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Pointwise adaptive estimation of
a multivariate density under independence
hypothesis
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In this paper, we study the problem of pointwise estimation of a multivariate density. We provide a data-
driven selection rule from the family of kernel estimators and derive for it a pointwise oracle inequality.
Using the latter bound, we show that the proposed estimator is minimax and minimax adaptive over the
scale of anisotropic Nikolskii classes. It is important to emphasize that our estimation method adjusts au-
tomatically to eventual independence structure of the underlying density. This, in its turn, allows to reduce
significantly the influence of the dimension on the accuracy of estimation (curse of dimensionality). The
main technical tools used in our considerations are pointwise uniform bounds of empirical processes devel-
oped recently in Lepski [Math. Methods Statist. 22 (2013) 83-99].
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1. Introduction

Let X; = (Xi1,..., Xiq),i € N*, be a sequence of R4-valued i.i.d. random vectors defined on
a complete probability space (€2, %2(, P) and having the density f with respect to the Lebesgue
measure. Furthermore, IP’(;” denotes the probability law of X™ = (X1,..., X,),n € N*, and

ES{’) is the mathematical expectation with respect to IP’(f").

Our goal is to estimate the density f at a given point xo € R using the observation X" =
(X1,...,X,), n € N*. As an estimator, we mean any X (") _measurable mapping f:R" — R and
the accuracy of an estimator is measured by the pointwise risk:

RVLE. f1i= B | Fwo) - fao)|) 7 q=1.

The discussion of traditional methods and a part of the vast literature on the theory and applica-
tion of the density estimation is given by Devroye and Gyorfi [7], Silverman [40] and Scott [39].
We do not pretend here to provide with a detailed overview and mention only the results which
are relevant for considered problems. The minimax and adaptive minimax multivariate density
estimation with IL,-loss on particular functional classes was studied in Bretagnolle and Hu-
ber [2], Ibragimov and Khasminskii [21,22], Devroye and Lugosi [8—10], Efroimovich [13,14],
Hasminskii and Ibragimov [20], Golubev [19], Donoho et al. [11], Kerkyacharian, Picard and
Tribouley [26], Giné and Guillou [15], Juditsky and Lambert-Lacroix [23], Rigollet [36], Mas-
sart [33] (Chapter 7), Samarov and Tsybakov [38], Birgé [1], Mason [32], Giné and Nickl [16],
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Chacén and Duong [5] and Goldenshluger and Lepski [18]. In Comte and Lacour [6], the
pointwise setting was first considered in the context of multidimensional deconvolution model.
More recently, in Goldenshluger and Lepski [17], adaptive minimax upper bounds were proved
for multivariate density estimation with L ,-risks on anisotropic Nikolskii classes using a lo-
cal (pointwise) procedure. The use of Nikolskii classes allows to consider the estimation of
anisotropic and inhomogeneous densities; see Ibragimov and Khasminskii [22], Goldenshluger
and Lepski [18] and Lepski [29].

In this paper, we focus on the problem of the minimax and adaptive minimax pointwise mul-
tivariate density estimation over the scale of anisotropic Nikolskii classes.

Minimax estimation. In the framework of the minimax estimation, it is assumed that f belongs
to a certain set of functions X, and then the accuracy of an estimator fis measured by its maximal
risk over X:

RT3 = Jgug(ﬂ*:%f(xo) —feo|) gz (1)

The objective here is to construct an estimator f: which achieves the asymptotic of the minimax
risk (minimax rate of convergence):

RO fo, 1< if R F, 21 := 0 ().
f

Here, infimum is taken over all possible estimators.

Smoothness assumption. Let ¥ be either Holder classes H(B, L) or L,-Sobolev classes
W(B, p, L) of univariate functions. Here, 8 represents the smoothness of the underlying den-
sity and p is the index of the norm where the smoothness is measured. Then

¢ (H(B. L)) = n~P/CFHD,
)
on(W(B. p, L)) =n~F-UP/CE=/PED = g5 0,1 < p < o0.

These minimax rates can be obtained from the results developed by Donoho and Low [12]; see
also Ibragimov and Khasminskii [21,22], and Hasminskii and Ibragimov [20].

Let now ¥ = Hy(8, L) where Hy; (8, L) is an anisotropic Holder class determined by the
smoothness parameter 8 = (B4, ..., B4). In this case,

d

-1
on(Ha(B. L)) = nP/CFHD, B:=[Zl/ﬂl}, Bi>0,i=1.d. 3)

i=1

The latter result can be obtained from Kerkyacharian, Lepski and Picard [24], Proposition 1, in
the framework of the Gaussian white noise model. The similar minimax results will be estab-
lished for pointwise multivariate density estimation in Section 3.2; see Theorems 2 and 3.

It is important to emphasize that minimax rates depend heavily on the dimension d. Let us
briefly discuss how to reduce the influence of the dimension on the accuracy of estimation (curse
of dimensionality). The approach which have been recently proposed in Lepski [29] is to take
into account the eventual independence structure of the underlying density.
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Structural assumption. Note Z; the set of all subsets of {1, ..., d} and 3 the set of all partitions
of {1,...,d} completed by the empty set &. For all / € Z; and x € R? note also x; = (x;)icr,
I={1,...,d}\ I, |I|=card(]) and put

Sfr(xp) 2=/, f(x)dxg.
RII

Obviously, f; is the marginal density of X ; and, to take into account the independence structure
of the density f, we consider the following set:

B = {Pe%: f =TT fieen.vx eRd}.

IeP

In this paper, we focus on the problem of pointwise multivariate density estimation on
anisotropic Nikolskii classes. In particular, we will prove that the minimax rate on the class
N; 4B, L,P) (introduced in Lepski [29], see the definition in Section 3.1) for fixed B8 €

(0, +00)?, p e [1,+00)?, L € (0, +00)?, P € P(f), are given by

[1 - Zie[ 1/(/3ipi)i|
Yier 1/Bi ’

If d = 1, then the structural assumption does not exist, that means formally P = &, and we come
to the rates given in (2). Note that N (8, L, @) coincides with the set of densities belonging

to H(B, L) and that N;’] E L, @) contains the set of densities belonging to W(B, p, L).
Ifd >2, pj=00,i =1,d, and P = & we find again the rates given in (3), and N;“o’d(ﬁ, L,2)
coincides with a set of densities belonging to Hy (B, L). Note however that if P # & the

latter rates can be essentially improved. Indeed, if, for instance, 8 = (B, ..., ) and P* =
{{1},...,{d}}, then r = B and

on(Np 4B, L,P))=n""/*D = inf

nPICPHD = g, (Ha (B, 1)) > 0u (N g (B. L. P*)) =0~ PICFHD. @)

Moreover, ¢, (N :o 4B, L, P*)) does not depend on the dimension d.

We remark that minimax rates (accuracy of estimation) depend heavily on the parameters 8, p
and P. Their knowledge cannot be often supposed in particular practice. It makes necessary to
find an estimator whose construction would be parameter’s free.

Adaptive minimax estimation. In the framework of the adaptive minimax estimation the under-
lying density f is supposed to belong to the given scale of functional classes {X, o € A}. For
instance, if X, =H(B, L), « = (B, L), orif £, =W(B, p, L), x = (B, p, L).

The first question arising in the framework of the adaptive approach consists in the following:
does there exists an estimator f: such that

lim sup{w;l(a)R,(,q)[f:, Ea]} < 400 VYa € A, (5)

n——+00

where ¢, («) is the minimax rate of convergence over X .
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As it was shown in Lepski [31] for the Gaussian white noise model, the answer of this question
is negative if £, =H(B, L), « = (B, L). Brown and Low [3] extended this result to the pointwise
density estimation. Further Butucea [4] extended the results of Brown and Low [3] over the scale
of L ,-Sobolev classes W(B, p, L). In Section 3.3.2, we will prove that the answer is also negative
for multivariate density estimation at a given point over the scale of anisotropic Nikolskii classes
N;,d(ﬂ, L,P).

Thus, for problems in which (5) does not hold we need first to find a family of normalizations
¥ ={¥,(3,),a € A} and an estimator fy such that

lim sup{ l(ot)R(q) f\p, } < 400 Va € A. (6)

n——+o0o

Any family of normalizations satisfying (6) is called admissible and the estimator ﬁp is called
Y -adaptive. Next, we have to provide with the criterion of optimality allowing to select “the
best” admissible family of normalizations, usually called adaptive rate of convergence. The first
criterion was proposed in Lepski [31] and it was improved later in Tsybakov [41] and in Klutch-
nikoff [27].

In particular, in Lepski [31] and in Butucea [4], it was shown that the adaptive rate of conver-
gence for the considered problem is

Iy \ B/@B+D
( ( )) k) ﬁ e (07 ,Bmax)7
HB, L) =1 "
v (HL(B, 1\ A/@B+D
(_) ) ﬁ = ,Bmax,
n
In(n) \ B~ 1/P/CE=1/p)+D)
( . ) , B € (0, Bmax),
(W, p. L) = 1\ B=1/P)/@B=1/p)+D)
(;) 3 ﬂ = ﬂmax,

with respect to the criterion in Lepski [31] and Tsybakov [41], respectively. Here, Bmax is an
arbitrary positive number.

Later Klutchnikoff [27] studied the pointwise adaptive minimax estimation over anisotropic
Holder classes, in the Gaussian white noise model. The consideration of anisotropic functional
classes required to develop a new criterion of optimality. Following this criterion, Klutch-
nikoff [27] proved that the adaptive rate of convergence is

In(n) P@B+D d (max)
. 0
(") pellod
‘Iln (Hd (/3, L)) = B(max)/(Zﬂ(maX) -
(_) ’ :3 — IB(maX)'
n

Recently, Comte and Lacour [6] found a similar form of admissible sequence for pointwise adap-
tive minimax estimation in the deconvolution model.
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In Section 3.3, we provide with minimax adaptive estimator in pointwise multivariate density
estimation over the scale of anisotropic Nikolskii classes. We will take into account not only the
approximation properties of the underlying density but the eventual independence structure as
well. To analyze the accuracy of the proposed estimator, we establish so-called pointwise oracle
inequality proved in Section 5.3. We will also show that the adaptive rate of convergence is given
by

1 r/(2r+1)
< n(n)) , 0 <r < rmax,

n
1 r/(2r+1)
<;> ' = Imax,
1—

s Zze[ L/(Bipi)
r"f‘%fv[ Y }

To assert the optimality of this family of normalizations, we generalize the criterion proposed in
Klutchnikoff [27]; see Section 3.3.2.

Organization of the paper. In Section 2, we provide a measurable data-driven selection rule
based on bandwidth selection of kernel estimators and we derive an oracle-type inequality for the
selected estimator at a given point. In Section 3, we treat the complete problem of minimax and
adaptive minimax pointwise multivariate density estimation on a scale of anisotropic Nikolskii
classes taking into account the independence structure of the underlying density. In Section 4,
we briefly compare our local method with the global one developed in Lepski [29]. Proofs of all
main results are given in Section 5. Proofs of technical lemmas are postponed to the Appendix.

v, (N[’,“,d(,B, L,P)) =

2. Selection rule and pointwise oracle-type inequality
2.1. Kernel estimators related to independence structure

Let K:R — R be a fixed symmetric kernel satisfying [K = 1, supp(K) € [—1/2,1/2],
IKlloo < 00,

Lk > 0: |K(x) = K()| < Lkl|x — yl Vx,yeR. @)

Forall I € Iy, h € (0, 1]¢ and x € R put also

KO =K@, Vi, =]Th. KD =V,'T]Ki/ho:

iel iel iel

AP (o) =n ‘ZK(”(XI = X0.0).
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Then introduce the family of estimators

SRUE {J?(Sjp)(xo) =[] 7o, (h, Py e ©, 117 x ‘B}.
IeP

Note first that f}: %) (x0) = f;")(xo) is the Parzen—Rosenblatt estimator (see, e.g., Rosen-
blatt [37], Parzen [35]) with kernel K ¥’ and multibandwidth h.

Next, the introduction of the estimator f((; )P) (xp) is based on the following simple observation.
If there exists P € P(f), the idea is to estimate separately each marginal density corresponding
to I € P. Since the estimated density possesses the product structure, we seek its estimator in the
same form.

Below we propose a data driven selection from the family F[*B].

2.2. Auxiliary estimators and extra parameters

To define our selection rule, we need to introduce some notation and quantities.
Auxiliary estimators. For I € Z; and h € (0, 114 put

n
Gp,(x01) =1V |:”_l Z|Ki(l?(xi,1 —XO,1)|}-

i=1

Introduce for I € Z; and &, n € (0, 1]d auxiliary estimators

VNI

n
- I
J/”;f:l,)m(xo,/) =n"" E KD (Xi —xo0.0). hp Vg = (hi Vni)ier.
i=1

Note that the idea to use such auxiliary estimators, defined with the multibandwidth 4 Vv 7, ap-
peared for the first time in Kerkyacharian, Lepski and Picard [24], in the framework of the Gaus-
sian white noise model.

We endow the set I3 with the operation “o” introduced in Lepski [29]: for any P, P’ € 3

PoP :={INI'#£2,1eP,I'eP'}eP.
Then we define for &, n € (0, 1]¢ and P, P’ € P

An) - )
Ty oeo:= [T Jih, Gon. ®)
I€PP’

Set of parameters. Our selection rule consists in choosing an estimator f;(,f )73) (xp) when the
parameter (%, P) belongs at most to the set $H[3] defined as follows.

Let3>0,7(s) € (0,1],s =1,...,d, be fixed numbers and let ‘" € (0, 11"], I € T, be fixed
multibandwidths. All these parameters will be chosen in accordance with our procedure.

Set also A := sup; .7, {1 Vv A‘(?‘q)[K, 31} and @ 1= {2A/T + 2¢) 2, where constants »[K, 3],

s € N*, g > 1, are given in Section 5.1. The explicit expressions of /\‘55“ [K, 3] are too cumbersome
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and it is not convenient for us to present them right now.
For all I € Z; and all integer m > 0 introduce

1 _
) ._ 1. . () DH\=3 ()
S 1= (€ O 10DV < Vi <02 Vi 0] I[;,(vfn)) b; }

iel
1 _
5’)5,{’)2 = {hl € (0, 1]|”: Ur(n])Vmax =< Vh; < U,(nll]Vmax} N HI:;’ (U,(nl)) 5[)51)],
iel

My (I) M, (1)
~gJ(I) = ( U ‘61(411,)1> U( U ﬁfnl,)z)’

m=1 m=1

where U;(nl) :=2-mTUD M, (1) is the largest integer satisfying U%Z(I)[thz) A Vinax] >

M, (I) <log,(n), and Vpyax is defined below.
Define finally

In(n)

o and

AP = {(h, P) € (0,119 x P: hy e HD,¥I e P}.

Extra parameters. Let § and 9 be arbitrary subsets of (0, 1]1¢ and 33, respectively. The se-
lection rule (9)—(10) below run over G [ﬁ] =(H x %) N $HP] and the reasons for introducing
these extra parameters are discussed in Remark 1. In particular, for measurability reasons, we
will always suppose that ) is either a compact or a finite subset of (0, 1]¢.

Set A, (x0) := 3Ad2[2G (x0)]*" !, where

Gy (xp) = sup  sup  sup [25;1,\/77,()60,1)]-
(h,P)eN B (0, PN R €PP’

Put also Vinax := supp gz infiep V, o) and, for (h, P) € (0, 119 x B,
by

Vv

NORVACES v
8(h,P):= sup  sup |: Or_INE | - fmax .
pepinrePoP'L Vi inf;ep th1>

Define finally, for (i, P) € (0, 11¢ x 3,

V(h,P):= inf V},,.
(h, ) jep

-~ [En(XO)]z{l VIns(h, P)}
Un,p)(x0) := VD) ,

2.3. Selection rule
For (h, P) € (0, 1]¢ x B introduce

Agn.p)(x0)
7n) 7n) N 7 ©)
= sup [ Fp) rpr 30) = Fiopn (k0)| = An (o) {Uiy, Py (x0) + Ui Py (x0) }] -
(. PHenB]
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Define finally (71\, 7’5) satisfying

AG B x0) + 28,0l 5 (ko) = inf_ [Agup)(x0) + 28 x0)hn ) (50)]. (10)
(h,P)es[F]
The selected estimator is f/,;(xo) = ﬁ(hf )73) (x0).

Similarly to Section 2.1 in Lepski [29] it is easy to show that (E, ’ﬁ) is X -measurable and
that (h, P) € H[B]. It follows that f,(xg) is also a X ) _measurable random variable.

Remark 1. The necessity to introduce the extra parameters $3 and 3 is dictated by several rea-
sons. The first one is computational namely the computation of Z(h’p) (x0) and (’h\, 73). However,
the computational aspects of the choice of P and §) are quite different. Typically, $) can be chosen
as an appropriate grid in (0, 1]¢, for instance, dyadic one, that is sufficient for proving adaptive
properties of the proposed estimator. The choice of I3 is much more delicate. The reason of con-
sidering ‘P instead of 3 is explained by the fact that the cardinality of 3 grows exponentially
with the dimension d. Therefore, if 3 = B, for large values of d our procedure is not practically
feasible in view of huge amount of comparisons to be done. In the latter case, the interest of
our result is theoretical. Note also that the best attainable trade-off between approximation and
stochastic errors depends heavily on both the number of observations and the effective dimen-
siond(f) =infpey(r) sup;ep [1|. Thus, if d(f) is big the corresponding independence structure
does not bring a real improvement of the estimation accuracy. So, in practice, B is chosen to sat-
isfy sup;p 1| < dy, VP € B\ {@}. The choice of the parameter dy (made by a statistician) is
based on the compromised between the sample size n, the desirable quality of estimation and the
number of computations. For instance, one can consider do = 1, that means that 98 contains two
elements, {{1,...,d}} and {{1}, ..., {d}}. The latter case corresponds to the observations having
independent components and it can be illustrated in Example 1 below. On the other hand, in the
case of low dimension d, one can always take ﬁ =P, sinceif d =2, P|=2,d =3, 'P| =5,
d=4,B| =12, etc.

Other reasons are related to the possibility to consider various problems arising in the frame-
work of minimax and minimax adaptive estimation and they will be discussed in detail in Sec-
tions 3.2 and 3.3.2. Here, we only mention that the choice 8 = {@} allows to study the adaptive
estimation of a multivariate density on R without taking into account eventual independence
structure. We would like to emphasize that the latter problem was not studied in the literature.

At last the introduction of 98 allows to minimize the assumptions imposed on the density to be
estimated. In particular, the oracle inequality corresponding to 93 = {@} is proved over the set of
bounded densities; see Corollary 1.

In spite of the fact that the construction of the proposed procedure does not require any condi-
tion on the density f, the following assumption will be used for computing its risk:

fERALFI={f: swp_ swp filo<tIPePNHNF)  0<f<too. ()
PP I€PoP!
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Note that the considered class of densities is determined by 8 and in particular, if & € 3,

Falf, 1 = { £ sup |l il < £} S Fulf. 0,

1€y

Flt @)= {1 1l <t) Falf (P = {2 sup L fillo £ P €0},

2.4. Oracle-type inequality

For I € Z; and (h, n) € (O, 179 x [0, 1] introduce

B,y (x0,1) == /Rm KD @) f1(xo,r + (hr v npu) — fi(xo,r + nu)]du,

where here and later y;x; denotes the coordinate-vise product of y;, x; € R
For (h, P) € (0, 114 x P define B, p)(xo) 1= SUPpr 5 SUP7ePoP’ SUPef0, 1) 1B n; (x0,01.

Introduce finally, if exists P € P(f) NB,

, 1VvInd(h, P)
R (f) = inf [B Py (x0) + 7}
Py Pepnl ) nV(h,P)

The quantity R, ( f) can be viewed as the optimal trade-off between approximation and stochastic
errors provided by estimators involved in the selection rule.

Theorem 1. Let $ C (0, 11¢ and B C P be arbitrary subsets such that $H[B) is non-empty.
Then for any 0 < f < 400, any q > 1 and any integer n > 3:

RO fo. f1< 1R (f) + aalnVimax] > Vf € Fylf, B, (12)

where a1 :=a1(q,d, K, f) and ar :== a2(q, d, K, f) are given in the proof of the theorem.

Considering the case 3 = {&} and noting $ = $@ we come to the following consequence
of Theorem 1.

Corollary 1. Let assumptions of Theorem 1 be fulfilled. Then, for all densities f such that
[ flle =t

R ) 1vIn(Vy/Vy) _
RO, f1<a; inf [ sup |Bh,,,(xo>|+,/—"/h]+az[nvhl 2. 13)
henns Lyefo, 174 nVp

Looking at the assertion of Theorem 1 and its Corollary 1 it is not clear what can be gained by
taking into account eventual independence structure. This issue will be scrutinized in Section 3,
but some conclusions can be deduced directly from the latter results. Consider the following
example.
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Example 1. For any t € R, put
f@)= ?—4{4l1[0,1/8)(l) + (% —26)1q1y8,1/41(t) + 11 /a,3/0@) + (1 — D180},
3

and define f;(x) = ]_[lfl: 1 fxi), x € RY. 1t is easily seen that f; is a probability density and the
goal is to estimate f(xo), xo € (3/8, 7/8)d.

Choose h =(1,...,1), h=(1/4,...,1/4) and let H= {b,h}. Put Py ={{1,...,d}}, Po =
{{1},...,{d}} and let f = {P1, P»}. Since, in this case, 9 x f contains 4 elements, our estimator
can be computed in a reasonable time.

Moreover, in accordance with the oracle-type inequality proved in Theorem 1, the accuracy
provided by the selected estimator is proportional to /[41n(4)]/n. On the other hand, the point-
wise risk of the kernel estimator with optimally chosen bandwidth and kernel is proportional to
V/[d49In(4)]/n if the independence structure is not taken into account. As we see, the adapta-
tion to eventual independence structure can lead to significant improvement of the constant. This
shows that the proposed methodology has an interest beyond derivation of minimax rates, which
is the subject of the next section.

3. Minimax and adaptive minimax pointwise estimation

In this section, we provide with minimax and adaptive minimax estimation over a scale of
anisotropic Nikolskii classes.

3.1. Anisotropic Nikolskii densities classes with independence structure

Let {ey, ..., es} denote the canonical basis in RS, s € N*,

Definition 1. Let p = (py,..., ps), pi €[1,00],B=(B1,...,Bs),B6i >0and L =(Ly, ..., Ly),
L; > 0. A function f:R* — R belongs to the anisotropic Nikolskii class N, (B, L) if

@ |Difl, <L Vk=0,1B],Vi=T5;

(ii) ||D}ﬁ”f(-+re,~)—D}ﬂ”f(-)”pl_5L,»|t|ﬁf*lﬂiJ VieR,Vi=1,s.

Here, D{‘ f denotes the kth order partial derivate of f with respect to the variable t;, and | f; ] is
the largest integer strictly less than f;.

The following collection {N;’ 4B, L, P)}p was introduced in Lepski [29] in order to take
into account the smoothness of the underlying density and its eventual independence structure
simultaneously.

N%4(B.L,P) = {f eN: (B, L): 20, / f=1f@ =[] ficn.¥xe Rd},
I1eP



1994 G. Rebelles
where f € N;d(ﬁ, L) means that

J1 €Npn(Br, L) VI e1y. (14)

We remark that this collection of functional classes was used in the case of adaptive estima-
tion, that is, when the partition P € 3 is unknown. However, when the minimax estimation is
considered (P is fixed), we do not need that condition (14) holds for any I € Z;. It suffices to
consider only / belonging to P, and we come to the following definition.

Definition 2 (Minimax estimation). Let p = (p1,..., p4), pi €[1,00], B=(B1,...,Ba), Bi >
0,L=(Ly,...,Lg), L;i >0and P €B. A probability density f:R? — R belongs to the class
Np,d(ﬂ7La 7)) l‘f

fo=J]fa@n V¥xeR.  freN, L) VIeP. (15)
1P

Let us now come back to the adaptive estimation. As it was discussed in Remark 1, the adapta-
tion is not necessarily considered with respect to . If B C B is used instead of 9, the assump-
tion (14) is too restrictive and can be weakened in the following way.

Denote B~ :={PoP’: P,P eXR}and f:, ={leTy: IPeP 1P}

Definition 3 (Adaptive estimation). Let 3 C B and (B, p, P) € (0, +00)? x [1,00]¢ x P be
fixed. A probability density f:R? — R belongs to the class Np.a(B,L,P)if

fx) = 1_[ fi1(xp) Vx e RY; f1 €Np, n(Br, Ly) VI GTZ. (16)
1eP

Some remarks are i@rder. . .
(1) We note that if B =, then N, 4(8, L, P) = N;’d(,B, L, P), but for some P C B, one

has N;ﬁd(ﬂ, L,P)C Np,d(ﬁ, L, P). The latter inclusion shows that the condition (16) is weaker
than f € N;’d(ﬂ, L,P). Iiparticular, if 8 = {7}, then Np,d(ﬂ, L,@)={feN,qaB,L): f=>
0,/f=1}D N;’d_(ﬁ,L,Q). B

(2) Note that if B = {P}, then N, 4(B, L, P) coincides with the class N, 4(8, L, P) used for
minimax estimation. But Np,d(ﬂ, L,P) C Npa(B,L,P) forall Pe P for any other choices

of .
3.2. Minimax results

For (8, p, P) € (0, +00)? x [1,00]¢ x P define

- Zie[ 1/(Bipi)
Y /B

. 1
r:=rB,p,P) = Ilggyz(ﬂ,p), vi:=vi(B,p)= IeP;
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r/Q2r+1)
en(B. p.P) = (;) ) pn(B, P, P) =1y <0y + @n (B, P, P)Lir>0). (17

As it will follow from Theorems 2 and 3 below ¢, (8, p, P) is the minimax rate of convergence on
Np.a(B, L, P). Hence, similarly to the standard representation of minimax rates, the parameter r
can be interpreted as a smoothness index corresponding to the independence structure.

Theorem 2. Y(B, p, P) € (0, +00)¢ x [1, 00]? x B, VL € (0, 00)¢, 3¢ > 0:

liminf| o' (8. p. PYinf R [ 1. Npa(B. L. D]} = c,
Jn

n—+00
where infimum is taken over all possible estimators.

Note that the assertion of Theorem 2 will be deduced from more general result established
in Proposition 1 below. It is also important to emphasize that if r < 0 there is no uniformly
consistent estimator for the considered problem and, to the best of our knowledge, this fact was
not known before. Let us provide an example with a density for which r < 0.

Example 2. Suppose that d = 1 and, therefore, P = @ (no independence structure). For any
x e R, put

1
x)=1nx)+ —=1 Xx).
g(x) =1yy(x) NG 0,11(x)
Some straightforward computations allows us to assert that g ¢ N, 1(8, L, 2),VL > 0,if pB>1
(i.e., r > 0), and that g € Ny 1(1/2, L, @) for some L > 0 (p =1, 8 = 1/2). Thus, in this case,
one has r < 0.

Our goal now is to show that ¢, (8, p, P) is the minimax rate of convergence on N, 4(8, L, P)
and that a minimax estimator belongs to the collection F[3]. In fact, we prove that the minimax
estimator is f((l:’ )73) with properly chosen kernel K and bandwidth h.

For a given integer / > 2 and a given symmetric Lipschitz function u:R — R satisfying
supp(u) € [—1/(21),1/2D)] and [ u(y)dy =1 set

l

ui (2) :ZZG)(_I)HA%“(%)’ zeR. (18)

i=1

Furthermore, we use K = u; in the definition of estimators collection §[*33].
The relation of kernel #; to anisotropic Nikolskii classes is discussed in Kerkyacharian, Lepski
and Picard [26]. In particular, it was shown that

fK(z)dz=1, /sz(z)dz=0 Vk=1,...,0—1. (19)
R R
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Choose finally h = (hy, ..., hy), where

h; = n*(Vl(ﬂsP)/(ZVI(ﬂgp)+1))(1/ﬂi(1))’ iel IeP.
Here,
Bill):=s(DPis (1), =():=1=Y (Bp)™".  saD):=1=Y (p; ' —pi " )B "
kel kel

Theorem 3. For all (B, p,P) € (0,114 x [1,00]¢ x B such that r(B, p,P) > 0 and all L
(0, 00)4

limsup{p, ' (B, p. PYRW [ F'p)» Np.a(B. L. P)]} < oc.

n——+00

To get the statement of this theorem, we apply Theorem 1 with P = {P} and $ = {h}. In
view of the embedding theorem for anisotropic Nikolskii classes (formulated in the proof of
Lemma 3 and available when r(8, p, P) > 0), there exists a number f:= f(8, p) > 0 such that
Np.a(B, L, P) CFylf, {P}]. It makes possible the application of Theorem 1.

Let us briefly discuss several consequences of Theorems 2 and 3. First, if P = &, we obtain the
minimax rate on the anisotropic Nikolskii class N, 4(8, L). In particular, if p; =+o00,i =1,d,
we find the minimax rate on the anisotropic Holder class Hy (8, L) given in (3). If d = 1, then
our results coincide with those presented in (2).

Next, in view of Theorem 2 there is no consistent estimator for f(xg) on N, 4(B8, L) if
r(B, p, @) < 0. On the other hand, if f € Np.a(B,L,P)and r(B, p, P) > 0, then such estimator
for f(xp) does exist in view of Theorem 3 even if r (8, p, &) <O.

Note also that the condition r(8, p, @) > 0 is sufficient to find a consistent estimator on each
functional class N, 4(8, L, P), P € B, and that the same condition is necessary for the estima-
tion over N 4(8, L, D). It allows us to compare the influence of the independence structure on
the accuracy of estimation. For example, we see that

(pn(Hd(ﬂaL))>>(pn(ﬂ’p7P)v pi=oovi=17d~
We conclude that the existence of an independence structure improves significantly the accu-
racy of estimation.
We finish this section with the result being a refinement of Theorem 2.
Proposition 1. Y(8, p, P) € (0, +00)? x [1, 00]¢ x P, VL € (0, 00)¢, 3¢ > 0:
N R e (@ F
timinf{ o, (8. p, P) inf Ry [fo. N a6 L. P}z

where infimum is taken over all possible estimators.

Remark 2. Recall (see Section 3.1) that N;’d(ﬂ,L,P) - ﬁp,d(ﬂ,L,P) C Npa(B, L, P).
Hence, the statement of Theorem 3 remains true if one replaces N, 4(8, L, P) by N p.d(B, L, P),
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&]_3 C *B. Thus, Proposition 1 toget_her with Theorem 3 allows us to assert that p, (8, p, P) is the
minimax rate of convergence on N, 4(8, L, P).

3.3. Adaptive estimation

3.3.1. Adaptive estimation. Upper bound
Let B C P, such that & € P, be fixed. Denote d(P) := sup;cp|I|, P € B, and d :=
infpeﬁ d(P).

Set ,Bl.(max) = Bmax > (d — d)/2, pl.(max) = +00,i = 1,d, and suppose additionally that /
2V Bmax- Choose K=uy, 3 := Mﬁ and 7(s),s =1,...,d, satisfying

v

7(5) := 2Bmax/ (2Bmax + E)

Let § be the dyadic grid in (0, 1]¢ and let h(ll), I € 1, be the projection on the dyadic grid in
(0, 11”1 of the multibandwith h'"’ given by

hlg) — n—l/(ZﬂmarFE), iel. (20)

Consider the estimator ﬁ, (x0) defined by the selection rule (9)—(10), in Section 2.3.
For (B, p, P) € (0, Bmax]? x [1, 00]¢ x P introduce

r/Q2r+1)
<1n(n)> , r:=r(B, p,P) < rmax,

n

1 Tmax/ (2rmax+1) = E
<;) ) ri:r(ﬂvpsp)zrmaw

Theorem 4. For any (8, p) € (0, ﬁmax]d x [1, 0014 such that r(B8,p,d)>0,any P € % and
any L € (0, 00)4

Vn(B, p,P):= 20

limsup{t/fn_l(ﬂ, p,P)RSlq)[fAn,ﬁp,d(:Bv L,P)]} <oo.

n——+00

Similarly to Theorem 3, the proof of Theorem 4 is mostly based on the result of Theo-
rem 1. The application of Theorem 1 is possible because N,,,d (B, L, P) C Fylf, E] for some
f:=f(8, p) > 0 that is guaranteed by the condition r (8, p, &) > 0.

We would like to emphasize that the construction of ﬁ(xo) does not involved the knowledge
of the parameters (B, L, p, P). Using the modern statistical language, one can say that fAn(xo) is
fully adaptative.

Note, however, that the precision ¥, (8, p, P) given by this estimator does not coincide with
minimax rate of convergence ¢, (8, p, P) whenever r # ryax. In the next section, we prove that
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¥, (B, p, P) found in Theorem 4 is an optimal payment for adaptation.

3.3.2. Adaptive estimation. Criterion of optimality

Let {Z,p), (o, b) € A x B} be the scale of functional classes where A C R™ is a (m)-
dimensional manifold and 95 is a finite set. Recall that the family ¥ = {¥, («, b), («, b) € A x B}
of normalizations is called admissible if there exists an estimator fy such that

limsup{@, (@, HRY [ fu, S ]} <400 ¥(a,b) € Ax B. (22)

n—-+00

The estimator ﬁp is called ¥ -adaptive.
In the considered problem, o = (8, p), b =P and

A={(B.p) € (0, Bmax]? x [1,00]: r(B, p. @) >0}, B=T.

As it follows from Theorem 4 ¥, (8, p, P) is an admissible family of normalizations and the
estimator fA,, is Y, -adaptive.

Let ¥ = {W, (o, b) > 0, (o, b) € A x B} and ¥ = {¥, (e, b) > 0, (o, b) € A x B} be arbitrary
families of normalizations and put

@, (a, b)

Tu(a,b) = m,

T, (o) := bic?% Y, (c, b).

Define the set AV [¥ /W] C A as follows:
AO /9= [a e A: lim Yy(a) = o},
n—oo

The set AQ[& /¥] can be viewed as the set where the family 1 “outperforms” the family V.
For any b € ‘B, introduce

AT /0] = {a €A lim 1, (o) Yy (@, b) = 00, Ve € A<°>[u7/u/]}.
(00)

Remark first that the set A, 1 /W] is the set where the family ¥ “outperforms” the family v,

Moreover, the “gain” provided by ¥ with respect to ¥ on AZOO)[IIN/ /W] is much larger than its
“loss” on A© [@/W].

The idea led to the criterion of optimality formulated below is to say that ¥ is “better” than 17
if there exists b € B for which the set .A;fo) [lINI /¥] is much more “massive” than AO ['T/ /Y.

Definition 4. (1) A family of normalizations ¥ is called adaptive rate of convergence if

1. ¥ is an admissible family of normalizations,
2. for any admissible family of normalizations ¥ satisfying AV W /W] +# @
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o AO[Y /W] is contained in a (m — 1)-dimensional manifold,
e there exists b € B such that A;,OO)[W /W1 contains an open set of A.

() If ¥ is an adaptive rate of convergence, then ﬁp satisfying (22) is called rate adaptive
estimator.

The aforementioned definition is inspired by Klutchnikoff’s criterion; see Klutchnikoff [27].
Indeed if card(®8) = 1 the both definitions coincide.

Theorem 5. (i) We can find no optimal rate adaptive estimator (satisfying (5) in Section 1) over
the scale

{Npa(B.L,P),(B.p.L.P) e},

whenever A C {(B, p, L, P) € (0, ,Bmax]d x [1, 00]¢ x (0, oo)d X f: r(B, p, @) > 0} contains at
least two elements (B, p, L, P) and (B’, p', L', P') such that r (B, p, P) #r (B, p’, P).

(ii) ﬁ,(xo) is rate adaptive estimator of f(xo) and ¥, is the adaptive rate of convergence, in
the sense of Definition 4, over the scale

{Np.a(B.L.P), (B, p, L, P) € (0, Bmax]? x [1, 001¢ x (0, 00) x T, (B, p, D) > 0}.

It is important to emphasize that our results cover a large class of problems in the framework
of pointwise density estimation.
In particular, if 3 = {@}, we deduce that f,(x¢) is rate adaptive estimator of f (x() over

{Np.a(B.L, D), (B. p. L) € (0, Bmax]? x [1,00]¢ x (0, 00), (B, p, @) > 0}.

The adaptive rate of convergence for this problem is given by

1 r/(2r+1) . 4_ o
( n(i’l)> , (B, p) # (lg(max)’ p(max))’ - Zz_l /(Bip )’

d
_ g
Yn(B, p, D) = =1 1/B
1 rmax/(2rmax+1) IBmax
(;) B = (B, P, i i=

To the best of our knowledge, the latter result is new. It is precise and generalizes the results
of Butucea [4] (d = 1) and Comte and Lacour [6] for the deconvolution model when the noise
variable is equal to zero.

Another interesting fact is related to the set of “nuisance” parameters where the adaptive rate of
convergence ¥, (B, p, P) coincides with the minimax one. In all known for us problems of point-
wise adaptive estimation this set contains a single element. However, as it follows from Theo-
rem 5, this set may contain several elements. Indeed, if, for instance, d = 4 and P ={P1, P2, P3}
with P; = {{1}, {2}, {3, 4}}, P> = {{1, 2}, {3, 4}}, P3 = {{1, 2, 3, 4}}, then ﬁ,(x()) is rate adaptive
estimator of f(xg) over

{Npa(B.L.P), (B, p. L. P) € (0, Bmax]* x [1, 00]* x (0, 00)* x P, r(B, p, D) > 0}.
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In this case, the adaptive rate of convergence satisfies

1 Tmax/ (2rmax+1)
Vn(B. p, P) = <;) ; (B, p.P) € B0} x {pM0} x {P1, P2},
’ o Bmax
max -— 5

Thus, in the considered example the aforementioned set contains two elements.

Finally, let us note that there is a “In-price” to pay for adaptation with respect to the structure
of independence even if the smoothness parameters 8, L and p are known. This result follows
from the bound (41) established in the proof of Theorem 5.

4. Discussion: Comparison with the global method in
Lepski [29]

The latter paper deals with the rate optimal adaptive estimation of a probability density under
sup-norm loss. It is obvious that the estimator constructed in Lepski [29] is fully data-driven
and can be also used in pointwise estimation. However, this estimator is neither minimax nor
optimally minimax adaptive when pointwise estimation is considered. Below, we discuss this
issue in detail.

Oracle approach. Obviously, the use of a local method allows to control better the error of
approximation since B, p)(xo) is smaller than sup, ge B, ) (x). Moreover, our local method
controls better the stochastic error since In§(k, P) is smaller than In(n). The latter fact is ex-
plained by the use of different constructions of the selection rule. First, it concerns the choice
of the regularization parameter 4. Whereas Lepski [29] uses kernel convolution, we use the “op-
eration” Vv on the set of bandwidth parameters. Next, in pointwise estimation, we select the
parameter (&, P) from very special set whose construction is new. It is important to emphasize
that the consideration of the parameter set used in Lepski [29] is too “rough” in order to bring an
optimal pointwise adaptive estimator. Both reasons required the introduction of novel technical
arguments for pointwise estimation with respect to those in Lepski [29] for estimation under sup-
norm loss; see the definition of our selection rule in Section 2.3, and the proofs of Proposition 2,
Lemma 1 and Theorem 1 in the next section. Note, however, that the adaptation to eventual
independence structure in both papers has rest upon the same methodology.

The following example illustrates clearly how the quality of estimation provided by Lepski’s
estimator can be significantly improved by application of our local method.

Example 3. Considering the problem described in Example 1, we compare both methods.

e Local method. We obtain from our local oracle inequality that
-~ 1 -
EP | fo@o) — fa0)|")"! < (e1/An@ + e2)n™ 2 ar.az > 0.
e Global method. The best quality of estimation provided by Theorem 1 in Lepski [29] is

(EP[Fa o) — fao)|) " = @€y + Co(n/ ) ™7, cr.ca >0,



Pointwise adaptive estimation 2001

It is also important to emphasize that our Theorem 1 presents other advantages with respect to
that in Lepski [29].

(a) We derive our oracle-type inequality over the functional class Fy[f, 98] which contains the
class F4[f] used in Lepski [29] that allows to obtain upper bounds under more general assump-
tions. For instance, if 8 = {{1, ..., d}}, we do not need that all marginals are uniformly bounded,
that is not true when we use Theorem 1 in Lepski [29]; see our Corollary 1 above.

(b) The oracle-type inequality for sup-norm risk cannot be used in general for other type of loss
functions. Contrary to this, the pointwise risk can be integrated that allows to obtain the results
under L -loss; see, for example, Lepski, Mammen and Spokoiny [30] and Goldenshluger and
Lepski [17]. In this context, the establishing of local oracle inequality with the term In§(h, P)
instead of In(n) is crucial.

Minimax adaptive estimation. Comparing the minimax rate of convergence defined by (17),
we find a price to pay for adaptation in the pointwise setting. This does not exist in the estimation
under sup-norm loss. Note nevertheless that this price to pay for adaptation is not unavoidable
for all values of nuisance parameter (8, p, L, P). This explains the necessity of the introduction
of the optimality criterion presented in Section 3.3.2.

Let us also compare our results with those obtained in Lepski [29].

Example 4. Consider that 8 still contains the elements P and P, defined in Example 1 and
that d = 2. Put Bnax = 1.

e Local method. In view of our results, our estimator f,, achieves the following minimax rate
of convergence:

. -~ 1 —
inf sup (B | 7o) = £xo)|") /T =013,
I feNw 2 (B, L, Py)

where infimum is taken over all possible estimators. ~
e Global method. In view of the results in Lepski [29], the estimator f,, proposed in the latter
paper achieves the following minimax rate of convergence:
. - 1 —-1/3
inf sup EDIF = £1%)"7 = (1/Inm) ™7,
I N2 (B0, L Py)

where infimum is taken over all possible estimators.

Thus, the application of the procedure from Lepski [29] for pointwise adaptive estimation
leads to the logarithmic loss of accuracy everywhere, while our estimator is rate optimal for
some values of nuisance parameter.

5. Proofs of main results

The main technical tools used in the derivation of pointwise oracle inequality given in Theorem 1
are uniform bounds of empirical processes. We start this section with presenting of corresponding
results those proof are postponed to the Appendix. In particular, we provide with the explicit ex-
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pression of the constants Aﬁq) [K, 31, ¢ > 1, used in the selection rule (9)—(10). Our considerations
here are mostly based on the results recently developed in Lepski [28].

5.1. Constants A\V[K, 5]

Set for any s € N*, ¢ > 1, )»Eq)[K,g] = {3q + sql1 v 311 + 1/1)}1/2k§q), where 7 =
inf;ez, T(|11) > 0,

10seLk
1Ko

WD = A DK = { <10ses + ) V (48e) } [ﬁ +7/0+¢q) ||K||go]C§?1) KI5,
and C) := [14455,2 + 5 +3 +36C,] v 1.
Here, §, is the smallest solution of the equation 87128(1 + [In 8]2) =1 and

1 9216(s + 1)82)i| 1 [ (9216(S + 1)8)]
Cy =5 sup — 1+ln<7 +ssup = |(1+In| ———— ,
SR 52[ RO AR 5*(6) .

eror . (6/7%)
SO = T e

5.2. Pointwise uniform bounds of kernel-type empirical processes

Lets e N*,s <d,andletY; = (Y;1,..., Yi),i € N* be a sequence of R*-valued i.i.d. random
vectors defined on a complete probability space (€2, 2, P) and having the density g with respect

to the Lebesgue measure. Later on }P’g’) denotes the probability law of Y™ := (Y1, ..., Y,) and

Eg") is the mathematical expectation with respect to Pg"). Assume that ||g|lco < g Where g > 0 s
a given number.

Seta? := 2T g1 v A2 and

N . 1 s
() .— (mm) (max) clZ
1 =] [n™ ). b (n)]_[n,l},

i=1

5D ()= {h e HO: 1V, > [aP] In(n)).

(s)
n

Forany h € H,,’, yp € R® and u > 1 set also

Ko) :=]]Ke).  Vi=[]h K=V, '[[KGi/hi)  ¥yeR',
i=1 i=1

i=1

Gu(yo):=1V Ul; |Kn(y — y0)|g(») dy}, Gn(yo) =1V [n_l > K (Y - yo)!],

i=1
u [Gi( )]2 V), (max
Z/I;E )()’o) = \/T)/);:{l vln(%) +u}.
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For a given yg € R® consider the empirical processes
g Y p P

o) =n"" Y [Kn(Yi = yo) —EP{Kn (Vi —y0)}],  heH,
i=1

Si,n)(yo) =n 12[\1(11(1@ —y0)| = ES{ | Kn (Y — yo)|}]. heHy.
i=1

Proposition 2. For all g > 1, all integer n > 3 and all number u satisfying 1 <u < glIn(n)

. 4 — -
M EP] swp [ 00 - 4%U 00], | = 0K gln Vi 72
hesH® )

) 1 a S
(ii) E;">{ sup [!sh (yo)!——Gh<yo>] } < CP (K, @)[nVyma 17127
hen@ (n) 2 +

~ a\1/q 12 -
i) (EV] sup [Ga00) =2Ga00],|") " =200 K @] 10V 17267
heHy” (n)

The expression of the constant C§q> (K, g) is given in the proof of the proposition.

5.3. Oracle-type inequality

5.3.1. Auxiliary result
For I € Zy and I € (0, 119 set

br, (xo.1) :=/RH KDy —xon frendy, &P o) = 7 Gor) — bay o.);

G, (x0.1) =1V [/Rl KD (xr = xo, 1)|f(x1)dx1}

G(xo):= sup sup sup_ Gy, (x0.1)-
(h,P)eH T (n,P)eR[R11EPP

For any (h, P) € (0, 119 x P put

[G(x) {1V Ins(h, P)}
U, py(x0) == VD) .

Define also f, (xo) := 12Ad>(2max{G, (xo), 1 Vv f|K]|¢ N4 and

En(xo):= sup  sup  sup HSthm (x0,0)| — MU, Py (x0) + Uy, pr) (XO)}]+~
(h, P)ER B (0, PHeH P I €PP
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Lemma 1. Set f > 0. For any q > 1 there gis_t constants ¢; :=¢;(2q,d, K, f,3),i =1,2,3,4,
such that Vn > 3,V f e Fy4lf, B, V(h, P) € HIB], P € B(Sf),

@ (B (&))" < erlnVimad 72

i) (B [G@o) — Gat0)]?) ™ < ol Vinax] ™%
i) (B[ o)[) " <c

(iv) (E( |U(h Py (x0)| q) V24 < caldn, Py (x0)-

5.3.2. Proof of Theorem 1

We divide the proof into several steps.
(1) Let (h, P) € H[B], P € P(f), be fixed. By the triangle inequality, we have

i "(n) 7(n) "(n) 7(n)
|[Ja ko) = F 0| < |75 o) = 1" ) G0 + |7 ) ) (000 = Fipy (x0)]|
+ | 73, (x0) = £ (x0)] (23)

< 2[A g (x0) + 28, (x0) U ) (x0) ] + }f/‘}:)'p) (x0) — f(x0)|.

Ztn) _ s D
Here, we have used that f(h .00, 7D)( 0) = f(h B).(hP) (x0) and the definition of (&, P).

In what follows, we will use the inequality: for m € N* and a;, b; e R,i =1, m,

Hal l_[b

i=1 i=1

—1
<m(sup max{ai|, |b; |}) sup la; — byl. (24)

i=1,m i=1,m

Here and later, we assume that the product and the supremum over empty set are equal to one
and zero, respectively.
(2) Since P € B(f), using (24) we have

~ d—1

[Ty ) = £ x0)| = d(supmax{ Gy o, 1)) sup| 7 xo.) = fi o)
Ie Ie

(25)

< d(max{G, (x0), )" [Bup) (x0) + & (x0) + 20U ) (x0)],

since G (x0) = G, (x0.1) = Land | fi (x0.1) — f1 (xo.0)| < &5 (xo,1) |+ 1bw; (x0.1) — f1 (x0,1)]
VI eP.
()

(3) Setf, " := =d[G(x0)]1%“=D. For any (n, P") € Sﬁ[m] we get from the inequality (24)

H i (x0,1n17) — J/(:](:l/)(x(),l’) .

hynp ninp
I[€P: INI'#£>

)
|7y 2 X0) = oo (00| <1, sup
I'eP’

Introduce, for all I € Z; and all n € (0, 119, by, , (x0.1) := Jrin K}(l?v,“ (u — x0,7) f1 (1) du.
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Put also f'flz) := d(max{G, (xo), G(x0)}))¢~!. For any (n, P’) € H[F] and any I’ € P’, in view
of (24),

Ztn)
1_[ Thy gy 0.IOT) = 1_[ b,y gy (X0, 1007)
IeP: INI'#£D IeP: INI'#£&
=2 (n)
=t, sup |§hm,v,,m/(x0,ml/) ,
IeP: INI'#£2

2
[T brnmoy Goanr) = by, (o) | <8, Beap) (xo).

IeP: INI'#£D

For the last inequality, we have used that P € 3(f) and, therefore, for any 7 € (0, 1]¢ and any
I'ely

1/
by, (xo0,1") =/ " K,(”,)(XI’ — X0,1") l_[ Jinr (xpnp) dxp = H by, Xo,1017)-
R| 1eP: INI'42 1eP: INI'#0

(4) Applying the triangle inequality, we get since fflz) > 1and Uy p)(xo) > 0, forany (n, P’) €
Gloyl

Z(n) Ztn)
| f(h,P),(T],’P”) (XO) - f(n"p/) (X()) ’

+(D +2) =2)
<f, sug {fn sup |§i(;:2,,vnm,/ (xo,m,/)] +1, Bn.p)(xo) + }g%} (x0.17)
I/E /

1eP: INI'£D }
+(D5(2) +(D5(2) +(D&(2)
<f, 't By p)(xo) + 2, £, & (xo) + 3AE, £, {Ug, Py (x0) + Uy, p)(x0) ]

Put 12 := d[2G, (x0)]1¢~" and U(xo) := sup, Uy Py (x0). We obtain that

YENIT]
A, Py (x0)

—(1)=(2 —(1) -0 ~
< 2f,(1 )f; ){B(h,P) (x0) + & (x0) } + 3kf§l {Uxo) + U, py(x0) }[E, ' fﬁz)h

_(1)\/ o~
+ 32, fff){ sup [Uy, ) (x0) = Uey (o)

(n,PHeHB] 26)
+ [Un,p)y(x0) — Z;[\(h,P) (Xo)]+};
Z(h,P) (x0)

< £, (x0){ Bn,p) (x0) + & (x0) + [G (x0) — Ga(x0)], |
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where £, (xo) := 12Ad? (2 max{G, (x¢), 1 v f||K||f{})d2, since A A K| > 1,

1V Ins(h, P o
Uy (o) = (1VAIKI), [0 C <1V (o, P') € B,

and [a™ — b™], < m(max{a, b)) '[a — b]y,Va,b> 0, Vm € N*.
(5) Finally, we deduce from (23), (25) and (26), using again A A ||K]||{ > 1, that

| fax0) — £ (x0)]

_ R _ 27)
<38, (x0){ B, p) (x0) + Un, ) (x0) + U, Py (x0) + &n(x0) + [G (x0) — G (XO)]+}-

By the Cauchy—Schwarz inequality
-~ 1
(E(;)Un(m) — f@&xo)|) 1
- 2q\1/2 ~ 2q\1/2
<3(EY [£, o) ) 7 [Bon. )y (x0) + Uin 2y (o) + (B [T ) (x0) ) /27
2q\1/(2 —= 29\ 1/(2
+ (EP |6 o)) /7 + (B [Gxo) = Gae)]F) 27,
Applying Lemma 1,
o~ 1 —
(B | 7o) = £0)|7) < 3e3[ B, py (x0) + (1 + )l py (x0) + (€1 + €2) [ Vimax] /2],
and we come to the assertion of Theorem 1 with oy = 3¢3(1 4+ ¢4)(1V f||K||‘f) and ar = 3c¢3(c; +

c2).

5.4. Lower bound for minimax estimation

5.4.1. Auxiliary result

The result formulated in Lemma 2 below is a direct consequence of the general bound obtain in
Kerkyacharian, Lepski and Picard [25], Proposition 7.
Let (B, p, P) € (0,00)? x [1,00]? x 9P and L € (0, o0)? be fixed.

Lemma 2. Suppose that there exists { fo, f1} C N[’?“’ 4(Bs L, P) such that IPSZ) is absolutely con-

tinuous with respect to ]P’%) and

| f1(x0) — fo(x0)| = sn(B. p. P); (28)
. (n) dP%) g
limsup E/ —IL(X™M)—1| <C <oo. (29)
n—stoo 0 d[P)(;(l))
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Then, for all ¢ > 1,

liminf[sn_l(,B, P PYinf R [ Fo N7 4 (B, L, 7?)]]

n——+00 -

=

(1-VC/(C+9),

where infimum is taken over all possible estimators.

N =

5.4.2. Proof of Proposition 1

Set N (x) := ]_[?=1 \/271_1 exp(—x?/2) and let fy(x) := o ~'N(x/o). It is easily seen that one
can find o > 0 such that

fo € Ny ,(B.L/2,P)S N, ,(B,L,P),

LiZZZ/\Li, i=1,d.

(30)

Let I ={iy,...,im} € P be such that r :=r(B, p, P) = y;(B, p) and g:R — R such that
supp(g) € (—1/2,1/2), g € (Nie; Np:.1(Bi- 1/2), [ g =0, and |g(0)| = ||g||00- Define

m
Xi, — X0.i
G(x;)=A, Hg(”Tll)
n

=1

where Ay, 8, — 0,1 =1,m,if n — oo, will be chosen later. Note that G € N, ;1(Br, L;/2) if

m 1/Pi,

—Bi L B

Anal‘n’(naj,n> 56—;’, I=T.m e =gl L (31)
j=1

Introduce
filx) = 1_[{[27t02]71 exp(—x7/20?)} {H[2naz]l exp(—x7/207) + G(x;)}. (32)
i¢l iel

It is obvious that there exists Ag > 0 such that if A, < Ag then fi(x) > O for any x € RY.
Note also that the condition [ g = 0 implies that [ fj = 1. We conclude that f; is a probability
density. Furthermore, assumptions (30)—(31) and the definition of f; allow us to assert that f] €
N;,d(ﬂ, L, P). We remark that

| fi(x0) = foxo)| =cAn. ¢ = (0v2m)" | g(0)|" | [exp(—x5,/207).
i¢l

Then Assumption (28) of Lemma 2 is fulfilled when s, (8, p, P) < cfAj.
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Since X, k =1, n, are i.i.d. random fields and [ g = 0 it is easily check that

dp? 2 u "

(n) J1 (n) 2

= )] < [l * e (H )”g”z’"]
fo

Jj=1

2lgl3 -
Sexp|:f01(x01) (1:[ ln>:|’

for n large enough. Here, we have used that supp(G) C I1,, := ]_[;"=1 [x0,i; — 81,n/2, X0,i; + 61,0 /2]
and that infy, ey, fo,7(xr) = fo,1(x0,7)/2 for n large enough.

Since ]E(”)[

< )
(n) (XM =1 , Assumption (29) of Lemma 2 is fulfilled if

Xp MnAZ ﬁg. —1<C
Jo (o) " ik o -

The latter inequality holds if

nA2 ﬁ S <2 t= [c*r1 In(C+1) = M (33)
"\ A ' ? ’ 27 forxon)

To finalize our proof, we study separately two cases: r > 0 and r < 0. Note first that r =

(1 —1/sp)/(1/B1), where

s/ _Zﬂl pi Bi _Zﬂ,

S
1 iel l iel

(1) Case r > 0. Solving the system

—ﬂ- m l/pil L m
Ady " (1‘[ 5,-,,1> - —C—l’ I1=1,m, nA,%(]‘[ 3,,,) =2
j=1

we obtain

VB 2NV BiPi) |15 58 ». 2\ "/ @r+h
81,}1 — (i) <_> An/ﬂll /(,Btlpl[)’ An — R(—) i
Lil n n

m oo\ 1/@By) 1/(1=1/s1=1/2B1)
R=|TT(=*
= 1% .

It is easily seen that A,, 6; , = 0,/ =1, m, if n — 0o and one can choose C = 1.
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We conclude that, if r > 0, Lemma 2 is applicable with s, (8, p, P) = cj‘R(%)’/ @r+D),

(2) Case r <0. We choose A, = A, where the constant A satisfies 0 < A < Ag. Solving the
system

5 m l/pil L. m

—Bi i 2 2

A51,nl<l_[151,n> < Cl’ nA (]_[15,n> <1
= Jj=

<AC1)l/ﬁi1
81,n > | —
L, .

In(C +1)
Rp=———
2 c;A2

A
|

I

E

E]s

1/(pi[,3il) m
j,n) s HSj,n < Royn~ !,

Note that one can choose A such that maxl:m(%)l/ﬁil <1landC =1. Since s; < 1, we obtain
miLy

the following solution:

R, st/ (piy Bip)
81’n=(—> — 0, l=1,m,n— oo.

n

We conclude that, if r <0, Lemma 2 is applicable with s, (8, p, P) = c’fA.
This completes the proof of Proposition 1.

5.5. Upper bounds for minimax and adaptive minimax estimation

The proof of Theorems 3 and 4 is based on application of Theorem 1. Note that in view of
the embedding theorem for anisotropic Nikolskii classes (formulated in the proof of Lemma 3),
there exists a number f:=f(8, p) > 0 such that sup;.p || frlleco <fif (B, p, P) > 0 or such that
SUPp i SUP/ep | filloo <fif (B, p, @) > 0. It makes possible the application of Theorem 1.

5.5.1. Auxiliary result

The result formulated in Lemma 3 below is a consequence of Theorem 6.9 in Nikolskii [34].
_ Let 1 >2 be a fixed integer and ‘P C P be a fixed set of partitions of {1,...,d}. Let f €
Np.a(B, L, P), where g € (0,119, P € B, p € [0, 00]¢ satisfy r(8, p, P) > 0 and L € (0, 00)?.

Lemma 3. There exists ¢ :=¢(K, d, p,l, P) > 0 such that

Buyy o) <Y Lin" " WP eB,VI e Po P ¥(h, ) € (0,119 x [0, 11,

iel

where B, , (xo,1) is defined in Section 2.4, B;(I) := %(I),Bi%l._l(l), »(I) = 1—Zk€1(ﬁkpk)_l
and (1) :=1 -3, (p = pr DB

The proof of this lemma is given in the Appendix.
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5.5.2. Proof of Theorem 3

For all I € P, consider the following system of equations:

| | 1
W == el
J ! nVy,

and let h; denotes its solution. One can easily check that

by = = EP/@QUBDFWBWD) e [P, (34)

Here, we have used that 1/y; (8, p) = _;c; 1/B: (D).
We note that 2~ 'nV(h, P) > an(n) for all n large enough. To get the statement of the

theorem, we will apply Theorem 1 with 3 =1, t(s) =1,s=1,...,d, hgl) =h;if I € P and
hlgl) =1ifiel, I¢P,H=_{h},P={P}. Thus, H[P] is non-empty for n large enough and we

get
@[ 7 - fi(h ! !
RO[7 f Soll(CL\/l)[SuP hi"""’ + sup i| + o sup , (35)
n [ (h,P) ] IGP; ! IeP thI IeP th[

where L := Sup; _14 L;. Here, we have used Lemma 3 and the definition of B, p)(xo).
We deduce from (34) and (35)

Ry [f}{xp), f] =201 (L v 1) +az] sup n 71 B2/ E1E-PHD — [24y (L v 1) +ap|n /@ +D
1eP

and the assertion of Theorem 3 follows.

5.5.3. Proof of Theorem 4

Set (B, p) € (0, Bmax]? x [1,00]? such that r(8, p,@) >0, PP, L € (0,00)¢, and f €
Npa(B,L,P).

Let us first note the following simple fact. If P’ e Yand J =1 NI, 1 € P, I' € P', we easily
prove that 8;(J) > B;(I) Vi € J; see, for example, Lepski [29], proof of Theorem 3, for more
details. Thus, in view of Lemma 3,

Bapy(o) <esup Y LD vhe 0,1, (36)
I1eP

iel
Recall that h(II), I € Ty, is the projection on the dyadic grid in (0, 1]!! of hy) given in (20)
and note that 2~ !n Vb”) >aq! In(n) for n large enough. Thus, E[ﬁ] is non-empty and one can
1

apply Theorem 1. _
If 7 (B, p, P) = rmax. then it is obvious that (8, p) = (™), p(MaX)y and that d(P) = d. Thus,
in view of the definition of the multibandwidths ", I € P, inf; Vo = Vimax. Tt follows from
1
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Theorem 1 and (36)

. _ . i .
R [ 1= c1(eL v 1)[sup 3 (07) P 4 sup ] + 0 Vinax] 112,
IeP IeP any)

iel

where L := sup; 7z Li. Since rmax = Bmax /E, we conclude that there exists a constant C > 0
such that

RD [ fs £1< Clar (€L v 1)(d + 1) + ap|n~max/ @rmant ) (37)

If r(B, p, P) < rmax we solve, for all I € P, the system

(1 In(n) .
=Llhf3()= m, l,_]EI.
1

B )
Ljhjj

The solution is

s

B — Lfl/ﬂi(l) <L([) ln(n)>Vl(ﬁv[’)/(zyl(ﬂs[’)+1)1/ﬂi(1)
1
n

sl (38)
Ly =[];/"".  ier1eP.
iel
It is easily seen that (h, P) € $H[*P] for n large enough. Replacing & by its projection h on the
dyadic grid $), one has (k, P) € $H[*33] for n large enough. We deduce from Theorem 1 and (36)

—~ —g; In(n) _
R,S‘”[fn,f]sal[csupZLihf @t sup [ }+az[nvmax] 12, (39)
hy

1€P i ¢g IeP

The assertion of Theorem 4 follows from (37), (38) and (39).

5.6. Lower bound for adaptive minimax estimation and optimal rate

5.6.1. Auxiliary result

To get the assertion of Theorem 5, we use the following lemma which is due to an oral commu-
nication with O. Lepski. This result can be viewed as a generalization of Lemma 2.

Let (8, p) € (0, Bmax]¢ x [1, 00] such that (8, p, @) > 0, P € B, L € (0, 00)? and (B, p') €
(0, Bmax1? x [1, 00]¢ such that r(8’, p’, @) > 0, P’ € B, L’ € (0, 00)? be fixed.

Lemmad4. Set (a,) and (by,) two sequences such that ay, by, b, /a, — 00,n — 00. Suppose that
exist fo € Ny := ﬁp/’d(ﬁ’, L',P) and f| € N| := ﬁp’d(ﬂ, L, P) such that IP(;? is absolutely

continuous with respect to IP’E%) and

d 2 b,
| fix0) = foxo)| =a; Eg:;)[—mm} <. (40)
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Then, for any g > 1,

1
hmmfmf[ sup E(" {an|fn(xo) fxo)|}? + sup E(" {bn |fn(xo) fxo)|}? ] =
n—>+oo £ Lrew, feN 2’

where infimum is taken over all possible estimators.

The proof of this lemma is given in the Appendix.
5.6.2. Proof of Theorem 5
(1) Set Ny := N, a(B,L,P), Ny:=N ’d(,B L', P, r —r(ﬁ p.P)and rp:=r(B’, p’, P
such that 0 < r; < rp. For any t such that 2r +1 <1< 2r +l , there exists C(t) > 0 satisfying:
Vg > 1,

r1/Q2ri+1) - q
11m1nf1nf|: sup E("){< . ) | fu(x0) — f(x0)|}

n—+00 fu Lfen; ln( ) (41)

+ sup EY {n"| £ (x0) — f(XO)|}q} > C(1).
feN,

Let us prove (41). The proof is based on Lemma 4 where we put

/@R
- [2C(r)]_l/q($) . bye=[2c@] V0,

and the constant C(t) > 0 will be specified later.
Similarly to the proof of Proposition 1, set AV (x) := ]_[f=] V4 271_1 exp(—xi2 /2) and define
fo(x) = o_l./\/(x/a), where o is chosen in such way that

foe€Nya(B L', P)NNpa(B,L/2,P).

Let also f7 be given in (32). It is obvious that there exists a constant Ay such that f1 € Ny if
A, < Ap and

—/3- m l/pil L
A”(Sl,n'l (l—[ 81',,1) < _c_;I’ l=1,m ”g”P'z . (42)
=1

Assumptions of Lemma 4 are, respectively, fulfilled if
r1/Qri+1)

A, = [2c<r>]“"(hl(7”)) ,

= (a«/ﬂ)’"’d|g(0)|mHexp(—x&i/Zaz); (43)
i¢l
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||g||2 1—[5 n \“/GnED
P foz(XOl) I to ) = (ln(n)) :

The latter inequality, in its turn, holds if

nA2 ﬁa, =), =[] - — o e 28" (44)
" . ’ ' 2 2r1+1)° 27 for(xon)

=1

Solving the system

_p; m 1/1’1'1 L. m
And ) <1‘[ 5J-,,,> = —c_;' I=T,m, nA? (]‘[al,n) — 21n(n).
j=1

=1

we obtain

By /421n VBiypi) 15 518 21n r1/(2ri+1)
(Sl,n — (i) < (”l)) An/ﬂq /(ﬂllptl)’ An _ R( (n)) ’

L n n

m N\ /@B 1/(=1/s1—1/2B1)
rR=|]] Liy
= » .

=1

Itis easily seen that A,, 8; , — 0,/ = 1, m, if n — oo. The choice C(t)= %[cTR(tz”/(z”H))]q,
completes the proof of the inequality (41). It follows the assertion (i) of Theorem 5.

(2) Let us recall the definition of the set A x 23, which is the set of “nuisance” parameters for
the considered problem.

A:={(B.p) € 0, Bunax]? x [1,001%: r(B.p.@) >0},  B:=TF.

Let Izn be an admissible family of normalizations and let f;(xo) be Jn—adaptive estimator.
Define

A0 y) = [ B pye A Tim T8, p) =0},

Ua (B, P, P)

Y, (B, = inf Y, (8, p,P), Y. (8, p,P):= ,
B, p) 7;125 B, p,P) B, p,P) B pP)

where 1, is given in (21). For any P € 8 put also

AR 1= {(B.p) € A: lim Y, (Bo. po)Ta(B. p. P) =00, ¥(Bo. po) € AV (T /w1].

In the slight abuse of the notNation, we will use later v, (r) instead of ¥, (8, p, P),r =r(B, p, P).
For any (8o, po) € AQ [, /v,] introduce

Po :=arg inf Y, (Bo, po. P), ro :=71(Bo, po, Po).- (45)
Pep
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Let us first note that 0 < rop < rmax for any (Bo, po) € A(O)[lzn/ Yy ]. Indeed, if ro = rmax then
(Bo, po) € A<°)[w,, /¥, ] contradicts to Yy, (rmax) 18 a mi&imax rate of convergence. Moreover,
for any r € (rg, rmax), there exists (8, p) € A and P € ‘B such that r(8, p, P) = r. It suffices
to choose P such that (™M) pMma) Dy —p o — B /I, I € P, and B; =r|I|, pi = 00,
i=1,...,d.

(3) Our goal now is to prove that for any (8o, po) € AQ [V, /v,,] we have

Jim Y (Bo. po)Tu(B. p.P) =00 V(B.p.P): ro<r(B.p.P) <rmax.  (46)

Set No := N py.a(Bo, Lo, Po) and N := N, 4(B, L, P) such that ro < (B, p, P) < Fmax- Ap-
plying the inequality (41) with r; =rg, N| = No, o =r and No = N, we get for any t satisfying

<T<

7o
2rg+1 2r+1

liminf| sup ES v (ro)| fa(xo) — £ (xo)| } +supE("){ | Faeo) = o) [}]

n—-+00 fen,

> C(7).

(47)

Furthermore, by definition of ]"71 (xp) and IZ,,, there exist constants Mgy, M > 0 such that for all n
large enough

sup B ES {0, (Bo. po. Po)| fu(x0) — f(xo)[}* < Mo; 48)
€No
;uglE( IV B, p, P faxo) = f(x0)|} < M. (49)

Note that lim,,— oo %ﬁggﬁ = 0 that follows from (Bo, po) € AQ [V, /¥,] as well as the

definition of Py. Thus, we obtain in view of (48) that

xd, sup By By, (0)| Fa o) = F o) [} =

It yields together with (47) and (49) that
liminf Mn® wn(ﬁ p,P)=C(7). (50)

n—-+o0o

Recall that ¥, (r) = (ln(n)/n)’/(2’+1) Since T < 5 fH we get for some a > 0 satisfying 7 +

a< that n%yr, (r) <n~¢ for n large enough. Hence, we obtain in view of (50)

2r+1

llqill)l_ii_rgn_aTn(ﬂ,p,P) ;=’111Lnir£n—“ izggzg > C]f;). (51)

Furthermore, since ¢, (Bo, po, Po) is a minimax rate of convergence, there exists a constant
M; > 0 such that

¥ (Bo. Po. Po) - M @n(Bo. po. Po) l[ln(n)]fro/(ZroJrl)

(52)
Yn(Bos 0, Po) — ¥u(Bos Po. Po)

Y. (Bo, po) :=
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for all n large enough. We deduce from (51) and (52) that lim,,—, o Y, (B0, po) Yn(B, p, P) = 00.

(4) Let (81, p1) € A(O)[J,,/ Y] and (B2, p2) € .A(O)[I;n /¥, ] be arbitrary pairs of parameters.
Let also P; and P, be defined in (45) where (Bo, po) is replaced by (81, p1) and (B2, p2),
respectively. Then necessarily

r(B1, p1, P1) =r(B2, p2, P2). (53)

Indeed, assume that r(B1, p1, P1) < r(B2, p2, P2). Noting that Y, (B2, p2) = Tu(B2, p2, P2),
in view of the definition of P, we deduce from (46) with (81, p1) = (Bo, po) and (B, p, P) =

(B2, p2,P>) that

Yu (B2, p2) = 00, n— oo. (54)

This contradicts to (82, p2) € A(O)[Jn/wn]. The case r(B1, p1, P1) > r(Ba2, p2, P2) is traited
similarly.

(5) We are now in position to prove Theorem 5.

First, if A(O)[g;n /¥n] # @, we deduce from (53) that there exists rg € (0, rmax) such that

rB.p. Ppp)=ro VB, p)e AP, /v (55)

Here, as previously, Pg, ;) := arg infpeﬁ Y, (8, p,P).
Recall that, for (8, p, P) € (0, +00)? x [1, 00]¢ x B,

_ - _ I_Ziel 1/(Bi pi)
r(B, p,P) —;ggyz(ﬂ,p), vi(B, p) = S Uk IeP.
Thus, obviously
dim(AQ [P, /¥a]) < 2d — 1. (56)

Next, let P* € P be a partition satisfying r (™), p(Mma%) D) — .. We deduce from (46)
that

A2 /w12 {(B. p) € A: 1o < r(B. p. P*) < Fmax ). (57)

where ro is defined in (55). Thus, Agf)[a/w] contains an open set of A since (B, p) —

r(B, p, P*) is continuous. This together with (56) completes the proof of the theorem.

Appendix
A.1. Proof of Proposition 2

Our goal is to establish a uniform bound for the empirical process {E,E")(yo)}h. Note that the
considered family of random fields is a particular case of the generalized empirical processes
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studied in Lepski [28]. We get the assertions of Proposition 2 from the Theorem 1 in the latter
paper since it allows us to assert that, for any # > 1, ¢ > 1 and any integer n > 3

Wﬂsw (16 o) = U D 0,1, 30)], | = €0 K, @)1V 1027,
H(S)

L{(”’Q)(n, h, y0)

G V max
=c(K, s, q)\/%?){l v ln<%> +2In(24+1InGu(y0)) + u}

h
K’ 9 V max
LB @ [y (Ve
nvy Vi

(58)

) +21n(2 4+ In G, (y0)) +u}.

The constants C S(q) (K, g) and c(K, s, ¢) are given later.
Thus, we only have to check the Assumptions of Theorem 1 in Lepski [28] and to match the
notation used in the present paper and in the latter one. We divide this proof into several steps.
(1) For our case, we first considerthat p =1, m =s+1,k =, 5'3’1‘(11) = (S) ﬁk+1 n) = {»o},
h® = ph and

G =V, 'Kl Gy =V 1Kl G =V Kl
(min)
Gjn(hj) = —=— Vi 1K1
J
(min)
Gi,= h(’_max) ViawlKlS.  j=Ts.  oP(0h) = Inlax|1n(h ) —1In(ij)).
J

Obviously, Assumption 1(i) in Lepski [28] is fulfilled. Using Assumption (7) (see Section 2.1
of the present paper), we get supp(K) € [—1/2,1/2]° and

K@) — K| <L max [x; —y;|  Vx,yeR’, LY :=s|K| Lk > 0.
j=L,s

Thus, we easily check that, for any h, i’ € ’H,(f) and any y € RY,

|Kn(y = y0) — K (y — y0)|

s P (s)
[ - e o]

It implies that Assumption 1(ii) in Lepski [28] holds with

L(S)
K13

Do(z) =exp(sz) — 1+ (exp (z) — 1), Dsy1=0,Ls41=0.
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Furthermore, Assumption 3 in Lepski [28] holds with N =0 and R = 1 since f)Zﬂrl =H5+1 =
{vo} and Assumption 2 in Lepski [28] is not needed since n; = ny =n.

(2) Thus, the application of the Theorem 1 in Lepski [28] is possible. Let us first compute the
constants which appear in its proof.

9216 1)82 9216 s
CN.Rmk = SUp 8_2s|:1 +1In (L>] + sup 8_2s|:1 +In ($>:|
+ +

56, [s*(8)]? 56, [s*(8)]
=Cy;
s, SeLg
Cp =se’ + Kl Cp.p=+2Cp Vv [(2/3)(Cp Vv 8e)],
o0

A = 4y/2eCp, Ay =(16/3)(Cp V 8e).
Next, we have to compute the quantities involved in the description of L[,f"’q) (n, b).

V max
My(h) < C%) [1 v 1n<L>], C9) = [14455.2 + 54 +3 +36C,] v 1.

Vi

Since Y;, i = 1, n, are identically distributed, putting h = (h, yp), n1 =n2 =n and r =0, we
have

For(h) =1V [/R |Kn(y = y0)|g(») dy} =G (),

Fy= sup Gp(yo) =1V glKI};
heH)

U, h) <UD,k o), c(K. s, q) = [(10Cp) v (48¢)]CT K],

Here, we have used that Cs(?l) A K[, = 1. Thus, we come to the inequality (58) with
CP (K. g) = cg KIS (1 v glK[$)/2, ¢ = 279/2539H4T (g + 1)(Cp )7

B3)Ifn>3,nV,>In(n),l <u<gln(n) and M(h) :=1vV ln(vh(v—":’x)), since 1 < G (yo) <
IK|I%,, one has

Vi) "HM () +2In(2+InGy(y0)) +u} < T(nVi) ' Gr(yo) M (h) + u} )
<701+ @) IIKII%.

Put finally A [K] := c(K, 5, 9)v/7{/T(I + ) [K|%, + 1}. Since [a\”']7! > 1, the asser-
tion (i) of Proposition 2 follows from (58) and (59). Let us now prove the assertions (ii) and
(iii) of Proposition 2.

(4) First, in view of the definition of 53§q) (n), we get the assertion (ii) from the assertion (i) of

Proposition 2 since u < ¢ In(n) and [1 v A1,/ (1 4+ ¢)a'? = 1/2. Here, we have used that if K
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satisfies the assumption (7), see Section 2.1, |K] satisfies it as well and, therefore, Proposition 2(i)

is applicable to the process E;n)( Y0)-
Next, using the trivial inequality |x Va — x VvV b| <|a — b|, x,a, b € R, we easily check that

- — 1 )
Gr(y0) <2Gr(yo) +2  sup [\é;ﬁ”(yo)!—ic;h(yo)} VhesPm).  (60)
hest? (n) +

Assertion (iii) of Proposition 2 follows from assertion (ii) and (60).

A.2. Proof of Lemma 1

Note first that, for any (1, P) € H[B], any (n, P') € H[Plandany I NI € Po P’

My (I) My (I')
nr
hiny vV ninr € U U y3f(n,l g

m=1 [=1

' 1 ’ _

InI NIl m,l 2 1

f"Sn,[ ) = {h[ﬂ]/ € | | |:;7 bl( m )j|; thl > [al(lfz)l/l] ln(n)},
ielnl’

where b/ D .= Vs D v ) iern .
Set f € F4[f, B3]. To get the assertions of Lemma 1, we apply Proposition 2 with s = |1 N I'],
i NI ,m,l nr nr
g = finrs g =1 k™) = L w™0m) = 6" 580 = 9100, Ky = K
G (30) = Gy (o,100)s Giy0) = G,y (o100, UL (o) = UL
(n)
&, (Xo.1017)-

Recall that ﬁ* :={PoP": P,P' € P}. In view of the definition of H[B], we easily check that

(xo.rn)> £ (o) =

My (1) My (1)

= Y >y > s (|6 Gon| = A Gounm],

W INI'ePoP’ m=1 I=1 h anr’y
PoP’'eR PP m=1 " I=l hjnpeh,

with u = g[1 V InQQ"N Vpax / infep Vhy))] € [1,2gIn(n)], since Vhy) = lna(_:) and M, (I) <
log,(n), VI € 1,.

Therefore, it follows from the assertion (i) of Proposition 2, since Vh(l) an = infjep th),
mr e Y

29\ 1/(29)
2
EPL s (67 @on| - 250U Gomm],|")

hym

hm[’eﬁg?m "
(29) 1/(2q) —1/2 (A31INT"|/2\ =MV (41/2\—MAL
<{Cl1 A1 K @)} [nVinax 7 1/2 (2810 12) T (21/2) 7

(E(f"l) |§§n (xo0) |2q) Ve <cin Vmax]il/z»
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[GITDATI2
2q) yeqp| 2
Z >l & n) [2[(3|1|)M]/2_1}

_* IeP

Similarly, applying Proposition 2(iii) and using the trivial inequality [sup; x; — sup; yi]+ <
sup;[x; — yil+, we obtain the assertion (ii) of Lemma 1 with ¢; := 2¢;.
Next, it is easily seen that

M (D) Ma(I')

Enoco)fz( YooY Y > sw [Ishm,,<xo»| lGhm,,(xm)})
.

Pop e INI'EPoP’ m=1 I=1 hynpenf

+ 3G (x0p),
and that
(= o)) 7 = 1222 (£GP 1 (1 )]
Thus, we get assertion (iii) of Lemma 1 from assertion (ii) of Proposition 2 with
o[ 2lGHDATI2 @
3= 122d3 [4( >3 cl(,zl‘ld (K, D [WD +8(1v f||K||‘1])} :
Pep” [€PoP’

Similarly, we obtain assertion (iv) of Lemma 1 with

2lGIINATLY/2

_ Qo) g, g}/ 20 d
€4 1= 2(2 > {a & n} [zuaubm/z_1D+3(1Vf”K”l)'

PR *[ePoP’

This completes the proof of Lemma 1.

A.3. Proof of Lemma 3

The proof of this lemma is based on the embedding theorem for anisotropic Nikolskii classes;
see, for example, Theorem 6.9 in Nikolskii [34].

Let P' € P and I € P o P’ be fixed. Set »(I) :=1— Y, (Bxpx)~" and Bi(I) :=
s(D) i (1), where 5, (I) :=1—Y 4 c;(pc" — pi DB, i € 1. Since 5(1) > 0 there exists
cr:=cy(K, |1, pr,1) > 0 such that

Np,11(B1- L) € Neo, 111 (BU), crLy).

Introduce the family of [/| x |I| matrices E; := (e1,...,¢;,0,...,0), j =1, ||, and Ey is
zero matrix. For any (h, 1) € (0, 1]¢ x [0, 1]¢, using a telescopic sum and the triangle inequality,
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we get

1

|Bh1,r]1 (X()’[)| < Z

j=1

/K(l)(u)[fl (x0,7 + nru+ (hy v nr — ) Eju)

— f1(xo.r +nru+ (hy v r —np)Ej_u)]dul.
Forj=1,...,|I| put

By, (x0,1) == /RK(MJ')[fI(xo,I +nu+ (hy vV —np)Eju)
— fr(xo.r +npu+ (hp v or —nnEj-u)]du;.

If n; > hj, then By, 5, j(x0,1) = 0, if not we put [ul :=u— ujej,u € RI! and we have

By onr.j(xo,1) = /RK(uj)[f, (x0.1 + nru+ (hy v 0y —ni)Eju)
— fi(xo,r + rul! + (hy v g — n)Ej_1u)]du;
+ /RK(MJ-)[f,(xO,, +[ngul + (ki v nr =) Ej-u)
— fi(xo.1 +nru+ (hp v =0 Ej—u)]du;.

Thus, in view of the triangle inequality,

|Bhyny (x0.0)] < 2Zc,Lihlﬁi(1)/

iel R

c:=cK,d, p,I,P)=2|K|{ sup sup c;(K, |, ps.1).
Prep I€PP’

) BiD) B
m]K )|l D du < ey Lin",

iel

Here, we have used Taylor expansions of f € Noo |11(B(]), c; L), the product structure of KD,
the Fubini theorem that B(1) € (0,/]¢ and (19); see Section 3.2. We have also used that K is
compactly supported on [—1/2, 1/2] and that ||[K||; > 1.

A.4. Proof of Lemma 4

Put Ty, := a,| f(x0) — fo(xo)| and

R lan, bu, [ f1:= sup S {an| fa(xo) — £ (xo)|} + sup S {ba| fo(x0) = £ (x0)|}.
€N €EN2
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It is easily seen that R\ [ay, bn, . £1=> R [an, bu, f, £1and that
Ry lans bu, F. f1Z BT = 11} + LEGNT,).

Here, we have used the triangle inequality and the assumption a, | f1 (xg) — fo(xo)| = 1.
(n)

dP
Put also ¢, := 2—” and Z, := del (X™). We obtain
n T

RO an. b, Jo 12 EQ fen A Zy) = z[c,, +1—EQ (e — Z, }2]

Here, we have used the trivial equality a A b = %{a + b — |a — b|}, that ]E(f':)){Zn} =1 and the

Cauchy—Schwarz inequality. Using the third assumption, we also have E%) {cn —Zp)? < c,zl —Cp.

Finally, for n large enough,

(q) 1
inf'R, an,bn,f fl1=> 2[cn+l— Cii —cn]z

f

Nl'—‘
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