❛❞❥♦✐♥t ♠❛♣ ♦❢ g ♦♥ g∗✱ ✇❤✐❧❡ ν = ναE
α ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞

♥♦r♠❛❧ t♦ e(D)✱ ❛♥❞ ∂L/∂η✱ ❛♥❞ ∂L/∂ξα ❞❡✜♥❡ s♦♠❡ ❝♦♥❥✉❣❛t❡ ❣❡♥❡r❛❧✐③❡❞ ♠♦✲
♠❡♥ts t❤❛t ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡s❡ ❡q✉❛t✐♦♥s r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ r❡❞✉❝❡❞ ✐♥ t❤❡
❞✉❛❧ ♦❢ ✐ts ▲✐❡ ❛❧❣❡❜r❛ ❤❡r❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♠❛t❡r✐❛❧ ✭r✐❣❤t✮
tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ G✳ ❚❤❡② ❣♦✈❡r♥ t❤❡ t✐♠❡✲❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✈❡❧♦❝✐t✐❡s
η ❛♥❞ ✇❤❡♥ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛r❡ ❧❡❢t ✐♥✈❛r✐❛♥t✱ t❤❡② ❝❛♥ ❜❡ t✐♠❡✲✐♥t❡❣r❛t❡❞
s❡♣❛r❛t❡❧② t♦ ❝♦♠♣✉t❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ ❛ ✜rst st❡♣✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ t❤❡
♠♦t✐♦♥ ♦❢ t❤❡ ♠❡❞✐✉♠ ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❜② ✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ r❡❝♦♥str✉❝t✐♦♥
❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧② st❛t❡❞ ❛s✿

∀X ∈ D :
∂❣

∂t
(X, t) = (❣η)(X, t). ✭✷✺✮

■♥ ❛❧❧ ❝❛s❡s ✭s②♠♠❡tr✐❝ ♦r ♥♦t✮✱ ✭✷✺✮ s✉♣♣❧❡♠❡♥ts ✭✷✹✮✱ t♦ ❣✐✈❡ ❛ s❡t ♦❢ t✐♠❡✲
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠✬s st❛t❡
s♣❛❝❡✿

S = {(❣, η) : X ∈ D 7→ (❣, η)(X) ∈ G× g}. ✭✷✻✮

❘❡♠❛r❦ ✸✳✶✿ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ♥♦t ❞✐r❡❝t❧② ❡①♣❧♦✐t❛❜❧❡ ✐♥ ♣r❛❝✲
t✐s❡ s✐♥❝❡ t❤❡② ❛r❡ st❛t❡❞ ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ ♦❢ ♠✐❝r♦str✉❝t✉r❡ ❧❛❜❡❧s D✱ ✐✳❡✳✱
✐♥ ❛ ♥♦♥ ♠❡tr✐❝ s♣❛❝❡ ❛ ♣r✐♦r✐ ❞✐s❝♦♥♥❡❝t❡❞ ❢r♦♠ t❤❡ ❣❡♦♠❡tr✐❝ ✭♣❤②s✐❝❛❧✮ s♣❛❝❡✳
❚❤❡ ♣✉r♣♦s❡ ♦❢ ✇❤❛t ❢♦❧❧♦✇s ✐s t♦ ❣✐✈❡ t❤❡♠ t❤❡ ♣❤②s✐❝❛❧ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡❞
❜② t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞♦♥❡ ❜② r❡❡①♣r❡ss✐♥❣ t❤❡ ♠❡❞✐✉♠ ❞②♥❛♠✐❝s ✐♥
t❡r♠s ♦❢ t❤❡ ♠❡tr✐❝ ❞❡♥s✐t✐❡s Lo ❛♥❞ Lt✳ ❆t t❤❡ ❡♥❞✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t✇♦ ♥❡✇ s❡ts
♦❢ ❡q✉❛t✐♦♥s ❤♦❧❞✐♥❣ ❢♦r t❤❡ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ r❡❢❡r✲
❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ (Φo ◦ e)(D) ❛♥❞ (Φt ◦ e)(D) r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡
❢✉rt❤❡r ❡q✉❛t✐♦♥s st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✺ ✇✐❧❧ ❛❧❧♦✇ r❡❝♦✈❡r✐♥❣ s❡✈❡r❛❧ ❣❡♦♠❡tr✐❝❛❧❧②
❡①❛❝t ❢♦r♠✉❧❛t✐♦♥s ❢♦r s❤❡❧❧s ✐♥ s❡❝t✐♦♥s ✻✱ ✼✱ ✽✳ ❚♦ ❞❡r✐✈❡ t❤❡♠✱ ✇❡ ♥❡❡❞ t♦ ❡♥t❡r
❢✉rt❤❡r ✐♥t♦ t❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ✉♥❞❡r❧❛✐❞ ❜② ✭✷✹✲✷✺✮✳

✹ ●❡♦♠❡tr✐❝ ♠♦❞❡❧ ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❧❡❛❞✐♥❣ t♦ ✭✷✹✮ ❤❛♥❞❧❡s ✈❡❧♦❝✐t②✲t②♣❡ ✈❡❝t♦rs ✭η✱ ξα✮
❛♥❞ ❢♦r❝❡✲t②♣❡ ✈❡❝t♦rs ✭∂L/∂η✱ ∂L/∂ξα✱ Fext✱ F ext✮ ♦❢ g ❛♥❞ g∗ r❡s♣❡❝t✐✈❡❧②✱
✇❤✐❝❤ ❛r❡ ❞✉❛❧ ♦❢ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t < ., . >✳ ❍♦✇❡✈❡r✱ t❤✐s



❝❛❧❝✉❧✉s ❤✐❞❡s ❛ ❢✉rt❤❡r ❞✐♠❡♥s✐♦♥❛❧✐t② ✐♥✈♦❧✈✐♥❣ t❤❡ s♣❛❝❡✲t✐♠❡ ❜❛s❡✲♠❛♥✐❢♦❧❞
D × R

+ ❬✽❪✳ ❚❤♦✉❣❤ ♥♦t r❡❛❞✐❧② ❛♣♣❛r❡♥t✱ t❤✐s ❢✉rt❤❡r ❛s♣❡❝t ♦❢ t❤❡ t❤❡♦r②
str♦♥❣❧② str✉❝t✉r❡s t❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ♦❢ ❈♦ss❡r❛t✲♠❡❞✐❛ ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❛t
♦❢ ✐♥t❡r♥❛❧ str❡ss✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✐♥tr♦❞✉❝❡ t❤✐s ❛s♣❡❝t ❛♥❞
t♦ ✉s❡ ✐t t♦ ♣r❡♣❛r❡ t❤❡ ❣r♦✉♥❞ ❢♦r t❤❡ ♠♦❞❡❧ ♦❢ ❈♦ss❡r❛t s❤❡❧❧s ❛s ✐t ✇✐❧❧ ❜❡
❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢✉rt❤❡r s❡❝t✐♦♥s✳ ❚♦ ✐♥tr♦❞✉❝❡ t❤✐s ✐♠♣♦rt❛♥t ♣♦✐♥t✱ ✇❡ ✇✐❧❧ ✜rst
❜✉✐❧❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞✉❛❧✐t②✳

✹✳✶ ❉✉❛❧✐t② ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡

❲❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ♠❛t❡r✐❛❧ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② L ✐♥ t❤❡ ❢♦r♠ L(η, ξα) =
T(η)− U(ξα)✱ ✇✐t❤ T ❛♥❞ U✱ t❤❡ ❞❡♥s✐t② ♦❢ ❦✐♥❡t✐❝ ❛♥❞ ✐♥t❡r♥❛❧ ❡❧❛st✐❝ ♣♦t❡♥t✐❛❧
❡♥❡r❣② ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧ ✈♦❧✉♠❡ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t ✉s ✜rst r❡♠❛r❦ t❤❛t ✐♥ t❤❡
P♦✐♥❝❛ré✲❈♦ss❡r❛t ♣✐❝t✉r❡✱ η ❛♥❞ ξα=1,2...p ❛r❡ ♥♦t ♦♥❧② ✈❡❝t♦r ✜❡❧❞s ✐♥ t❤❡ ▲✐❡
❛❧❣❡❜r❛ ❜✉t ❛❧s♦ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ✉♥✐q✉❡ ✜❡❧❞ ♦❢ ✶✲❢♦r♠ ♦♥ s♣❛❝❡✲t✐♠❡✱ ✇✐t❤
✈❛❧✉❡ ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ♦❢ G ❬✶✶❪✳ ❊♥❞♦✇✐♥❣ g ✇✐t❤ ❛ ❜❛s✐s {l1, l2...ln}✱ s✉❝❤ ❛
✜❡❧❞✱ ❤❡r❡ ❣❡♥❡r✐❝❛❧❧② ♥♦t❡❞ ❛s Υ ✱ ✐s ❞❡✜♥❡❞ ❛s Υ : (X, t) ∈ D×R

+ 7→ Υ (X, t) ∈
g⊗ ∧T ∗(D × R

+)✱ ❛♥❞ ♠❛② ❜❡ ❞❡t❛✐❧❡❞ ❛s✿

Υ (X, t) = Υ j
0 lj ⊗ dt+ Υ j

β lj ⊗ dXβ , ✭✷✼✮

✇❤❡r❡ 0 ❞❡♥♦t❡s t❤❡ ❝♦♦r❞✐♥❛t❡✲✐♥❞❡① ❛❧♦♥❣ t✐♠❡ ❛①✐s✱ ✐✳❡✳✱ X0 = t✱ ✇❤✐❧❡ ✐♥ t❤❡
❝❛s❡ ♦❢ t❤❡ ❧❡❢t✲✐♥✈❛r✐❛♥t ✜❡❧❞s ♦❢ ✭✶✼✮✱ Υ j

0 lj = η ❛♥❞ Υ j
β lj = ξβ ✳ ❙✐♠✐❧❛r❧②✱ t❤❡

❣❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥t❛ ∂L/∂η ❛♥❞ ∂L/∂ξα=1,2..p. ❣❡♦♠❡tr✐❝❛❧❧② ❞❡✜♥❡ t❤❡ ❝♦♠♣♦✲
♥❡♥ts ♦❢ ❛ ✜❡❧❞ ✐♥ t❤❡ ❞✉❛❧ ♦❢ t❤❡ s♣❛❝❡ ♦❢ Υ ✱ ✐✳❡✳ ❛ ✉♥✐q✉❡ ✈❡❝t♦r ✜❡❧❞ ♦♥ s♣❛❝❡✲
t✐♠❡ ✇✐t❤ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ G ♦❢ ❜❛s✐s {ω1, ω2, ...ωn}✳
❙✉❝❤ ❛ ✜❡❧❞✱ ❣❡♥❡r✐❝❛❧❧② ❞❡✜♥❡❞ ❛s Λ : (X, t) ∈ D × R

+ 7→ g∗ ⊗ T (D × R
+) ✐s

❞❡t❛✐❧❡❞ ❛s✿
Λ(X, t) = Λ0

iω
i ⊗ ∂/∂t+ Λα

i ω
i ⊗ ∂/∂Xα, ✭✷✽✮

✇❤❡r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦✉r ❣❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥t❛✱ ✇❡ ❤❛✈❡ Λ0
iω

i = ∂L/∂η = ∂T/∂η
❛♥❞ Λα

i ω
i = −∂L/∂ξα = ∂U/∂ξα✳ ❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ✐♥ ❡❛❝❤ ♣♦✐♥t ♦❢ s♣❛❝❡✲

t✐♠❡✱ ❛♥② Λ ❧✐♥❡❛r❧② ❛❝ts ♦♥ ❛♥② Υ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❞♦✉❜❧❡✮ ❞✉❛❧✐t②
♣r♦❞✉❝t ❞❡♥♦t❡❞ (< ., . >)✿

(< Λ, Υ >) = Λ0
iΥ

j
0 < ωi, lj > (∂/∂t, dt) + Λα

i Υ
j
β < ωi, lj > (∂/∂Xα, dXβ),

✇✐t❤ < ωi, lj >= δij ✱ ✇❤✐❧❡ (., .) ✐s ❛♥♦t❤❡r ❞✉❛❧✐t② ♣r♦❞✉❝t r❡q✉✐r✐♥❣ ❝♦♥s✐❞❡r✐♥❣
✈❡❝t♦rs v ♦❢ T (D ×R

+) ❛s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ❛❝t✐♥❣ ♦♥ ✶✲❢♦r♠s ω ♦❢ T ∗(D ×R
+)

❛❝❝♦r❞✐♥❣ t♦ v(ω) = ω(v) = (ω, v) = (v, ω)✳ ❲✐t❤ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛♥❞ s✐♥❝❡
(∂./∂Xi, dXj) = δji ✭✇✐t❤ X0 = t✮✱ ✇❡ s✐♠♣❧② ❤❛✈❡✿

(< Λ, Υ >) = Λ0
iΥ

i
0 + Λα

i Υ
i
α =< Λ0, Υ0 > + < Λα, Υα >= (Λi, Υ

i), ✭✷✾✮

✇❤✐❝❤ ❛♣♣❡❛rs ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❜♦✈❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ✐♥ t❤❡
✈✐rt✉❛❧ ✇♦r❦ ♦❢ t❤❡ ✐♥❡rt✐❛❧ ❛♥❞ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❛♥❞ ✐♥ ❛❧❧ ✐ts ❝♦♥s❡q✉❡♥❝❡s✳ ■♥ t❤❡
s✉❜s❡q✉❡♥t ❞❡✈❡❧♦♣♠❡♥ts✱ t❤❡ ✈❡❝t♦rs Υ0 = Υ i

0li ❛♥❞ Υα = Υ i
αli ❛r❡ ✈❡❧♦❝✐t②✲t②♣❡



✈❡❝t♦rs✱ ♦r ✐♥ r✐❣✐❞ ❜♦❞② ♠❡❝❤❛♥✐❝s✬ t❡r♠✐♥♦❧♦❣②✱ ❛r❡ ✧t✇✐sts✧ ♦❢ g✳ ❖♥ t❤❡ ❞✉❛❧
s✐❞❡✱ Λ0 = Λ0

iω
i ❛♥❞ Λα = Λα

i ω
i ❛r❡ ❢♦r❝❡✲t②♣❡ ✈❡❝t♦rs ♦r ✧✇r❡♥❝❤❡s✧ ♦❢ g∗✳

▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❝♦♥t❡①t✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ t✇♦ ✜❡❧❞s ✭✷✼✮ ❛♥❞
✭✷✽✮ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ❜❛s✐s ♦❢ g ❛♥❞ g∗✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿ Υ i = Υ i

0dt+Υ i
αdX

α

❛♥❞ Λi = Λ0
i ∂/∂t + Λα

i ∂/∂X
α ✇❤✐❝❤ ❞❡✜♥❡ ✶✲❢♦r♠s ❛❝t✐♥❣ ♦♥ T (D × R

+) ❛♥❞
T ∗(D × R

+) r❡s♣❡❝t✐✈❡❧②✳ ❑✐♥❡♠❛t✐❝❛❧❧②✱ t❤❡ Υ i t✇✐st ❝♦♠♣♦♥❡♥ts ♠♦❞❡❧ t❤❡
s♣❛❝❡✲t✐♠❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ r✐❣✐❞ ♠✐❝r♦str✉❝t✉r❡ M✲❝♦♥✜❣✉r❛t✐♦♥ ✭✐♥ G✮ ✐♥ ❛♥②
♣♦✐♥t ♦❢ D×R

+ ✇❤❡♥ s❤✐❢t✐♥❣ ❛❧♦♥❣ ❛♥② ❞✐r❡❝t✐♦♥ ♦❢ D×R
+✱ ✇❤✐❧❡ t❤❡ Λi ✇r❡♥❝❤

❝♦♠♣♦♥❡♥ts ♠♦❞❡❧ t❤❡ ❦✐♥❡t✐❝ ♠♦♠❡♥t✉♠ ♦❢ ❡❛❝❤ ❝♦♣② ♦❢ M ❛❜♦✈❡ D ❛♥❞ t❤❡
str❡ss ❡①❡rt❡❞ ♦♥ ✐t✳ ❲❡ ✇✐❧❧ ❞❡t❛✐❧ ❢✉rt❤❡r t❤❡s❡ r❡❧❛t✐♦♥s❤✐♣s ✐♥ s❡❝t✐♦♥ ✹✳✺ ❛❢t❡r
s❤✐❢t✐♥❣ t❤✐s ❝♦♥t❡①t t♦ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥
✹✳✷ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ t❤❡ r♦❧❡ ♦❢ ❞❡♥s✐t✐❡s ❛♥❞ ✈♦❧✉♠❡ ❢♦r♠s ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳

✹✳✷ ❉✉❛❧✐t② ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥

❚❤❡ ❛❜♦✈❡ ❝♦♥t❡①t ❝❛♥ ❜❡ s❤✐❢t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥
❜② ✉s✐♥❣ t❤❡ ♣✉s❤✲❢♦r✇❛r❞ ❛♥❞ ♣✉❧❧✲❜❛❝❦ ♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡ ❛♥❞
❝♦✲❢r❛♠❡ ✜❡❧❞s t❛♥❣❡♥t t♦ (Φo ◦ e)(D) ❛♥❞ (Φt ◦ e)(D) ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸
❛♥❞ ✷✳✹✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ✜❡❧❞ Υ = Υ0dt+ ΥβdX

β tr❛♥s❢♦r♠s ✐♥t♦✿

Υo = Υ0dt+ Υβh
β
o , ✭✸✵❛✮

Υt = Υ0dt+ Υβh
β , ✭✸✵❜✮

♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✵❛✮✱ ❛♥❞ t❤❡ ❞❡❢♦r♠❡❞ ✭✸✵❜✮✳ ❖♥ t❤❡ ❞✉❛❧ s✐❞❡✱
t❤❡ ✜❡❧❞ Λ = Λ0∂/∂t+ Λα

o ∂/∂X
α tr❛♥s❢♦r♠s ✐♥t♦✿

Λo = Λ0∂/∂t+ Λα
o ho,α, ✭✸✶❛✮

Λt = Λ0∂/∂t+ Λα
t hα, ✭✸✶❜✮

♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ◆♦t❡ t❤❛t ✐♥ ✭✸✶✮✱ t❤❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ ❞♦❡s ♥♦t ♦♥❧② ❛✛❡❝t t❤❡ ❜❛s✐s ✈❡❝t♦rs ♦❢ Λ ✭❜② ♣✉❧❧✲❜❛❝❦✮ ❜✉t ❛❧s♦ ✐ts
❝♦♠♣♦♥❡♥ts✱ s✐♥❝❡ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ Λ ✐s ♥♦t ❛ tr✉❡ t❡♥s♦r ❜✉t
❛ ✈♦❧✉♠❡ ❞❡♥s✐t② ✭❛♥❞ ✐ts tr❛♥s❢♦r♠❛t✐♦♥ ✐♥✈♦❧✈❡s

√
|h| ❛s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥

✷✳✹✮✳ ❲✐t❤ t❤❡s❡ ❢✉rt❤❡r ❝♦♥✈❡❝t❡❞ ✜❡❧❞s✱ t❤❡ ❞✉❛❧✐t② ♣r♦❞✉❝t ✭✷✾✮ st✐❧❧ ❤♦❧❞s✱ ❜✉t
❜❡t✇❡❡♥ t❤❡ ❝♦♥✈❡❝t❡❞ ❢r❛♠❡ ❛♥❞ ❝♦✲❢r❛♠❡ ✜❡❧❞s (hα)α=1,2..p ❛♥❞ (hα)α=1,2...p✱
❛♥❞ ✇❡ ❤❛✈❡✿

(< Λ, Υ >) = (< Λo, Υo >) = (< Λt, Υt >). ✭✸✷✮

❋♦❧❧♦✇✐♥❣ t❤❡ r❡♠❛r❦ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜✲s❡❝t✐♦♥✱ Υo ❛♥❞ Υt st✐❧❧ ♠♦❞❡❧
t❤❡ s♣❛❝❡✲t✐♠❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭✐♥ G✮✱ ❜✉t ✇❤❡♥
s❤✐❢t✐♥❣ ❛❧♦♥❣ t❤❡ ♠❡tr✐❝ ❝♦♦r❞✐♥❛t❡s ❧✐♥❡s ❞r❛✇♥ ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞
❝♦♥✜❣✉r❛t✐♦♥s ❜② t❤❡ ❝♦♥✈❡❝t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝❤❛rt✳ ❙✐♠✐❧❛r❧②✱ Λo ❛♥❞ Λt

♠♦❞❡❧ t❤❡ ❦✐♥❡t✐❝ ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ♠✐❝r♦✲str✉❝t✉r❡s ❛♥❞ t❤❡ str❡ss ❡①❡rt❡❞ ♦♥
t❤❡♠✱ ❜✉t r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ❛ ✇❛② ✇❡ ✇✐❧❧
❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ r♦❧❡ ♦❢ ❞❡♥s✐t✐❡s ❛♥❞ ✈♦❧✉♠❡ ❢♦r♠s
✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳



✹✳✸ ❱♦❧✉♠❡ ❢♦r♠s ❛♥❞ ❞❡♥s✐t✐❡s

❆❧❧ t❤❡ t❡r♠s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡s❝r✐❜❡❞ ✐♥ ✭✷✹✮ ❞❡✜♥❡ ❞❡♥s✐t✐❡s ♦❢ ✇r❡♥❝❤ ✐♥
g∗ r❡❧❛t❡❞ t♦ t❤❡ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢ D ✭✷✹❛✮✱ ❛♥❞ ∂D ✭✷✹❜✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❡①t❡r♥❛❧ ✈♦❧✉♠❡ ❢♦r❝❡s ✐♥✈♦❧✈❡❞ ✐♥ ✭✷✵✮✱ ❛r❡ ✐♥tr✐♥s✐❝❛❧❧② ❞❡✜♥❡❞ ❛s t❤❡ ✈♦❧✉♠❡✲
❢♦r♠ ✜❡❧❞ ♦♥ D ✇✐t❤ ✈❛❧✉❡s ✐♥ g∗✿ Fext dX

1 ∧ dX2 ∧ ... ∧ dXp ✇❤✐❝❤ tr❛♥s❢♦r♠s
✐♥t♦✿

Fext,o

√
|ho| dX1 ∧ dX2 ∧ ... ∧ dXp ✱ Fext,t

√
|h| dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✸✸✮

✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❝✉rr❡♥t ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❡①t❡r✲
♥❛❧ ❜♦✉♥❞❛r② ❢♦r❝❡s ✭❡①❡rt❡❞ ♦♥ ∂D✮ ❛r❡ ❞❡✜♥❡❞ ❜② ✈♦❧✉♠❡✲❢♦r♠ ✜❡❧❞s ♦♥ t❤❡
❜♦✉♥❞❛r✐❡s ♦❢ D ✇✐t❤ ✈❛❧✉❡ ✐♥ g∗ ♦❢ t❤❡ t②♣❡ F extdY

1∧dY 2∧ ...∧dY p−1✱ ✇❤✐❝❤
tr❛♥s❢♦r♠ ✐♥t♦✿

F ext,o|ho|1/2 dY 1∧dY 2∧ ...∧dY p−1 ✱ F ext,t|h|1/2 dY 1∧dY 2∧ ...∧dY p−1. ✭✸✹✮

♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ❛♥② s♣❛❝❡✲t✐♠❡ ♠❛t❡r✐❛❧
❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t✉♠ ♦❢ t❤❡ t②♣❡ Λ ❞❡✜♥❡❞ ✐♥ ✭✷✽✮ ✐s ✐♥ ❢❛❝t t❤❡ ✉♥✐q✉❡ ❝♦♠♣♦✲
♥❡♥t ♦❢ ❛ ✈♦❧✉♠❡✲❢♦r♠ ✜❡❧❞ Λ ⊗ dX1 ∧ dX2 ∧ ... ∧ dXp = (Λ0∂/∂t + ΛαEα) ⊗
dX1 ∧ dX2 ∧ ... ∧ dXp✱ ✇✐t❤ ✈❛❧✉❡s ✐♥ g∗ ⊗ T (D × R

+) ✇❤✐❝❤ tr❛♥s❢♦r♠s ✐♥t♦✿

Λo

√
|ho| ⊗ dX1 ∧ dX2 ∧ ... ∧ dXp =

(Λ0
o

√
|ho|∂/∂t+ Λα

o

√
|ho|hoα)⊗ dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✸✺✮

♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ✐♥t♦✿

Λt

√
|h| ⊗ dX1 ∧ dX2 ∧ ... ∧ dXp =

(Λ0
t

√
|h|∂/∂t+ Λα

t

√
|h|hα)⊗ dX1 ∧ dX2 ∧ ... ∧ dXp, ✭✸✻✮

♦♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ t❤r❡❡ ✈♦❧✉♠❡ ❞❡♥s✐t✐❡s Λ✱ Λo ❛♥❞ Λt ❛r❡
r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧ ✈♦❧✉♠❡ ❡❧❡♠❡♥t✱ t❤❡ ♠❡tr✐❝ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ ♠❡tr✐❝ ❞❡✲
❢♦r♠❡❞ ✈♦❧✉♠❡ ❡❧❡♠❡♥t r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❛r❡ ❛♣♣❛r❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧
❞✉❛❧✐t② ♣r♦❞✉❝t ❜❡t✇❡❡♥ ✜❡❧❞s✿

∫

D

(< Λ, Υ >) dD =

∫

D

(< Λo, Υo >)
√
|ho|dD =

∫

D

(< Λt, Υt >)
√
|h|dD, ✭✸✼✮

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ✐♥tr✐♥s✐❝ ♠♦❞❡❧ ♦❢ ❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t❛ ♦❢ ✭✷✹✮✳

✺ P♦✐♥❝❛ré✬s ❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ r❡❢❡r❡♥❝❡

❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥

❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧✱ t❤✐s s❡❝t✐♦♥ ❛✐♠s ❛t ❞❡❞✉❝✐♥❣ ❢r♦♠ t❤❡
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ ✭✷✹✮✱ t✇♦ ♦t❤❡r s❡ts ♦❢ ❡q✉❛t✐♦♥s ❡♥❥♦②✲
✐♥❣ ♠♦r❡ ♣❤②s✐❝❛❧ ✐♥s✐❣❤ts✿ ♦♥❡ r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ♦t❤❡r



r❡❧❛t❡❞ t♦ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚♦ ❞❡r✐✈❡ t❤❡s❡ t✇♦ ❢✉rt❤❡r s❡ts ♦❢ ❡q✉❛✲
t✐♦♥s✱ ❧❡t ✉s ✜rst r❡♠❛r❦ t❤❛t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ✭✸✸✮
❛♥❞ t❤❡ s♣❛❝❡✲t✐♠❡ ❣❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥t❛ ✭✸✺✮✱ ❛♥❞ ✭✸✻✮ ❛r❡ ✈♦❧✉♠❡✲❞❡♥s✐t✐❡s
✇❤✐❝❤ ❜❡❤❛✈❡ ❧✐❦❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s L✱ Lo ❛♥❞ Lt✱ ✐✳❡✳ ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥s✱ s✐♠✐❧❛r t♦ ✭✶✽✮✱ ✇❤❡♥ s❤✐❢t✐♥❣ ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞
❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✿

Fext = Fext,o

√
|ho| = Fext,t

√
|h| ✱ ✭✸✽❛✮

Λ =
√

|ho|Λo =
√
|h|Λt. ✭✸✽❜✮

■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ ❡①t❡r♥❛❧ s✉r❢❛❝❡ ❢♦r❝❡s ✭✸✹✮ ❞❡✜♥❡ ✈♦❧✉♠❡✲❞❡♥s✐t✐❡s ♦♥ t❤❡
❜♦✉♥❞❛r✐❡s ♦❢ D ✇❤✐❝❤ ❜❡❤❛✈❡ ❛s✿

F ext|H|1/2 = F ext,o|ho|1/2 = F ext,t|h|1/2. ✭✸✾✮

■♥ ✭✸✽✮ ❛♥❞ ✭✸✾✮✱ (Fext,o, F ext,o) ❛♥❞ (Fext,t, F ext,t) ❞❡♥♦t❡ t❤❡ ❞❡♥s✐t✐❡s ♦❢ t❤❡
❡①t❡r♥❛❧ ✇r❡♥❝❤❡s ❡①❡rt❡❞ ♦♥ B✱ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝✲✈♦❧✉♠❡ ♦❢ ((Φo ◦e)(D), ∂(Φo ◦
e)(∂D))✱ ❛♥❞ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢ ((Φt ◦ e)(D), ∂(Φt ◦ e)(∂D)) r❡s♣❡❝✲
t✐✈❡❧②✳ ❙✐♠✐❧❛r❧②✱ ❛s t❤✐s ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t❤❡ Λα

o ❛♥❞ Λα
t

✭r❡s♣❡❝t✐✈❡❧② Λ0
o ❛♥❞ Λ0

t ✮ ❞❡✜♥❡ s♦♠❡ ❞❡♥s✐t✐❡s ♦❢ ✐♥t❡r♥❛❧ str❡ss ✇r❡♥❝❤ ✭r❡s♣❡❝✲
t✐✈❡❧② t❤❡ ❞❡♥s✐t✐❡s ♦❢ ❦✐♥❡t✐❝ ♠♦♠❡♥t✉♠ ✇r❡♥❝❤✮ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢
(Φo ◦ e)(D) ❛♥❞ ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢ (Φt ◦ e)(D)✳

❋♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ❧❡t ✉s r❡♠❛r❦ t❤❛t ✐♥tr♦❞✉❝✐♥❣ L = Lo

√
|ho| = Lt

√
|h| ✐♥t♦

t❤❡ ❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t✉♠s ∂L/∂η ❛♥❞ ∂L/∂ξα ♦❢ t❤❡ ♠❛t❡r✐❛❧ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s
✭✷✹✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t✐❡s ✭✸✽❜✮✱ ❛❧❧♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡
❞❡♥s✐t✐❡s Λ✱ Λo ❛♥❞ Λt ❛♥❞ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t✐❡s L✱ Lo ❛♥❞ Lt t♦ ❜❡ st❛t❡❞✿

Λ0 =
∂L

∂η
✱ Λ0

o =
∂Lo

∂η
✱ Λ0

t =
∂Lt

∂η
, ✭✹✵✮

Λα = − ∂L

∂ξα
, Λα

o = −∂Lo

∂ξα
, Λα

t = −∂Lt

∂ξα
− 1√

|h|
∂
√

|h|
∂ξα

Lt. ✭✹✶✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t |ho| ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ η ❛♥❞ t❤❡ ξα✬s✱ ✇❤✐❧❡ |h|
❞❡♣❡♥❞s ♦♥ t❤❡ ξα✬s ♦♥❧②✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♥❝✐s✐♦♥✱ ✇❡ ✇✐❧❧ ✇r✐t❡ t❤❡ ❧❛st
r❡❧❛t✐♦♥ ♦❢ ✭✹✶✮✱ ❛s✿

Λα
t = −∂Lt

∂ξα
− 1√

|h|
∂
√

|h|
∂ξα

Lt , −
[
∂L

∂ξα

]

t

. ✭✹✷✮

◆♦✇✱ ✐♥tr♦❞✉❝✐♥❣ ❛❧❧ t❤❡s❡ r❡❧❛t✐♦♥s ✭❢r♦♠ ✭✸✽✮ t♦ ✭✹✷✮✮ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛t❡r✐❛❧
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✭✷✹✮ ❛❧❧♦✇s t♦ st❛t❡✿



• ❚❤❡ P♦✐♥❝❛ré✲❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✿

1√
|ho|

(
∂

∂t

(√
|ho|

(
∂Lo

∂η

))
− ad∗η

(√
|ho|

(
∂Lo

∂η

)))
+

1√
|ho|

(
∂

∂Xα

(√
|ho|

(
∂Lo

∂ξα

))
− ad∗ξα

(√
|ho|

(
∂Lo

∂ξα

)))
= Fext,o,

( |ho|
|ho|

)1/2(
∂Lo

∂ξα

)
να = −F ext,o, ✭✹✸✮

• ❚❤❡ P♦✐♥❝❛ré✲❡q✉❛t✐♦♥s ♦❢ ❈♦ss❡r❛t ♠❡❞✐❛ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✿

1√
|h|

(
∂

∂t

(√
|h|
(
∂Lt

∂η

))
− ad∗η

(√
|h|
(
∂Lt

∂η

)))
+

1√
|h|

(
∂

∂Xα

( √
|h|
[
∂L

∂ξα

]

t

)
− ad∗ξα

( √
|h|
[
∂L

∂ξα

]

t

))
= Fext,t,

( |h|
|h|

)1/2 [
∂L

∂ξα

]

t

να = −F ext,t, ✭✹✹✮

▲❡t ✉s ❞♦ s❡✈❡r❛❧ r❡♠❛r❦s ❛❢t❡r t❤❡s❡ t✇♦ s❡ts ♦❢ ❡q✉❛t✐♦♥s✳

❘❡♠❛r❦ ✺✳✶✿ ❚❤❡ ♥❡✇ ❡q✉❛t✐♦♥s ✭✹✸✮ ❛♥❞ ✭✹✹✮ ♣r♦❧♦♥❣ t♦ t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✱
t❤❡ ❡q✉❛t✐♦♥s ✭✷✹✮ ♦❢ ❬✶✶❪✱ ✇❤✐❝❤ ✇❡r❡ r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧ ♥♦♥✲♠❡tr✐❝ s♣❛❝❡
D✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡② ❤❛✈❡ t❤❡ ♣❤②s✐❝❛❧ ✐♥s✐❣❤ts t❤❛t ✇❡r❡ ♠✐ss✐♥❣ ✐♥ t❤❡ ♠❛t❡✲
r✐❛❧ ♦♥❡s ✭✷✹✮✳ ❚❤✐s ✇✐❧❧ ❜❡❝♦♠❡ ♠♦r❡ ❛♣♣❛r❡♥t ✐♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s ✇❤❡r❡
t❤❡② ✇✐❧❧ ❜❡ r❡❧❛t❡❞ t♦ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛ ♠❡❝❤❛♥✐❝s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧②✱ s❤❡❧❧ t❤❡♦r②✳

❘❡♠❛r❦ ✺✳✷✿ ❊q✉❛t✐♦♥s ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ❜② r❡✲st❛rt✐♥❣
t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❧❡❛❞✐♥❣ t♦ ✭✷✹✮✱ ❜✉t ✇✐t❤ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❡①t❡r♥❛❧ ❢♦r❝❡s
❞❡♥s✐t✐❡s ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝✲✈♦❧✉♠❡ ♦❢ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ r❡✲
s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ✐s ❞♦♥❡ ✐♥ ❆♣♣❡♥❞✐① ✶ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳

❘❡♠❛r❦ ✺✳✸✿❲❤✐❧❡ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ❞❡♥s✐t② ♦❢ s♣❛❝❡✲❝♦♥❥✉❣❛t❡
♠♦♠❡♥t✉♠ Λα

o ❞✐r❡❝t❧② ❞❡r✐✈❡s ❢r♦♠ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② Lo✱ t❤✐s ✐s ♥♦t t❤❡
❝❛s❡ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ✇❤✐❝❤ Λα

t ✐s r❡❧❛t❡❞ t♦ Lt t❤r♦✉❣❤✿

Λα
t = −

[
∂L

∂ξα

]

t

= −
(
∂Lt

∂ξα

)
−
(

0
Γα

)
Lt, ✭✹✺✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ∂
√
|h|/∂Γα =

√
|h|Γα✳ ◆♦t❡ t❤❛t ✭✹✺✮ ♠❛❦❡s ❛♣♣❡❛r

❛ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✭✐♥❞✉❝❡❞ ❜② t❤❡ ❝✉rr❡♥t ❞❡❢♦r♠❛t✐♦♥ ♦❢ D ✇❤✐❧❡ t❤❡ ▲❛❣r❛♥❣✐❛♥
❞❡♥s✐t② Lt ✐s ❦❡♣t ❝♦♥st❛♥t✮✳ ❘❡❢❡rr✐♥❣ t♦ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❡❧❛st✐❝✐t②✱ t❤✐s
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t ❛♥ ❊✉❧❡r✐❛♥ str❡ss t❡♥s♦r✱ ❛s t❤❡ ❈❛✉❝❤②
str❡ss t❡♥s♦r✱ ❤❛s ♥♦ ❝♦♥❥✉❣❛t❡ str❛✐♥ ✜❡❧❞✱ ❛♥❞ t❤❛t ❝♦♥s❡q✉❡♥t❧② t❤❡r❡ ✐s ♥♦
♣✉r❡ ❊✉❧❡r✐❛♥ ❤②♣❡r❡❧❛st✐❝ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✳ ◆♦t❡ t❤❛t t❤✐s ❝♦♥t❡①t ❝❛♥ ❜❡ ❡❛s✐❧②
❝✐r❝✉♠✈❡♥t❡❞✱ ❛♥❞ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ♦❢ ✭✹✺✮ r❡♠♦✈❡❞✱ ✐❢ ✐♥st❡❛❞ ♦❢ t❛❦✐♥❣ ❛



❞❡♥s✐t② ♦❢ str❛✐♥ ❡♥❡r❣② Ut✱ ✇❡ ✉s❡ ❛ Uo r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱
❛♥❞ t❤❡ ♠✐①❡❞ ✭▲❛❣r❛♥❣✐❛♥✲❊✉❧❡r✐❛♥✮ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✿

Λα
t = −

[
∂L

∂ξα

]

t

=

∣∣∣∣
ho
h

∣∣∣∣
1

2

(
∂Uo

∂ξα

)
, ✭✹✻✮

✇❤✐❝❤ ❤❛s t♦ ❜❡ ✐♥s❡rt❡❞ ✐♥t♦ ❡q✉❛t✐♦♥s ✭✹✹✮✳

❘❡♠❛r❦ ✺✳✹✿ ■♥ ✭✹✸✮✱ s✐♥❝❡ |ho| ✐s t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ❝❛♥ r❡♠♦✈❡ ✐t ❢r♦♠
t❤❡ t♦♣ ❧✐♥❡ r❡❧❛t❡❞ t♦ t❤❡ t✐♠❡ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ❡❧✐♠✐♥❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞
t♦ t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✹✹✮✳ ❍♦✇❡✈❡r✱ ✐♥✈♦❦✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✱ ❛❧❧♦✇s t❤✐s
❡①♣r❡ss✐♦♥ t♦ ❜❡ s✐♠♣❧✐✜❡❞ ✐♥ ❛ ✇❛② ✇❡ ✇✐❧❧ ❞❡t❛✐❧ ✐♥ s❡❝t✐♦♥ ✼✱ ✇❤❡♥ ✇❡ ✇✐❧❧
❛♣♣❧② t❤❡s❡ ❡q✉❛t✐♦♥s t♦ ❝❧❛ss✐❝❛❧ ❈♦ss❡r❛t s❤❡❧❧s✳

❘❡♠❛r❦ ✺✳✺✿ ❲❡ r❡❝♦❣♥✐③❡ ✐♥ ✭✷✹✮✱ ✭✹✸✮ ❛♥❞ ✭✹✹✮ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✜❡❧❞s
ΛαEα✱ Λ

α
o hoα ❛♥❞ Λα

t hα ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❝❤❛rt ♦❢ D ❛♥❞ ✐♥ ✐ts ❝✉r✈✐❧✐♥❡❛r ❞❡❢♦r✲
♠❛t✐♦♥ ❜② Φo ◦ e ❛♥❞ Φt ◦ e r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳✿

DIV

((
∂L

∂ξα

)
⊗ Eα

)
=

∂

∂Xα

(
∂L

∂ξα

)
, ✭✹✼✮

DIV

((
∂Lo

∂ξα

)
⊗ hoα

)
=

1√
|ho|

∂

∂Xα

( √
|ho|

(
∂Lo

∂ξα

))
, ✭✹✽✮

DIV

([
∂L

∂ξα

]

t

⊗ hα

)
=

1√
|h|

∂

∂Xα

( √
|h|
[
∂L

∂ξα

]

t

)
. ✭✹✾✮

❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✉♥✐t ♥♦r♠❛❧s t♦ ❛ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡✱ ❛♥❞
❞❡❢♦r♠❡❞ ❛r❡❛ ❡❧❡♠❡♥t✱ ❛s t❤❡② ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✱ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦❢ ✭✷✹✮✱ ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠s✱ ✇❤✐❝❤
❤❛♥❞❧❡ ✢✉①❡s ♦❢ str❡ss✿

((
∂L

∂ξα

)
⊗ Eα

)
. ν = −F ext, ✭✺✵✮

((
∂Lo

∂ξα

)
⊗ hoα

)
. νo = −F ext,o, ✭✺✶✮

([
∂L

∂ξα

]

t

⊗ hα

)
. νt = −F ext,t. ✭✺✷✮

◆♦t❡ t❤❛t ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✱ t❤❡ t❤r❡❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦rs ♦❢ ✭✹✼✲✹✾✮ ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✺✵✲✺✷✮ ♥❛t✉r❛❧❧② ❛♣♣❡❛r t❤r♦✉❣❤ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❤❡♥ ❞❡r✐✈✐♥❣ ✭✷✹✮✱ ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❢r♦♠
t❤❡ ❍❛♠✐❧t♦♥ ♣r✐♥❝✐♣❧❡ ✭s❡❡ r❡♠❛r❦ ✺✳✷ ❛♥❞ ❆♣♣❡♥❞✐① ✶✮✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡s❡
t❤r❡❡ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ s♣❛❝❡✲t✐♠❡ ❜② t❛❦✐♥❣ t❤❡ ♠❡tr✐❝ gij(g

i ⊗ gj)✱
i, j = 0, 1, 2..p✱ ✇✐t❤ g00 = 1✱ g0α = 0✱ gαβ = hαβ ✱ α, β = 1, 2...p✳ ❋✐♥❛❧❧②✱ t❤❡s❡
♦♣❡r❛t♦rs ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✉♥❞❡r❧② ❛ ♠♦❞❡❧ ♦❢ str❡ss ❢♦r



❈♦ss❡r❛t ♠❡❞✐❛ ✇❤✐❝❤ ✐s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

❘❡♠❛r❦ ✺✳✻✿ ❊q✉❛t✐♦♥s ✭✹✹✮✱ ❛s ✭✹✸✮ ❛♥❞ ✭✷✹✮✱ r❡♣r❡s❡♥t t❤❡ r❡❞✉❝❡❞ ❞②♥❛♠✲
✐❝s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡✳ ❲❤❡♥ Fext,t ✐s ❣✲✐♥❞❡♣❡♥❞❡♥t
✭✐✳❡✳✱ ✇❤❡♥ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛r❡ ❧❡❢t ✐♥✈❛r✐❛♥t✮✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ✜rst✲♦r❞❡r
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ♠❛t❡r✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ ♦❢ t❤❡ ♠❡❞✐✉♠
t❤❛t ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✐ts ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤✐s ❞❡❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❞②♥❛♠✐❝s ❛♥❞ ❦✐♥❡♠❛t✐❝s ✐s t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
s②♠♠❡tr② ♣r♦♣❡rt✐❡s ✭❧❡❢t ✐♥✈❛r✐❛♥❝❡✮ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② ✐♥ t❤❡ ♠❛t❡r✐❛❧
s❡tt✐♥❣✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❦♥♦✇s ❢r♦♠ ◆♦❡t❤❡r t❤❡♦r❡♠ t❤❛t s②♠♠❡tr✐❡s ❛r❡ ❛❧s♦
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❚❤✐s s❡❝♦♥❞ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ t❤❡ ❛❜♦✈❡ r❡✲
❞✉❝t✐♦♥ ❛♣♣❡❛rs ✐❢ ♦♥❡ ❝❤♦♦s❡s t♦ ❡①♣r❡ss ✭✹✹✮ ✭♦r ✭✷✹✮✱ ✭✹✸✮✮ ✐♥ t❤❡ ✜①❡❞ ❢r❛♠❡
(o, e1, e2, e3) ♦❢ s♣❛❝❡✳ ❚♦ ♣❡r❢♦r♠ t❤✐s ❝❤❛♥❣❡ ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ t♦ t❤❡ s♣❛t✐❛❧
s❡tt✐♥❣✱ ✐t s✉✣❝❡s t♦ ❡①♣❧♦✐t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦✲❛❞❥♦✐♥t ❛❝t✐♦♥ ♦❢ G ♦♥ g∗✱
❛♥❞ t♦ r❡✇r✐t❡ ✭✹✹✮ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✿

∂

∂t

(
Ad∗

❣−1

(√
|h|
(
∂Lt

∂η

)))
+

∂

∂Xα

(
Ad∗

❣−1

(√
|h|
[
∂L

∂ξα

]

t

))

= Ad∗
❣−1(

√
|h|Fext,t), ✭✺✸✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢✉rt❤❡r ❞❡♥s✐t✐❡s ♦❢ s♣❛t✐❛❧ ❦✐♥❡t✐❝✱ str❡ss✱ ❛♥❞ ❡①t❡r♥❛❧
✇r❡♥❝❤❡s ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡✱ ❛❧❧ t❤❡ ✇r❡♥❝❤❡s ❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡
✜①❡❞ ❢r❛♠❡ (o, e1, e2, e3)✿

Ad∗
❣−1

(
∂Lt

∂η

)
✱ Ad∗

❣−1

[
∂L

∂ξα

]

t

✱ Ad∗
❣−1Fext,t. ✭✺✹✮

P❤②s✐❝❛❧❧②✱ ❡q✉❛t✐♦♥ ✭✺✸✮ ✭✇❤✐❝❤ ❤❛s ✐ts ❝♦✉♥t❡r♣❛rt ♦♥ D ❛♥❞ (Φo◦e)(D)✮ st❛♥❞s
❢♦r t❤❡ s♣❛t✐❛❧ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠ ✐♥ t❤❡ ✧❝♦♥s❡r✈❛t✐♦♥
❢♦r♠✧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ✈♦❧✉♠❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛r❡ ③❡r♦ ✭✐✳❡✳ Fext,t = 0✮✱ ✭✺✸✮
❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ③❡r♦✲❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐♥ D×R

+ ✭✇✐t❤ t❤❡ ❡①t❡♥❞❡❞
♠❡tr✐❝ ♠❡♥t✐♦♥❡❞ ❜② r❡♠❛r❦ ✺✳✺✮✱ ❛s ✐t ✐s ❡①♣❡❝t❡❞ ❢r♦♠ ◆♦❡t❤❡r t❤❡♦r❡♠ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ✜❡❧❞ t❤❡♦r②✳ ■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❣❛✉❣❡ t❤❡♦r②✱ t❤✐s ✐s t❤❡ ❧♦❝❛❧ ❝♦♥s❡r✈❛✲
t✐♦♥ ❧❛✇ ✭♦r ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✮ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥t✉♠s ✐♥ s♣❛❝❡✲t✐♠❡✳
❯s✐♥❣ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤✐s ③❡r♦✲❞✐✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ✐♥t♦
❛ ③❡r♦✲✢✉① ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✇❤❡♥ st❛t❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ D × [0, t] ✇✐t❤
F ext,t = 0✱ ❧❡❛❞s t♦ t❤❡ ❣❧♦❜❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✿

(∫

D

Ad∗
❣−1

(
∂Lt

∂η

)√
|h|dD

)
(t) =

(∫

D

Ad∗
❣−1

(
∂Lt

∂η

)√
|h|dD

)
(t = 0), ✭✺✺✮

✇❤✐❝❤ ♠❡❝❤❛♥✐❝❛❧❧② st❛♥❞s ❢♦r t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ✇r❡♥❝❤ ♦❢ t❤❡
❈♦ss❡r❛t ♠❡❞✐✉♠ ❛❧♦♥❣ t✐♠❡✳ ◆♦t❡ t❤❛t ❜❡✐♥❣ ❜❛s❡❞ ♦♥ ❛ ③❡r♦✲✢✉① ❝♦♥❞✐t✐♦♥✱ t❤✐s
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ❤♦❧❞s ❢♦r ❛♥② ❝♦♠♣❛❝t ♠❛♥✐❢♦❧❞ (Φo ◦ e)(D) ✇✐t❤♦✉t ❜♦✉♥❞❛r②✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ♠♦♥♦✲❞✐♠❡♥s✐♦♥❛❧ ♠❡❞✐❛ ✭✐✳❡✳ p = 1✮✱ ✭✺✺✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❝✐r❝✉❧❛t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛❧♦♥❣
❛♥② ❈♦ss❡r❛t ❜❡❛♠ ❝❧♦s❡❞ ✐♥ ❛ ❧♦♦♣ ❬✶✽❪✳ ■♥ t❤✐s ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥✱ ✭✺✺✮



❜❡❝♦♠❡s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❑❡❧✈✐♥✲◆♦❡t❤❡r t❤❡♦r❡♠ ✇❤✐❝❤ ❛❧s♦
❤♦❧❞s ❢♦r t❤❡ ✐❞❡❛❧ ✢✉✐❞ ❬✸✹❪✳

✺✳✶ ▼♦❞❡❧ ♦❢ ❈♦ss❡r❛t str❡ss

❚♦ r❡❧❛t❡ t❤❡ ♠♦❞❡❧ ♦❢ str❡ss ✉♥❞❡r❧❛✐❞ ❜② t❤❡ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✭✷✹✮✱ ✭✹✸✮✱ ✭✹✹✮
t♦ t❤❡ str❡ss✬ ♠♦❞❡❧ ♦❢ ♠❡❝❤❛♥✐❝s ♦❢ ❝♦♥t✐♥✉♦✉s ♠❡❞✐❛✱ ✇❡ ❝♦♥s✐❞❡r G = SE(3)
r❡♣r❡s❡♥t❡❞ ❜② ♠❛tr✐❝❡s ✭✺✮✱ ❛♥❞ ✐❞❡♥t✐❢② g = se(3) ✇✐t❤ R

6 ❡♥❞♦✇❡❞ ✇✐t❤ ✐ts s✐①
❞✐♠❡♥s✐♦♥❛❧ ❝r♦ss ♣r♦❞✉❝t ❬✸✺❪✱ ✇✐t❤ ❜❛s✐s {(Ei, 0), (0, Ei)}i=1,2,3 ✇❤❡r❡ 0 ❛♥❞ Ei

❛r❡ t❤❡ ③❡r♦ ❛♥❞ ❜❛s✐s ✈❡❝t♦rs ♦❢ B ≃ R
3✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ ♠❡tr✐❝ ♦❢ R6 ❛❧❧♦✇s

✉s t♦ ✐❞❡♥t✐❢② se(3)∗ t♦ se(3) ❛♥❞ t♦ r❡✇r✐t❡ ✭✸✵❜✮ ❛♥❞ ✭✸✶❜✮ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t
❢♦r♠✿

Υt =

(
ΩiE

i

ViE
i

)
⊗ dt+

(
KiαE

i

ΓiαE
i

)
⊗ hα, ✭✺✻❛✮

Λt =

(
Σi

tEi

P i
tEi

)
⊗ ∂

∂t
+

(
M iα

t Ei

N iα
t Ei

)
⊗ hα. ✭✺✻❜✮

❚❤❡ t✇♦ t❡♥s♦r ✜❡❧❞s Υt ❛♥❞ Λt ♥♦t ♦♥❧② ❛❝t ♦♥ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ t❤❡ ❞✉❛❧✐t②
♣r♦❞✉❝t (< ., . >)✱ ❜✉t ❛❧s♦ ♦♣❡r❛t❡ ♦♥ T (Φt◦e)(D)×R

+ ❛♥❞ ✐ts ❞✉❛❧ r❡s♣❡❝t✐✈❡❧②✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✐♠❡ ✭0✮✲❝♦♠♣♦♥❡♥ts ♦❢ ✭✺✻✮ ♦♣❡r❛t❡ ❛s ❢♦❧❧♦✇s ♦♥ t❤❡ ✈❡❝t♦rs
❛♥❞ ❝♦✲✈❡❝t♦rs ♦❢ t❤❡ t✐♠❡ ❛①✐s✿

(
Ω
V

)
⊗ dt(∂/∂t) =

(
Ω
V

)
, ✭✺✼❛✮

(
Σt

Pt

)
⊗ (∂/∂t)(dt) =

(
Σt

Pt

)
. ✭✺✼❜✮

■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❡ s♣❛❝❡ ✭α✮✲❝♦♠♣♦♥❡♥ts ♦❢ ✭✺✻✮ ♦♣❡r❛t❡ ♦♥ t❤❡ ✈❡❝t♦rs dXβhβ
❛♥❞ t❤❡ ❝♦✲✈❡❝t♦rs dStνt,βh

β = dStνt ♦❢ ✭✶✷✮ r❡s♣❡❝t✐✈❡❧②✱ ❛s ❢♦❧❧♦✇s✿

(
Kα

Γα

)
⊗ hα.(dXβhβ) =

(
Kβ

Γβ

)
dXβ , ✭✺✽❛✮

(
Mα

t

Nα
t

)
⊗ hα.(dStνt,βh

β) =

(
Mβ

t

Nβ
t

)
νt,βdSt. ✭✺✽❜✮

❚❤❡ ♦♣❡r❛t✐♦♥s ✭✺✼❛✮ ❛♥❞ ✭✺✽❛✮✱ ❣✐✈❡ t❤❡ r❛t❡ ♦❢ r♦t❛t✐♦♥ RT .dR ✭♦❢ ❛①✐s✮ ❛♥❞
❞✐s♣❧❛❝❡♠❡♥t RT .dr ✭♦❢ t❤❡ ❜❛s❡ ♣♦✐♥t✮ ♦❢ t❤❡ ♦rt❤♦♥♦r♠❛❧ ♠♦❜✐❧❡ s♣❛t✐❛❧ ❢r❛♠❡s
(R(X, t).Ei) = (ti)i=1,2,3(X, t) ❞✉❡ t♦ ❛ s♠❛❧❧ t✐♠❡ ✈❛r✐❛t✐♦♥ ✭✺✼✮✱ ❛♥❞ ❛ s♠❛❧❧
❞✐s♣❧❛❝❡♠❡♥t dXβhβ ❛❧♦♥❣ (Φt ◦ e)(D) ✭✺✽✮ ✭s❡❡ ✜❣✉r❡ ✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦t❡
t❤❛t t❤❡ ✈❡❝t♦rs Γα ❛r❡ t❤♦s❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹ ❛s t❤❡ ♣✉❧❧❡❞ ❜❛❝❦ ♦❢ t❤❡
❝♦♥✈❡❝t❡❞ ❜❛s✐s {hα}α=1,2..p ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ✭✺✼❜✮ ❣✐✈❡s
t❤❡ ❞❡♥s✐t② ♦❢ ❦✐♥❡t✐❝ ✇r❡♥❝❤ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡ ♦❢ (Φt ◦ e)(D) ❛t t✐♠❡
t✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ✭✺✽❜✮ ♠♦❞❡❧s t❤❡ ♠❛t❡r✐❛❧ r❡s✉❧t❛♥t ✭dNint✮✱ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧
♠♦♠❡♥t ✭dMint✮ ♦❢ ✐♥t❡r♥❛❧ ❝♦♥t❛❝t ❢♦r❝❡s ❡①❡rt❡❞ ❛❝r♦ss ❛♥ ♦r✐❡♥t❡❞ ❞❡❢♦r♠❡❞



s✉r❢❛❝❡ ❡❧❡♠❡♥t dStνt = dStνt,βh
β ♦❢ (Φt◦e)(D) ❜② t❤❡ ♣✐❡❝❡ ♦❢ ❞❡❢♦r♠❡❞ ♠❛t❡r✐❛❧

t♦✇❛r❞ ✇❤✐❝❤ νt ♣♦✐♥ts✱ ♦♥t♦ ✐ts ❝♦♠♣❧❡♠❡♥t ♣❛rt ✭s❡❡ ✜❣✉r❡ ✸ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛
s❤❡❧❧✮✳ ❘❡♣❡❛t✐♥❣ t❤✐s ❝♦♥t❡①t ♦♥ D ❛♥❞ (Φo ◦ e)(D)✱ ✐✳❡✳ ❜② ✉s✐♥❣ ✭✷✼✱✷✽✮ ❛♥❞
✭✸✵❛✱ ✸✶❛✮ r❡s♣❡❝t✐✈❡❧② ✐♥st❡❛❞ ♦❢ ✭✸✵❜✱ ✸✶❜✮✱ ❛❧❧♦✇s ✉s t♦ ✐♥tr♦❞✉❝❡ t❤r❡❡ t❡♥s♦r
❞❡♥s✐t② ✜❡❧❞s ♦❢ ❈♦ss❡r❛t str❡ss ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ s♣❛❝❡ ✭α✮✲
❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t❛ ♦❢ ✭✷✹✮✱ ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❛s ❢♦❧❧♦✇s✿

(
Mα

Nα

)
⊗ Eα = −

(
∂L

∂ξα

)
⊗ Eα, ✭✺✾❛✮

(
Mα

o

Nα
o

)
⊗ hoα = −

(
∂Lo

∂ξα

)
⊗ hoα, ✭✺✾❜✮

(
Mα

t

Nα
t

)
⊗ hα = −

[
∂L

∂ξα

]

t

⊗ hα. ✭✺✾❝✮

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t t❤❡s❡ t❤r❡❡ ❞❡♥s✐t✐❡s ♦❢ t❡♥s♦r ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
t❤r❡❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦rs ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✹✼✲✺✵✮✱ ✭✹✽✲✺✶✮✱ ✭✹✾✲✺✷✮ ♦❢
r❡♠❛r❦ ✺✳✺✳ ❚❤❡ ✜rst ✭✺✾❛✮ ✭r❡s♣❡❝t✐✈❡❧②✱ s❡❝♦♥❞ ✭✺✾❜✮ ❛♥❞ t❤✐r❞ ✭✺✾❝✮✮ ♦❢ t❤❡s❡
t❤r❡❡ t❡♥s♦r✲❞❡♥s✐t✐❡s✱ ❛❧❧♦✇s ❞❡✜♥✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ ✐♥t❡r♥❛❧ str❡ss ✇r❡♥❝❤ Fint =
(MT

int, N
T
int)

T ❡①❡rt❡❞ ❛❝r♦ss ❛♥ ♦r✐❡♥t❡❞ ♠❛t❡r✐❛❧ s✉r❢❛❝❡ ❡❧❡♠❡♥t ✭r❡s♣❡❝t✐✈❡❧②✱
❛ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ s✉r❢❛❝❡ ❡❧❡♠❡♥t✮ ♦❢ ♥♦r♠❛❧ ν ✭r❡s♣❡❝t✐✈❡❧②✱ ♦❢ ♥♦r♠❛❧
νo ❛♥❞ νt✮✱ ❜② t❤❡ ♣✐❡❝❡ ♦❢ ♠❛t❡r✐❛❧ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♣✐❡❝❡ ♦❢ r❡❢❡r❡♥❝❡ ❛♥❞
❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✮ t♦✇❛r❞ ✇❤✐❝❤ ν✱ ✭r❡s♣❡❝t✐✈❡❧② νo ❛♥❞ νt✮ ♣♦✐♥ts✱ ♣❡r
✉♥✐t ♦❢ ✐ts ♠❛t❡r✐❛❧ ✭r❡s♣❡❝t✐✈❡❧② ♣❡r ✉♥✐t ♦❢ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞✮ ❛r❡❛✱ ❛s
❢♦❧❧♦✇s✿

dFint

dS
=

(
Mβ

Nβ

)
νβ ✱

dFint

dSo
=

(
Mβ

o

Nβ
o

)
νo,β ✱

dFint

dSt
=

(
Mβ

t

Nβ
t

)
νt,β . ✭✻✵✮

❘❡♠❛r❦ ✺✳✼✿ ❚❤❡ ❛❜♦✈❡ str❡ss t❡♥s♦rs ❤❛✈❡ t❤❡✐r ❧❡❢t ❧❡❣ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡✳
❘❡❢❡rr✐♥❣ t♦ s❡❝t✐♦♥ ✷✳✹✱ ✇❡ ❝❛♥ ♣✉s❤ ❢♦r✇❛r❞ t❤❡♠ ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ t♦ t❤❡
♠✐❝r♦str✉❝t✉r❡ ❢r❛♠❡s t♦ ❞❡✜♥❡ t❤❡ t❤r❡❡ s♣❛t✐❛❧ t❡♥s♦r ✜❡❧❞s✿

(
m
n

)
=

(
mα

nα

)
⊗ Eα ✱ ✭✻✶❛✮

(
mo

no

)
=

(
mα

o

nα
o

)
⊗ hoα ✱ ✭✻✶❜✮

(
mt

nt

)
=

(
mα

t

nα
t

)
⊗ hα, ✭✻✶❝✮

✇❤❡r❡ mα
.,o,t = R.Mα

.,o,t = M iα
.,o,tti ❛♥❞ nα.,o,t = R.Nα

.,o,t = N iα
.,o,tti ❛r❡ ❞❡♥s✐t✐❡s

♦❢ s♣❛t✐❛❧ ❢♦r❝❡s ❛♥❞ ❝♦✉♣❧❡s ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ✈♦❧✲
✉♠❡✳ ❚❤❡s❡ t❤r❡❡ t❡♥s♦r✲❞❡♥s✐t✐❡s ♠❛♣ ❛ ♠❛t❡r✐❛❧ ✭✻✶❛✮✱ ❛ r❡❢❡r❡♥❝❡ ✭✻✶❜✮✱ ❛♥❞
❛ ❞❡❢♦r♠❡❞ ✭✻✶❝✮ ♦r✐❡♥t❡❞ ❛r❡❛ ❡❧❡♠❡♥t s✉❜s❝r✐♣t❡❞ ✇✐t❤ ., o, t r❡s♣❡❝t✐✈❡❧②✱ ♦♥t♦
t❤❡ s♣❛t✐❛❧ ✐♥t❡r♥❛❧ ✇r❡♥❝❤ dfint = (dmT

int, dn
T
int)

T ∈ g∗ ❡①❡rt❡❞ ♦♥ ✐t✳ ❘❡❢❡r✲
r✐♥❣ t♦ ❡❧❛st✐❝✐t② ♦❢ ❝❧❛ss✐❝❛❧ ✸❉ ♠❡❞✐❛✱ t❤❡ t❡♥s♦r ✭✻✶❜✮ ❣❡♥❡r❛❧✐③❡s t❤❡ ✜rst
P✐♦❧❛✲❑✐r❝❤❤♦✛ s✐♥❝❡ ✐t ❛❝ts ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❛r❡❛ ❡❧❡♠❡♥t t♦ ❣✐✈❡ t❤❡ r❡s✉❧t❛♥t



♦❢ ✐♥t❡r♥❛❧ ❝♦♥t❛❝t ❢♦r❝❡s ❛♥❞ ❝♦✉♣❧❡s ♦♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱
t❤❡ t❡♥s♦r ✭✻✶❝✮ ❞❡✜♥❡s ❛ ♣✉r❡ ❊✉❧❡r✐❛♥ t❡♥s♦r str❡ss ✭❛s t❤❡ ❈❛✉❝❤② t❡♥s♦r ✐s✮
❛❝t✐♥❣ ♦♥ t❤❡ ❞❡❢♦r♠❡❞ ❛r❡❛ ❡❧❡♠❡♥t t♦ ❣✐✈❡ t❤❡ r❡s✉❧t❛♥t ♦❢ ✐♥t❡r♥❛❧ ❝♦♥t❛❝t
❢♦r❝❡s ❛♥❞ ❝♦✉♣❧❡s ❡①❡rt❡❞ ♦♥ ✐t ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳

❘❡♠❛r❦ ✺✳✽✿ ■♥ t❤❡ s❛♠❡ ❧✐♥❡✱ ❧❡t ✉s r❡❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ ✭α✮✲❝♦♠♣♦♥❡♥ts
♦❢ ✭✺✽❛✮ ❛s ✇❡❧❧ ❛s t❤❡✐r ❝♦✉♥t❡r♣❛rts ✐♥ t❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡
❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ❧❡t ✉s ♣✉s❤✲❢♦r✇❛r❞ t❤❡✐r ❧❡❢t ❧❡❣ ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ t♦ t❤❡
♠✐❝r♦str✉❝t✉r❡ ❢r❛♠❡s✱ ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛✐♥ t❡♥s♦rs✿

(
k
γ

)
=

(
kα
γα

)
⊗ Eα ✱

(
ko
γo

)
=

(
kα
γα

)
⊗ hαo ✱

(
kt
γt

)
=

(
kα
γα

)
⊗ hα,

✇❤❡r❡ γα = Γiαt
i = ∂r/∂Xα ❛♥❞ kα = Kiαt

i = ((∂R/∂Xα).RT )∨✱ ✇✐t❤ ∨
❝❤❛♥❣✐♥❣ ❛ s❦❡✇ s②♠♠❡tr✐❝ t❡♥s♦r ♦❢ R3 ⊗ R

3 ✐♥t♦ ✐ts ❛①✐❛❧ ✈❡❝t♦r ✐♥ R
3✳ ❲❡

r❡❝♦❣♥✐③❡ ✐♥ Γiαt
i ⊗ hαo t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥

r❡str✐❝t❡❞ t♦ (Φo ◦ e)(D)✱ ✐✳❡✳✱ F , hα ⊗ hαo ✱ ✇❤✐❧❡ Kiαt
i ⊗ hαo r❡♣r❡s❡♥ts t❤❡

❣r❛❞✐❡♥t ♦❢ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡s✱ ♥❛♠❡❞ ✇r②♥❡ss t❡♥s♦r ✐♥ ❬✶❪✳ ❚❤❡
t❤r❡❡ ♣❛✐rs ♦❢ t❡♥s♦rs✿ ✭kt, γt✮ ❛♥❞ ✭mt, nt✮✱ ✭ko, γo✮ ❛♥❞ ✭mo, no✮✱ ❛♥❞ ✭K,Γ ✮ ❛♥❞
✭Mt, Nt✮✱ ❛r❡ ❞✉❛❧ ♦❢ ❡❛❝❤ ♦t❤❡r✱ ❛s ❛r❡ t❤❡ ✜rst P✐♦❧❛✲❑✐r❝❤❤♦✛ str❡ss t❡♥s♦r ❛♥❞
t❤❡ ❣r❛❞✐❡♥t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✸❉ ♠❡❞✐❛ ❬✸✸❪✳ ❋✉rt❤❡r♠♦r❡ ❢♦r ❛
❝❧❛ss✐❝❛❧ ✭♥♦t ♠✐❝r♦♣♦❧❛r✮ ♠❡❞✐✉♠ B✱ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❈♦ss❡r❛t ❑✐♥❡♠❛t✐❝s ✭✽✮✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✈✐rt✉❛❧ ✇♦r❦ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❡①❡rt❡❞
✐♥s✐❞❡ B✿

δWint =

∫

B

P : δF
√
|go|dB =

∫

D

(Mα
t .δKα +Nα

t .δΓα)
√
|h|dD, ✭✻✷✮

✇❤❡r❡ F ❛♥❞ P ❛r❡ t❤❡ ✸❉✲❣r❛❞✐❡♥t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ✸❉✲✜rst P✐♦❧❛
❑✐r❝❤❤♦✛ str❡ss t❡♥s♦r ❜❡t✇❡❡♥ Φo(B) ❛♥❞ Φt(B)✱ ✇❤✐❧❡

√
|go| ✐s t❤❡ ❞❡♥s✐t② ♦❢

♠❡tr✐❝ ✈♦❧✉♠❡ ♦♥ Φo(B)✳ ❚❤✐s ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ✐s ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ✷✳

✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❢✉❧❧ ❈♦ss❡r❛t s❤❡❧❧s✿ ●❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t

♠♦❞❡❧ ♦❢ ♠✐❝r♦♣♦❧❛r s❤❡❧❧s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ s❤❡❧❧s ❤❛✈✐♥❣ ❛♥ ✐♥tr✐♥s✐❝ s♣✐♥ ❛♥❞ ❝♦✉♣❧❡
str❡ss ❛r♦✉♥❞ t❤❡✐r ❞✐r❡❝t♦rs✱ ♦r ✧♠✐❝r♦♣♦❧❛r✧ s❤❡❧❧s✳ ■♥ t❤✐s ♥♦♠✐♥❛❧ ❝♦♥t❡①t✱
t❤❡ ❢✉❧❧ ❈♦ss❡r❛t✲P♦✐♥❝❛ré ❝♦♥str✉❝t✐♦♥ ❛♣♣❧✐❡s✳ ■♥ s❡❝t✐♦♥ ✼✱ ✇❡ ✇✐❧❧ s❤♦✇ ❤♦✇
t❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❝❧❛ss✐❝❛❧ s❤❡❧❧s✱ ✐✳❡✳ s❤❡❧❧s ✇✐t❤ ♥♦ ✐♥tr✐♥s✐❝ s♣✐♥ ♥♦r
❝♦✉♣❧❡ str❡ss ❛r♦✉♥❞ t❤❡✐r ❞✐r❡❝t♦rs✳

✻✳✶ ❋✉❧❧ ❈♦ss❡r❛t s❤❡❧❧s ❦✐♥❡♠❛t✐❝s

■♥ t❤❡ ❝❛s❡ ♦❢ s❤❡❧❧s✱ t❤❡ ❈♦ss❡r❛t ♠✐❝r♦✲str✉❝t✉r❡ M ♠♦❞❡❧s r✐❣✐❞ ✜❜❡rs ✭s✉♣✲
♣♦rt❡❞ ❜② E3✮✱ tr❛✈❡rs✐♥❣ t❤❡ s❤❡❧❧✬s ♠❛t❡r✐❛❧ ♠✐❞ s✉r❢❛❝❡ D ✭s✉♣♣♦rt❡❞ ❜②
(E1, E2)✮✳ ❚❤❡② ❛r❡ ❧❛❜❡❧❧❡❞ ❜② (X1, X2✮✱ t✇♦ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❞❡✜♥❡ ❛ s❡t



( , )
t

X M

( )( )
t

e D

Geometric space : EMaterial space : B

t


int ( ).
int

dm R X dM

int ( ).
int

dn R X dN

t




intdM

intdNM

D

dS

X

t
dS

❋✐❣✳ ✸✳ P✐❝t✉r❡ ♦❢ t❤❡ str❡ss ✐♥ ❈♦ss❡r❛t s❤❡❧❧s✿ dmint ❛♥❞ dnint ❞❡✜♥❡ t❤❡ s♣❛t✐❛❧
✇r❡♥❝❤ ♦❢ ✐♥t❡r♥❛❧ ❝♦♥t❛❝t ❢♦r❝❡s ❡①❡rt❡❞ t❤r♦✉❣❤ t❤❡ ❡❧❡♠❡♥t dSt ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✳

♦❢ ❝♦♦r❞✐♥❛t❡s ♦♥ D✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ♦❢ ♦♥❡ s✉❝❤ r✐❣✐❞ ♠✐❝r♦str✉❝t✉r❡✱
s❛② t❤❛t ❧❛❜❡❧❧❡❞ ❜② (X1, X2)✱ ✐s t❤❡ s❡t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ❣(X1, X2) ∈ SE(3)✱
❛♥❞ t❤❡ ✇❤♦❧❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡ ♦❢ t❤❡ s❤❡❧❧ ✐s t❤❡ s♣❛❝❡ ♦❢ t❤❡ (X1, X2)✲
♣❛r❛♠❡t❡r✐③❡❞ s✉r❢❛❝❡s ✐♥ SE(3) ✿

❈ := {❣ : (X1, X2) ∈ [0, 1]2 7→ ❣(X1, X2) ∈ SE(3)}. ✭✻✸✮

❍❡r❡✱ ✇✐t❤ ♥♦ r❡str✐❝t✐♦♥✱ (X1, X2) ❛r❡ ♥♦r♠❛❧✐③❡❞ ♦♥ D✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥
❛♣♣❡❛rs ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❘❡✐ss♥❡r s❤❡❧❧s ❦✐♥❡♠❛t✐❝s ❬✷✸❪✱ ✇❤✐❝❤ ✐♥st❛♥t✐❛t❡s t❤❡
❣❡♥❡r❛❧ ❦✐♥❡♠❛t✐❝s ✭✽✮ ❢♦r p = 2✿

Φ(X) = r(X1, X2) +R(X1, X2).(X3E3). ✭✻✹✮

▲❡t ✉s r❡❝❛❧❧ t❤❛t (O,E1, E2, E3) ✐♥t❡r❝❤❛♥❣❡❛❜❧② ❞❡✜♥❡s t❤❡ ♠❛t❡r✐❛❧ ♦r ✐♥❡rt✐❛❧
❢r❛♠❡✱ t♦ ✇❤✐❝❤ r ❛♥❞ R ❛r❡ r❡❧❛t❡❞✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❤❡❧❧ ❝♦♥✜❣✉r❛t✐♦♥
s♣❛❝❡✱ t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ❛r❡✿

η = ❣−1 ∂❣

∂t
=

(
Ω V
0 0

)
, ξα = ❣−1 ∂❣

∂Xα
=

(
Kα Γα

0 0

)
, α = 1, 2. ✭✻✺✮

✇❤❡r❡ Ω(X1, X2) ❛♥❞ V (X1, X2) ❞❡♥♦t❡ t❤❡ ❧✐♥❡❛r ❛♥❞ ❛♥❣✉❧❛r ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡
(X1, X2)✲r✐❣✐❞ ✜❜❡r ♣✉❧❧❡❞ ❜❛❝❦ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❢r❛♠❡✳ ❙✐♠✐❧❛r❧②✱ (K1,K2) ❛♥❞



(Γ1, Γ2) ❛r❡ ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡ ❛♥❞ st❛♥❞ ❢♦r t❤❡ X1 ❛♥❞ X2✲r❛t❡s ♦❢ r♦t❛t✐♦♥
❛♥❞ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠♦❜✐❧❡ ❢r❛♠❡s (ti)i=1,2,3(X

1, X2)✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✸✵❜✮✱ ❛❧❧ t❤❡
✈❡❝t♦r ✜❡❧❞s ♦❢ ✭✻✺✮ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✉♥✐q✉❡ ✶✲❢♦r♠✿

Υt =

(
Ω
V

)
⊗ dt+

(
Kα

Γα

)
⊗ hα, ✭✻✻✮

✇❤✐❝❤ ♠❛♣s ✈❡❝t♦rs ♦❢ T ((Φt ◦ e)(D)× R
+) t♦ s♣❛❝❡✲t✐♠❡ r❛t❡ ✈❡❝t♦rs ♦❢ g✳

✻✳✷ ❈♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ❢♦r s❤❡❧❧s

❚❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ r❡❝♦✈❡r t❤❡ ❣❡♦♠❡t✲
r✐❝❛❧❧② ❡①❛❝t ❜❛❧❛♥❝❡s ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ t❤❡
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✭✹✹✮✳ ❚♦ st❛t❡ ✐t✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♥♦t❡ t❤❛t t❤❡ ♠❛ss ❛♥❞
✐♥❡rt✐❛ t❡♥s♦r ♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡s ❛❜♦✈❡ D ❞❡✜♥❡ s♦♠❡ ✈♦❧✉♠❡ ❞❡♥s✐t✐❡s ✇❤✐❝❤
tr❛♥s❢♦r♠ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✷❪✿

ρ = ρo
√
|ho| = ρt

√
|h|, J = Jo

√
|ho| = J t

√
|h| ✭✻✼✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♠❛ss✲❞❡♥s✐t✐❡s ρ✱ ρo ❛♥❞ ρt ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❛♥❣✉❧❛r
✐♥❡rt✐❛ t❡♥s♦r✲❞❡♥s✐t✐❡s J ✱ Jo ❛♥❞ J t✮ ♣❡r ✉♥✐t ♦❢ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞
✈♦❧✉♠❡✳ ❚❤❡ t✇♦ ✜rst ❜❡✐♥❣ ❢✉♥❝t✐♦♥ ✐♥X✱ ✇❤✐❧❡ t❤❡ t❤✐r❞ ❞❡♣❡♥❞s ♦♥ ❜♦t❤✱ s♣❛❝❡
❛♥❞ t✐♠❡✳

✻✳✸ ▼♦❞❡❧ ♦❢ t❤❡ ❝♦♥❥✉❣❛t❡ ♠♦♠❡♥t✉♠s ❢♦r ❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧s

❇❛s❡❞ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❦✐♥❡♠❛t✐❝s ❛♥❞ t❤❡ ❢r❛♠❡ ✐♥❞✐✛❡r❡♥❝❡ ♦❢ ✜♥✐t❡ ❡❧❛st✐❝✐t②
❬✷✾❪✱ ✇❡ ❝♦♥s✐❞❡r ❛ r❡❞✉❝❡❞ s❤❡❧❧✬s ▲❛❣r❛♥❣✐❛♥ ✈♦❧✉♠❡ ❢♦r♠ ♦❢ t❤❡ ❢♦r♠✿

(Tt(η)− Ut(ξ1, ξ2))
√
|h| dX1 ∧ dX2 ∈ ∧2T ∗

X(D), ✭✻✽✮

✇❤❡r❡ Tt ❛♥❞ Ut ❞❡♥♦t❡ t❤❡ ✭❧❡❢t✲r❡❞✉❝❡❞✮ ❦✐♥❡t✐❝ ❛♥❞ ❡❧❛st✐❝ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②
❞❡♥s✐t✐❡s✱ ✇✐t❤ Lt = Tt−Ut t❤❡ r❡❞✉❝❡❞ ❞❡♥s✐t② ♦❢ ▲❛❣r❛♥❣✐❛♥✱ ❛❧❧ t❤❡s❡ ❞❡♥s✐t✐❡s
❜❡✐♥❣ ♠❡❛s✉r❡❞ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡✳ ■♥tr♦❞✉❝✐♥❣ ✭✻✽✮ ✐♥ t❤❡ ❣❡♥❡r❛❧
❈♦ss❡r❛t ❡q✉❛t✐♦♥s ♦♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✭✹✹✮✱ ✇✐t❤ p = 2 ♠❛❦❡s t❤❡
✜❡❧❞s ♦❢ ❞❡♥s✐t✐❡s ♦❢ ✇r❡♥❝❤❡s ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ❛r❡❛ ♦❢ ❞❡❢♦r♠❡❞ ♠✐❞✲s✉r❢❛❝❡
s❤❡❧❧ ❛♣♣❡❛r✿

∂Tt

∂η
=

(
∂Tt/∂Ω
∂Tt/∂V

)
=

(
Σt

Pt

)
✱ ✭✻✾❛✮

(
∂Ut/∂Kα

∂Ut/∂Γα

)
−
(

0
Γα

)
Lt =

(
Mα

t

Nα
t

)
. ✭✻✾❜✮

◆♦t❡ t❤❛t ✭✻✾✮ ❞❡✜♥❡s ❛ ❣❡♥❡r❛❧✐③❡❞ ✭s♣❛❝❡✲t✐♠❡✮ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ♦❢ t❤❡ ❢✉❧❧
❈♦ss❡r❛t ♠♦❞❡❧ ♦❢ ❤②♣❡r❡❧❛st✐❝ s❤❡❧❧s✳ ❋✉rt❤❡r♠♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✺✻❜✮✱ ✭✻✾✮ ❣❡✲
♦♠❡tr✐❝❛❧❧② ❞❡✜♥❡s t❤❡ ✉♥✐q✉❡ t❡♥s♦r ❞❡♥s✐t② ✜❡❧❞ ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ✈♦❧✉♠❡✿

Λt =

(
Σt

Pt

)
⊗ ∂

∂t
+

(
Mα

t

Nα
t

)
⊗ hα. ✭✼✵✮



❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠❛t❡r✐❛❧ ♠✐❞✲s✉r❢❛❝❡ D ❝r♦ss❡s t❤❡ ♠✐❝r♦str✉❝t✉r❡ M ✐♥ ✐ts
❣❡♦♠❡tr✐❝ ❝❡♥t❡r ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✐ts ♠❛ss ❝❡♥t❡r✱ ❛♥❞ ♣♦s✐t✐♦♥✐♥❣ t❤❡ ♠❛✲
t❡r✐❛❧ ❢r❛♠❡ ✐♥ t❤✐s ♣♦✐♥t✱ t❤❡ s❤❡❧❧✬s ❦✐♥❡t✐❝ ❡♥❡r❣② ❞❡♥s✐t② ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞
♠✐❞✲s✉r❢❛❝❡ ❛r❡❛ ✐s✿

Tt(η) =
1

2
<

(
Ω
V

)
,

(
J tΩ
ρtV

)
>, ✭✼✶✮

✇✐t❤ ρt ❛♥❞ J t✱ t❤❡ ♠❛ss ❛♥❞ t❤❡ ❛♥❣✉❧❛r ✐♥❡rt✐❛ t❡♥s♦r ❞❡♥s✐t② ♣❡r ✉♥✐t ♦❢
✈♦❧✉♠❡ ♦❢ (Φt ◦ e)(D) ❞❡✜♥❡❞ ❛s ρt = ρ/

√
h ❛♥❞ J t = J/

√
h✱ ✇✐t❤ ρ ❛♥❞ J =

j⊥(E1 ⊗E1 +E2 ⊗E2)+ j‖E3 ⊗E3 = J⊥ + J‖✱ t❤❡ ♠❛ss ❛♥❞ t❤❡ ✐♥❡rt✐❛ t❡♥s♦r
♦❢ t❤❡ ♠✐❝r♦str✉❝t✉r❡ M✳ ❲✐t❤ ✭✼✶✮✱ t❤❡ ❞❡♥s✐t② ♦❢ ❦✐♥❡t✐❝ ✇r❡♥❝❤ ♣❡r ✉♥✐t ♦❢
❝✉rr❡♥t ♠✐❞✲s✉r❢❛❝❡ ❛r❡❛ ✐s✿

∂Tt

∂η
=

(
Σt

Pt

)
=

(
J tΩ
ρtV

)
. ✭✼✷✮

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t M ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛♥ ✐♥tr✐♥s✐❝ s♣✐♥ (j‖/
√

|h|)Ω3

❛❜♦✉t ✐ts ❛①✐s✱ ❛♥ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡❧❛①❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧
✐♥ s❡❝t✐♦♥ ✼✳

✻✳✹ ▼♦❞❡❧ ♦❢ str❡ss ❢♦r ❢✉❧❧ ❈♦ss❡r❛t s❤❡❧❧s

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈♦ss❡r❛t str❡ss ♣✐❝t✉r❡ ✐♥ s❡❝t✐♦♥ ✹✱ t❤❡ Xα✲t❡r♠s ♦❢ Λt✱ ✇✐t❤
Λt ❞❡t❛✐❧❡❞ ❛s ✐♥ ✭✼✵✮✱ ❞❡✜♥❡ t✇♦ ❞❡♥s✐t✐❡s ♦❢ t❡♥s♦rs ♣❡r ✉♥✐t ♦❢ ❞❡❢♦r♠❡❞ ♠✐❞✲
s✉r❢❛❝❡ ❛r❡❛✿ Nt = Nα

t ⊗ hα = N iα
t Ei ⊗ hα ❛♥❞ Mt = Mα

t ⊗ hα =M iα
t Ei ⊗ hα✱

✇❤✐❝❤ ♦♣❡r❛t❡ ❛s ❢♦❧❧♦✇s ♦♥ ❝♦✲✈❡❝t♦rs ♦❢ T ∗Φt(e(D))✱ ❤❡r❡ st❛♥❞✐♥❣ ❢♦r t❤❡
❞❡❢♦r♠❡❞ s✉r❢❛❝❡ ❡❧❡♠❡♥ts νtdSt✱ ✇✐t❤ νt t❤❡ ✉♥✐t ♥♦r♠❛❧ t♦ ❛♥② ❝♦♥✈❡❝t❡❞ ❧✐♥❡
❝✉tt✐♥❣ D✿

(N iβ
t Ei ⊗ hβ).(νtαh

αdSt) = N iα
t EiνtαdSt = Nα

t νtαdSt,

(M iβ
t Ei ⊗ hβ).(νtαh

αdSt) =M iα
t EiνtαdSt =Mα

t νtαdSt. ✭✼✸✮

❋r♦♠ ✭✻✵✮✱ Nα
t νtαdSt ❛♥❞ M

α
t νtαdSt r❡♣r❡s❡♥t t❤❡ r❡s✉❧t❛♥t ♦❢ ✐♥t❡r♥❛❧ ❝♦♥t❛❝t

❢♦r❝❡s ❛♥❞ ❝♦✉♣❧❡s ❡①❡rt❡❞ ♦♥ t❤❡ ❞❡❢♦r♠❡❞ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❧✐♥❡ ♦❢ ♥♦r♠❛❧ νtαh
α

♣❡r ✉♥✐t ♦❢ ✐ts ♠❡tr✐❝ ❧❡♥❣t❤✳ ▼♦r❡ ♣❛rt✐❝✉❧❛r❧②✱ ✐♥ ❛❣r❡♠❡♥t ✇✐t❤ s❤❡❧❧ ❧✐t❡r❛✲
t✉r❡ ❬✷✹❪✱ ❬✷✺❪✱ r❡♠❛r❦✐♥❣ ❢r♦♠ s❡❝t✐♦♥ ✷✳✹✱ t❤❛t νt,α = (|h|/|h|)1/2να✱ ✇❡ ❝❛♥
✐♥❢❡r t❤❛t (|h|/|h2|)1/2N1

t ❛♥❞ (|h|/|h2|)1/2M1
t ✭r❡s♣❡❝t✐✈❡❧② (|h|/|h1|)1/2N2

t ❛♥❞
(|h|/|h1|)1/2M2

t ✮ r❡♣r❡s❡♥t t❤❡ r❡s✉❧t❛♥t ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠ ♦❢ ✐♥t❡r♥❛❧ str❡ss
❢♦r❝❡s ❡①❡rt❡❞ ❛❝r♦ss t❤❡ ❞❡❢♦r♠❡❞ s❤❡❧❧✬s tr❛♥s✈❡rs❡ s❡❝t✐♦♥ X1 = C ✭r❡s♣❡❝✲
t✐✈❡❧② X2 = C✮✱ ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ❧❡♥❣t❤ |h2| ❛❧♦♥❣ h2 ✭r❡s♣❡❝t✐✈❡❧②✱ ♣❡r ✉♥✐t ♦❢
|h1| ❛❧♦♥❣ h1✮✱ ❜② t❤❡ ♣✐❡❝❡ ♦❢ ♠❛t❡r✐❛❧ X1 > C ✭r❡s♣❡❝t✐✈❡❧② X2 > C✮✱ ♦♥t♦ t❤❡
❝♦♥t✐❣✉♦✉s ♣✐❡❝❡ X1 < C ✭r❡s♣✳ X2 < C✮✳ ❖♥❡ ❝❛♥ ♣❛rt✐t✐♦♥ t❤❡♠ ❛❝❝♦r❞✐♥❣ t♦✿

Nt = N iα
t Ei ⊗ hβ = Nαβ

t Eα ⊗ hβ +N3β
t E3 ⊗ hβ ,

Mt =M iα
t Ei ⊗ hβ =Mαβ

t Eα ⊗ hβ +M3β
t E3 ⊗ hβ . ✭✼✹✮



P❤②s✐❝❛❧❧②✱ N1α
t ❛♥❞ N2α

t ✭r❡s♣✳ M1α
t ❛♥❞ M2α

t ✮ ♠♦❞❡❧ t❤❡ r❡s✉❧t❛♥t str❡ss ✭r❡✲
s♣❡❝t✐✈❡❧② ❝♦✉♣❧❡ str❡ss✮ ❡①❡rt❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r❧② t♦ t❤❡ ♠✐❝r♦str✉❝t✉r❡ M✱ ✇❤✐❧❡
N3α

t ✐s t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r✐♥❣ r❡s✉❧t❛♥t str❡ss ❛❧✐❣♥❡❞ ✇✐t❤ M✳ ❋✐♥❛❧❧②✱ ✐t ✐s
✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧ t❤❛t ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❧❛t❡r✱
t❤❡ ♠✐❝r♦str✉❝t✉r❡ ❢r❛♠❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② s✐♥❣❧❡ ✈❡❝t♦rs ♦r ✧❞✐r❡❝t♦rs✧✱ ❛♥❞ t❤❡
t✇♦ ❝♦♠♣♦♥❡♥ts M3α

t ✱ ✇❤✐❝❤ r❡♣r❡s❡♥t ❝♦✉♣❧❡ str❡ss ❛❧✐❣♥❡❞ ✇✐t❤ M✱ ❛r❡ ③❡r♦✳
▼♦r❡♦✈❡r✱ ✐♥ t❤❡ s❛♠❡ ♠♦❞❡❧✱ t❤❡ str❡ss ❝♦✉♣❧❡s Mα

t ❛r❡ ♦❢t❡♥ r❡♣❧❛❝❡❞ ❜② t❤❡

❞✐r❡❝t♦r str❡ss ❝♦✉♣❧❡s M̃α
t ❞❡✜♥❡❞ ❜② Mα

t = E3 × M̃α
t ❬✷✺❪✳

✻✳✺ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❞②♥❛♠✐❝ ❜❛❧❛♥❝❡ ♦❢
❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧s ❢r♦♠ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s

■♥tr♦❞✉❝✐♥❣ ✭✻✺✮✱ ✭✼✵✮ ❛♥❞ ✭✼✷✮ ✐♥t♦ t❤❡ P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❞❡❢♦r♠❡❞
❝♦♥✜❣✉r❛t✐♦♥ ✭✹✹✮ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ad∗ ♦♥ se(3) ∼= R

6✱ ❣✐✈❡s t❤❡ ❞②♥❛♠✐❝
❡q✉❛t✐♦♥s ♦❢ ❛ ❈♦ss❡r❛t s❤❡❧❧ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧
❢r❛♠❡✿

1√
|h|

(
∂
√
|h|Pt

∂t

)
+Ω × Pt =

1√
|h|

(
∂
√

|h|Nα
t

∂Xα

)
+Kα ×Nα

t +Next,t, ✭✼✺✮

1√
|h|

(
∂
√

|h|Σt

∂t

)
+Ω×Σt=

1√
|h|

(
∂
√
|h|Mα

t

∂Xα

)
+Kα×Mα

t +Γα×Nα
t +Mext,t.

P✉s❤✐♥❣ ❢♦r✇❛r❞ t❤❡s❡ ❡q✉❛t✐♦♥s ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ t♦ t❤❡ ♠✐❝r♦str✉❝t✉r❡s✬ ❢r❛♠❡s✱
❣✐✈❡s✿

1√
|h|

(
∂
√

|h| pt
∂t

)
=

1√
|h|

(
∂
√

|h| nαt
∂Xα

)
+ next,t,

1√
|h|

(
∂
√

|h| σt
∂t

)
=

1√
|h|

(
∂
√
|h| mα

t

∂Xα

)
+

∂r

∂Xα
× nα

t +mext,t, ✭✼✻✮

✇❤❡r❡ s♠❛❧❧ ❝❤❛r❛❝t❡rs ❞❡♥♦t❡ s♣❛t✐❛❧ t❡♥s♦rs✱ ✐✳❡✳✱ pt = R.Pt✱ σt = R.Σt✱ n
α
t =

R.Mα
t ✱ m

α
t = R.Mα

t ✱ next,t = R.Next,t✱ ❛♥❞ mext,t = R.Mext,t✱ ✇❤✐❧❡ ∂r/∂X
α =

R.Γα✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐❢ ✇❡ ❛♣♣❧② t❤❡ P♦✐♥❝❛ré✲❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡
❝♦♥✜❣✉r❛t✐♦♥ ✭✹✸✮ t❤❛t ✇❡ ♣✉s❤ ❢♦r✇❛r❞✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦t❤❡r s❡t ♦❢ ❡q✉❛t✐♦♥s✿

∂po
∂t

=
1√
|ho|

(
∂
√

|ho| nα
o

∂Xα

)
+ next,o,

∂σo
∂t

=
1√
|ho|

(
∂
√

|ho| mα
o

∂Xα

)
+

∂r

∂Xα
× nαo +mext,o, ✭✼✼✮

✇❤✐❝❤ ❤❛♥❞❧❡ ❞❡♥s✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛✲
t✐♦♥✱ ❡s♣❡❝✐❛❧❧② t❤♦s❡ ♦❢ s♣❛t✐❛❧ ❦✐♥❡t✐❝ r❡s✉❧t❛♥t ❛♥❞ ♠♦♠❡♥t✉♠ σo = R.Σo✱
po = R.Po✱ ✇✐t❤ Σo ❛♥❞ Po✱ t❤❡ ❝♦✉♥t❡r♣❛rts ♦❢ ✭✼✷✮✱ ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✲
✜❣✉r❛t✐♦♥✳ ❊q✉❛t✐♦♥s ✭✼✺✮ ❛♥❞ ✭✼✻✮ st❛♥❞ ❢♦r t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ❜❛❧❛♥❝❡



❡q✉❛t✐♦♥s ♦❢ ❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧s ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐♥ t❤❡ ♠❛t❡r✐❛❧
❛♥❞ s♣❛t✐❛❧ s❡tt✐♥❣ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ ✭✼✼✮ ❛r❡ t❤❡✐r ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ r❡❢❡r❡♥❝❡
❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ s♣❛t✐❛❧ s❡tt✐♥❣✳ ❚❤❡② ❛r❡ ❦♥♦✇♥ ❢r♦♠ s❤❡❧❧ ❧✐t❡r❛t✉r❡
❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s♦♠❡ tr❡❛t✐s❡ ❜♦♦❦s ❛s ❬✷✻❪ ✇❤❡r❡ t❤❡② ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❊✉✲
❧❡r✬s t❤❡♦r❡♠s✳ ❆❧❧ ♦❢ t❤❡♠ r❡♣r❡s❡♥t t❤❡ ❧❡❢t✲r❡❞✉❝❡❞ s❤❡❧❧ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❞✉❛❧
♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ SE(3)✱ ❛♥❞ ❤❛✈❡ t♦ ❜❡ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛ r❡❝♦♥str✉❝t✐♦♥
❡q✉❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✭✼✺✮ ♥❡❡❞s t❤❡ ♠❛t❡r✐❛❧ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥✿

∀(X1, X2) ∈ [0, 1]2 :
∂

∂t

(
R r
0 1

)
=

(
R r
0 1

)(
Ω V
0 0

)
, ✭✼✽✮

✇❤✐❝❤ st❛♥❞s ❢♦r ❛ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ s✉♣♣❧❡♠❡♥t✐♥❣ ✭✼✺✮ ✐♥t♦ ❛ s❡t ♦❢ t✐♠❡✲
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✐♥ t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ s❤❡❧❧ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤X 7→ (❣o, ηo)(X)
❛t t = 0✳

❘❡♠❛r❦ ✻✳✶✿ ❘❡❢❡rr✐♥❣ t♦ ❘❡♠❛r❦ ✺✳✻✱ t❤❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✭✼✺✮ ❛♥❞
✭✼✻✮ ❝❛♥ ❜❡ ❛❧t❡r♥❛t✐✈❡❧② ✭❛♥❞ ❡q✉✐✈❛❧❡♥t❧②✮ r❡✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ ❝♦♥✲
s❡r✈❛t✐♦♥ ❧❛✇ ♦❢ s♣❛t✐❛❧ ✇r❡♥❝❤✿

∂

∂t

(
Ad∗

❣−1

(√
|h|Σt√
|h|Pt

))
=

∂

∂Xα

(
Ad∗

❣−1

(√
|h|Mα

t√
|h|Nα

t

))
+Ad∗

❣−1

(√
|h|Mext,t√
|h|Next,t

)
,

✭✼✾✮
✇❤❡r❡ ✐♥ ❝♦♥tr❛st t♦ ✭✼✻✮✱ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ❛❧❧ ♠♦♠❡♥t✉♠s ❛r❡ r❡❧❛t❡❞ t♦
❛ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t st❛♥❞✐♥❣ ❢♦r t❤❡ ♦r✐❣✐♥ ♦❢ (o, e1, e2, e3)✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧s ❝♦♥s✐sts ♦❢
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str❛✐♥s ❣✐✈❡♥ ❜② t❤❡ s♣❛❝❡✲❝♦♠♣♦♥❡♥t ♦❢ ✭✻✻✮✱ t❤❡ ❝♦♥st✐t✉t✐✈❡
❧❛✇ ✭✻✾❜✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✭✼✺✮ ♦r t❤❡ s♣❛t✐❛❧ ♦♥❡s
✭✼✻✮ ✭♦r t❤❡✐r ❝♦✉♥t❡r♣❛rts r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✮✱ t❤❡✐r ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥ ✭✼✽✮ ♦r ✐ts s♣❛t✐❛❧ ❝♦✉♥t❡r♣❛rt✱
❞❡♣❡♥❞✐♥❣ ✇❤❡t❤❡r ♦♥❡ ❝❤♦♦s❡ t♦ ✇r✐t❡ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠❛t❡r✐❛❧ ♦r
t❤❡ s♣❛t✐❛❧ s❡tt✐♥❣ r❡s♣❡❝t✐✈❡❧②✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥ t❤❡ s♣❛t✐❛❧ s❡tt✐♥❣✱ t❤❡ ❜❛❧❛♥❝❡
❡q✉❛t✐♦♥s ✭✼✻✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✼✾✮✳

✼ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧ ♠♦❞❡❧✿

●❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s

❉❡s♣✐t❡ ✐ts ❡❧❡❣❛♥❝❡✱ t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥ ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ t♦ t❤❡
❝❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧✳ ■t ✇♦✉❧❞ ❤♦❧❞ ❢♦r ❛ ✷✲❉ ♠✐❝r♦♣♦❧❛r ♠❡❞✐✉♠ ✇❤♦s❡ t❤❡
♠✐❝r♦✲str✉❝t✉r❡ M ❤❛s ❛ ❢✉❧❧ r❛♥❦ ❛♥❣✉❧❛r ❞②♥❛♠✐❝s ✐✳❡✳✱ ❤❛s ❛ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡
✐♥tr✐♥s✐❝ s♣✐♥✱ ❡①t❡r♥❛❧ ❝♦✉♣❧❡ ❛♥❞ ❝♦✉♣❧❡ str❡ss ❛❧♦♥❣ M✱ ❤❡r❡ ♠♦❞❡❧❧❡❞ r❡✲
s♣❡❝t✐✈❡❧② ❜② t❤❡ ❝♦♠♣♦♥❡♥ts Σ3

t = (j‖/
√
h)Ω3✱ M

3
ext,t✱ M

31
t ❛♥❞ M32

t ♦❢ ✭✼✺✮✳
❍♦✇❡✈❡r✱ t❤❡ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧ ❤❛s ♥♦ s✉❝❤ ❢❡❛t✉r❡s ❛♥❞ t❤❡ ❢✉❧❧ ❈♦ss❡r❛t
♠♦❞❡❧ ♠✉st ❜❡ ♠♦❞✐✜❡❞ t♦ r❡♠♦✈❡ t❤❡s❡ ❛rt✐❢❛❝ts ❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s✳



✼✳✶ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❦✐♥❡♠❛t✐❝ ❛♥❞ ❦✐♥❡t✐❝ ♠♦❞❡❧s

❚♦ ❛❝❤✐❡✈❡ t❤✐s ❡❧✐♠✐♥❛t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❢♦r❝❡ j‖ = 0✱ ❛♥❞
r❡str✐❝t t❤❡ ❛♥❣✉❧❛r ✜❡❧❞ t♦ s❛t✐s❢② ω = t3×∂t3/∂t✳ ❚❤❡♥✱ ❛s ❛♥♥♦✉♥❝❡❞ ✐♥ s❡❝t✐♦♥
✻✳✷✱ ✉s✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ✭✻✼✮ ✐♥ ❡q✉❛t✐♦♥s ✭✼✻✮✱ ❛❧❧♦✇s ❝❤❛♥❣✐♥❣ t❤❡♠
✐♥t♦✿

ρt
∂v

∂t
=

1√
|h|

(
∂
√

|h| nαt
∂Xα

)
+ next,t,

It.

(
t3 ×

∂2t3
∂t2

)
=

1√
|h|

(
∂
√

|h| mα
t

∂Xα

)
+

∂r

∂Xα
× nαt +mext,t, ✭✽✵✮

❖r ❛❧t❡r♥❛t✐✈❡❧②✱ ✭✼✼✮ ✐♥t♦✿

ρo
∂v

∂t
=

1√
|ho|

(
∂
√
|ho| nα

o

∂Xα

)
+ next,o,

Io.

(
t3 ×

∂2t3
∂t2

)
=

1√
|ho|

(
∂
√

|ho| mα
o

∂Xα

)
+

∂r

∂Xα
× nα

o +mext,o, ✭✽✶✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t po,t = ρo,tv ❛♥❞ σo,t = Io,t.ω ✇✐t❤ v = R.V ✱

ω = R.Ω✱ ❛♥❞ Io,t = R.Jo,t.R
T ✳ ❘❡❝♦♥s✐❞❡r✐♥❣ ✭✼✽✮ ✇✐t❤ ♦✉r r❡str✐❝t❡❞ ❛♥❣✉❧❛r

✈❡❧♦❝✐t② ✜❡❧❞✱ ❡q✉❛t✐♦♥s ✭✽✵✮ ❛♥❞ ✭✽✶✮ ❤❛✈❡ t♦ ❜❡ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ s♣❛t✐❛❧
r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥✿

∀(X1, X2) ∈ [0, 1]2 :
∂

∂t

(
R r
0 1

)
=

(
(t3 × ∂t3/∂t)

∧ v
0 0

)
.

(
R r
0 1

)
. ✭✽✷✮

❊q✉❛t✐♦♥s ✭✽✵✮ ❛♥❞ ✭✽✶✮ ❛r❡ ✇❡❧❧ ❦♥♦✇♥ ✐♥ t❤❡ s❤❡❧❧ ❧✐t❡r❛t✉r❡ ❛s t❤❡ ❣❡♦♠❡tr✐❝❛❧❧②
❡①❛❝t s❤❡❧❧ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝✉rr❡♥t ❛♥❞ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡② ✇❡r❡ s♦
❢❛r ❞❡r✐✈❡❞ ❢r♦♠ ◆❡✇t♦♥✬s ❧❛✇ ❛♥❞ ❊✉❧❡r✬s t❤❡♦r❡♠ ❡✐t❤❡r ❜② ❞✐r❡❝t❧② ✉s✐♥❣ t❤❡
❈♦ss❡r❛t ♠♦❞❡❧ ❬✸✻❪✱ ❬✸✼❪✱ ❬✸✽❪ ♦r ✐♥❞✐r❡❝t❧② ❢r♦♠ ✸❉ ❡❧❛st✐❝✐t② ❬✶✷❪✱ ❬✸✾❪✳ ❲❤❡♥
✐♥✈❡st✐❣❛t❡❞ ❜② t❤❡ ❞✐r❡❝t ❛♣♣r♦❛❝❤✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐r❡❝t♦rs t3 ❛r❡ t❤❡
♠♦st ♦❢ t❤❡ t✐♠❡✱ ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ♦♥ S2 t❤r♦✉❣❤ ❛♥ ❛❧t❡r♥❛t✐✈❡ s❡t ♦❢ ❛♥❣✉❧❛r
❡q✉❛t✐♦♥s ❞❡❞✉❝❡❞ ❢r♦♠ ✭✽✵✮✲❜♦tt♦♠ ✭♦r ✭✽✶✮✲❜♦tt♦♠✮ ❜② ❝r♦ss ♠✉❧t✐♣❧②✐♥❣ t❤❡♠
♦♥ t❤❡ r✐❣❤t ❜② t3✳

✼✳✷ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♦❢ str❡ss

❚❤❡ ❡q✉❛t✐♦♥s ✭✽✵✮✱ ✭✽✶✮ ❛♥❞ ✭✽✷✮ t❛❦❡ ❝❤❛r❣❡ t❤❡ ❞❡❣❡♥❡r❛t✐♦♥ ♦❢ M ✐♥t♦ ❞✐✲
r❡❝t♦rs ✐♥ t❤❡ ❦✐♥❡♠❛t✐❝ ❛♥❞ ❦✐♥❡t✐❝ ♠♦❞❡❧s✳ ■t r❡♠❛✐♥s t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡
r❡❞✉❝t✐♦♥ ❜✉t ❢♦r t❤❡ ♠♦❞❡❧ ♦❢ str❡ss✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ❛♣♣❧② ✐♥ t❤✐s s❡❝t✐♦♥
t❤❡ ✉s✉❛❧ ♣r♦❝❡❞✉r❡ ❧❡❛❞✐♥❣ t♦ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ♦❢ ❛
❝❧❛ss✐❝❛❧ ✭♥♦♥✲❈♦ss❡r❛t✮ ✸❉ ♠❡❞✐✉♠ t♦ ♦✉r ❢✉❧❧✲❈♦ss❡r❛t s❤❡❧❧✳ ❲❡ ✇✐❧❧ ✜rst ❞❡✜♥❡
❛ s❡t ♦❢ r❡❞✉❝❡❞ str❛✐♥ ♠❡❛s✉r❡s ❛❞❛♣t❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✱ ❛♥❞ ❜② ❞✉❛❧✐t②
✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ r❡❞✉❝❡❞ ♠♦❞❡❧ ♦❢ t❤❡ str❡ss✱ r❡❧❛t❡❞ t♦ t❤❡s❡ str❛✐♥s t❤r♦✉❣❤



❤②♣❡r❡❧❛st✐❝ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s t❤❛t ❢♦r❝❡ t❤❡ s②♠♠❡tr② ♦❢ t✇♦ t❡♥s♦r str❡ss ✜❡❧❞s
♠♦❞❡❧❧✐♥❣ t❤❡ str❡ss st❛t❡ ✐♥ t❤❡ s❤❡❧❧✬s ♠✐❞✲s✉r❢❛❝❡✳ ❆s ✐♥ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❝❛s❡ ❬✸✸❪✱ t❤❡s❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❛♥❣✉✲
❧❛r ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❛❧♦♥❣ t❤❡ ♠✐❝r♦str✉❝t✉r❡s ✇❤✐❝❤ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧ ❛r❡
❞✐r❡❝t♦rs✱ ✐✳❡✳ ❞❡❣❡♥❡r❛t❡❞ r✐❣✐❞ ❜♦❞✐❡s ✇✐t❤ ♥♦ ✐♥tr✐♥s✐❝ s♣✐♥ ♥♦r ❝♦✉♣❧❡ str❡ss
❛❧♦♥❣ t❤❡♠✳ ❆t t❤❡ ❡♥❞✱ t❤✐s ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✇✐❧❧ ❡♥t✐r❡❧② t❛❦❡ ❝❤❛r❣❡ t❤❡ r❡✲
❞✉❝t✐♦♥ ♦❢ t❤❡ str❡ss st❛t❡ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ✭✽✵✮✱ ✭✽✶✮ ❛♥❞ ✭✽✷✮ ✇✐❧❧ ❤♦❧❞ ❢♦r
❝❧❛ss✐❝❛❧ s❤❡❧❧s✱ ❛s s♦♦♥ ❛s t❤❡② ✇✐❧❧ ❜❡ ✉s❡❞ ✇✐t❤ t❤✐s ❝♦♥st✐t✉t✐✈❡ ❧❛✇✳

❙tr❛✐♥s ♦❢ t❤❡ ❈❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❡♥❡r❛❧ P♦✐♥❝❛ré✲
❈♦ss❡r❛t ♣✐❝t✉r❡✱ ❛♥② s❡t ♦❢ str❛✐♥ ♠❡❛s✉r❡s ♣r♦♣❡r❧② ✐♥✈❛r✐❛♥t ✉♥❞❡r r✐❣✐❞ tr❛♥s✲
❢♦r♠❛t✐♦♥s✱ s❤♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ξ1 ❛♥❞ ξ2 ♦❢ ✭✻✻✮ ♦♥❧②✳ ❚❤✐s
❜❛s✐❝ ❢❛❝t ❝❛♥ ❜❡ ❡❛s✐❧② ✈❡r✐✜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤ ♥♦ ❝♦✉♣❧❡ str❡ss
❛❧♦♥❣ t❤❡ ❞✐r❡❝t♦rs✳ ❯s✐♥❣ t❤❡ ✜❡❧❞ ♦❢ ❢r❛♠❡ ❛♥❞ ❝♦✲❢r❛♠❡ X 7→ (h1, h2)(X) ❛♥❞
X 7→ (h1, h2)(X) ♦♥ (Φt ◦ e)(D) ❛s t❤❡② ❛r❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✱ ♦♥❡ ❝❛♥ ♣❛✲
r❛♠❡t❡r✐③❡ t❤❡ str❛✐♥ st❛t❡ ♦❢ ❛ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ t❡♥s♦r
✜❡❧❞s ❬✶✷❪✿

ǫ = ǫαβ h
α ⊗ hβ =

1

2

(
hα.hβ − hoα.h

o
β

)
hα ⊗ hβ , ✭✽✸✮

ρ = ραβ h
α ⊗ hβ =

(
hα.

∂t3
∂Xβ

− hoα.
∂to3
∂Xβ

)
hα ⊗ hβ , ✭✽✹✮

τ = τα hα =

(
t3.

∂r

∂Xα
− to3.

∂ro
∂Xα

)
hα, ✭✽✺✮

✇❤❡r❡ τα✱ ραβ ❛♥❞ ǫαβ ✭α, β = 1, 2✮ ♠❡❛s✉r❡ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r✐♥❣✱ t❤❡ ❝✉r✲
✈❛t✉r❡ ❛♥❞ t❤❡ ♠❡♠❜r❛♥❡ str❡t❝❤✐♥❣ ❛♥❞ s❤❡❛r✐♥❣ ♦❢ t❤❡ s❤❡❧❧ ✐♥ t❤❡ t✇♦ ♠❛✲
t❡r✐❛❧ ❞✐r❡❝t✐♦♥s X1 ❛♥❞ X2✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭✇❤✐❝❤
✐s t❤r♦✉❣❤♦✉t t❤❡ ❛rt✐❝❧❡ ❞✐st✐♥❣✉✐s❤❡❞ ✇✐t❤ t❤❡ ✉♣♣❡r ✐♥❞❡① o✮✳ ❋r♦♠ s❡❝t✐♦♥
✷✳✹✱ ✇❡ ❛❧s♦ ❤❛✈❡ (h1, h2)(X) = (∂r/∂X1, ∂r/∂X2)(X) = (R.Γ1, R.Γ2)(X)✱ ❛♥❞
t3 = R.E3✱ ✇❤✐❝❤ ♦♥❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ✭✽✸✲✽✺✮ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡
❡①♣r❡ss✐♦♥s ♦❢ t❤❡ str❛✐♥ ♠❡❛s✉r❡s✿

ǫαβ =
1

2
(Γα.Γβ − Γ o

α.Γ
o
β ), ✭✽✻✮

ραβ = E3.(Kα × Γβ −Ko
α × Γ o

β ), ✭✽✼✮

τα = E3.(Γα − Γ o
α), ✭✽✽✮

✇❤✐❝❤ s❤♦✇ t❤❛t ❛s ❡①♣❡❝t❡❞✱ t❤❡ str❛✐♥ ♠❡❛s✉r❡s ♦❢ ✭✽✸✮✱ ✭✽✹✮✱ ❛♥❞ ✭✽✺✮ ♦♥❧②
❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ξα = (KT

α , Γ
T
α )T ♦❢ ✭✻✻✮✳

❈♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s ■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡✱ ✇❤❡r❡ t❤❡
s❤❡❧❧ ✐s ♠❛❞❡ ♦❢ ❛♥ ✐s♦tr♦♣✐❝ ❤②♣❡r❡❧❛st✐❝ ♠❛t❡r✐❛❧✱ ✇❡ ❞❡✜♥❡ ❛ ❞❡♥s✐t② ♦❢ ✐♥t❡r♥❛❧
str❛✐♥ ❡♥❡r❣② ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ r❡❢❡r❡♥❝❡ ✈♦❧✉♠❡ ♦❢ (Φo ◦ e)(D) ✐♥ t❤❡ ❢♦r♠



Uo = ρoψ✱ ✇❤❡r❡ ψ ✐s ❛ ♣♦✐♥t✲✇✐s❡ ❢✉♥❝t✐♦♥ ✭♦♥ D✮ ♦❢ t❤❡ str❛✐♥s ✭✽✻✲✽✽✮✳ ❚❤❡♥✱
✐♥✈♦❦✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss ✭✻✼✮✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛ r❡❧❛t✐♦♥ s✐♠✐❧❛r t♦ ✭✹✻✮✱
❜✉t ❢♦r str❛✐♥s ✭✽✻✲✽✽✮✱ t❤❡ ✐♥t❡r♥❛❧ str❡ss st❛t❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣r♦♣❡r❧②
✐♥✈❛r✐❛♥t ❤②♣❡r❡❧❛st✐❝ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✿

Nαβ
t = ρt

∂ψ

∂ǫαβ
✱ Mαβ

t = ρt
∂ψ

∂ραβ
✱ Qα

t = ρt
∂ψ

∂τα
, ✭✽✾✮

✇❤❡r❡ Nt = Nαβ
t hα ⊗ hβ ✱ Mt = Mαβ

t hα ⊗ hβ ❛♥❞ Qt = Qα
t hα ❞❡✜♥❡ ❛ s❡t ♦❢

str❡ss t❡♥s♦rs✱ ❝❛❧❧❡❞ ✧❡✛❡❝t✐✈❡✧ ✐♥ ❬✶✷❪✱ ✇❤✐❝❤ ❛r❡ ❡♥t✐r❡❧② ❞❡✜♥❡❞ ❛s t❤❡ ❞✉❛❧ ♦❢
t❤❡ str❛✐♥ ✜❡❧❞s ✭✽✸✲✽✺✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✈✐rt✉❛❧ ✇♦r❦
♦❢ t❤❡ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❡①❡rt❡❞ ✐♥s✐❞❡ B✿

δWint =

∫

D

(Nαβ
t δǫαβ +Mαβ

t δραβ +Qα
t δτα)

√
|h| dX1 ∧ dX2. ✭✾✵✮

❉❡✜♥❡❞ ✐♥ t❤✐s ✇❛②✱ t❤❡ ❡✛❡❝t✐✈❡ str❡ss t❡♥s♦r Nt ✐♥❤❡r✐ts ♦❢ t❤❡ s②♠♠❡tr②
✭✇✳r✳t✳ t❤❡ (α, β) ✐♥❞✐❝❡s✮ ♦❢ t❤❡ str❛✐♥ ♠❡❛s✉r❡s ✭✽✻✮ ❛♥❞ s❛t✐s✜❡s ❜② ❝♦♥str✉❝✲

t✐♦♥ Nαβ
t = N βα

t ✭α, β = 1, 2✮✱ ❛ r❡str✐❝t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r
✐♥ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❋♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ♥♦t❡ t❤❛t t❤❡ ❈♦ss❡r❛t str❡ss ❞❡♥s✐t②
Λα
t = (MαT

t , NαT
t )T ♦❢ t❤❡ P♦✐♥❝❛ré✲❈♦ss❡r❛t ❡q✉❛t✐♦♥s ✭✼✺✮ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡

❡✛❡❝t✐✈❡ str❡ss t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥✿

Λγ
t = ρt

(
∂ψ

∂ǫαβ

)(
∂ǫαβ
∂ξγ

)
+ ρt

(
∂ψ

∂ραβ

)(
∂ραβ
∂ξγ

)
+ ρt

(
∂ψ

∂τα

)(
∂τα
∂ξγ

)
, ✭✾✶✮

✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❛✐❧❡❞✱ ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❡✛❡❝t✐✈❡ str❛✐♥s ✭✽✻✲✽✽✮ ❛♥❞
str❡ss ✭✽✾✮✱ ❛s✿

Λα
t =

(
Mα

t

Nα
t

)
=

(
Mαβ

t (E3 × Γβ)

Mβα
t (Kβ × E3) +Nαβ

t Γβ +Qα
t E3

)
. ✭✾✷✮

❋✐♥❛❧❧②✱ ❜② s✉❜st✐t✉t✐♥❣ ✭✽✻✲✽✽✮ ✐♥t♦ ✭✽✾✮ ❛♥❞ t❤❡ r❡s✉❧t ✐♥t♦ ✭✾✷✮✱ ✇❡ ♦❜t❛✐♥ ❛
❝♦♥st✐t✉t✐✈❡ ❧❛✇ ❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s ♦❢ ✭✻✺✮
t♦ t❤❡✐r ❞✉❛❧ ✭✻✾✮✳

❘♦❧❡ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♥❛❧ str❡ss
st❛t❡ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ s❤♦✇ ❤♦✇ t❤❡ ❛❜♦✈❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇
✭✽✾✮ ❝♦♠♣❧❡t❡❧② t❛❦❡s ❝❤❛r❣❡ t❤❡ ♣r♦❝❡ss ♦❢ ❞❡❣❡♥❡r❛t✐♥❣ t❤❡ ♠✐❝r♦✲s♦❧✐❞ M
✐♥t♦ ❞✐r❡❝t♦rs ✭✐✳❡✳ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞✐❡s✮ ✐♥ t❤❡ str❡ss ♠♦❞❡❧✳ ❚♦ ❛❝❤✐❡✈❡
t❤✐s r❡❞✉❝t✐♦♥ ♣r♦❝❡ss✱ ✇❡ ❝❛♥ t❛❦❡ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛♥✲
❣✉❧❛r ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ♦❢ ❛ ✸❉ ❈♦ss❡r❛t ✭♠✐❝r♦♣♦❧❛r✮ ♠❡❞✐✉♠ ✐♥t♦ t❤♦s❡ ♦❢
❛ ❝❧❛ss✐❝❛❧ ✭♥♦♥✲❈♦ss❡r❛t✮ ♦♥❡✳ ❚❤✉s✱ ✇❡ r❡❝♦♥s✐❞❡r t❤❡ ♠♦❞❡❧ ♦❢ ❢✉❧❧ ❈♦ss❡r❛t
s❤❡❧❧s ✭✼✺✮✱ ✐♥ ✇❤✐❝❤ ✇❡ r❡♠♦✈❡ M31

t ❛♥❞ M32
t ✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❦✐♥❡t✐❝ ♠♦♠❡♥t❛

Σ3
t = (j‖/

√
h)Ω3 ❛♥❞ ❡①t❡r♥❛❧ ❝♦✉♣❧❡s M3

ext,t ❛r♦✉♥❞ t❤❡ ❞✐r❡❝t♦rs t3✳ ❚❤✐s s✐♠✲
♣❧✐✜❝❛t✐♦♥ ❝❤❛♥❣❡s t❤❡ s✐①t❤ r♦✇ ♦❢ ✭✼✺✮ ✐♥t♦✿

E3.(Γα ×Nα
t + (Kα × E3)× (Mα

t × E3)) = 0, ✭✾✸✮



✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ✭❞❡❣❡♥❡r❛t❡❞✮ ❛♥❣✉❧❛r ❞②♥❛♠✐❝s ❛❜♦✉t t❤❡ ❞✐r❡❝t♦rs ✇✐t❤ ♥♦
✐♥tr✐♥s✐❝ s♣✐♥ ❛♥❞ ❝♦✉♣❧❡ str❡ss✳ ❊①♣r❡ss✐♦♥ ✭✾✸✮ st❛♥❞s ❢♦r ❛ st❛t✐❝ ❝♦♥st✐t✉t✐✈❡
❝♦♥str❛✐♥t ♦♥ t❤❡ ✐♥t❡r♥❛❧ str❡ss ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ s❤❡❧❧ ♠♦❞❡❧✳ ▼♦r❡♦✈❡r✱ ✐♥s❡rt✐♥❣
✭✾✷✮ ✐♥t♦ ✭✾✸✮ ❛♥❞ ❛❝❤✐❡✈✐♥❣ s✐♠♣❧❡ ✈❡❝t♦r ❛❧❣❡❜r❛ ❛❧❧♦✇s ❝❤❛♥❣✐♥❣ ✭✾✸✮ ✐♥t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥st✐t✉t✐✈❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❡✛❡❝t✐✈❡ str❡ss t❡♥s♦r ❝♦♠♣♦♥❡♥ts✿

Nαβ
t (Γα × Γβ).E3 = 0, ✭✾✹✮

✇❤✐❝❤ ♦❜❧✐❣❡s t❤❡ ❡✛❡❝t✐✈❡ str❡ss t❡♥s♦r Nt = Nαβ
t hα ⊗ hβ t♦ ❜❡ s②♠♠❡tr✐❝✱ ❛s

t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ✜❡❧❞ ✐s ✐♥ ❛ ❝❧❛ss✐❝❛❧ ✭♥♦t ❈♦ss❡r❛t✮ ✸❉ ♠❡❞✐✉♠ ❬✸✸❪✳
❚❤✉s✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✭✽✾✮ ✐♠♣♦s✐♥❣ ❞❡❢❛❝t♦ t❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ✭✾✹✮✱
✐t ✐♠♣❧✐❝✐t❧② ❢♦r❝❡s t❤❡ ❝♦♥st✐t✉t✐✈❡ ❝♦♥str❛✐♥t ✭✾✸✮✱ ❛♥❞ t❤❡ ❞❡❣❡♥❡r❛t❡❞ ❛♥❣✉❧❛r
❜❛❧❛♥❝❡ ❛❧♦♥❣ t❤❡ ❞✐r❡❝t♦rs✱ ❢r♦♠ ✇❤✐❝❤ ✐t ❞❡r✐✈❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ✐♥t❡r♥❛❧ str❡ss
st❛t❡ ❞✐♠❡♥s✐♦♥ ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ ❢r♦♠ t❤❡ 12 ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈♦ss❡r❛t✲str❡ss
t❡♥s♦r✲❞❡♥s✐t✐❡s ✭Mα

t ✱ N
α
t ✮ t♦ t❤❡ 8 ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❡✛❡❝t✐✈❡ str❡ss ✜❡❧❞s Nαβ

t ✱

Mαβ
t ❛♥❞ Qα

t ✱ ✐❢✱ ❛s ✐t ✐s ✉s✉❛❧❧② ❞♦♥❡✱ t❤❡ s❦❡✇ s②♠♠❡tr✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡

❝♦✉♣❧❡ str❡ss Mt = Mαβ
t hα⊗hβ ❛r❡ ❢♦r❝❡❞ t♦ ③❡r♦ ❜② r❡str✐❝t✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡

❧❛✇ ✭✽✾✲♠✐❞❧❡✮ t♦ t❤❡ s②♠♠❡tr✐❝ ♣❛rt ♦❢ Mt✳ ❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ ♦❢ M ✇❤✐❝❤
✐s ❞❡❣❡♥❡r❛t❡❞✱ p ❝♦✉♣❧❡ str❡ss ❝♦♠♣♦♥❡♥ts ❛r❡ r❡♠♦✈❡❞✳ ❚❤✐s ✜rst s✐♠♣❧✐✜❝❛✲
t✐♦♥ ❢♦r❝❡s ❛ s❡❝♦♥❞ ♦♥❡ t❤r♦✉❣❤ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❜❛❧❛♥❝❡ ✇❤✐❝❤ ❧❡❛❞s t♦
t❤❡ r❡♠♦✈❛❧ ♦❢ t❤❡ (p2 − p)/2 = p(p− 1)/2 s②♠♠❡tr✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ str❡ss
t❡♥s♦r✳ ■♥ t❤❡ ✸❉ ❝❛s❡✱ p = 3✱ ❛♥❞ t❤✐s ♣r♦❝❡ss r❡❞✉❝❡s t❤❡ str❡ss st❛t❡ ❢r♦♠
t❤❡ 6.p = 18 ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈❛✉❝❤② str❡ss ❛♥❞ ❝♦✉♣❧❡ str❡ss t❡♥s♦rs t♦ t❤❡
18− 3.3− 3(3− 1)/2 = 6 ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈❛✉❝❤②✲str❡ss t❡♥s♦r✳
■♥ t❤❡ ✷❉ ❝❛s❡✱ ✇❡ ❤❛✈❡ p = 2 ❛♥❞ t❤❡ s❛♠❡ ♣r♦❝❡ss r❡❞✉❝❡s t❤❡ str❡ss st❛t❡ ❢r♦♠
t❤❡ 6.p = 12 ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢✉❧❧ ❈♦ss❡r❛t ♠♦❞❡❧ t♦ 12− 1.2− 2(2− 1)/2 = 9
❛♥❞ ✜♥❛❧❧②✱ ✇✐t❤ t❤❡ ❝♦✉♣❧❡ str❡ss t❡♥s♦r s②♠♠❡tr②✱ t♦ t❤❡ 8 ✐♥❞❡♣❡♥❞❡♥t ❝♦♠✲
♣♦♥❡♥ts ♦❢ t❤❡ ❡✛❡❝t✐✈❡ str❡ss t❡♥s♦rs ❛♥❞ ✈❡❝t♦rs✳

❚❤✐s r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ✐s s❝❤❡♠❛t✐③❡❞ ✐♥ ✜❣✉r❡ ✹✳ ■t ❧❡❛❞s t♦ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥
❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✭✽✵✮ ♦r ✭✽✶✮ ✇✐t❤
t❤❡✐r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✷✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ str❛✐♥s ✭✽✸✲✽✺✮ ❛♥❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✭✽✾✮✱ ✇✐t❤ ✭✾✷✮ r❡❧❛t✐♥❣ t❤❡ ❈♦ss❡r❛t
str❡ss ✐♥ ✭✽✵✮ ❛♥❞ ✭✽✶✮ ✇✐t❤ t❤❡ ❡✛❡❝t✐✈❡ str❡ss ♦❢ ✭✽✾✮✳

✽ ●❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤

❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧✱ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t②
❛r♦✉♥❞ t❤❡ ❞✐r❡❝t♦rs✱ ✧♥❛♠❡❞ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥✧ ✐♥ s❤❡❧❧ ❧✐t❡r❛t✉r❡ ❬✷✼❪✱ ✐s ❛ss✉♠❡❞
t♦ ❜❡ ③❡r♦✱ ✐✳❡✱ Ω3 = 0✱ ✐♥ ✭✽✵✮✱ ✭✽✶✮ ❛♥❞ ✭✽✷✮✳ ❚❤♦✉❣❤ ✐t ❤❛s ♥♦ ❝♦♥s❡q✉❡♥❝❡ ♦♥
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐r❡❝t♦rs✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❦✐♥❡♠❛t✐❝❛❧❧② ✐♥❝♦♥s✐st❡♥t ✇✐t❤
t❤❡ ♠✐❞✲s✉r❢❛❝❡ s❤❡❧❧ ❞❡❢♦r♠❛t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✐♥tr♦❞✉❝❡ t❤✐s ❛❞❞✐t✐♦♥❛❧
r♦t❛t✐♦♥ ❛t t❤❡ ❦✐♥❡♠❛t✐❝ st❛❣❡ ✭✷✺✮ ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ ❞❡r✐✈❡ ❛
❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤ ❛ ♠♦❞❡❧ ♦❢ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s ❝♦♥s✐st❡♥t



❋✐rst ❙❡❝♦♥❞
r❡❞✉❝t✐♦♥ r❡❞✉❝t✐♦♥

❚②♣❡ ♦❢ ♠❡❞✐❛ ❈❧❛ss✐❝❛❧ ▼✐❝r♦♣♦❧❛r ❈❧❛ss✐❝❛❧

✸❉ ♠❡❞✐❛ s❤❡❧❧s s❤❡❧❧s

❈♦♥st✐t✉t✐✈❡
▼♦❞❡❧ B ∼= R

3 B = D ×M B = D ×M
∼= R

2 × R
3 ∼= R

2 × R

▼♦❞❡❧

♦❢ str❛✐♥s F (X) = gα ⊗ gαo

(

kα
γα

)

⊗ hα(X̄) (ǫ, ρ, τ)(X̄)

❉✉❛❧✐t② ❊q✳ ✭✺✾✮ ❊q✳ ✭✽✼✮

▼♦❞❡❧

♦❢ str❡ss P (X)

(

mα

t

nα

t

)

⊗ hα(X̄) (Nt,Mt,Qt)(X̄)

❋✐❣✳ ✹✳ ❘❡❞✉❝t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s✳ ❚❤❡ ✜rst r❡❞✉❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❈♦ss❡r❛t
❦✐♥❡♠❛t✐❝s ✭✽✮ ❛♥❞ ❧❡❛❞s t♦ t❤❡ ♠✐❝r♦♣♦❧❛r ♠♦❞❡❧ ♦❢ s❡❝t✐♦♥ ✻✱ t❤❡ s❡❝♦♥❞ ✐s ❜❛s❡❞
♦♥ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ❝♦✉♣❧❡ str❡ss ❛♥❞ ✐♥tr✐♥s✐❝ s♣✐♥ ❛❜♦✉t ❞✐r❡❝t♦rs✱ ❛❧♦♥❣ ✇✐t❤ t❤❡
❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✭✽✾✮✳ ■t ❧❡❛❞s t♦ t❤❡ ♠♦❞❡❧s ♦❢ ❝❧❛ss✐❝❛❧ s❤❡❧❧s ♦❢ s❡❝t✐♦♥ ✼ ❛♥❞ ✽✳



✇✐t❤ t❤❡ ♠✐❞✲s✉r❢❛❝❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ✜①❡ t❤❡ r♦t❛t✐♦♥ ❛r♦✉♥❞ t❤❡
❞✐r❡❝t♦rs✱ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❢✉❧❧ ✜❡❧❞ R ♠❛t❝❤❡s t❤❡ r♦t❛t✐♦♥❛❧ ♣❛rt ♦❢ t❤❡ ♣♦❧❛r
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✹✮ r❡str✐❝t❡❞ t♦ t❤❡ ♠✐❞✲
s✉r❢❛❝❡ s❤❡❧❧✳ ❚❤❡ r❡str✐❝t❡❞ ❣r❛❞✐❡♥t ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ❛s ∇Φ = hα ⊗ Eα ✭s❡❡
s❡❝t✐♦♥ ✷✳✹✮✳ ■♥s♣✐r❡❞ ❜② ❬✹✵❪✱ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♦r✐❣✐♥❛❧❧② ❛♣♣❧✐❡❞ t♦ t❤❡
r❡str✐❝t❡❞ ❣r❛❞✐❡♥t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s F , hα ⊗ hαo ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t s❤❡❧❧s ❬✷✽❪✳ ■♥ ♦✉r ❝♦♥t❡①t✱ ✐t ❝♦♥s✐sts ♦❢
✜①✐♥❣ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐r❡❝t♦rs ❛t ❡❛❝❤ ✐♥st❛♥t✱ ❜② ✐♠♣♦s✐♥❣ t❤❡
s②♠♠❡tr② ♦❢ t❤❡ t❡♥s♦r (RT .∇Φ)(X) = U(X)✱ ✇❤❡r❡ U ✐s ❛ s②♠♠❡tr✐❝ t❡♥s♦r ♦♥
t❤❡ s❤❡❧❧ ♠✐❞✲s✉r❢❛❝❡ ♠❡❛s✉r✐♥❣ t❤❡ str❡t❝❤✐♥❣ ❛♥❞ s❤❡❛r✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠❛t❡r✐❛❧
♠✐❞ s✉r❢❛❝❡ ❛♥❞ ✐ts ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ ✐♠♣♦s✐♥❣ t❤❡ s②♠♠❡tr②
♦❢ U ♦♥ t❤❡ ♠✐❞✲s✉r❢❛❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❢♦r❝❡ ❢♦r α, β = 1, 2✿

Eα.U.Eβ = Eβ .U.Eα. ✭✾✺✮

❇✉t s✐♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡✿

Eα.(R
T .∇Φ).Eβ = Eα.(R

T .(hγ ⊗ Eγ)).Eβ = Eα.(R
T .hβ) = Eα.Γβ , ✭✾✻✮

t❤❡ ❞②♥❛♠✐❝❛❧❧② ✉♥❞❡t❡r♠✐♥❛t❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥ ✐s ✜①❡❞ ❜② ❢♦r❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
♣♦✐♥t✲✇✐s❡ ❣❡♦♠❡tr✐❝ ❝♦♥str❛✐♥t ♦♥ t❤❡ s❤❡❧❧ ♠✐❞✲s✉r❢❛❝❡✿

E1.Γ2 = E2.Γ1. ✭✾✼✮

❚✐♠❡✲❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✾✼✮ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠✐ss✐♥❣ ❛♥❣✉❧❛r
✜❡❧❞✱ ✇✐t❤ Tr(K) = K11 +K22 ❛♥❞ s✉♠♠❛t✐♦♥s ♦♥ α✿

Ω3 =
1

Γ11 + Γ22

[(
∂V2
∂X1

− ∂V1
∂X2

)
− Tr(K)V3 +K3αVα + Γ3αΩα

]
. ✭✾✽✮

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t ✭✾✽✮ ✐s t❤❡ s❤❡❧❧ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✲
✐t② ✜❡❧❞ ❞❡✜♥❡❞ ❛s t❤❡ s❦❡✇✲s②♠♠❡tr✐❝ ♣❛rt ♦❢ t❤❡ ✸❉ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ✐♥ t❤❡
❝❧❛ss✐❝❛❧ ✭♥♦t ❈♦ss❡r❛t✮ ✸❉ ♠❡❞✐❛✳ ❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ r✐❣✐❞
♣❧❛t❡✱ ✇❤❡r❡ Kα = 0✱ Γ3α = 0✱ ❛♥❞ Γ11 = Γ22 = 1 ❛r❡ ✐♠♣♦s❡❞ ✐♥ ✭✾✽✮✳ ❆s
❡①♣❡❝t❡❞✱ Ω3 = (1/2)(∂V2/∂X

1 − ∂V1/∂X
2)✱ ✐✳❡✳✱ Ω3 ✐s ❡q✉❛❧ t♦ t❤❡ ❤❛❧❢ ❝✉r❧

♦❢ t❤❡ ❧✐♥❡❛r ✈❡❧♦❝✐t② ✜❡❧❞ ♦♥ t❤❡ r✐❣✐❞ ♣❧❛t❡ ♠✐❞✲s✉r❢❛❝❡✳ ❋✐♥❛❧❧②✱ ♦♥❝❡ ✐♥s❡rt❡❞
✐♥ ✭✼✽✮✱ t❤❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ✭✾✽✮ ♦❢ Ω3 ❝♦♠♣❧❡t❡s t❤❡ ❞❡❣❡♥❡r❛t❡❞ ❞②♥❛♠✐❝s
✇❤✐❝❤ ♥♦✇ ❣♦✈❡r♥ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ V ❛♥❞ Ωα✱ α = 1, 2✳ ■t ✐s ✇♦rt❤ ♥♦t✲
✐♥❣ ❤❡r❡ t❤❛t ❛s t❤✐s ♠♦❞❡❧ ♦❢ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥ ✐s ♦♥❧② ❦✐♥❡♠❛t✐❝✱ ❛♥❞ ♥♦t
❞②♥❛♠✐❝✱ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ♣❧❛②s ♥♦ r♦❧❡ ♦t❤❡r t❤❛♥ ✜①✐♥❣ t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ st❛t❡✲s♣❛❝❡ ❡q✉❛t✐♦♥s t❤r♦✉❣❤ t❤❡ ✜❡❧❞ ♦❢ ❢r❛♠❡ X 7→ Ro(X)✱
✇❤✐❝❤ s✉♣♣♦rt t❤❡ ❞✐r❡❝t♦rs ❛t t = 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s②♠♠❡tr✐❝ t❡♥s♦r U ♦❢
t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t ♠❛t❝❤ ✇✐t❤ t❤❡ str❡t❝❤✐♥❣ t❡♥s♦r r❡❧❛t❡❞ t♦ t❤❡
♠❡❝❤❛♥✐❝❛❧ st❛t❡s ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤ ❛ ❝♦♥s✐s✲
t❡♥t ♠♦❞❡❧ ♦❢ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥s ❝♦♥s✐sts ♦❢ t❤❡ str❛✐♥s ✭✽✸✲✽✺✮✱ t❤❡ ❝♦♥st✐t✉t✐✈❡
❧❛✇ ✭✽✾✮ ❛♥❞ ✭✾✷✮✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ✭✽✵✮ ✭♦r t❤❡✐r ❝♦✉♥t❡r♣❛rts
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❋✐❣✳ ✺✳ ❙❦❡t❝❤ ♦❢ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥ ✐♥ ❝❧❛ss✐❝❛❧ ❈♦ss❡r❛t s❤❡❧❧s✳

r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✮✱ ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥ ✭✼✽✮✱
✇❤❡r❡ ✐♥ ✭✼✽✮✱ Ω3 ✐s ❣✐✈❡♥ ❜② ✭✾✽✮✳

✾ ■❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛①✐s②♠♠❡tr✐❝ s❤❡❧❧s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ♣r❡✈✐♦✉s ❣❡♥❡r❛❧ ♣✐❝t✉r❡ ❜② ❛♣♣❧②✐♥❣ ✐t t♦ ❛♥
❛①✐s②♠♠❡tr✐❝ s❤❡❧❧ B ✇✐t❤ ❛ ♠✐❞✲s✉r❢❛❝❡ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ ❛ ❞✐s❝ ❛s ♣✐❝t✉r❡❞
✐♥ ✜❣✉r❡ ✻✳ ❚❤❡ s❤❡❧❧ ✉♥❞❡r❣♦❡s ❛ ♥❡t tr❛♥s❧❛t✐♦♥ ❛♥❞ ❛①✐s②♠♠❡tr✐❝ s❤❛♣❡ ❞❡✲
❢♦r♠❛t✐♦♥s ❛❧♦♥❣ t❤❡ (o, e3) ❞✐r❡❝t✐♦♥ ♦❢ ❛♥ ✐♥❡rt✐❛❧ ❢r❛♠❡ (o, e1, e2, e3) ✇✐t❤ ♥♦
r♦t❛t✐♦♥ ❛r♦✉♥❞ ✐t✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ❝♦✉♣❧❡ ♥♦r r♦t❛t✐♦♥ ❡①❡rt❡❞ ❛r♦✉♥❞ t❤❡
♠✐❝r♦✲str✉❝t✉r❡s ❛♥❞ t❤❡ ❢✉❧❧ ❈♦ss❡r❛t ♠♦❞❡❧ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❡✈❡♥ ✐❢ t❤❡ s❤❡❧❧ ✐s
❝❧❛ss✐❝❛❧✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❧❡♠ s②♠♠❡tr②✱ t❤❡ ✐♥❡rt✐❛❧ ❢r❛♠❡ (o, e1, e2, e3)
✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❝❤❛rt ♦❢ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s (r, φ, z) ♦❢ ❧♦❝❛❧ ♦rt❤♦♥♦r✲
♠❛❧ ❜❛s✐s (er, eφ, e3)✳ ❚❤❡ ♠❛t❡r✐❛❧ s♣❛❝❡ B✱ ♦❢ ♠❛t❡r✐❛❧ ❢r❛♠❡ (O,E1, E2, E3) =
(o, e1, e2, e3)✱ ✐s ✐❞❡♥t✐✜❡❞ t♦ D × M✱ ✇✐t❤ D t❤❡ s❤❡❧❧✬s ♠❛t❡r✐❛❧ ♠✐❞ s✉r❢❛❝❡
s✉♣♣♦rt❡❞ ❜② (E1, E2)✱ ❛♥❞ M ✐ts ❞✐r❡❝t♦r s✉♣♣♦rt❡❞ ❜② E3✱ ❛♥❞ ❝r♦ss❡❞ ❜② D✱
✐♥ ✐ts ❝❡♥t❡r ✭l ❛♥❞ j ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ❛♥❞ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♥❣✉❧❛r ❣❡♦♠❡tr✐❝
✐♥❡rt✐❛ ♠♦♠❡♥t ♦❢ M✮✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s Φo(B)✳ ■ts s②♠♠❡tr② ❛①✐s
✐s (O, e3)✱ ❛♥❞ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ ✐ts ♣♦✐♥ts ❛r❡ ❞❡♥♦t❡❞ (ro, zo, φo)✳
■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♦♣❡♥ s❡t D − {∂D ∪ O} ✐s ❝♦✈❡r❡❞ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧ ❝❤❛rt
{X1, X2} = {X,φ} ♦❢ ♥❛t✉r❛❧ ❜❛s✐s {E1, E2} = {∂/∂X, ∂/∂φ}✱ ✇❤❡r❡ X ✐s t❤❡
♠❡tr✐❝ ❧❡♥❣t❤ ❛❧♦♥❣ t❤❡ ♠❡r✐❞✐❛♥s ♦❢ (Φo◦e)(D)✳ ■♥ ❛♥② ❝♦♥✜❣✉r❛t✐♦♥ Φ(B) ♦❢ t❤❡
s❤❡❧❧✱ ❛♥② ❝r♦ss s❡❝t✐♦♥ ✜❜❡r ❝r♦ss✐♥❣ D ✐♥ (X,φ)✱ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ t❤✐r❞ ✉♥✐t
✈❡❝t♦r ♦❢ ❛ ❞✐r❡❝t♦r ❢r❛♠❡ (t1, t2, t3)(X,φ) ❞❡❞✉❝❡❞ ❢r♦♠ (O,E1, E2, E3) t❤r♦✉❣❤
❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ SE(3) ♦❢ t❤❡ ❢♦r♠✿

❣(X,φ) =

(
exp(φê3) 0

0 1

)(
exp(−θêφ) rer + ze3

0 1

)
, ✭✾✾✮
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❋✐❣✳ ✻✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ t♦ ❛♥ ❛①✐s②♠♠❡tr✐❝ s❤❡❧❧✳

✇✐t❤ θ✱ t❤❡ ❛♥❣❧❡ ♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ ❧♦❝❛❧ r♦t❛t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t♦r t3 ✇✐t❤ r❡s♣❡❝t
t♦ e3✳ ❯s✐♥❣ ✭✾✾✮ ✐♥ ✭✻✺✮✱ ❣✐✈❡s ✇✐t❤ se(3) ∼= R

6✱ t❤❡ t❤r❡❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s✿

η =




0
Ω2

0
V1
0
V3



, ξX =




0
K2X

0
Γ1X

0
Γ3X




=




0
−θ′
0

r′ cos θ + z′ sin θ
0

z′ cos θ − r′ sin θ



, ξφ =




K1φ

0
K3φ

0
Γ2φ

0




=




sin θ
0

cos θ
0
r
0



,

✇❤❡r❡ ′ ❞❡♥♦t❡s ∂./∂X✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❞❡✜♥❡ Γα ❛♥❞ Kα ✭α = X,φ✮✱ ✇❤✐❝❤
♦♥❝❡ ✐♥s❡rt❡❞ ✐♥ ✭✽✻✲✽✽✮✱ ❣✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ ✭❡✛❡❝t✐✈❡✮ str❛✐♥ ❝♦♠♣♦♥❡♥ts✿

(
τX
τφ

)
=

(
Γ3X

0

)
,

(
ǫXX ǫXφ

ǫφX ǫφφ

)
=

(
Γ 2
1X + Γ 2

3X − 1 0
0 Γ 2

2φ − r2o

)
,

(
ρXX ρXφ

ρφX ρφφ

)
=

(
Ko

2XΓ
o
1X −K2XΓ1X 0

0 K1φΓ2φ − roK
o
1φ

)
, ✭✶✵✵✮

✇❤❡r❡ ✇❡ ❛ss✉♠❡ ♥♦ tr❛♥s✈❡rs❡ s❤❡❛r✐♥❣ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡♥✱
✐♥tr♦❞✉❝✐♥❣ t❤❡ ❈♦ss❡r❛t ❛♥❞ ❡✛❡❝t✐✈❡ str❡ss ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞
r❡♠❛r❦✐♥❣ t❤❛t t❤❡ ❛①✐s②♠♠❡tr② ✐♠♣♦s❡s✿ NXφ

t = N φX
t = 0✱ MXφ

t = MφX
t = 0



❛♥❞ Qφ
t = 0✱ ✭✾✷✮ ❛❧❧♦✇s ✇r✐t✐♥❣ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❈♦ss❡r❛t ❛♥❞ t❤❡

❡✛❡❝t✐✈❡ str❡ss t❡♥s♦rs ❝♦♠♣♦♥❡♥ts✱ ❛❧❧ r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛s✿




0
M2X

o

0
N1X

o

0
N3X

o




=




0
Γ1XMXX

o

0
K1φMXX

o + Γ1XNXX
o

0
Γ3XNXX

o +QX
o



,




M1φ
o

0
0
0

N2φ
o

0




=




−Γ2φMφφ
o

0
0
0

Γ2φN φφ
o −K2XMφφ

o

0



.

❆♣♣❧②✐♥❣ t❤❡ ♠❛t❡r✐❛❧ P♦✐♥❝❛ré✲❈♦ss❡r❛t ❡q✉❛t✐♦♥s ✭✼✺✮ r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡
❝♦♥✜❣✉r❛t✐♦♥ (Φo ◦ e)(D) t♦ ♦✉r s❤❡❧❧✱ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ η✱ ξX ✱ ξφ ❛❜♦✈❡✱√
|ho| = (Γ o

2φ(Γ
o
1X)2+ (Γ o

3X)2)1/2 = ro✱ ❛♥❞ ♥♦ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥
❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ φ✱ ❣✐✈❡s t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧❛r ❡q✉❛t✐♦♥s ✿

ρol

(
∂V1
∂t

− V3Ω2

)
=

1

ro

∂roN
1X
o

∂X
+K2XN

3X
o −K3φN

2φ
o +N1

ext,o,

ρol

(
∂V2
∂t

+ V1Ω2

)
=

1

ro

∂roN
3X
o

∂X
−K2XN

1X
o +K1φN

2φ
o +N2

ext,o,

ρoj
∂Ω2

∂t
=

1

ro

∂roM
2X
o

∂X
− Γ1XN

3X
o + Γ3XN

1X
o +K3φM

1φ
o +M2

ext,o.

P✉s❤✐♥❣ ❢♦r✇❛r❞ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠♦❜✐❧❡ ❞✐r❡❝t♦r ❢r❛♠❡s (X,φ) 7→
(t1, t2, t3)(X,φ) ✇✐t❤ ti(X,φ) = R(X,φ).Ei ❛♥❞ r❡♠❛r❦✐♥❣ t❤❛t ∂t2/∂φ = −er✱
❣✐✈❡s t✇♦ ❡q✉❛t✐♦♥s ✭♦♥❡ ✈❡❝t♦r✐❛❧ ❛♥❞ ♦♥❡ s❝❛❧❛r✮ ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ s♣❛t✐❛❧
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s ✭✼✼✮ ❢♦r ❛♥ ❛①✐s②♠♠❡tr✐❝ s❤❡❧❧✿

ρorol

(
∂v

∂t

)
=

∂

∂X
[ro(N

1X
o t1 +N3X

o t3)]− ro(N
2φ
o er − next,o), ✭✶✵✶✮

ρoroj

(
∂Ω2

∂t

)
=

∂

∂X
[roM

2X
o ] + ro(K3φM

1φ
o + Γ3XN

1X
o − Γ1XN

3X
o +M2

ext,o),

✇❤❡r❡ v = R.V ✳ ▼♦r❡♦✈❡r✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❞❡♥s✐t✐❡s ♦❢ ✐♥t❡r♥❛❧ ✇r❡♥❝❤ ♣❡r ✉♥✐t
♦❢ ♠❡tr✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡ ❧✐♥❡s ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛s
❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹✱ t❤❛t ✇❡ ❞✐st✐♥❣✉✐s❤ ❢r♦♠ t❤❡ s❛♠❡ ❞❡♥s✐t✐❡s✱ ❜✉t ♣❡r ✉♥✐t
♦❢ ♠❛t❡r✐❛❧ ❧❡♥❣t❤✱ ❜② ❛ st❛r ⋆✱ ✇❡ ✜♥❞ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ ✐✳❡✳✱ ✇✐t❤ |ho,XX | = 1✱
|ho,φφ| = r2o✿

MX
o = (ro/ro)M

⋆X
o , NX

o = (ro/ro)N
⋆X
o ,Mφ

o = (1/ro)M
⋆φ
o , Nφ

o = (1/ro)N
⋆φ
o .

❖♥❝❡ ✐♥s❡rt❡❞ ✐♥ ✭✶✵✶✮✱ t❤❡s❡ r❡❧❛t✐♦♥s ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠ ♦❢ ❜❛❧❛♥❝❡ ❡q✉❛✲
t✐♦♥s ✐♥ t❡r♠s ♦❢ ♠❡tr✐❝ ❞❡♥s✐t✐❡s ♦❢ str❡ss✿

ρorol
∂v

∂t
=

∂

∂X
[ro(N

⋆1X
o t1 +N⋆3X

o t3)]−N⋆2φ
o er + ronext,o,

ρoroj
∂Ω2

∂t
=

∂

∂X
[roM

⋆2X
o ] +K3φM

⋆1φ
o + ro(Γ3XN

⋆1X
o − Γ1XN

⋆3X
o +M2

ext,o),



✇❤✐❝❤ ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❡q✉❛t✐♦♥s ♦❢ ❛①✐s②♠♠❡tr✐❝ s❤❡❧❧s ❛s ❣✐✈❡♥ ✐♥ ❬✷✺❪✱ ✇❤❡r❡
t❤❡② ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❞✐r❡❝t♦r str❡ss ❝♦✉♣❧❡s✳ ❚❤❡s❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s✱
✇❤✐❝❤ ✐♥✈♦❧✈❡ ❞❡♥s✐t✐❡s ♦❢ ✇r❡♥❝❤❡s ♣❡r ✉♥✐t ♦❢ ♠❡tr✐❝ ✈♦❧✉♠❡ ♦❢ (Φo ◦ e)(D)✱
❤❛✈❡ t♦ ❜❡ s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ η✱ ξX ❛♥❞ ξφ✱ t❤❡ ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ❡✛❡❝t✐✈❡ str❡ss❡s ✭✽✾✮✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥ ✭✼✽✮ ✇✐t❤
t❤❡✐r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❛ ♠♦❞❡❧ ♦❢ ❡①t❡r♥❛❧ ❢♦r❝❡s (N1

ext,o, N
2
ext,o,M

2
ext,o)✳

✶✵ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❢♦r s♦❢t r♦❜♦t✐❝s

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ♣r♦♣♦s❡❞ ❛ ❣❡♥❡r❛❧ ♣✐❝t✉r❡ ✇❤✐❝❤ ❛❧❧♦✇❡❞ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥✲
t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❈♦ss❡r❛t ♠❡❞✐✉♠✱ ✐✳❡✳✱ ❛ s❡t ♦❢
s♠❛❧❧ r✐❣✐❞ ❜♦❞✐❡s ❝♦♥t✐♥✉♦✉s❧② st❛❦❡❞ ❛❧♦♥❣ ♦♥❡ ♦r s❡✈❡r❛❧ ♠❛t❡r✐❛❧ ❞✐♠❡♥s✐♦♥s✱
t♦ ❜❡ ❞❡r✐✈❡❞✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❛ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❢r♦♠ ❛ ✉♥✐q✉❡
▲❛❣r❛♥❣✐❛♥ ❞❡♥s✐t② ❛♥❞ ✐ts s②♠♠❡tr② ❣r♦✉♣✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s s②st❡♠❛t✐❝ ❛♥❞
r❡q✉✐r❡s ♥♦ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ✐♥♣✉t✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ P♦✐♥❝❛ré
❡q✉❛t✐♦♥s ❢r♦♠ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s t♦ ✜❡❧❞ t❤❡♦r②✳ ❆s ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧
P♦✐♥❝❛ré ❡q✉❛t✐♦♥s✱ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ st❛t❡❞ ✐♥ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢
t❤❡ s②♠♠❡tr② ❣r♦✉♣ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡② ❛r❡ ❛ s❡t ♦❢ ✜rst ♦r❞❡r
❞②♥❛♠✐❝s ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ♠❡❞✐✉♠✬s ✈❡❧♦❝✐t✐❡s✱ ✐✳❡✳✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ r✐❣❤t ✭♠❛t❡r✐❛❧✮ ♦r ❧❡❢t ✭s♣❛t✐❛❧✮ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❣r♦✉♣✬s
▲✐❡ ❛❧❣❡❜r❛✳ ❲❤❡♥ t❤❡ s②st❡♠ ✐s ❢✉❧❧② s②♠♠❡tr✐❝✱ t❤❡② ❝❛♥ ❜❡ t✐♠❡✲✐♥t❡❣r❛t❡❞
❛✉t♦♥♦♠♦✉s❧② ✐♥ ❛ ✜rst st❡♣✱ ❛♥❞ ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ t❤❡ r❡s✉❧t✐♥❣ ✈❡❧♦❝✐t② ✜❡❧❞
❛❧❧♦✇s t❤❡ r❡❝♦✈❡r② ♦❢ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ♠❡❞✐✉♠✬s tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ t❤❡ ❣r♦✉♣✱
t❤r♦✉❣❤ r❡❝♦♥str✉❝t✐♦♥ ❡q✉❛t✐♦♥s✳ ❘❡♠❛r❦❛❜❧②✱ t❤❡s❡ ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ❛❧❧♦✇ t❤❡
r❡❝♦✈❡r② ♦❢ t❤❡ ✉s✉❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ♥♦♥✲❧✐♥❡❛r s❤❡❧❧s t❤❡♦r✐❡s ✐♥ ❜♦t❤ t❤❡ r❡❢✲
❡r❡♥❝❡ ❛♥❞ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ s♣❛t✐❛❧ s❡tt✐♥❣✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤✐s ♠❛② ❜❡ ❛❝❤✐❡✈❡❞ ❢r♦♠ ❛ ✉♥✐q✉❡ s❡t ♦❢ ❝♦✈❛r✐❛♥t ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❧❡❛❞✐♥❣ t♦ ❛❧❧ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ❞❡❞✉❝❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ s♦♠❡
tr❛♥s❢♦r♠❛t✐♦♥s ✇❤✐❝❤ ❝❤❛♥❣❡ ❞❡♥s✐t✐❡s r❡❧❛t❡❞ t♦ t❤❡ ♠❛t❡r✐❛❧✱ r❡❢❡r❡♥❝❡ ❛♥❞
❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❛♥❞ ♦t❤❡rs ✇❤✐❝❤ ❝❤❛♥❣❡ ♠❛t❡r✐❛❧ ✐♥t♦ s♣❛t✐❛❧ ✐♥✜♥✐t❡s✲
✐♠❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❲❤✐❧❡ t❤❡ ❛♣♣r♦❛❝❤ ❣✐✈❡s ❛ ❢✉❧❧② ❞❡t❡r♠✐♥❛t❡ ❞②♥❛♠✐❝
♠♦❞❡❧ ♦❢ ♠✐❝r♦✲♣♦❧❛r s❤❡❧❧s✱ ✐t ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ ❢✉rt❤❡r t♦ ♦❜t❛✐♥ ❛ ♠♦❞❡❧ ♦❢
❝❧❛ss✐❝❛❧ s❤❡❧❧s ✇✐t❤ ♥♦ ❝♦✉♣❧❡ str❡ss✱ ♥♦r s♣✐♥ ❛❜♦✉t t❤❡✐r ❞✐r❡❝t♦rs✳ ❚❤✐s r❡❞✉❝✲
t✐♦♥ ♣r♦❝❡ss ✐s ❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s ✐♠♣♦s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢
❛ s❡t ♦❢ ❡✛❡❝t✐✈❡ str❡ss ❞❡✜♥❡❞ ✐♥ t❤❡ s❤❡❧❧✬s ♠✐❞ s✉r❢❛❝❡✳ ❉✉❡ t♦ t❤❡ ✐♥❞❡t❡r♠✐✲
♥❛❝② ♦❢ t❤❡ ❞r✐❧❧✐♥❣ r♦t❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐r❡❝t♦rs✱ t❤❡ s❤❡❧❧ ♠♦t✐♦♥ r❡❝♦♥str✉❝t✐♦♥
r❡q✉✐r❡s ❛ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♦❢ t❤❡ ♠✐ss✐♥❣ r♦t❛t✐♦♥ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♣♦❧❛r ❞❡✲
❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♠✐❞✲s✉r❢❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥✳

■♥ ❢✉t✉r❡✱ t❤✐s ✇♦r❦ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❢♦✉♥❞❛t✐♦♥s t♦ ❛❞❞r❡ss s♦♠❡ ♦♣❡♥ ✐ss✉❡s ✐♥
t❤❡ ❡♠❡r❣✐♥❣ ✜❡❧❞ ♦❢ ✉♥❞❡r✇❛t❡r s♦❢t r♦❜♦t✐❝s ❬✷✷❪✳ ❏✉st ❧✐❦❡ t❤❡ ❜❡❛♠ P♦✐♥❝❛ré✲
❈♦ss❡r❛t ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ❛ ♣♦✇❡r❢✉❧ ♠♦❞❡❧❧✐♥❣ t♦♦❧ ❢♦r ✜s❤
s✇✐♠♠✐♥❣ ✐♥ ❜✐♦r♦❜♦t✐❝s ❬✹✶❪✱ ❬✹✷❪✱ t❤❡✐r ❡①t❡♥s✐♦♥ t♦ s❤❡❧❧s ❝❛♥ ❣r❡❛t❧② ❤❡❧♣ ✐♥
♠♦❞❡❧❧✐♥❣ sq✉✐❞s✳ ■♥ ❢❛❝t✱ t❤❡s❡ ❛♥✐♠❛❧s ❤❛✈❡ ❡✈♦❧✈❡❞ ❛ s♦❢t ♦♣❡♥ s❤❡❧❧ ❝❛✈✐t②✱
❛ ♠❛♥t❧❡✱ t❤❛t t❤❡② ❝②❝❧✐❝❛❧❧② ❝♦♥tr❛❝t t♦ ♣❡r❢♦r♠ ❥❡t ♣r♦♣✉❧s✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥



❡♠❡r❣✐♥❣ r❡s❡❛r❝❤ t♦♣✐❝ ✐♥ ❜✐♦✲✢✉✐❞ ❞②♥❛♠✐❝s ❬✹✸❪✳ ▼♦❞❡❧❧✐♥❣ t❤❡ ♠❛♥t❧❡ ❛s ❛♥
✐♥t❡r♥❛❧❧② ❛❝t✉❛t❡❞ ❛①✐s②♠♠❡tr✐❝ ❈♦ss❡r❛t s❤❡❧❧ ✐♠♠❡rs❡❞ ✐♥ ❛ q✉✐❡s❝❡♥t ✢✉✐❞✱
t❤❡ ❛❜♦✈❡ P♦✐♥❝❛ré✲❈♦ss❡r❛t ❛❜str❛❝t ♠❛❝❤✐♥❡r② ✇✐❧❧ ❜❡ ♦❢ ❣r❡❛t ❤❡❧♣ t♦ ❣❡♥❡r❛t❡
t❤❡ sq✉✐❞ s✇✐♠♠✐♥❣ ❞②♥❛♠✐❝s ❡q✉❛t✐♦♥s ✐♥ ❛ ❜❧✐♥❞ ♠❛♥♥❡r ❢r♦♠ ❛ ♠✐♥✐♠✉♠ s❡t
♦❢ ♣❤②s✐❝❛❧ ✐♥♣✉ts✱ ❤❡r❡ ❢❡❞ ✐♥t♦ ❛ ▲❛❣r❛♥❣✐❛♥✳ ■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡✱ ❧❡t ✉s r❡♠❛r❦
t❤❛t ❜❡②♦♥❞ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❜♦❞② ✐♥❡rt✐❛❧ ❢♦r❝❡s ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡✱ t❤❡
r❡❛❝t✐✈❡ ❤②❞r♦❞②♥❛♠✐❝ ❢♦r❝❡s t❤❛t ❛r❡ ❡①❡rt❡❞ ♦♥ t❤❡ ❜♦❞② ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❜②
❛❞❞✐♥❣ s♦♠❡ ✢✉✐❞ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤❡ ❜♦❞②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❑✐r❝❤❤♦✛ ♣♦t❡♥t✐❛❧ ❛♣♣r♦❛❝❤ ❬✹✹❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❜♦❞② str❛✐♥ ❡♥❡r❣②
❞❡♥s✐t② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤❡❧♣ ✐♥ ♠♦❞❡❧❧✐♥❣ t❤❡ ❛♥✐♠❛❧ ♠✉s❝❧❡s ❛♥❞ t❤❡✐r t❡❝❤♥♦✲
❧♦❣✐❝❛❧ ❡♠✉❧❛t✐♦♥s ✭❝❛❜❧❡s✱ ❡❧❡❝tr♦✲❛❝t✐✈❡ ♠❛t❡r✐❛❧s✳✳✳✮✳ ❖❢ ❝♦✉rs❡✱ t♦ ❛❝❤✐❡✈❡ ♦✉r
✜♥❛❧ ❣♦❛❧✱ s❡✈❡r❛❧ ❡✈♦❧✉t✐♦♥s ♦❢ t❤✐s ♣✐❝t✉r❡ ❛r❡ ❛❧r❡❛❞② ❡①♣❡❝t❡❞✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❊✉❧❡r✐❛♥ r❡❛❧♠ ♦❢ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ✇✐t❤ ♥♦ ♠♦❞❡❧ ♦❢ t❤❡
❜♦✉♥❞❛r② ❧❛②❡r✱ t❤❡ ❑✐r❝❤❤♦✛ ♠♦❞❡❧ ♦❢ ❤②❞r♦❞②♥❛♠✐❝ ❢♦r❝❡s ✇✐❧❧ ♥❡❡❞ t♦ ❜❡ s✉♣✲
♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢ t❤❡ ✈♦rt✐❝✐t②✱ ✇❤✐❧❡ t❤❡ ✢✉✐❞ ❦✐♥❡t✐❝ ❡♥❡r❣②
✇✐❧❧ ♥❡❡❞ t♦ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ♣✐❝t✉r❡ t♦ s②st❡♠s ✭❜♦❞② ✰ ✢✉✐❞✮ ❡♥❥♦②✐♥❣ ✇❡❛❦❡r
✭❣❧♦❜❛❧✮ s②♠♠❡tr✐❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ❛❜♦✈❡ ♣✐❝t✉r❡ ❡♥❝♦♠♣❛ss✐♥❣ ❜♦t❤ ❜❡❛♠s ❛♥❞
s❤❡❧❧s✱ ✐t ❝❛♥ ❤❡❧♣ t♦ ❜✉✐❧❞ ❛ t❤❡♦r② ❢♦r s♦❢t✲♠✉❧t✐❜♦❞② s②st❡♠s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s
t♦ ♦❝t♦♣✉s✳

❆♣♣❡♥❞✐① ✶✿ Pr♦♦❢ ♦❢ ✭✹✹✮ t❤r♦✉❣❤ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥
♣r✐♥❝✐♣❧❡

❆s ❡✈♦❦❡❞ ✐♥ r❡♠❛r❦ ✺✳✷✱ ❡q✉❛t✐♦♥s ✭✹✸✮ ❛♥❞ ✭✹✹✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❞✐r❡❝t❧② ❜②
❛♣♣❧②✐♥❣ t❤❡ ❍❛♠✐❧t♦♥ ♣r✐♥❝✐♣❧❡ t♦ ❛♥ ❛❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐✛❡r✲
❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ r❡❞✉❝❡❞ ▲❛❣r❛♥❣✐❛♥ ♦❢ s❡❝t✐♦♥ ✷✳✻✳ ■♥ t❤✐s ❆♣♣❡♥❞✐①✱ ✇❡
❛♣♣❧② t❤✐s ❝❛❧❝✉❧✉s t♦ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✉s✲
✐♥❣ ❙t♦❦❡s t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ♦r ❛❧t❡r♥❛t✐✈❡❧② ✉s✐♥❣ t❤❡ ❞✐✲
✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ ✈❡❝t♦r ❛♥❛❧②s✐s✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ❛♥❞
✇✐❧❧ ❞❡♥♦t❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥t❡①t ♦❢ s❡❝t✐♦♥ ✷✳✹✱ dX1dX2...dXp = dD ❛♥❞
|H|1/2dY 1dY 2 ...dY p−1 = d∂D t❤❡ ♠❛t❡r✐❛❧ ✈♦❧✉♠❡s ♦❢ D ❛♥❞ ∂D✱ ✇❤✐❝❤ ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ t✇♦ ♠❛♥✐❢♦❧❞s ❝♦♥s✐st❡♥t❧② ♦r✐❡♥t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦✉t✇❛r❞
✉♥✐t ♥♦r♠❛❧ ❝♦♥✈❡♥t✐♦♥✳ ❲❡ st❛rt ❢r♦♠ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ✐♥ ✇❤✐❝❤ ✇❡ r❡♣❧❛❝❡ L

❜②
√
|h|Lt ❛♥❞ (Fext, F ext) ❜② (Fext|h|1/2, F ext|h|1/2)✳ ■♥ t❤✐s ♥❡✇ ❢♦r♠✉❧❛t✐♦♥

♦❢ ❍❛♠✐❧t♦♥ ♣r✐♥❝✐♣❧❡✱ δ ❜❡✐♥❣ ❛❝❤✐❡✈❡❞ ❛t ✜①❡❞ t✐♠❡ ❛♥❞ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs
❛❝❝♦r❞✐♥❣ t♦ s❡❝t✐♦♥ ✷✳✻✱ t❤✐s ❡♥❛❜❧❡s ✉s t♦ s❤✐❢t ✐t ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧✳ ❚❤❡♥✱
s✐♥❝❡ δ(Lt

√
|h|) = δLt

√
|h| + Ltδ

√
|h|✱ ✇❤❡r❡

√
|h| ✐s ❝♦♥✜❣✉r❛t✐♦♥✲❞❡♣❡♥❞❡♥t

t❤r♦✉❣❤ t❤❡ ✐♥✈❛r✐❛♥t ✜❡❧❞s ξα ✭s❡❡ s❡❝t✐♦♥ ✷✳✻✮✱ ✇❡ ❤❛✈❡✿

∫ t2

t1

∫

D

(
<
∂Lt

∂η
, δη > + <

[
∂L

∂ξα

]

t

, δξα >

)√
|h|dDdt = −

∫ t2

t1

δWext dt,

✭✶✵✷✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ [∂L/∂ξα]t = ∂Lt/∂ξα +|h|− 1

2 (∂|h| 12 /∂ξα) Lt✱ ❛s ✐t ✐s
✐♥tr♦❞✉❝❡❞ ❜② ✭✹✷✮✳ ❚❤❡♥ ✐♥✈♦❦✐♥❣ ✭✷✸✮ ❛♥❞ ❛♣♣❧②✐♥❣ ❛ ❜②✲♣❛rt t✐♠❡✲✐♥t❡❣r❛t✐♦♥
✇✐t❤ ✜①❡❞ ❡①tr❡♠❡ t✐♠❡s ❝♦♥❞✐t✐♦♥✱ ❛❧❧♦✇s t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✵✷✮ t♦ ❜❡



r❡✇r✐tt❡♥ ❛s✿
∫ t2

t1

∫

D

<
1√
|h|
ad∗η

(√
|h|∂Lt

∂η

)
− 1√

|h|
∂

∂t

(√
|h|∂Lt

∂η

)
, δζ >

√
|h|dDdt

+

∫ t2

t1

∫

D

<

[
∂L

∂ξα

]

t

,
∂δζ

∂Xα
+ adξα(δζ) >

√
|h|dDdt. ✭✶✵✸✮

◆♦✇ ❧❡t ✉s r❡♠❛r❦ t❤❛t✿
∫

D

<

[
∂L

∂ξα

]

t

,
∂δζ

∂Xα
>
√

|h|dD = ✭✶✵✹✮

∫

D

∂

∂Xα

(√
|h| <

[
∂L

∂ξα

]

t

, δζ >

)
dD −

∫

D

<
∂

∂Xα

(√
|h|
[
∂L

∂ξα

]

t

)
, δζ > dD,

✇❤♦s❡ t❤❡ ✜rst r✐❣❤t✲❤❛♥❞✲s✐❞❡ t❡r♠ ✐s ♠❡r❡❧② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞
♦❢ ❝♦♥tr❛✈❛r✐❛♥t ❝♦♠♣♦♥❡♥ts vα =< [∂L/∂ξα]t, δζ > ✐♥ t❤❡ ❝♦♥✈❡❝t❡❞ ❜❛s✐s
{hα}α=1,..p✳ ❆♣♣❧②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ t❤✐s t❡r♠ ❣✐✈❡s✿

∫

D

∂

∂Xα

(√
|h| <

[
∂L

∂ξα

]

t

, δζ >

)
dD =

∫

∂D

<

[
∂L

∂ξα

]

t

, δζ > νt,α | h |1/2 d∂D,

✭✶✵✺✮

✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡tr✐❝ ✈♦❧✉♠❡ ❡❧❡♠❡♥t |h|1/2d∂D ♦♥ (Φt ◦ e)(∂D)✱ ❛♥❞
νt,αh

α ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ t♦ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡s ♦❢ (Φt ◦ e)(∂D) ✇❤✐❝❤✱
❢r♦♠ ✭✶✷✮✱ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ναE

α ❜② νt,α|h|1/2d∂D =

να
√

|h|d∂D✳ ❚❤❡♥✱ ✐♥s❡rt✐♥❣ ✭✶✵✺✮ ✐♥t♦ ✭✶✵✹✮ ❛♥❞ t❤❡ r❡s✉❧t ✐♥t♦ ✭✶✵✸✮ ✇❤♦s❡
t❤❡ ❧❛st t❡r♠ ✐s ❞✉❛❧✐③❡❞✱ ❣✐✈❡s✱ ✇✐t❤ ✭✷✵✮✱ ❛ ❜❛❧❛♥❝❡ ♦❢ t✇♦ ✐♥t❡❣r❛❧ ❝♦♠♣♦♥❡♥ts✱
♦♥❡ ♦✈❡r D ✇✐t❤ ♠❡tr✐❝ ✈♦❧✉♠❡

√
|h|dD ❛♥❞ t❤❡ s❡❝♦♥❞ ♦✈❡r ∂D✱ ✇❤♦s❡ ♠❡t✲

r✐❝ ✈♦❧✉♠❡ ✐s |h|1/2d∂D✳ ❚❤✐s ❜❛❧❛♥❝❡ ❜❡✐♥❣ s❛t✐s✜❡❞ ❢♦r ❛♥② ✈❛r✐❛t✐♦♥ δζ ∈ g✱
✐t ❣✐✈❡s t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s ✭✹✹✮✱ ✇❤❡r❡ ❞✉❡ t♦ ✭✷✶✮✱ |h|1/2 = 1 ✐♥ t❤❡ ❝❛s❡ ♦❢
❜❡❛♠s✳ �

❆♣♣❡♥❞✐① ✷✿ Pr♦♦❢ ♦❢ ✭✻✷✮

❚❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ✭✶✵✻✮ ✐s st❛t❡❞ ✐♥ ❬✶✹❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❣❡♦♠❡tr✐❝❛❧❧② ❡①❛❝t
❜❡❛♠s ❛♥❞ ♣❧❛t❡s✱ ✐♥ t❤✐s ❆♣♣❡♥❞✐① ✇❡ ♣r♦✈❡ ✐t ❢♦r s❤❡❧❧s✳ ❙✐♥❝❡ t❤❡ ♠❡❞✐✉♠ B
✐s ❝❧❛ss✐❝❛❧ ✭♥♦t ♠✐❝r♦♣♦❧❛r✮✱ ✇❡ ❤❛✈❡✿

δWint =

∫

B

P : δF
√
|go|dB =

1

2

∫

B

σij δgij
√
|g|dB, ✭✶✵✻✮

✇❤❡r❡ gij(g
i ⊗ gj) ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠❡tr✐❝ t❡♥s♦r ✐♥ t❤❡ ❝♦♥✈❡❝t❡❞ ❜❛s✐s ♦❢

Φt(B)✱ ✇✐t❤ ❞❡t❡r♠✐♥❛♥t |g|✱ ❛♥❞ σij(gi ⊗ gj) ✐s t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ✐♥ t❤❡
s❛♠❡ ❜❛s✐s✳ ❚❤❡♥ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❈♦ss❡r❛t s❤❡❧❧ ❦✐♥❡♠❛t✐❝s ✭✻✹✮ ✐♥t♦ gij = gi.gj
✇✐t❤ gi = ∂Φt/∂X

i ❣✐✈❡s✿

gαβ ≃ Γα.Γβ + E3.(Γα ×Kβ + Γβ ×Kα)X
3 ✱ gα3 = Γα.E3 ✱ g33 = 1, ✭✶✵✼✮



✇❤❡r❡✱ ❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ ✜rst✲♦r❞❡r ❈♦ss❡r❛t ❦✐♥❡♠❛t✐❝s ✭✽✮✱ t❤❡X3✲q✉❛❞r❛t✐❝
t❡r♠s ❛r❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ gαβ ✳ ■♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ r❡❝♦❣♥✐③❡
✐♥ ✭✶✵✼✮ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ str❛✐♥ ♠❡❛s✉r❡s ✭✽✻✲✽✽✮✳ ◆♦✇✱
s✐♥❝❡ ❡①♣r❡ss✐♦♥s ✭✶✵✼✮ ❞❡♣❡♥❞ ♦♥ t❤❡ ♠❡❞✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❧❡❢t
✐♥✈❛r✐❛♥t ✜❡❧❞s Γα ❛♥❞ Kα ♦❢ ✭✻✺✮ ♦♥❧②✱ ♦♥❡ ❝❛♥ st❛t❡✿

δgij =

(
∂gij
∂Γα

)
δΓα +

(
∂gij
∂Kα

)
δKα, ✭✶✵✽✮

✐♥ ✇❤✐❝❤✱ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ♠✐❞✲s✉r❢❛❝❡ ❝♦♦r❞✐♥❛t❡s t❤r♦✉❣❤
t❤❡ ❧❡❢t ✐♥✈❛r✐❛♥t ✜❡❧❞s✱ ❛♥❞ ♦♥ X3✱ ✐♥ ❛ ❧✐♥❡❛r ✇❛②✳ ❚❤❡♥✱ ✐♥tr♦❞✉❝✐♥❣ ✭✶✵✽✮
✐♥t♦ ✭✶✵✻✮✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ t❤❡ r❡s✉❧t ❛❧♦♥❣ t❤❡ X3✲t❤✐❝❦♥❡ss ❞✐♠❡♥s✐♦♥✱ ❣✐✈❡s
❛ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✈✐rt✉❛❧ ✇♦r❦ ♦❢ ✐♥t❡r♥❛❧ ❢♦r❝❡s s✐♠✐❧❛r t♦ ✭✻✷✮✱ ❛❧♦♥❣
✇✐t❤ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ r❡s✉❧t❛♥t ♦❢ str❡ss ❛♥❞ ❝♦✉♣❧❡ str❡ss Nα

t ❛♥❞
Mα

t ✐♥ t❡r♠s ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❈❛✉❝❤② str❡ss t❡♥s♦r✿

Mα
t =

1√
|h|

∫

M

(
σij ∂gij

∂Kα

√
|g|
)
dX3 ✱ Nα

t =
1√
|h|

∫

M

(
σij ∂gij

∂Γα

√
|g|
)
dX3,

✭✶✵✾✮

✇❤❡r❡ i < j✳ �
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