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The problem of nonparametric function estimation in the Gaussian
white noise model is considered. It is assumed that the unknown function
belongs to one of the Sobolev classes, with an unknown regularity parame-
ter. Asymptotically exact adaptive estimators of functions are proposed on
the scale of Sobolev classes, with respect to pointwise and sup-norm risks.
It is shown that, unlike the case of L -risk, a loss of efficiency under2
adaptation is inevitable here. Bounds on the value of the loss of efficiency
are obtained.

1. Introduction. The problem of minimax adaptive estimation of a non-
parametric function f from noisy data has been studied in a number of

� Ž . Ž .papers see, for example, Efroimovich and Pinsker 1984 , Lepski 1990 ,
Ž .Golubev and Nussbaum 1992 , Donoho, Johnstone, Kerkyacharian and Pi-

Ž . Ž .card 1995 , Hardle, Kerkyacharian, Picard and Tsybakov 1998 and the¨
�references cited therein . These papers deal with adaptation to unknown

smoothness of f. It is assumed that f belongs to a smoothness class FF�
Ž .usually, Holder, Sobolev or Besov classes where � is the unknown smooth-¨
ness, that is, the number of derivatives of f that are bounded in a certain
sense. The aim is to find an estimator f * of f , independent of � and such that

Ž .f * attains asymptotically optimal behavior in a minimax sense on all the
classes FF , for �� B, where B is a given set.�

Several questions arise in this context. For the first approximation, the
asymptotically optimal behavior can be considered in terms of rates of
convergence. In most of the cases it is well known that, for a fixed �, there

Ž .exists an estimator, depending on � and achieving optimal minimax rate of
� Ž . Ž .�convergence on FF Ibragimov and Hasminskii 1981 , Stone 1980, 1982 .�

The question is whether one can find an estimator f *, independent of � and
attaining this rate uniformly over �� B. Such an estimator is called optimal
rate adaptive. In typical cases of Holder, Sobolev or Besov scales or classes¨
� 4 �FF , �� B and the L risks, the answer to this question is positive Lepski� p
Ž . Ž .1991, 1992a, b , Donoho, Johnstone, Kerkyacharian and Picard 1995 , Lep-

Ž . Ž .ski, Mammen and Spokoiny 1997 , Goldenshluger and Nemirovskii 1997 ,
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Ž .�Juditsky 1997 . As shown in these papers, optimal rate adaptive estimators
can be constructed starting from kernel, spline, piecewise-polynomial and
wavelet estimators.

If optimal rate adaptive estimators exist, the next question is how much
one loses in the asymptotic constant when using an adaptive estimator. In
other words, what is the loss of efficiency under adaptation? One can define

Ž .the loss of efficiency under adaptation as the maximal over �� B ratio of
Ž .the risk of the best adaptive estimator to the minimax nonadaptive risk. In

Ž .their pioneering paper, Efroimovich and Pinsker 1984 show that there is no
� 4loss of efficiency in the ‘‘Pinsker case,’’ where FF is the scale of L -Sobolev� 2

classes and the risk is measured in L as well. This means that the above2
� 4ratio is asymptotically 1. On the other hand, if FF is the scale of Holder¨�

Žclasses with smoothness 0 � �� 1 and the risk is measured in sup-norm the
. Ž .‘‘Korostelev case’’ , Lepski 1992b shows that, in general, the loss of efficiency

does exist; that is, the above ratio is asymptotically strictly greater than 1.
Except for these two cases, the exact asymptotics of the loss of efficiency is

not investigated. The problem is very difficult, since one should dispose of the
exact asymptotics of both, minimax and ‘‘minimax adaptive’’ risks. However,
even the exact asymptotics of minimax risk is known only in special cases
� Ž . Ž .�Pinsker 1980 , Korostelev 1993 .

The study of the loss of efficiency makes sense only in situations where
optimal rate adaptive estimators exist. However, this is not always the case.

Ž . Ž .As shown by Lepski 1990 and Brown and Low 1996 , there are no optimal
� 4rate adaptive estimators on the scale of Holder classes FF when the point-¨ �

wise risk is used. They prove that in this situation the best adaptive estima-
tors can only achieve the rate that is slower than the optimal one in a
logarithmic factor. The ‘‘adaptive,’’ logarithmically slower rates are inherent
for this problem. The estimators f * independent of � and achieving these

Žnew rates are called simply rate adaptive to make a distinction from optimal
.rate adaptive ones . The next natural step is to find the best among all rate

adaptive estimators in the sense of exact risk asymptotics. For the scale of
� 4Holder classes FF and under the pointwise risk this was done by Lepski and¨ �

Ž .Spokoiny 1997 .
The purpose of the present paper is to analyze the exact asymptotics of

minimax adaptive risks on the scale of L Sobolev classes in the following2
two cases:

Ž .1 Estimation under the sup-norm risk.
Ž .2 Pointwise estimation.

The results are obtained in the Gaussian white noise model.
Ž .In case 1 optimal rate adaptive estimators exist. We find the best among

them in the sense of exact ‘‘adaptive’’ risk asymptotics. By comparing to the
asymptotics of usual minimax risk, we show that for this model the loss of
efficiency under adaptation does occur. We give upper and lower bounds on
the loss of efficiency. The exact asymptotics of this quantity, however, re-
mains unknown, since it is related to the unknown exact asymptotics of usual
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minimax risks over Sobolev classes in sup-norm. To bound the loss of effi-
ciency we find the asymptotics of minimax sup-norm risks for linear estima-
tors. However, the question of whether the exact asymptotics of general
minimax risk is attained on linear estimators remains open.

Ž .For case 2 we first prove that optimal rate adaptive estimators do not
exist and find the adaptive rate of convergence. This result is analogous to

Ž . Ž . ŽLepski 1990 and Brown and Low 1996 , but we consider the Sobolev rather
. Žthan Holder scale of classes. Next, we find the best in the sense of exact¨
.asymptotics among rate adaptive estimators on the Sobolev scale of classes.

This is a Sobolev scale counterpart of the Holder scale result by Lepski and¨
Ž .Spokoiny 1997 . Their adaptation procedure works in the range of smooth-

ness 0 � �� 2 and can be written explicitly in the range 0 � �� 1. This
limitation is related to a nonnestedness property of Holder classes and to the¨
fact that the explicit solution to optimal recovery problems for Holder classes,¨

� Ž .�in general, is not known cf. Donoho 1994 . For the Sobolev classes consid-
ered here, the situation turns out to be more favorable. As shown below, the
explicit construction of asymptotically exact adaptive estimators for the
Sobolev scale is possible in a wide range of values �, which is not the case for
the Holder scale.¨

Ž .2. The model and definitions. Consider the stochastic process Y t on
� �0, 1 satisfying the stochastic differential equation

2.1 dY t � f t dt � � dW t ,Ž . Ž . Ž . Ž .
Ž . Ž .where W t is the standard Wiener process, f t is an unknown function in

� �L 0, 1 , and 0 � �� 1 is a small number. The problem is to estimate the2
� Ž . 4function f , given a sample path of the process Y t , 0 � t � 1 . The model

Ž . �2.1 is called the Gaussian white noise model Ibragimov and Hasminskii
Ž .�1981 .

� �Assume that f is a smooth function belonging to a Sobolev class on 0, 1 .
The degree of smoothness is characterized by a positive parameter �. If � is
an integer, the Sobolev class is usually defined as the set of all � times

� �differentiable functions f on 0, 1 such that

1 2Ž � . 22.2 f t dt � L ,Ž . Ž .Ž .H
0

where L � 0 and f Ž � . is the � th derivative of f. This definition is extended
in a standard way to noninteger values �, at the expense of imposing the
periodicity constraint on f and its derivatives of order less than �. Under
such a constraint, the definition of the Sobolev class is given in terms of
Fourier coefficients of f. It is introduced below and used throughout the
paper.

� Ž . 4 � �Let � t , k � 0, 1, . . . be the orthonormal trigonometric basis on 0, 1 ,k

'� t � 1, � t � 2 sin 2� lt ,Ž . Ž . Ž .0 2 l�1

'� t � 2 cos 2� lt , l � 1, 2, . . . .Ž . Ž .2 l
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Define the Fourier coefficients of f,

1
� � f t � t dtŽ . Ž .Hk k

0

� �and introduce the following class of functions on 0, 1 :
� �

2 2W � f x � � � x : a � � � Q ,Ž . Ž . Ž .Ý Ý� k k k k �½ 5
k�0 k�0

where Q � L2�� 2�, �� 1�2 and�

�k � 1 , for k odd,Ž .2.3 a � � 0, a � � k � 1, 2, . . . .Ž . Ž . Ž .0 k ½ �k , for k even,

Ž .The functions f � W satisfy 2.2 and the periodicity constraints mentioned�

above. In the sequel the name Sobolev class will be used for W . It is assumed�

everywhere that �� 1�2. This condition guarantees that the functions f � W�

are continuous.
� Ž . 4Let T be an estimator of f based on the observations Y t , 0 � t � 1 .�

The estimation error of T is defined by its maximal risk�

RR T , � � sup E ��p � d p T , f ,Ž . Ž .Ž . Ž .� , � � � f � �
f�W�

where p � 0 is a fixed number, E denotes the expectation with respect tof
Ž . Ž .the distribution P of observations satisfying 2.1 , d 	, 	 is a given distancef

Ž .and � � , 0 � �� 1, is a normalizing factor, depending on � and �, such�

Ž . Ž .that � � � 0 and � � � 0, as �� 0, for every �.� �

If the smoothness � is known, then, for various distances d, it is possible
ˆ Ž .to construct estimators f depending on � that achieve the optimal rate of� , �

Ž . � Ž . Žconvergence ORC in the following sense: there exists � � called ORC on�

.W for the distance d , such that�

� ˆ �2.4 c � lim inf inf RR T , � � lim sup RR f , � � C ,Ž . Ž . ž /� , � � � � , � � , � �
��0 T� ��0

� Ž .with positive constants c and C Ibragimov and Hasminskii 1981, 1984 ,
Ž . Ž . Ž .�Stone 1980, 1982 , Birge 1983 , Nemirovskii 1985 . Here and later inf´ T�

denotes the infimum over all estimators. The ORC is not uniquely defined,
� � Ž .4 � Ž .and we denote � 	 the set of all ORC � 	 for fixed �.� �

ˆA harder problem is to find an estimator f which satisfies the exact� , �
asymptotic equality

� ˆ �2.5 lim inf RR T , � � lim RR f , � .Ž . Ž . ž /� , � � � � , � � , � �
��0 T ��0�

� Ž .The estimator f satisfying 2.5 is called asymptotically efficient on W for� , � �

the distance d. Asymptotically efficient estimators on W are known only for�

� Ž .� �the situation where d is the L -distance Pinsker 1980 . The result of2
Ž .Pinsker 1980 covers the case p � 2; for its extension to all p � 0 see
Ž . �Tsybakov 1997 .



A. B. TSYBAKOV2424

If � is unknown, the following adaptive set-up can be used. Assume that,
instead of �, the statistician knows only a set of possible smoothness values

Ž . �B 	 1�2,� , such that �� B. Then it is desirable to find an estimator f�
which is independent of � and attains the ORC for any �� B.

� �The estimator f is called optimal rate adaptive on the scale of classes W ,� �

4 Ž . � Ž .�� B for the distance d, if for 
 � � � � , one has� �

2.6 lim sup sup RR f � ,
 � C ,Ž . Ž .� , � � �
��0 ��B

� Ž .where � � is any ORC on W for the distance d, and C � 0 is a constant.� �

Ž .As compared to 2.4 , the uniformity over �� B is required here.
� 4Optimal rate adaptive estimates on the Sobolev scale W are known for�

� Ž . Ž .different L distances d Efroimovich and Pinsker 1984 , Lepski 1991 ,p
Ž . Ž .Kneip 1994 , Donoho and Johnstone 1995 , Lepski, Mammen and Spokoiny

Ž . Ž . Ž .�1997 , Goldenshluger and Nemirovskii 1997 , Juditsky 1997 . Using the
methods of these papers, it is easy to construct optimal rate adaptive esti-

� 4mates on W , �� B for the sup-norm distance�

� �d f , g � f � g � sup f x � g x ,Ž . Ž . Ž .��
� �x� 0, 1

under rather general assumptions on B. An ORC on W for the sup-norm�
� Ž . Ž .Ž 2 Ž ..Ž2��1.�4� Ž .distance is � � � C � � log 1�� where C � is a positive�

constant depending on �.
In this paper we propose asymptotically the best estimator among the

variety of optimal rate adaptive ones, that is, the estimator that guarantees
Ž .the smallest value of the constant C in 2.6 . This property is expressed by

the condition

2.7 lim inf sup RR T ,
 � lim sup RR f � ,
 .Ž . Ž . Ž .� , � � � � , � � �
��0 T ��0� ��B ��B

DEFINITION 1. An optimal rate adaptive estimator f � is called asymptoti-�

Ž . � 4cally exact adaptive AEA on the scale of classes W , �� B for the distance�

Ž . Ž . � � Ž .4d if it satisfies 2.7 where � � � 
 	 for every fixed �.� �

� � �If d is the L 0, 1 -distance, the AEA estimators on the Sobolev scale W ,2 �

4 � Ž . Ž .�� B are known Efroimovich and Pinsker 1984 , Golubev 1990 , Golubev
Ž .�and Nussbaum 1992 . For other distances d this problem is not solved. In

Žthis paper we give its solution for the case where d � d the sup-norm�

.distance . We also evaluate the loss of efficiency under adaptation defined as
follows.

For an arbitrary estimator T , denote�

1�pp� �Q T � sup E T � f .Ž . Ž .�� , � � f �
f�W�
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DEFINITION 2. The value

Q f �Ž .� , � �
LEF � , p � inf sup ,Ž .

� inf Q Tf Ž .� ��B T � , � ��

where inf � and inf denote the infimum over all estimators is called lossf T� �

� 4of efficiency under adaptation on the scale of classes W , �� B , for the dis-�

tance d .�
The denominator in Definition 2 is the usual minimax risk for fixed �, and

inf is also the infimum over all estimators. But since in the denominator �T� � Ž .is fixed, T can depend on �, while f cannot. The value LEF � , p measures� �

the relative loss of efficiency when using the ‘‘best adaptive’’ estimator f �
�

instead of the best estimator with known �. Under the assumptions used
Ž .below, the value LEF � , p is well defined for � small enough. The bounds on

Ž .LEF � , p are given in Section 3.
The second problem considered in this paper is adaptive estimation at a

Ž .fixed point x � 0, 1 ; we take d � d , where d is the pointwise distance0 0 0

d f , g � f x � g x .Ž . Ž . Ž .0 0 0

� Ž .If � is fixed, the ORC on W for the pointwise distance d is � � �� 0 �
Ž2��1.�2� � Ž .�� Donoho and Low 1992 . However, as shown below, in the case

Ž . Ž . � Ž .d � d , the condition 2.6 cannot be satisfied with 
 � � � � �0 � �

� Ž2��1.�2�, and thus optimal rate adaptive estimators do not exist. Further-
Ž . Ž .more, if d � d , the relation 2.6 holds with the rate 
 � �0 �

Ž 2 Ž ..Ž2��1.�4� � Ž .� log 1�� � � � . Our aim is to study the exact asymptotics of�

Ž . Ž 2 Ž ..Ž2��1.�4�the risk in the spirit of Definition 1, with 
 � � � log 1�� .�

Ž .However, first we have to answer the question whether the rate 
 � ��

Ž 2 Ž ..Ž2��1.�4� Ž� log 1�� gives a proper normalization i.e., whether it cannot be
.improved . This question is more delicate than for the case d � d : in fact, for�

Ž . Ž 2 Ž ..Ž2��1.�4�d � d the rate 
 � � � log 1�� is no longer an ORC. At first0 �

Ž .glance, to show the optimality of this rate, it suffices to complete 2.6 by the
analogous lower bound

2.8 lim inf inf sup RR T ,
 
 c,Ž . Ž .� , � � �
��0 T� ��B

Ž .where c � 0. However, it turns out that this is not enough, since 2.6 and
Ž .2.8 can be simultaneously satisfied with quite different normalizing factors

Ž .
 � . In fact, consider the following example. Let d � d and let B contain� 0
� 4only two values: B � ��, �� such that ��� ��. Consider the normalizing

Ž . Ž2� ��1.�2� � Ž . Ž 2 Ž ..Ž2� ��1.�4� �factors 
 � � � ,  �� B and 
 � � � log 1�� ,�, 1 � �, 2
Ž . Ž2� ��1.�2� � Ž .
 � � � . Note that 
 � is the ORC for the worst smooth-�� , 2 � , 1

� Žness ��. It is easy to show that there exists an estimator f for example, a�
1� � �.kernel estimator with bandwidth � � , such that

lim sup RR f � ,
 � �.Ž .� , � � � � � , 1
��0
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This implies, using the inclusion W � W and the equality 
 �
 ,�� � � � �, 1 � � , 1
that

lim sup RR f � ,
 � �.Ž .� , � � � � � , 1
��0

Ž .Hence, 2.6 holds with 
 �
 . Next, as 
 is an ORC on W , we get� � , 1 � �, 1 � �

lim inf inf sup RR T ,
 
 lim inf inf RR T ,
 
 c � 0.Ž . Ž .� , � � � , 1 � , � � � � � , 1
��0 T ��0 T� ���B

Ž . Ž .We conclude that both 2.6 and 2.8 are satisfied with 
 �
 . On the� � , 1
Ž . Ž .other hand, as follows from the proof of Theorem 4 below, 2.6 and 2.8 hold

with 
 �
 as well. The nonuniqueness effect present in this example� � , 2
Ž . Ž .suggests that 2.6 and 2.8 are not sufficient to define the correct normaliz-

� Ž .�ing factor 
 . One should rather use the following definition Lepski 1996 .�

Ž .DEFINITION 3. The normalizing factor 
 � is called adaptive rate of�

Ž . � 4convergence ARC on the scale of classes W , �� B for the distance d if:�

Ž . �1�. condition 2.6 holds for some estimator f ;�

Ž . ��2�. the rate of convergence S � � 0 satisfies for some estimator f the� �

Ž .analog of 2.6 :

2.9 lim sup sup RR f �� , S � C ,Ž . Ž .� , � � �
��0 ��B

and the condition

2.10 � ��� B : S � �
 � � 0 as �� 0,Ž . Ž . Ž .�� � �

then there exists �� � B such that

2.11 S � �
 � S � �
 � � � as �� 0.Ž . Ž . Ž . Ž . Ž .�� � � � � � �

� Ž . Ž .The estimator f satisfying 2.6 , where 
 � is the ARC, is called rate� �

adaptive.

Definition 3 allows ruling out the effect described in the above example. In
Ž .words, Definition 3 states that the ARC 
 � is such that any improvement�

of this rate at a point ��� B is possible only at the expense of much greater
Ž .loss at another point �� � B. In fact, relation 2.11 states that not only does

Ž . Ž .S � �
 � converge to �, as �� 0, but it also converges to � faster than�� � �

Ž . Ž .S � �
 � goes to 0.�� � �

REMARK 1. Similarly to ORC, the ARC is not unique. It is defined up to a
Ž . Ž .bounded positive factor: if 
 � is an ARC, then a 
 � is also an ARC,� � , � �

for any a such that c�� a � c�,  � , �, where 0 � c�� c� � �.� , � � , �

REMARK 2. If optimal rate adaptive estimators exist, they are also rate
Ž . � Ž .adaptive, and the ARC 
 � coincides with an ORC � � . In fact, in this� �

Ž . Ž .case it is not possible to find S satisfying 2.9 and 2.10 simultaneously,�

and only condition 1� of Definition 3 is active.
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� 4In Theorem 4 we find the ARC on W , �� B for the pointwise distance�

d under certain assumptions on B. Except for the largest value � in B, the0
Ž . Ž 2 Ž ..Ž2��1.�4� ŽARC has the form 
 � � � log 1�� up to a factor depending on�

. Ž .� . Using this 
 � in the definition of the risk, we construct the AEA�

estimator for the pointwise distance in the sense defined in Section 4.

� 4REMARK 3. The fact that W , �� B is the Sobolev scale of classes is not�

crucial for the definitions given above. One can use them in the general
� 4situation meaning that W , �� B is an arbitrary scale of classes.�

REMARK 4. The presentation here is restricted to the periodic Sobolev
classes. This is done to simplify the technicalities. The results of the paper
can be extended, under appropriate assumptions, to the general Sobolev
classes. In this case the trigonometric basis should be replaced by a special

� 4 Ž .orthonormal basis � guaranteeing the equivalence of 2.2 to the ellipsoidk
Ž . Ž .W where the coefficients a � satisfy 2.3 only asymptotically, as k � �� k

� Ž .�see, e.g., Oudshoorn 1996 .

Ž .REMARK 5. We work with the Gaussian white noise model 2.1 but the
results of the paper can be extended to other statistical models as well. An
extension to nonparametric regression with regular deterministic design can
be obtained along the same lines. An extension to nonparametric density

Ž . Ž .estimation is given by Butucea 1998 . Simulation study in Butucea 1998
shows that, for density estimation, the exact adaptive procedure analogous to
the one proposed below works well on the data.

To finish this section, we make some remarks on the construction of
adaptive estimators. The largest group of adaptive methods proposed in the

�literature is based on the empirical L -risks estimators the idea goes back to2
Mallows’ C and Akaike’s criteria or Stein’s unbiased risk estimator, and in ap

Ž .general form it was recently developed by Kneip 1994 , Birge and Massart´
Ž . Ž .1997 , Barron, Birge and Massart 1995 , where one can find other refer-´

�ences . The wavelet thresholding adaptation procedure of Donoho and John-
Ž . Ž .stone 1995 and Donoho, Johnstone, Kerkyachacharian and Picard 1995

may be also interpreted along these lines. A different idea of adaptive
estimation, unrelated to the L structure and based on implicit bias-variance2

Ž .comparison schemes, is due to Lepski 1990, 1991, 1992a, b . This idea is used
below. We show that, both for the sup-norm and pointwise distance, the AEA
estimators can be constructed as spline-type estimators, ‘‘adaptively’’ modi-
fied following the scheme of Lepski.

3. Exact adaptation in sup-norm and loss of efficiency effect. In
this section we present the AEA estimators for the sup-norm and evaluate
the loss of efficiency under adaptation.

First, introduce the assumptions on the set B. Let � � 1�2 and �� be1 �

the real numbers such that � is fixed and �� � � depends on � . In this1 � 1
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paper, B is the discrete set
� 4B � � , � , . . . , �1 2 s

where 1�2 � � � 			 � � � �� and s � 1 is an integer. In general, s and1 s �

� , i � 1, can depend on � , but we skip this dependence in the notation.i
Assume that � � � 
 �, i � 1, . . . , s � 1, where �� � � 0. The value �i�1 i � �

Žcan be either finite and bounded away from 0 for example, an interesting
.case is � � i, � � 1 or � � 0, as �� 0.i � �

Assume the following conditions on �� and � :� �

lim �� � �, lim sup� � �,� �
��0 ��0

� log 1��Ž .�
� � � � as �� 0.� 2�� log log 1��Ž . Ž .�

3.1Ž .

The assumption lim sup � � � is introduced for notational conve-�� 0 �

nience only. Moreover, we assume in the proofs that � � 1. This is done�

without loss of generality, since � is a lower bound on the differences�

� � � .i�1 i
Define the positive numbers b and v by� �

�
2�1 t 1 �1 �12b � dt � BB 1 � 2� , 1 � 2� ,Ž . Ž .Ž .H� 22�� 2��0 1 � tŽ .

�1 1 1 �1 �12v � dt � BB 2� , 2 � 2� ,Ž . Ž .Ž .H� 22�� 2��0 1 � tŽ .
Ž .where BB x, y denotes the beta-function and �� 1�2.

Let j be an index taking the values 0, 1 and �. The values j � 0 and j � �
correspond to estimation in d and d distances, respectively. The value0 �

j � 1 will appear in the context of linear minimax risks. Define

2, if j � 1,�p , if j � 0,� �j �p � 2, if j � �,

1�2�� j
� � ;� , j 2ž /L� 2�� 1Ž .

Ž .2��1 �4�2� jŽ .2��1 �4� 1�2�c � , j � b 2� L ;Ž . Ž .� ž /2�� 1
1�2�1 ��2 1� ���h � � � log if �� � or j � 0; h � � ;� , j � , j � � , 0�ž /�

Ž .2��1 �4�1
2� � c � , j � log ;Ž .� , j ž /�

1�21 1
2 2 �1r � v � h ; � � � r � log , j � 0, 1,�.Ž .� , j � � , j j � , j jž /� �
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Introduce the estimator
N �̂k

3.2 f x � � x ,Ž . Ž . Ž .Ý� , � k2�21 � a � �hŽ . Ž .k�0 k

ˆwhere h � 0, �� 1�2, N � N � �, as �� 0, and � are the empirical� k
Fourier coefficients

1
�̂ � � t dY t � � � �� , k � 0, 1, . . . ,Ž . Ž .Hk k k k

0

where � are i.i.d. standard normal random variables.k
Assume everywhere in the following that N is the minimal even number

satisfying
3.3 N 
 ��2�minŽ1 , �1�1 �2. .Ž .

Ž .If � is an integer, �
 2, the estimator 3.2 approximates, as N � �, the
usual spline estimator of degree �, with the smoothing parameter � � h2�.�

For example, if �� 2, one obtains the cubic spline.
Ž . Ž .Denote f the estimator 3.2 with h � h , respectively, j � 0, 1,� .� , � , j � , j

ˆ� 4Clearly, f is a linear estimator w.r.t. � .� , � , j k
Ž .Consider the adaptive version of the estimator 3.2 constructed following

the scheme of Lepski. Namely, set

3.4 f � x � f x , j � 0,�,Ž . Ž . Ž .ˆ� , j � , � , jj

where

�̂ � max �� B : max d f , f �� �� � 1 , j � 0,�.Ž .Ž .j j � , � , j � , � � , j j½ 5���B ,
� ���

ˆŽ .In words, we use the estimator 3.2 with h � h , �� � , for estimation in�̂ , � ��

ˆthe sup-norm distance and with h � h , �� � , for estimation at a fixed�̂ , 0 00
Ž . Ž .point x � 0, 1 . The estimator 3.4 is nonlinear.0

Ž . � Ž .THEOREM 1. Assume 3.1 . Then the estimator f defined by 3.4 with� , �
� 4j � � is AEA on the scale of Sobolev classes W , �� B for the sup-norm�

distance d . Moreover, the normalizing factor � is such that� � , �

�p � � p �p � � � plim inf sup sup E � T � f � lim sup sup E � f � f � 1,Ž . Ž .� �f � , � � f � , � � , �
��0 T ��0� ��B f�W ��B f�W� �

for any p � 0.

To prove Theorem 1 we show the upper bound on the risk
�p � � � p3.5 lim sup sup sup E � f � f � 1Ž . Ž .�f � , � � , �

��0 ��B f�W�

Ž .Section 6 , and the corresponding lower bound
�p � � p3.6 lim inf inf sup sup E � T � f 
 1Ž . Ž .�f � , � �

��0 T� ��B f�W�

Ž .Section 7 .
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Note that the normalizing factor � in Theorem 1 corresponds to 
 in�, � �

Žterms of Definition 1. It is interesting that � depends on p in fact,�, �
.� � p � 2 . The dependence is such that a loss of efficiency under adaptation�

does occur. To explain this, we study asymptotics of the loss of efficiency
Ž .LEF � , p as �� 0. Consider first the asymptotics of the minimax risk

Ž .inf Q T .T � , � ��

Ž .THEOREM 2. Assume 3.1 , and let p � 0. Then for any 0 � �� 1 there
˜ ˜exists � � 0, such that lim � � 0, and� �� 0 �

pp p˜� �3.7 sup E f � f � 1 � � 1 � � �  �� B ,Ž . Ž .Ž . Ž .�f � , � , 1 � � , 1
f�W�

ppp ˜� �3.8 inf sup E T � f 
 1 � � 1 � � � �2 ,  �� B.Ž . Ž . Ž .Ž . Ž .�f � � � , 1
T� f�W�

Ž . Ž .Proofs of 3.7 and 3.8 are given in Sections 6 and 7, respectively.
Theorem 2 implies that, for fixed �, the linear estimator f is ‘‘to within a� , � , 1

Ž .factor 1�2’’ asymptotically efficient w.r.t. the risk Q 	 .� , �
Ž . Ž .Using 3.8 , one can bound LEF � , p as follows:

Q f �Ž .�1�p � , � � , ��1 ˜LEF � , p � 2 1 � � 1 � � supŽ . Ž . Ž .� ���B � , 1

�1�p�1 ˜� 2 1 � � 1 � �Ž . Ž .�3.9Ž .

�1�p � , ��� sup RR f , � supŽ .Ž .� , � � , � � , � ���B ��B � , 1

˜if � is small enough to have � � 1. Now�

Ž . �1�2�1�4�2��1 �4� �� p � 2 p � 2� , �
3.10 sup � sup � .Ž . ž / ž /� 2 2��B ��B� , 1

Ž . Ž .Applying 3.9 , 3.10 , Theorem 1 and the fact that �� 0 can be chosen
arbitrarily small, one gets

1�23.11 lim sup LEF � , p � 2 p � 2 .Ž . Ž . Ž .
��0

Ž .On the other hand, 3.7 entails

Q f �Ž .� , � �
LEF � , p 
 inf supŽ .

� Q ff Ž .� ��B � , � � , � , 1

�1�p�1 ˜
 1 � � 1 � �Ž . Ž .�3.12Ž .
�1�p � , ��� inf sup RR f , � .Ž .Ž .� , � � � , �� ž /�f� ��B � , 1
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Clearly,
Ž . 1�2�1�4�2��1 �4� 1� p � 2 p � 2� , � � 
 , �� B.ž / ž /� 2 2� , 1

Ž . Ž .Using this, 3.12 , 3.6 and the fact that �� 0 can be chosen arbitrarily
small, we find

1�2�1�4�1p � 2
3.13 lim inf LEF � , p 
 .Ž . Ž . ž /2��0

Ž .THEOREM 3. Assume 3.1 and let p � 0. Then
1�2�1�4�1p � 2 1�23.14 � o 1 � LEF � , p � 2 p � 2 � o 1 ,Ž . Ž . Ž . Ž . Ž .ž /2

as �� 0. If, in addition,

� � 43.15 max �� B : �� t� � �  0 � t � 1,Ž . �

then
1�2 1�23.16 p � 2 �2 � o 1 � LEF � , p � 2 p � 2 � o 1 ,Ž . Ž . Ž . Ž . Ž . Ž .

as �� 0.

Ž .For the proof of Theorem 3 note that 3.14 is an immediate consequence of
Ž . Ž . Ž . Ž .3.11 and 3.13 . The left-hand inequality in 3.16 follows from 3.12 if we
show that

p p�23.17 lim inf inf sup RR T , � � �� 
 p � 2 �2 .Ž . Ž .Ž . Ž .� , � � � , � � , � � , 1
��0 T� ��B

Ž . Ž . Ž .Proof of 3.17 under assumption 3.15 is given in Section 7. Note that 3.15
is not a restrictive assumption. It claims that the sets B were not too sparse.

Ž . � �4For example, 3.15 rules out the case B � � , � .1 �

Ž . Ž .With the squared risk p � 2 , 3.16 yields

' '2 � o 1 � LEF � , 2 � 2 2 � o 1 .Ž . Ž . Ž .
Remark that, for any p � 0,

lim inf LEF � , p � 1.Ž .
��0

In other words, the loss of efficiency under adaptation in sup-norm does occur.
Ž . Ž .The right-hand inequality in 3.14 and 3.16 gives an upper bound on this

Ž .loss. The question about the exact asymptotics of LEF � , p remains open. It
would be answered if one knew the exact asymptotics of the minimax risk

Ž .inf Q T .T � , � ��

4. Exact pointwise adaptation. In this section we show that the ARC
for the pointwise distance on the Sobolev classes is worse than the ORC by a
logarithmic factor, and we find the AEA estimator in this setup.

� �4Denote B � �� B: �� � .� �
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Ž .THEOREM 4. Assume 3.1 and let p � 0. Then optimal rate adaptive
� 4estimators on the scale of Sobolev classes W , �� B for the pointwise�

distance d do not exist. An ARC on this scale of classes for the distance d is0 0

� , if �� B ,� , 0 �

 � �Ž . � �� �Ž2 � �1.�2�½ � �� , if �� � .�

Theorem 4 shows that the value �� �� is an outlier in terms of the ARC.�

The ARC for �� �� is faster than for �� B : it does not contain a� �
logarithmic factor and equals ORC. This is a kind of boundary effect. To
define the pointwise AEA estimator, we exclude from consideration the

� Ž .boundary value �� � i.e., consider the set B in the place of B . The next� �
theorem shows that the estimator f � has the AEA property on this smaller� , 0
set.

Ž . Ž . �THEOREM 5. Assume 3.1 and 3.15 . Then the estimator f defined by� , 0
Ž . � 43.4 with j � 0 is rate adaptive on the scale of Sobolev classes W , �� B for�

Ž .the distance d at a fixed point x � 0, 1 . Moreover, the normalizing factor0 0
� is such that� , 0

p�plim inf sup sup E � T x � f xŽ . Ž .ž /f � , 0 � 0 0
��0 T� ��B f�W��

p��p� lim sup sup E � f x � f x � 1Ž . Ž .ž /f � , 0 � , 0 0 0
��0 ��B f�W��

for any p � 0.

Note that, similarly to the sup-norm case, the exact normalizing factor ��, 0
depends on the power p of the loss function.

Proofs of Theorems 4 and 5 are organized as follows. In Section 6 we prove
Ž .that under the assumption 3.1 the following upper bounds are valid:

p��p4.1 lim sup sup sup E � f x � f x � 1Ž . Ž . Ž .ž /f � , 0 � , 0 0 0
��0 ��B f�W�

and
� � p��pŽ2 � �1.�2�� �4.2 lim sup sup E � f x � f x � �.Ž . Ž . Ž .Ž .f � , 0 0 0

���0 f�W��

ŽSection 7 contains the proof of the following lower bound under the
.assumptions of Theorem 5 :

p�p4.3 lim inf inf sup sup E � T x � f x 
 1.Ž . Ž . Ž .ž /f � , 0 � 0 0
��0 T� ��B f�W��

Ž . Ž .The relations 4.1 � 4.3 and Theorem 4 entail Theorem 5. Proof of Theo-
rem 4 is given in Section 7.
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5. Lemmas. In the following, c , l � 1, 2, . . . , are positive constants, thatl
depend only on p, L and � . Introduce the notation1

h� � max h � , h � min h ,� � , j min, � � , j� 1j j

b � � Lb h ��1�2 , j � 0, 1,�,Ž .j � � , j

N ��k
Z t � � t ,Ž . Ž .Ý� , j k2�21 � a � �hŽ . Ž .k�0 k � , j

˜ ˜Z � sup Z t , j � 1,�, Z � Z x ,Ž . Ž .� , j � , j � , 0 � , 0 0
� �t� 0, 1

� , if ��� ��2,
�̃ � , �� �  � , ��� B , ��� � .Ž . ½ ��� � � 1�2 �2, if ��� ��2,Ž .1

˜ ˜Ž . Ž .Note that ��� � �, �� � �, and � �, �� � 2��.
In the following, it is supposed w.l.o.g. that 0 � � � 1 and �� 0 is so�

small that
5.1 log 1�� 
 �� 
 e,Ž . Ž . �

and
5.2 h N 
 1.Ž . min, � �

Denote
� log 1��Ž .�

� � .�̃ 2��Ž .�

� � Ž . Ž .The definition of � and � yields that � �� 
 1. This and 3.1 , 5.1 imply� � � �

1 1
�log 
 � 
 � log � 
 � � � as �� 0.�̃ � � ��� ��

LEMMA 1. There exist positive constants � , � , Q , b , v , andmin max max max max
v depending only on L and � , such thatmin 1

max� ��1�2 � � , max� � � ,� , j max � , j max
��B ��B

min� 
 � , j � 0, 1,�,� , j min
��B

max Q � Q , max b � b ,� max � max
��B ��B

max v � v , min v 
 v .� max � min
��B ��B

Moreover,
�1�25.3 b � 2�� 1 v .Ž . Ž .� �

Proof of this lemma is an easy consequence of the properties of the
beta-function.
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Without loss of generality, suppose everywhere in the following that �� 0
is small enough to satisfy

1 1
5.4 � 1 � 1�� exp �� �2 � 1, � 
 log logŽ . Ž . Ž . ˜max min � � � �1

and

� 42max � , 1 1 1max
5.5 � � exp � log � 1�2.Ž . �0 �2 ž /2� �v �min

LEMMA 2. As �� 0,
1�2 1�21 1 1 1 1 1

5.6 log � �, log � �Ž . � � �ž / ž /� � log � � � log 1��Ž .� � � �

and
Ž �.2� � �� �1

25.7 � log � exp �� .Ž . Ž .�̃ž /�
Ž . Ž .The proof follows easily from 3.1 and 5.1 .

LEMMA 3. For j � 0, 1,� and any �� B, except for the combination j � 0,
�� ��, we have�

1�21 1
��1�25.8 � � b � � � � � Lb h � r � log ,Ž . Ž . Ž .� , j j j � � , j � , j jž /� �

1�2 ��1�25.9 � � � b � 2�� 1 � L 2�� 1 v h .Ž . Ž . Ž . Ž . Ž .j j � � , j

The proof is given by direct calculations using the definitions from Section
Ž .3 and 5.3 .

LEMMA 4. Let ��� � and ��, �� B. Then, for �� 0 small enough,

5.10 h �h � c exp �� �2 � 1, j � 0, 1,�,Ž . Ž .˜�� , j � , j 1 �

and

1 1
� � 4h � max � , 1 exp � log� max �ž /2� ��

5.11Ž .
�̃�� 4� max � , 1 exp � � 1.max ž /2

In particular,

5.12 h � h � h� � 1, j � 0, 1,�.Ž . �� , j � , j �

Ž . Ž .The proof is straightforward, in view of Lemma 1, 5.4 and 5.7 .
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The following five lemmas are proved in the Appendix. Lemma 5 yields an
evaluation of the bias terms. Lemmas 6 and 7 provide bounds for the
stochastic terms of estimation error in sup-norm and at a fixed point. Lemma

ˆ8 shows that it is very improbable that the ‘‘estimated smoothness’’ � isj
strictly smaller than the ‘‘true smoothness’’ �. Lemma 9 gives uniform over �
bounds on the risk of the linear estimator f .� , � , �

LEMMA 5. Let ��, �� B. If ��� �, then
�̃�1�25.13 sup E f � f � c h ,Ž . Ž .f � , � � , j 2 � � , j�

f�W�

˜ ˜Ž .where �� � �, �� , and if ��� � then
1 1

sup E f � f � b � 1 � c exp � log ,Ž .Ž .f � , � , j j 3 �� ž /ž /4� �5.14Ž . f�W ��

j � 0, 1,�.

LEMMA 6. There exists c � 0 such that4

c u2
4˜P Z 
 u � exp � 1 � � ,Ž .ž /� , j � 0ž /h 2r� , j � , j

c u2
4p p�2˜ ˜E Z I Z 
 u � r exp � 1 � � ,Ž .½ 5� , j � , j � , j � 0ž / ž /h 2r� , j � , j

� 4for j � 1,�, and any u � 0, p � 0, �� B, where I 	 denotes the indicator
function.

Ž .LEMMA 7. There exists c � 0 such that for any x � 0, 1 ,5 0

u2

˜P Z 
 u � c exp � 1 � � ,Ž .ž /� , 0 5 � 0ž /2r� , 0

u2
p p�2˜ ˜E Z I Z 
 u � c r exp � 1 � �Ž .½ 5� , 0 � , 0 5 � , 0 � 0ž / ž /2r� , 0

 u � 0, p � 0, �� B.

LEMMA 8. Let � , �� B, �� �. There exists c � 0 such that6

ˆ � p�2�sup P � � � � c � �� � , j � 0,�.Ž .ž /f j 6 � �
f�W�

LEMMA 9. For any �� 0 there exists � � 0 that depends only on � , such0
that

p 1
�1 � �sup P � f � f 
 1 � � � c exp � log ,� 4�f � , � � , � , � 7 �ž /4� �f�W ��

0 � �� � , �� B.0
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Also
�p � � psup sup sup E � f � f � c p  p � 0.Ž .Ž .�f � , � � , � , � 8

��� ��B f�W0 �

6. Proofs of the upper bounds. This section is devoted to the proof of
Ž . Ž . Ž . Ž .3.5 , 3.7 , 4.1 and 4.2 . It is assumed throughout that �� 0 is small

Ž . Ž . Ž . Ž . Ž .enough to satisfy the conditions 5.1 , 5.2 , 5.4 , 5.5 , 5.10 . It is also
Ž .assumed w.l.o.g. that 0 � � � 1, so that 5.6 makes sense.�

In the following k , l � 1, 2, . . . are positive constants that depend only onl
p, L and � . Denote1

R� � sup E ��p d p f � , f , j � 0,�.Ž .Ž .� , � , j f � , j j � , j
f�W�

Clearly,
R� � R� � R� ,� , � , j � , � , j � , � , j

where

� �p p � ˆR � sup E � d f , f I � � � ,Ž . ½ 5� , � , j f � , j j � , j jž /
f�W�

� �p p � ˆR � sup E � d f , f I � 
 � , j � 0,�.Ž . ½ 5� , � , j f � , j j � , j jž /
f�W�

Ž . Ž .Hence, to prove 3.5 and 4.1 it suffices to show

6.1 lim sup sup R� � 0, j � 0,�Ž . � , � , j
��0 ��B

and
6.2 lim sup sup R� � 1, j � 0,�.Ž . � , � , j

��0 ��B

Ž .PROOF OF 6.1 . For any �� B, such that �� �, denote
1�2 1�41 1 1 1 1 1

1�2� � � r p � � � � p log � log ,Ž . Ž .j � , j j �ž / ž /ž /ž /� � � � � ��

j � 0,�.
Ž . Ž .Using 5.13 , the fact that h � 1 see Lemma 4 and the inequality ��� , j

ˆŽ .� �, � , we get for any �� B, such that �� �,

˜d f , f � E f � f � ZŽ . Ž .j � , � , j f � , � , j � , j�

�̃�1�2 ��1�2˜ ˜� c h � Z � c h � Z ,2 � , j � , j 2 � , j � , j

˜ ˜ �Ž .where �� � �, � . This and the definition of R entail� , � , j

� �p p ˆR � sup E � d f , f I � � � � � � � ,Ž . ½ 5Ý� , � , j f � , j j � , � , j j 1, j 2, jž /
f�W��B , �6.3Ž . ���

j � 0,�,
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where
p�p ��1�2ˆ� � � � � sup P � � � � c h � � � ,Ž . Ž .Ž .Ý ž /1, j 1, j f j � , j 2 � , j j

f�W��B , �

���

p
�p ��1�2 ˜ ˜� � � � � � E c h � Z I Z 
 � � .Ž . Ž .½ 5Ý ž /2, j 2, j � , j 2 � , j � , j � , j jž /

��B ,
���

Ž .To prove 6.1 it suffices to show the relations
6.4 sup � � o 1 as �� 0, l � 1, 2, j � 0,�.Ž . Ž .l , j

��B

Ž . �PROOF OF 6.4 FOR l � 1. Using the inequalities � 
 p, j � 0,�, �� � ,j �

we get, for �� �,
�1�41 1

�1�2 �1�26.5 � � �� � � 2 � p log � 2 � p .Ž . Ž . Ž .j j �ž /� ��

Ž .It follows from 5.9 that
�11�2��1�26.6 h �� � � L 2� � 1 v .Ž . Ž . Ž .� , j j 1 min

Ž .Next, 5.8 and Lemma 1 imply
1�2 1�2�2� � � � � v h � v hŽ . Ž .j j � � , j � max � , j� � �2 ž / ž /ž /� � � � � v hv hŽ .� , j j 1 min � , j� � , j6.7Ž .

1�4��1�4�1
� �2 1�2��1�2�� k � � log � k � � ,1 � 1 �ž /�

for any � , �� B, such that �� �, except for the combination j � 0, �� ��.�
� Ž .It is easy to see that for j � 0, �� � the result of 6.7 remains valid.�

Ž . Ž . Ž .Now, Lemma 8, 6.5 � 6.7 and 5.6 yield
p�1 p�2� ��1 p�2� �2 p�2�� � k card B � � � � 2k � � �Ž . Ž . Ž .1, j 2 � � 2 � �

1 1 1
�� 2k exp p � 2 log � � 2 log � p logŽ .2 � �ž /ž /� 2� �� �

6.8Ž .

� o 1 as �� 0,Ž .
Ž .for j � 0, �. This completes the proof of 6.4 for l � 1. �

Ž . Ž .PROOF OF 6.4 FOR l � 2 AND j � �. It follows from Lemma 6 and 6.6
that

�p p ˜ ˜p ˜� � k � � � P Z 
 � � � E Z I Z 
 � �Ž . Ž . Ž .½ 5Ý ž /2, � 3 � , � � � , � � � , � � , � �ž /ž /
��B ,
���

1
�p p p�2 �1 2� k c � � � � r h exp � � � 1 � � .Ž . Ž . Ž .Ž .Ý3 5 � , � � � , � � , � � � 0ž /2r� , ���B ,

���

6.9Ž .
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Now,
�1�21 1

1�2 �1�26.10 r � � log � � � � � � , j � 0,�,Ž . Ž . Ž .� , j j j j j�ž /� ��

�1 �1 �1�� Ž . Ž .and h � � � , since, by 5.1 , � is supposed to satisfy log 1�� 
� , � min
� Ž .� 
 e. This and 6.7 imply�

p��p p p�2 �1 p�2��Ž p�2.�2�6.11 � � � � r h � k � � .Ž . Ž . Ž .Ž .� , � � � , � � , � 4 �

On the other hand,

1
2� � 1 � �Ž . Ž .� � 02r� , �

1�2p � 2 p 1 1 1 1

 � log � log 1 � �Ž .�0�ž /ž /2� 2� � 2 � ��

6.12Ž .

1�2p � 2 p 1 1 1 1 1

 � log � log � k � log .5 � 0�ž /2� 2� � 2 � � ��

Ž . Ž . Ž .Note that � log 1�� � o 1 , as �� 0, in view of 3.1 and the definition of�0
Ž . Ž . Ž .� . Using this and substituting 6.11 and 6.12 into 6.9 , one obtains�0

1�21 1 1p�� � k card B � exp � logŽ . Ž .2, � 6 � �ž /ž /2 � ��

1�21 1 1p�1� �1� 2k � � exp � log � o 1 as �� 0,Ž . Ž .6 � � �ž /ž /2 � ��

Ž . Ž .where 5.6 was applied. This completes the proof of 6.4 for l � 2 and j � �.

Ž . Ž .PROOF OF 6.4 FOR l � 2 AND j � 0. Using Lemma 7 and 6.6 , we obtain,
Ž .as in 6.9 ,

1
�p p p�2 26.13 � � k c � � � � r exp � � � 1 � � .Ž . Ž . Ž . Ž .Ž .Ý2, 0 3 5 � , 0 0 � , 0 0 � 0ž /2r� , 0��B ,

���

Ž . Ž .Now, 6.7 and 6.10 imply
p��p p p�2 p�2��p�2�6.14 � � � � r � k � � ,Ž . Ž . Ž .Ž .� , 0 0 � , 0 7 �

Ž .and, as in 6.12 , one gets
1�21 p p 1 1 1 1

2� � 1 � � 
 � log � logŽ . Ž .0 � 0 �ž /2r 2� 2� � 2 � �� , 0 �6.15Ž .
1

� k � log .5 � 0 �
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Ž . Ž . Ž . Ž .Combining 6.13 � 6.15 , observing that � log 1�� � o 1 as �� 0 and�0
Ž .using 5.6 , one comes to

1�21 1 1p�1� �16.16 � � k � � exp � log � o 1 as �� 0. �Ž . Ž . Ž .2, 0 8 � � �ž /ž /2 � ��

Ž .PROOF OF 6.2 FOR j � �. Fix a number �� 0. Consider the random event
�1 � �� � , � � � f � f 
 1 � � .Ž . � 4�f � , � � , � , �

Then

� �p p ˆ� �R � sup E � f � f I � � �� 4Ý �ž /� , � , � f � , � � , � , � �
f�W ��B ,�

�
�

p ˆ� 1 � � sup P � 
 �Ž . � 4f �
f�W�

�p p ˆ� �� sup E � f � f I � � , � � � � �Ž . � 4Ý � ½ 5f � , � � , � , � f �ž /
f�W��B , �

�
�

6.17Ž .

p� 1 � �Ž .
1�22 p�2 p 1�2� �� sup E � f � f sup � � , � ,Ž .Ý �ž /ž /f � , � � , � , � fž /f�W f�W��B , � �

�
�

ˆŽ . � Ž . � 44where � �, � � P � �, � � � � � .f f f �
ˆ ˆNote that if � � �
 �, then, by definition of � ,� �

� �6.18 f � f � � � .Ž . Ž .� , � , � � , � , � �

Thus
� � � �6.19 f � f � � � � f � f ,Ž . Ž .� �� , � , � � � , � , �

and, in view of Lemma 9, for 0 � �� � ,0

2 p2 p�2 p 2 p�1� �E � f � f � 2 � � �� � c 2 pŽ . Ž .Ž .�ž / ž /f � , � � , � , � � � , � 8

� 22 p�1 1 � c 2 p .Ž .Ž .8

Ž .Substitution of this inequality into 6.17 gives
p� 1�26.20 R � 1 � � � k sup � � , � .Ž . Ž . Ž .Ý� , � , � 9 f

f�W��B , �

�
�

Ž .It remains to estimate � �, � . By Lemma 9,f

p 1
sup � � , � � sup P � � , � � c exp � log ,Ž . Ž .� 4f f f 7 �ž /4� �6.21Ž . f�W f�W �� �

0 � �� � , �� B.0
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Ž . Ž Ž ..Consider now � �, � , �� �. Since E f t is a continuous functionf f � , � , �
Ž . � �of t, there exists a nonrandom point t* � 0, 1 , such that

6.22 E f t* � E f t* � E f � E fŽ . Ž . Ž . Ž . Ž .Ž . Ž .f � , � , � f � , � , � f � , � , � f � , � , � �

Ž .clearly, t* depends on f , � , � , � .
ˆ Ž . Ž .If � � �� �, then, in view of 6.18 and 6.22 ,�

	 	E f � E f � � � � � * ,Ž .Ž . Ž .f � , � , � f � , � , � ��

ˆŽ . Ž .where � * � Z t* � Z t* . Therefore, if � � �� �,� , � � , � �

˜f � f � E f � E f � Z � E f � fŽ . Ž . Ž .� , � , � f � , � , � f � , � , � � , � f � , � , �� � �

1 1˜	 	� � � � � * � Z � b � 1 � c exp � logŽ . Ž .� � , � � 3 �ž /ž /4� ��

1 1 ˜	 	� � 1 � c exp � log � � * � Z ,� , � 3 � , ��ž /ž /4� ��

Ž . Ž .where 5.14 of Lemma 5 and 5.8 of Lemma 3 were used. This entails that, if
�� �,

1 1
�1 ˜	 	� � , � � P � � * � Z 
 �� c exp � logŽ . ž /f f � , � � , � 3 �½ 5ž /4� ��6.23Ž .

�� ��� , � � , �˜ 	 	� P Z 
 � P � * 
 ,� , � fž / ž /3 3

Ž Ž � . Ž ..if � is so small that c exp � 1�4� log 1�� � ��3. By Lemma 6,3 �

˜ �1 2 2 �16.24 P Z 
 �� �3 � c h exp � � �18 � r 1 � � .Ž . Ž .Ž .Ž .ž /� , � � , � 4 � , � � , � � , � � 0

Ž . Ž .By 5.8 , 5.10 and the fact that � � 1�2,�0

� 2 � r�1 r p � 2 1 1Ž .� � , � � , �2 �1� r 1 � � 
 � logŽ .� , � � , � � 0 2 r 2 � �� , �

2v p � 2 h 1 1 � 1 1˜min � , � �
 log 
 k exp log .10ž / ž /ž /v 2 h � � 2 � �max � , �

�1 �1 �1� � Ž .On the other hand, h � � � , since � is supposed to satisfy log 1���, � min
Ž .
 e. This and 6.24 imply

�� 1 1 � 2 �̃� , � �˜P Z 
 � k exp log 1 � k exp� , � 11 10ž / ž /ž /ž /ž /3 � � 18 2
6.25Ž .

1 1 �̃�� k exp �k log exp � o 1 as �� 0.Ž .11 12 � ž /ž /� � 2�
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Now, the random variable � * is Gaussian with mean 0 and with the
Ž .variance Var � * , satisfying

Var � * � 2 Var Z t* � Var Z t* � 2 r 0, h � r 0, hŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .� , � � , � � , � � , �

� 2 r � r 1 � � � k � 2h�1 ,Ž . Ž .� , � � , � � 0 13 � , �

Ž .where we used Lemma 1, A.13 and the inequalities � � 1�2, h � h ,�0 � , � � , �
Ž .�� � see Lemma 4 . Hence, for � small enough,

�� �� �Ž .� , � �
	 	 	 	P � * 
 � P � * 
f fž / ž /3 3

� 2 � 2 � 1 1Ž .�� 2 exp � � 2 exp �k log14ž / ž /ž /18 Var � * � �Ž .
6.26Ž .

1 1
� 2 exp �k log � o 1 as �� 0.Ž .14 �ž /� ��

Ž . Ž . Ž .It follows from 6.23 , 6.25 and 6.26 that

1 1
sup � � , � � k exp � log , �� � , �� B.Ž .f 15 �ž /k � �f�W 15 ��

Ž . Ž .This and 6.20 , 6.21 yield

1 1p�R � 1 � � � k card B exp � logŽ . Ž .� , � , � 16 �ž /k � �16 �

p� 1 � � � o 1 as �� 0.Ž . Ž .

Ž .Since �� 0 can be chosen arbitrarily small, this completes the proof of 6.2
with j � �. �

Ž .PROOF OF 6.2 FOR j � 0 . Note first that

� �p � p ˆ �	 	� �R � sup E � f x � f x I � � �Ž . Ž . � 4ž /� , � , 0 f � , 0 � , 0 0 0 0 �� �
�f�W��

� o 1 R�, as �� 0,Ž . �

� Ž . � Ž .where R is defined in the proof of 4.2 below. Since R � O 1 , as �� 0� �

� Ž .� � Ž .�see the proof of 4.2 , we have R � o 1 , and it suffices to prove a� , � , 0�

Ž .weaker version of 6.2 where sup is replaced by sup . Therefore, in�� B � � B �
the rest of the proof we assume �� B .�

ˆ ˆIf � � �
 �, then, by definition of � ,0 0

�f x � f x � f x � f x � � � ,Ž . Ž . Ž . Ž . Ž .� , 0 0 � , � , 0 0 � , � , 0 0 � , � , 0 0 0
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ˆ Ž .and thus, for � 
 � and f � W , using 5.14 , we get0 �

�f x � f x � f x � f x � � �Ž . Ž . Ž . Ž . Ž .� , 0 0 0 � , � , 0 0 0 0

1 1 ˜� � � � b � 1 � c exp � log � ZŽ . Ž .0 0 3 � , 0�ž /ž /4� ��

˜� � � Z 1 � o 1 ,Ž .Ž .ž /� , 0 � , 0

Ž .where o 1 � 0 as �� 0 uniformly in �� B. Hence, for any �� B ,�
p

� �p ˜R � � E � � Z 1 � o 1Ž .Ž .ž /� , � , 0 � , 0 � , 0 � , 0ž /
pp�p �p ˜ ˜� � � � � � � � E � � Z I Z 
 � �Ž . Ž .Ž . ½ 5ž /� , 0 � , 0 0 � , 0 � , 0 � , 0 � , 0 0ž /

� 1 � o 1Ž .Ž .
6.27Ž .

p
� 1 � � � ��Ž .Ž .Ž .0 � , 0

p
p�1 1�2 2�2 c 1 � r �� exp � � � �2r 1 � �Ž . Ž .Ž . Ž .ž /ž /5 � , 0 � , 0 0 � , 0 � 0

� 1 � o 1 ,Ž .Ž .
where Lemma 7 was used. Now, for any �� B ,�

�1�21�2 1�2r r 1 1� , 0 � , 0 �1�2� � p log ,�ž /� � � � �Ž .� , 0 0 �

6.28Ž .
1�4 �1�4

� � 1 1 1 1Ž .0 1�2 �1 �1�2� r log � � p log� , 0 � , 0� �ž / ž /� � � � �� , 0 � �

and

� 2 �Ž .0
1 � �Ž .�0ž /2r� , 0

6.29Ž .
1�2 1�21 1 1 1 1 1

� log 1 � � 
 log .Ž .�0� �ž / ž /2 � � 4 � �� �

Ž . Ž . Ž .The substitution of 6.28 and 6.29 into 6.27 gives, for any �� B ,�
p�1�41 1

� �1�2R � 1 � p log� , � , 0 �ž /ž /� ��

1�21 1 1
�k exp � log 1 � o 1 .Ž .Ž .17 �ž /ž /4 � ��
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Ž .This entails 6.2 for j � 0. �

Ž . Ž .PROOF OF 3.7 . Using 5.14 with j � 1, we get, for any �� B, �� 0,
p

sup E f � fž /f � , � , 1 �
f�W�

p
˜� sup E Z � E f � fŽ .ž /f � , 1 f � , � , 1ž /�

f�W�

p
˜ ˜� sup E Z � E f � f I Z � 1 � � � �Ž . Ž .Ž . ½ 5ž /f � , 1 f � , � , 1 � , 1 1ž /�

f�W�

p
˜ ˜� sup E Z � E f � f I Z 
 1 � � � �Ž . Ž .Ž . ½ 5ž /f � , 1 f � , � , 1 � , 1 1ž /�

f�W�6.30Ž .
p

1 1pp� 1 � � � � � b � 1 � c exp � logŽ . Ž . Ž .Ž .1 1 3 �ž /ž /4� ��

p�1 ˜p ˜� 2 E Z I Z 
 1 � � � �Ž . Ž .½ 5� , 1 � , 1 1ž /ž
p

1 1
p ˜�b � 1 � c exp � log P Z 
 1 � � � � .Ž . Ž . Ž .½ 51 3 � , 1 1�ž /ž / /4� ��

By Lemma 6,

c 1 14 2˜6.31 P Z 
 1 � � � � � exp � 1 � � 1 � � logŽ . Ž . Ž . Ž . Ž .ž /� , 1 1 � 0ž /h � �� , 1

and

˜p ˜E Z I Z 
 1 � � � �Ž . Ž .½ 5� , 1 � , 1 1ž /
c 1 14 2p�2� r exp � 1 � � 1 � � logŽ . Ž .� , 1 � 0ž /h � �� , 16.32Ž .

�p�22 1 c 1 14 2p� � � log exp � 1 � � 1 � � log .Ž . Ž . Ž .1 � 0� ž /ž /� � h � �� � , 1

Ž 2 Ž ..1�2�Now, in view of Lemma 1, h 
 � � log 1�� , and thus�, 1 min

c 1 14 2exp � 1 � � 1 � � logŽ . Ž .�0ž /h � �� , 1

1 12�1� c � exp � 1 � � 1 � � � 1 logŽ . Ž .4 min � 0 �ž � ��

6.33Ž .

1 1
� log log� /2� ��
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Ž . Ž . Ž .for all �� B and � small enough. Combining 6.30 � 6.33 and using 5.8
Ž � . Ž . Ž .and the fact that � � 0, 1�� log 1�� � �, one obtains 3.7 . ��0 �

Ž . �PROOF OF 4.2 . Now let �� � , j � 0. We have�

� � p��pŽ2 � �1.�2� � �� �6.34 sup E � f x � f x � R � R ,Ž . Ž . Ž .Ž .f � , 0 0 0 � �
�f�W��

where
� � p�� �pŽ2 � �1.�2�� � ˆR � sup E � f x � f x I � � B ,Ž . Ž . � 4ž /� f � , 0 0 0 0 �

�f�W��

� � p� �� �pŽ2 � �1.�2�� � ˆR � sup E � f x � f x I � � � .Ž . Ž . � 4ž /� f � , 0 0 0 0 �
�f�W��

Ž .As in 6.3 ,
p� �� �pŽ2 � �1.�2�� � ˆR � � sup E f x � f x I � � �Ž . Ž . � 4Ý ž /� f � , � , 0 0 0 0

�f�W��B ���

� ��p Ž2 ��
� �1 .�2��

�� �
p � �� � � ��Ž . Ž .Ž .� , 0 1, 0 � 2, 0 ��

Ž � . �p 2� �1 �4�� �1
� � �p� c � , 0 log � � � � � .Ž . Ž . Ž .Ž .� 1, 0 � 2, 0 �ž /�

Ž . Ž . Ž . Ž .This, together with the definition of c �, 0 and 6.8 , 6.16 , 5.6 implies

6.35 lim sup R�� 0.Ž . �
��0

ˆ � Ž .�Next, if � � � and f � W , using 5.14 we get0 � ��

�
�f x � f x � f x � f xŽ . Ž . Ž . Ž .� , 0 0 0 � , � , 0 0 0�

1 1
� ˜ �� b � 1 � c exp � log � ZŽ .0 � 3 � , 0� �ž /ž /4� ��

6.36Ž .

Ž2��
� �1 .�2��

� ˜ �� Lb � 1 � o 1 � Z .Ž .Ž .max � , 0�

Ž 2 �1 .1�2
�Furthermore, using Lemma 7 with u � � h , one obtains� , 0�

p�2p 2 �1˜ � �E Z � � hŽ .ž /� , 0 � , 0� �

1
p�2 2 �1
� �� c r exp � � h 1 � �Ž .5 � , 0 � , 0 � 0� �ž /�2r� , 0�

6.37Ž .

� �pŽ2 � �1.�2� p� �� � 1 � c v .5 max

Ž . Ž .It follows from 6.36 and 6.37 that

lim sup R�� �.�
��0

Ž . Ž . Ž .Combining this result with 6.34 and 6.35 one gets 4.2 . �
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7. Proofs of the lower bounds. This section is devoted to the proofs of
Ž . Ž . Ž . Ž .the lower bounds 3.6 , 3.8 , 4.3 , 3.17 and Theorem 4. Let us start with

some auxiliary facts.
Ž . Ž .Define the Fourier transform of a function f x � L ��,� as1

�1
�i x�f̂ � � f x e dx ,Ž . Ž .H2� ��

and denote f Ž � . the Weyl derivative of order �� 1�2 of a function f , that is,
�

�Ž � . i x�ˆf x � f � i� e d� ,Ž . Ž . Ž .H
��

if the last integral exists.
Denote, for every �� 1�2,

�
i t x

�e cos txŽ .
K x � dt � 2 dt .Ž . H H0, � 2� 2�	 	 1 � t1 � t�� 0

ˆ 2�Ž . Ž 	 	 .Note that the Fourier transform of K is K � � 1� 1 � � . By0, � 0, �
Plancherel’s formula, the L -norm of K equals2 0, �

1�2
� 1

7.1 K � 2� dt � 2� v .Ž . H0, � �22 2�ž /�� 	 	1 � tŽ .
Similarly, the L -norm of the Weyl derivative K Ž � . equals2 0, �

1�22�	 	� t
Ž � .7.2 K � 2� dt � 2� b .Ž . H0, � �22 2�ž /�� 	 	1 � tŽ .

Define the function
K x � s K s x ,Ž . Ž .� 1 0, � 2

Ž .�1Ž .1�4� Ž .1�2�where s � 2� v 2�� 1 , s � 2�� 1 . For j � 0, 1,�, �� B,1 � 2
denote

1�2�� 1�2�j 2� � , h � � � log 1�� .Ž .Ž .� , j � , j � , j2ž /L�

LEMMA 10. We have
Ž .� 2��1 �4�Ž � .7.3 K � 1, K � 1, K 0 � 2� 2�� 1 b .Ž . Ž . Ž .� � � �2 2

Ž . Ž .Furthermore, for any �� 0, 1 , �� 0, 1 and �� B, there exist a number
Ž . Ž .D � D � , �, � � 0 and a function K 	 such that:�

Ž . Ž .i suppK � �D, D ;�

ˆ ˆŽ . 	 Ž . 	 Ž . 	 Ž . 	 Ž .ii K � � 1 � ��2 K � , �� ��,� ;� �

Ž . � �iii K � 1 � ��2;2�

Ž . Ž . Ž .Ž .iv K 0 
 K 0 1 � � ;� �

Ž . Ž Ž . . Ž .v sup D � , �, � h � o 1 as �� 0, j � 0, 1,�,�, j
��B
ˆ ˆŽ . Ž .where K � and K � are the Fourier transforms of K and K respec-� � � �

tively.
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Proof of Lemma 10 is given in the Appendix.
For j � 0, 1,�, �� B, denote

��1�2G x � Lh K x�h ,Ž . ž /� , j � , j � � , j

Ž . Ž . Ž .where K satisfies the conditions i to iv of Lemma 10 for a �� 0, 1�2 . In�

Ž .particular, supp G � �Dh , Dh .�, j � , j � , j

Ž . � 4 Ž .PROOF OF 3.6 . Assume that 0 � �� min 1, 2p � p � 2 . Set M ��
� Ž .� Ž .1� 2 Dh � 1, where D � D � , �, � , and let �� 0 be so small that�, �

Ž Ž . . � �M 
 1 cf. v of Lemma 10 . Then the interval 0, 1 contains M disjoint� �

subintervals of length 2 Dh .�, �
� Ž . 4 � �Define the family of functions FF � f 	 , k � 0, 1, . . . , M on 0, 1 ,� k� �

where
f x � 0, f x � G x � x ,Ž . Ž . Ž .0� k� � , � k , �

Ž .with x � 2k � 1 Dh , k � 1, . . . , M . Using Lemma 10, it is easy to seek , � � , � �

that

supp f � 2k � 2 Dh , 2kDh � 0, 1 ,Ž . Ž .ž /k� � , � � , �

for � small enough, and
�

��1�2ˆ ˆ	 	 	 	f � � 1 � Lh K �h ,Ž . ž /k� � , � � � , �ž /27.4Ž .
k � 1, . . . , M , �� ��,� ,Ž .�

7.5Ž . 22 2 2�f � L h Kk� � , � �2 2

2 2� 1 � ��2 � �� � log 1�� , k � 1, . . . , M .Ž . Ž . Ž .� �

It follows from Proposition 4 in the Appendix that f � W , k � 0, 1, . . . , M ,k� � �

for � small enough, and thus FF 	 W .� �
� Ž .Fix ��� B, ��� � . Consider the binary vectors � � � , . . . , � ,� k 1k M k

k � 0, 1, . . . , M, where M � M , and � is the Kronecker delta. For an�� ik
arbitrary estimator T ,�

ˆ� �T � f 
 max T x � f x � G 0 d � ,� � 1 � �Ž . Ž . Ž . Ž .Ž .�� i� � � i , � i� � i , � � � , � i
1�i�M

ˆ ˆ ˆ ˆŽ . Ž . Ž .where �� � , . . . ,� , � � T x �G 0 , i � 1, . . . , M, and the distance1 M i � i, � � �, �

	 	d u , v � 1 � � max u � vŽ . Ž . i i
1�i�M

Ž . Ž .for any two M-vectors u � u , . . . , u , v � v , . . . , v . Taking this into1 M 1 M
account and denoting E � E , one obtainsi f i� �

�p � � psup sup E � T � fŽ .�f � , � �
��B f�W�

p p�p �p� � � ��
 max E � T , max E � T � f� �½ 50 � , � � i � � , � � i� �� 1�i�M
7.6Ž .

p
pˆ ˆ
 max E qd � ,� , max E d � ,� ,Ž . Ž .ž /0 0 i i½ 5

1�i�M
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where

q � G 0 � �
�1 � 1 � � ,Ž . Ž .�� , � � , ��

and the following consequence of Lemma 10 was used:

��1�2 ��1�27.7 G 0 � Lh K 0 
 1 � � Lh K 0 � 1 � � �Ž . Ž . Ž . Ž . Ž . Ž .� , j � , j � � , j � � , j

Ž � .valid for all �� B, j � 0, 1,�, except for the combination j � 0, �� � . To�

Ž .estimate from below the last expression in 7.6 , use Theorem 6 from the
Ž . Ž .Appendix. Let us check the conditions A.1 and A.2 of Theorem 6 with

� 4 � . Ž . p ��� � ,� , . . . ,� and d 	, 	 defined above, w u � u , �� � and �� � ,0 1 M
� Ž . � Ž . Ž .where �� p � � p � 2 �2 �2��. It suffices to check A.2 , since A.1 is

Ž .straightforward in view of the definition of � and d 	, 	 . For the rest of thei
proof, P � P . Clearly,i f i� �

MdP0 �17.8 Q 
 � � M p ,Ž . ˜Ý iž /dQ i�1

Ž �1 M Ž . .where p � P M Ý dP �dP � 1�� . Fix i and estimate p from below.˜ ˜i i k�1 k 0 i
�Standard results on the absolute continuity of Gaussian measures see, e.g.,

Ž . �Ibragimov and Hasminskii 1981 , Appendix 2 imply that under P ,i
dPk �1 �2 2� exp � �� �  � � �2 , k � 1, . . . , M ,Ž .k kdP0

Ž . 2 � � 2where � are i.i.d. NN 0, 1 random variables, � � f and2k i� �

1, if k � i ,
 �k ½�1, if k � i .

� 4Hence, using the independence of � and � , k � i , one obtainsi k

M
�1 �1 �2 2p � P M exp � �� �  � � �2 � 1��˜ Ž .Ýi k kž /

k�1

M
�1 �1 �2 2
 P M exp � �� � � � �2 � 1�2�Ž .Ý kž /k�1,

k�i

7.9Ž .

�P M�1 exp ��1�� � ��2� 2�2 � 1�2� .Ž .Ž .i

By Chebyshev’s inequality,

M
�1 �1 �2 2P M exp � �� � � � �2 � 1�2�Ž .Ý kž /k�1,

k�i

M � 1
�1 �2 2
 1 � 2� E exp � �� � � � �2Ž .Ž .kM

7.10Ž .

M � 1
� 1 � 2� � 1 � o 1 as �� 0,Ž .

M
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Ž .since �� 0, as �� 0. It follows from 7.5 and the definition of M � M that��

2� 1 1
2 2� � 1 � p � 2 � log ,Ž .ž /2 �� �

7.11Ž .
1 1

log M � log 1 � o 1 , �� 0.Ž .Ž .
�� �

Ž Ž . Ž .to get the last equality, use 3.1 and the definition of D � , �, � in the proof
Ž . .of Lemma 10; here o 1 � 0 uniformly in ��� B .

Now,

P M�1 exp ��1�� � ��2� 2�2 � 1�2�Ž .Ž .i

�2 2� P �� 
 ��� log 2� � log M � � � �2Ž . Ž .Ž .i7.12Ž .
� 1 �! � ,Ž .�

Ž . Ž .where ! 	 is the standard normal c.d.f., and, in view of 7.11 ,

�2 21 1 � �
� � ��� ��� log 1 � o 1 �Ž . Ž .Ž .� ž /�� � 2

� � � 1 1
� � 1 � p � 2 log 1 � o 1Ž . Ž .Ž .ž / ž /� 4 2 �� �

1�2 1�2� 1 1
� � p � 2 log 1 � o 1 .Ž . Ž .Ž .ž /4 �� �

Ž .Choose ��� � . Then, � � ��, as �� 0. This, together with 7.12 implies1 �

P M�1 exp ��1�� � ��2� 2�2 � 1�2� 
 1 � ��2Ž .Ž .i

Ž . Ž .for � small enough. Combining this inequality with 7.9 and 7.10 , one
obtains that p 
 1 � � for � small enough, uniformly over i, which, togetherĩ

Ž . Ž .with 7.8 entails A.2 for �� � . Therefore, for � small enough, it is possible
Ž . Ž . Ž .to apply A.3 . It follows from A.3 and 7.6 that

p p
1 � � � 1 � 2� q�Ž . Ž . Ž .p�p � �7.13 inf sup sup E � T � f 
 ,Ž . Ž .� p pf � , � �

T 1 � 2� � q� �Ž . Ž .� ��B f�W�

Ž .for � small enough. It follows from 7.7 and from the definitions of � and q
p � p � Ž . p Ž .�that � q � � q 
 � � �� � �, as �� 0. To get 3.6 , it suffices to� , � � , �1 �

Ž .take the lower limits of both sides of 7.13 , as �� 0, and to note that �� 0
can be chosen arbitrarily small. �

Ž .PROOF OF 4.3 . Let ��� B and �� � B be such that �� � ��. Con-� �
Ž . Ž . Ž .Ž .1�2sider the functions f x � 0 and f x � G x � x 1 � ����� .0 1 � �, 0 0
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Ž . Ž .Clearly, supp f � x � Dh , x � Dh 	 0, 1 for � small enough, and1 0 � �, 0 0 � �, 0

�
���1�2ˆ ˆf � � 1 � Lh K �h , �� ��,� ,Ž . Ž .ž /1 � � , 0 � � � � , 0ž /2

2� 1 1 12 2� �f � 1 � � � � log21 0ž / ž /2 �� �� �
7.14Ž .

2� 1 1 1
2� 1 � p � � logž / ž /2 �� �� �

� Ž . Ž .�cf. 7.4 and 7.5 . Following the lines of Proposition 4 in the Appendix it is
easy to show that f � W for � small enough.1 � �

� 4Let �� � ,� , where � � 0, � � 1. For an arbitrary estimator T and0 1 0 1 �

i � 0, 1, we have

1�2 ˆ�� d � ,�Ž .i
T x � f x � G 0 1 � ,Ž . Ž . Ž .� 0 i 0 � � , 0 ž /�� 1 � �

ˆ �1�2Ž Ž . Ž ..Ž . Ž . Ž . 	 	where �� T x �G 0 1 � ����� , and d u, v � 1 � � u � v ,� 0 � �, 0
u, v � �.

Ž .Denoting E � E and using 7.7 with �� ��, j � 0, we geti f i

p�psup sup E � T x � f xŽ . Ž .ž /f � , 0 � 0 0
��B f�W��

p p�p �p
 max E � T x , E � T x � f xŽ . Ž . Ž .½ 50 � � , 0 � 0 1 � � , 0 � 0 1 07.15Ž .
p�2�� p

pˆ ˆ
 1 � max E qd � ,� , E d � ,� ,Ž . Ž .ž /0 0 1 1½ 5ž /��

where
1�2�1G 0 � ��Ž .�� , 0 � � , 0 �1q � � � � 1 � .�� , 0 � � , 0 ž /1 � � ��

Ž . Ž .The last expression in 7.15 is estimated from below by use of A.3 of
Ž . p � 4Theorem 6 in the Appendix with w u � u , M � 1 and �� � ,� defined0 1

Ž . Ž . � �above. To apply A.3 , it suffices to check A.2 with �� � , �� � , � ��
Ž .Ž .Ž . Žp 1 � ��2 1�2 1���� 1��� , Q � P in the rest of the proof, P � P ,1 i f i

.i � 0, 1 .
We have

�2 2dP � �0 �1P 
 � � P exp � ��� 
 �1 ž /ž / ž /dP 21

�2 2� � �
� P �
 log �� � 1 �! � ,Ž .�ž /� 2
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22Ž . � � Ž .where �� NN 0, 1 , � � f , and, in view of 7.14 ,21

�2 2� 1 � �
� � �� � log �Ž .� � � 2

� � � 1 1 1
� � 1 � p � logž / ž /� 4 2 �� �� �

1�2 1�2� 1 1 1
� � p � log .ž /ž /ž /4 �� �� �

�� 4Choose ��� � , �� � max �� B: �� � �2 . Then �� � �, � � ��, as1 � �

Ž .�� 0, and thus P dP �dP 
 � 
 1 � � for � small enough. Therefore, by1 0 1
Ž .Theorem 6 from the Appendix, for � small enough, one can use A.3 to

Ž .evaluate the last expression in 7.15 . This results in
p p

1 � � � 1 � 2� q�Ž . Ž . Ž .p�pinf sup sup E � T x � f x 
Ž . Ž . p pž /f � , 0 � 0 0
T 1 � 2� � q� �Ž . Ž .� ��B f�W��

p � � p � � Ž . pŽ Ž ..for � small enough. Here � q � � q 
 � � �� 1 � o 1 � �, as��, 0 � � , 0
Ž .�� 0. We finish as in the proof of 3.6 . �

Ž . Ž .PROOF OF 3.8 . Use Theorem 6 ii from the Appendix. Fix 0 � �� 1�2
� Ž .� Ž .and �� B. Set M � 1� 2 Dh � 1 where D � D � , �, � , and let �� 0�, 1

� �be so small that M 
 1. Define the functions on 0, 1 as follows

˜ ˜f x � 0, f x � G x � x ,Ž . Ž . Ž .0� k� � , 1 k , 1

Ž . Ž . Ž .with x � 2k � 1 Dh , k � 1, . . . , M. Similarly to 7.4 , 7.5 and to thek , 1 � , 1
˜argument after these inequalities, one gets that f � W , k � 0, 1, . . . , M,k� �

and
22 2˜� �7.16 f � 1 � ��2 2�� � log 1�� , k � 1, . . . , M ,Ž . Ž . Ž . Ž .2k�

and that for an arbitrary estimator T ,�
˜ ˆ� �7.17 T � f 
 G 0 d � ,� � 1 � � ,Ž . Ž . Ž .Ž .�� i� � , 1 i

ˆ ˆ ˆŽ . Ž . Ž .where � and d 	, 	 are as in the proof of 3.6 , and �� � , . . . ,� ,i 1 M
ˆ Ž . Ž . Ž . Ž .� � T x �G 0 , k � 1, . . . , M. Now, in view of 7.17 and 7.7 ,k � k , 1 � , 1

p�p p ˆ� �7.18 sup E � T � f 
 max E d � ,� .Ž . Ž . Ž .�f � , 1 � i i
0�i�Mf�W�

Here and later E and P , respectively, are used as a brief notation for E andi i f
P in case f � f .f i�

Ž . Ž .To apply Theorem 6 ii from the Appendix, it is enough to show that A.4
Ž1���2.� � Ž Ž . .holds with �� � , �� ��2. in fact, A.1 is obvious . We have

dP ��2� 2
0 �1P 
 � � P exp � �� � 
 � , k � 1, . . . , M ,k kž /ž / ž /dP 2k



SHARP ADAPTIVE ESTIMATION 2451

2 ˜ 2Ž . � � Ž .where � � NN 0, 1 and � � f . This and 7.16 entail2k k�

dP0 ˜P 
 � 
 1 �! � ,Ž .k �ž /dPk

Ž .where ! 	 is the standard normal c.d.f., and, for any �� B,
2� � 1 1 1 � 1

�̃ � � 1 � log � 1 � log� ž / ž /� 2 � � � 2 �

1�21�21 1 1 1
� �� log � �� log � �� as �� 0.�8� � 8� ��

Ž . Ž �Ž � . Ž .�1�2 .Hence, P dP �dP 
 � 
 1 � ! �� 1�8� log 1�� , which yieldsk 0 k �

Ž .A.4 . Moreover, there exist constants c � 0, c � 0, independent of �, such˜
that for all �� B,

�1�2�1 �1Ž1���2.� � 2�M 
 c� � log D � , � , �Ž .ž /�
�� 1 1 1 ��

1 �
 c exp log � log log � � � as �� 0˜ �ž /2 � 2� � c̃�

� Ž . Ž .here we use 3.1 and the expression for D � , �, � given in the proof of
� Ž .Lemma 10 . Thus, one can apply A.5 which takes the form

p 1�21 � � 1 1 �M
p ˆinf max E d � ,� 
 1 �! �� logŽ .i i �ž / ž /ž /2 8� � 1 � �M0�i�M�̂ �

p1 � � ˜
 1 � � ,Ž .�ž /2
˜ ˜where � � 0 does not depend on � and � � 0, as �� 0. To complete the� �

Ž . Ž .proof of 3.8 it remains to combine this inequality with 7.18 . �

Ž . Ž .PROOF OF 3.17 . We act as in the proof of 3.6 , with some modifications.
Ž .The definitions and notation of the proof of 3.6 are used as well. For an

arbitrary estimator T , and for any ��� B, ��� ��, we get� �
pp�p � �sup sup E � T � f � ��Ž .Ž .�f � , � � � , � � , 1

��B f�W�

pp �1 � ��
 � �� max E a� T ,Ž . �Ž .�� , � � � , 1 0 � , � �½ �

7.19Ž .
p�p � �max E � T � f �i � � , � � i� � 5

1�i�M

pp pˆ ˆ
 � �� max E q�d � ,� , max E d � ,� ,Ž . Ž . Ž .ž /�� , � � � , 1 0 0 i i½ 5
1�i�M

where
a � � �� � � �� � , q�� aq,Ž . Ž .�� , 1 � � , � � , � � , 1� �
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Ž .and q� is defined in the proof of 3.6 . Put

� � 4��� max �� B : �� �� �2 .�

Ž .Condition 3.15 ensures that ��� �, as �� 0. Let us first show that

p
pˆ ˆ7.20 lim inf max E q�d � ,� , max E d � ,� 
 1.Ž . Ž . Ž .ž /0 0 i i½ 5

��0 1�i�M

Ž . � Ž .�To show 7.20 it suffices to check the relations cf. the proof of 3.6

1�2 1�2� 1 1
7.21 p � 2 log � �,Ž . Ž . ž /4 �� �

�7.22 �� � � o 1 where �� p � � p � 2 �2 �2��,Ž . Ž . Ž .
p

7.23 � q� � �Ž . Ž .

Ž . Ž .as �� 0. Note that 7.21 and 7.22 are straightforward in view of the
Ž � . Ž . Ž .definition of �� and of the relation 1�� log 1�� � �. In view of 7.7 we�

ŽŽ . .Ž1� � ��1� ��
� .�4 Ž . p

�get q 
 � �� . Also, a � p � 2 �2 
 1, and � q� ���, � � , ��
� Ž . p � pŽ . p Ž .�� aq 
 � a � �� . Thus, to show 7.23 it suffices to prove��, � � , ��

p�
�� � �� � �.Ž .�� , � � , ��

Using Lemma 1, it is easy to show that

lim inf c � ,� � 1�2 � 0, lim sup c � ,� � 1�2 � �.Ž . Ž .
��� ���

As ��� � and �� � �, we conclude that, for � small enough,�

p�c ��,� �c � ,� 
 c�,Ž . Ž .�

where c�� 0 is an absolute constant. It follows that for � small enough

�p p Ž .p 1�� �1�� � �4�� c ��,� 1Ž .�� , �� � 2� � � � logž /ž /�� c �* ,� �Ž .� , � ��

�p�21��1� ��
 c�� logž /�
1 1 p 1

� c� exp log � log log � �,�ž /� � 2 ��

� Ž .as �� 0. Here we used the inequalities 1�2 � ��� �� �2. Thus, 7.23�

Ž .follows, and consequently 7.20 is satisfied. Finally, as ��� �, we get
Ž . p ŽŽ . . pŽ1�2�1�4� �. ŽŽ . . p�2� �� � p � 2 �2 � p � 2 �2 , as �� 0. This, to-��, � � �, 1

Ž . Ž . Ž .gether with 7.19 and 7.20 , gives 3.17 . �
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PROOF OF THEOREM 4. Since 1� of Definition 3 with the rate

� , if �� B ,� , 0 �

 � �Ž . � �� �Ž2 � �1.�2�½ � �� if �� ��

Ž . Ž .follows from 4.1 and 4.2 , we need only to prove 2� of Definition 3 with this
Ž .
 � .�

Ž . �� Ž . Ž .Let S � be such that for some estimator f we have 2.9 and 2.10 .� �

Ž . � Ž .First, note that �� in 2.10 must satisfy ��� � or, equivalently, �� B ,� �
Ž .�since 
 � coincides with the ORC and hence cannot be improved. Let��� Ž .�* � � for brevity. Then, in view of 2.9 ,�

lim sup max sup E S�p � d p f �� , f ,Ž . Ž .Ž .f � � 0 �½
��0 f�W��

sup E S�p � d p f �� , f � CŽ . Ž .Ž .f � * 0 � 5
f�W�*

7.24Ž .

Ž .and, since ��� �*, 2.10 reads as
Ž .2� ��1 �4� �S � 1Ž .�� 27.25 � log � 0 as �� 0.Ž . ž /c ��, 0 �Ž .
Ž .Note first that using Theorem 6 ii from the Appendix, with M � 2, it is

straightforward to prove the lower bound for fixed �� � 
,

lim inf inf sup E ��p Ž2 � ��1.�2� �d p T , f � 0Ž .Ž .f 0 �
��0 T� f�W��

� Ž2� ��1.�2� �in fact, � is the optimal pointwise rate of convergence on W , cf.��

Ž .� Ž .Donoho and Low 1992 . This and 7.24 entail that there exists a constant
c � 0 such that

Ž2� ��1.�2� �7.26 S � 
 c�Ž . Ž .��

for � small enough. Set
r � 1 � ��9��

where 0 � �� 1. There are two possibilities:

i lim inf S � �� r � �Ž . Ž .�*
��0

or
rii � C � 0 such that lim inf S � �� � C ,Ž . Ž .�*

��0

Ž . Ž .If i holds, then in view of 7.26 ,

S � S �Ž . Ž .�� � *


 � 
 �Ž . Ž .�� � *

Ž .1�2� � �4� �c S � 1Ž .�* ���9� ��1�2� *
 log � � �,r ž /c ��, 0 � �Ž .
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Ž .as �� 0, which yields 2.11 , with �� � �*, and thus the theorem follows. To
Ž . Ž . Ž .end the proof we show that ii is not possible if 2.9 and 2.10 hold. We will
Ž . Ž .come to a contradiction with 7.24 . In fact, if ii is true, there is a sequence

� � 0 such thatn

r
�7.27 lim sup S � �� � C.Ž . Ž .� n n�nn��

Ž . Ž .It follows from 7.24 and 7.27 that

C 
 lim sup inf max a sup E ��p � d p T , f ,Ž . Ž .Ž .n f � � , 0 n 0 � n½T�n�� f�Wn ��

p pr ��r �r � p� �C sup E � d T , fŽ .Ž . Ž .n f n 0 � n 5
�f�W��n

p
r ��r �p p
 lim sup min a , � �C inf max sup E � � d T , f ,Ž . Ž .Ž . Ž .½ 5n n f � � , 0 n 0 �½ nT�n�� f�Wn ��

7.28Ž .

sup E ��r �pd p T , f ,Ž .Ž .f n 0 � 5n
�f�W��n

p Ž . �p Ž . Ž . Ž .Ž 2 Ž ..Ž2� ��1.�4� �where a � � � �S � , � � � c ��, 0 � log 1�� ,n � �, 0 n � � n � �, 0 n n n
Ž .and r �� 1 � ��8��. Clearly, r �� r � 0. This and 7.25 yield

p
r ��r7.29 min a , � �C � � as n � �.Ž . Ž .½ 5n n

Ž . �Acting as in 7.15 and using the same notation as there, with �� � � , we�n

find

max sup E ��p � d p T , f , sup E ��r �pd p T , fŽ . Ž . Ž .Ž . Ž .f � � , 0 n 0 � f n 0 �½ 5n n
�f�W f�W�� ��n

7.30Ž . p�2
�� p

pˆ ˆ
 1 � max E qd � ,� , E d � ,� ,Ž . Ž .ž /0 0 1 1½ 5�ž /��n

r �Ž . Ž .where q � � � �� . The right-hand side of 7.30 can be bounded from��, 0 n n
Ž .below as in the proof of 4.3 . The modification is that we replace � there by

�Ž .Ž .� , q by q and put � �� p 1 � ��2 1�2��� 1�2� . Thenn � n

Ž .p 2� ��1 �4� �1pp � � p �� p�8� �� q � � q 
 c ��, 0 log � � � as n � �.Ž .Ž .n nž /�n

Ž .Consequently, as in the proof of 4.3 , we find
p

pˆ ˆlim inf max E qd � ,� , E d � ,� � 0.Ž . Ž .ž /0 0 1 1½ 5
n��

Ž . Ž .This inequality together with 7.28 � 7.30 yields a contradiction and proves
the theorem. �
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APPENDIX

� . � .A1. A theorem on lower bounds. Let w: 0,� � 0,� be a monotone
Ž .nondecreasing function. Let �, SS be a measurable space of parameters

Ž . Ž Ž .equipped with a pseudo-distance d 	, 	 i.e., d 	, 	 satisfies the definition of a
Ž . .distance, except, perhaps, the condition d � ,� � � 0 � �� � � . For an inte-

ger M 
 1, consider M � 1 elements of �: � ,� , . . . ,� , and a family of0 1 M
� 4 Ž .probability measures P , ��� on a measurable space XX , AA . Denote for�

brevity P � P , k � 0, 1, . . . , M, and let E denote the expectation w.r.t. P .k � k kk

THEOREM 6. Let the numbers q � 0, �� 0, 0 � �� 1�2, 0 � �� 1 be
fixed, and let

A.1 d � ,� 
 1 � � , i , k � 0, 1, . . . , M , i � k .Ž . Ž .i k

Ž .i If, in addition, P � Q and0

dP0
A.2 Q 
 � 
 1 � � ,Ž . ž /dQ

where Q � M�1ÝM P , thenk�1 k

ˆ ˆinf max E w qd � ,� , max E w d � ,�Ž . Ž .ž / ž /½ 50 0 k k
1�k�M�̂

1 � � �w 1 � 2� w q�Ž . Ž . Ž .

 ,

w 1 � 2� � �w q�Ž . Ž .

A.3Ž .

Ž . Ž .whenever w 1 � 2� � 0, w q� � 0, where inf denotes the infimum over all�̂
ˆ � 4measurable functions � : XX � � ,� , . . . ,� .0 1 M

Ž . Ž .ii If, in addition to A.1 , P � P , k � 1, . . . , M, and0 k

dP0
A.4 P 
 � 
 1 � � , k � 1, . . . , M ,Ž . k ž /dPk

then

1 � � 1 � � �MŽ .ˆA.5 inf max E w d � ,� 
 w .Ž . Ž .ž /k k ž /2 1 � �M0�k�M�̂

Ž . Ž .PROOF. Prove A.3 first. By monotonicity of w 	 ,
def˜ ˆ ˆR � max E w qd � ,� , max E w d � ,�Ž . Ž .ž / ž /½ 50 0 k k

1�k�M

ˆ ˆ
 max w q� P d � ,� 
� , w 1�2� max P d � ,� 
1�2� ,Ž . Ž .Ž . Ž .½ 5 ½ 5½ 50 0 k k
1�k�M

ˆ ˆŽ . Ž . Ž .In view of A.1 , if d � ,� � � , then d � ,� 
 1 � 2� , k � 1, . . . , M. There-0 k
fore,

˜ � 4 � 4R 
 max w q� P " , w 1 � 2� max P "Ž . Ž .½ 50 k
1�k�MA.6Ž .

� 4 � 4
 max w q� P " , w 1 � 2� Q " ,Ž . Ž .� 40
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ˆ� Ž . 4where " is the random event "� d � ,� 
 � and " denotes the comple-0
� 4 Ž .ment of ". Introduce the random event A � dP �dQ 
 � . Then, by A.2 ,0

dP0
A.7 P " � I " dQ 
 �Q "� A 
 � Q " � � .Ž . Ž . Ž . Ž . Ž .Ž .H0 dQ

Ž . Ž .Substitution of A.7 into A.6 gives

R̃ 
 max w q� � Q " � � , w 1 � 2� 1 � Q "� 4Ž . Ž . Ž . Ž .Ž . Ž .

 min max w q� � t � � , w 1 � 2� 1 � t� 4Ž . Ž . Ž . Ž .

0�t�1

1 � � �w 1 � 2� w q�Ž . Ž . Ž .
� .

w 1 � 2� � �w q�Ž . Ž .
Ž .This yields A.3 ,

Ž . Ž .Now, prove A.5 . By monotonicity of w 	 ,

1 � �ˆA.8 max E w d � ,� 
 w max P " , max P " ,Ž . Ž . Ž .Ž . ½ 5ž /k k 0 0 k kž /20�k�M 1�k�M

ˆ� Ž . Ž . 4where " � d � ,� 
 1 � � �2 , k � 0, 1, . . . , M, are random events. Notek k
Ž . �that " �" � �, i � k, in view of A.1 . Hence, denoting A � dP �dP 
i k k 0 k

4 Ž .� and using A.4 , one gets

M M

P " 
 P " � P "Ž . Ž .� Ý0 0 0 k 0 k½ 5
k�1 k�1

M MdP0� I " dP 
 � P " � A� 4 Ž .Ý ÝH k k k k kdPkk�1 k�1

M


 � P " � M� 
 �M 1 � max P " � � .Ž .Ž .Ý ž /k k k kž / 1�k�Mk�1

Ž .Together with A.8 this yields

1 � �ˆmax E w d � ,� 
 w min max �M 1 � t � � , t� 4Ž .Ž .ž /k k ž /20�k�M 0�t�1

1 � � 1 � � �MŽ .
� w . �ž /2 1 � �M

A2. Proofs of Lemmas 5–10.

Ž . q1Ž q2 .�2PROPOSITION 1. Let g x � x 1 � x , where q 
 q � 0, q � 1.2 1 2
Then, for every h � 0,

� �

g mh h � g x dx � 2h.Ž . Ž .Ý H
0m�1
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Ž .The proof of Proposition 1 is easy, using the fact that g x has two
Ž .monotone pieces and max g x � 1.x 
 0

Ž .PROOF OF LEMMA 5. Let us prove that for any h � 0 the estimator 3.2
satisfies

�̃�1�2 1�2sup E f � f � Lh C � 2hŽ .Ž .f � , � � �
f�W�A.9Ž .

1�2 2� Q � � � 1�2 � ,Ž .Ž .max 1

� �1Ž Ž .�1 .�1�2where C � b if ��� �, and C � � 1 � 2� � 1 otherwise. This� 1
˜ ˜Ž . Ž . Ž . Ž .entails 5.13 and 5.14 . In fact, � �, � � �, and ��� � �, �� � 2��.

2 Ž .Therefore, since � log 1�� � 1, we have

˜ ˜��2� � ��2� �1 1 � 1j˜ ˜ ˜� � 2 � 2 2h � � � log 
 � � log 
 � log�� , j � � , j � � , j 2ž / ž /� � �L�� 2��� 1Ž .
1�2� 2 2
 min 1, � 2 L� � log 
 c � � .Ž .½ 5j � 9 ��

˜ �except for the case j � 0, �� ��� �� � , where the proof of the similar�

Žinequality is straightforward. Here and later in this proof we write
˜ ˜ 1�2 � 1�2 1�2Ž .. Ž . � 4for brevity � � � �, �� . By Lemma 4, h � h � max 1, ��, j � max

Ž Ž � . Ž .. Ž .exp � 1�4� log 1�� . These remarks, together with A.9 and the fact that�

Ž . Ž .� � �, yield 5.13 and 5.14 .�
ˆ 1�2Ž . Ž . � �It remains to prove A.9 . Since E � � � and � � 2 ,�f k k k

�
1�2 	 	A.10 E f � f �# �� � 2 � ,Ž . Ž .Ž . Ýf � , � � k�

k�N�1

where
2� �2� a �� �hŽ . Ž .k

# �� � sup � � t .Ž . Ž .Ý k k2� �21 � a �� �hŽ . Ž .� �t� 0, 1 k�1 k

By the Cauchy�Schwarz inequality, and in view of the definition of N,
1�21�2 1�2�� � 1N

1�2 �2 1�2	 	� � Q a � � QŽ .Ý Ýk � k �ž / ž /2� � 11k�N�1 k�N�1
A.11Ž .

1�2Qmax 2� � .ž /� � 1�21

2Ž .Again, the Cauchy�Schwarz inequality and the fact that a �� �k
˜ ˜Ž . Ž .a � a 2��� � , entailk k

1�2�
�̃�1�2 2 2 1�2˜# �� � �h a � � # h ,Ž . Ž . Ž .Ž .Ý k k 1ž /

k�0
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where

˜Ž .2 2� ���2� ˜a 2��� � �hŽ .Ž .k2# h � sup s � t , s � �h.Ž . Ž .Ý1 k k k 22� �2� �t� 0, 1 k�1 1 � a �� �hŽ . Ž .Ž .k

˜ � 2 ˜ 2Ž .As �� �, we find Ý a � � � Q . Thus,k�0 k k �

�̃�1�21�2 1�2A.12 # �� � Q �h # h .Ž . Ž . Ž . Ž .� 1

Ž . Ž . �Now, a � � a � � k , for k even and any �� B. Therefore,k�1 k

˜Ž .2 2� ���2�hmŽ .
s � s � �h , m � 1, 2, . . . .2 m�1 2 m 22� �1 � 2�hmŽ .Ž .

2 Ž . 2 Ž . � �This and the equality � t � � t � 2,  t � 0, 1 , m � 1, 2, . . . , yield2 m 2 m�1

� � �
2 � �s � t � 2 s � g mh h  t � 0, 1 ,Ž . Ž .Ý Ý Ýk k 2 m

k�1 m�1 m�1

˜2Ž2 � ��� . 2� � 2Ž . Ž .where h � 2�h, and g x � x � 1 � x . Note that this function g
˜Ž .satisfies the conditions of Proposition 1. In fact, 2��
 2 2��� � , since

˜ ˜�
 ��, and 2��� 1 since ��� B. Also, 2��� �� 0. The application of
Proposition 1 gives

�
2s � t �# ��, � � 4�h ,Ž . Ž .Ý k k 2

k�1

˜� 2Ž2 � ��� . 2� � 2 ˜Ž . Ž .where # ��, � � H x � 1 � x dx. If ��� �, then �� �, and2 0
Ž . 2 Ž . Ž .# �, � � � b . Hence, in view of A.12 and the definition of # h , one gets2 � 1

1�2 1�2��1�21�2 2 ��1�2 2# � � Q �h � b � 4�h � Lh b � 4hŽ . Ž . Ž . Ž .� � �

� Lh ��1�2 b � 2h1�2 .Ž .�

Ž . Ž .This, together with A.10 , and A.11 , proves the Lemma for the case ��� �.
˜� �2� �1˜Ž . Ž . ŽIf ��� �, then # ��, � � 1 � H t dt � 1 � 2�� 1 � 1 � 2�2 1 1

.�1� 1 , and

1�2˜ �1��1�21�2# �� � Q �h 1 � 2� � 1 � 4�hŽ . Ž . Ž .Ž .� 1

�̃�1�2 1�2� Lh C � 2h . �Ž .

Ž .PROPOSITION 2. Let Z t be a stationary Gaussian random process with
Ž . Ž .mean 0 and correlation function r t , such that � � �r � 0 is finite. Then2

1 u2
1�2 1�2P sup Z t 
 u � � �r 0 � e exp � ,Ž . Ž .Ž .2ž / ž / ž /� 2r 0Ž .� �t� 0, 1

for every u � 0.
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�PROOF. The result is a simple corollary of the Rice formula Leadbetter,
Ž . �Rootzen, Lindgren 1986 Theorem 7.3.2 which states that

1�2 2� u2�1E N � 2� exp � ,Ž . Ž .u ž / ž /r 0 2r 0Ž . Ž .
Ž .where N is the number of upcrossings of the level u by the process Z t onu

� �0, 1 . �

Ž .PROOF OF LEMMA 6. The process Z t is a stationary Gaussian process�, j
Ž . Ž .on �, with mean 0 and correlation function r t � r t, h , where�, j

N�2 2 cos 2�mtŽ .
2r t , h � � 1 �  t � �, h � 0.Ž . Ý 22�ž /m�1 1 � 2�mhŽ .Ž .

In particular,

r 0, h � � 2 1 � $ � $ ,Ž . Ž .1 2

where
� 2

$ � Ý1 22�
m�1 1 � 2�mhŽ .Ž .

and
� �2 2�1 �4�	 	$ � � �h t dt � � 1Ž .Ý H2 4� �h NN�22�mhŽ . min, �m�N�2�1

 h 
 h .min, �

Ž .Here we used the assumption 5.2 . It is easy to see that, for any h � 0,

h�1 v2 � 1 � $ � h�1 v2 .� 1 �

	 Ž . 2 �1 2 	 2Hence, r 0, h � � h v � 2� , for any h 
 h . This entails� min, �

�2r 0, h 2� 2hŽ .� , j �
A.13 � 1 � � � � , j � 0, 1,�,Ž . �02r r v� , j � , j min

Ž . Ž .by virtue of 5.11 and of the definition 5.5 of � . Simple calculations yield�0
the following estimate of the second derivative of the correlation function

2� 2�mŽ .
2 2 �3A.14 � � r � 0 � c � � c � h .Ž . Ž . Ý2 10 11 � , j22�

m�1 1 � 2�mhŽ .ž /� , j

The first inequality of the lemma follows immediately from Proposition 2 and
Ž . Ž .A.13 , A.14 . The second inequality follows from the first one. In fact, it
suffices to use the relation

�
p p�1˜ ˜ ˜E Z I Z 
 u � p t P Z 
 t dt ,½ 5 H ž /� , j � , j � , jž /

u
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and to note that, for any a � 0, p 
 0,
�

p 2 2A.15 t exp �t �2 dt � C p exp �a �2 ,Ž . Ž .Ž . Ž .H
a

Ž .where C p � 0 depends only on p. �

Ž .PROOF OF LEMMA 7. Note that Z x is a normal random variable with�, 0 0
Ž . Ž .mean 0 and variance r 0, h . It follows from A.13 that�, 0

r 0, h � r 1 � � � r � 1 � � .Ž . Ž .Ž .� , 0 � , 0 � 0 � , 0 � 0

Ž .Now, to prove the lemma it suffices to use A.15 . �

ˆPROOF OF LEMMA 8. By definition of � ,j
ˆsup P � � � � sup p ��, � � card B max sup p ��, � ,Ž . Ž . Ž .Ýž /f j j j

���Bf�W f�W f�W� ��B ,� � �
����� ���

where

p ��, � � P d f , f � � �� , j � 0,�,Ž . Ž .Ž .Ž .j f j � , � � , j � , � � , j j

Ž . Ž . � 4� �� � � � is the element of B: � �� � � � � min �� B: �� � closest from
Ž . �above to � and card B � � �� � 1. Hence, to prove the Lemma it is� �

sufficient to show the relation

A.16 sup p ��, � � c � p�2� , j � 0,�.Ž . Ž .j 12
f�W�

First, prove the following auxiliary result.

˜ ˜Ž . Ž .PROPOSITION 3. Let � , �, ��� B, ��� �� �, �� � �, �� , � �� � � �
˜Ž .and �� � �, � � . Then˜
�̃�1�2 ��1�2˜h �� �� � � , h �� �� � � , j � 0,�,Ž . Ž .�� , j j �1 � � , j j �1

Ž .where � � c exp �� �8 .˜�1 13 �

˜ �PROOF OF PROPOSITION 3. Since �
 �� and since, by Lemma 4, h � h�, j � , j�

�� B, j � 0,�, one obtains
�̃�� ��̃�1�2 � ��1�2

�h � h h .Ž .�� , j � , j � � , j�

Ž .Here, by 5.11 and Lemma 1,

1 1˜ ˜��� � ��� � ˜� �h � max 1, � exp � �� �� logŽ .½ 5� , j � , j �� � ž /2� ��

1 1�� �1�2� ˜� max 1, � exp � �� �� log� Ž .½ 5 �� , j� ž /2� ��

1 1˜� 4� max 1, � exp � �� �� log .Ž .max �ž /2� ��
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Hence,

1 1
�̃�1�2 � ��1�2˜� 4h � max 1, � exp � �� �� log h .Ž .�� , j max � � , j�ž /2� ��

Now, �
 ��� � since B is a discrete set with the step at least �, and
˜��� �. This, the inequality �� 1 and the definition of � yield

˜ � 4�
 ��� min � � 1�2 �2, � 
 ��� min 1�2, � 
 ��� ��2.� 4Ž .1

Hence,
1 1 � 1 � 1˜log �� �� 
 log 
 log � v �8,˜Ž . �� � 2�2� � 4� � �8 �Ž .� � �

and
�̃�1�2 � ��1�2� 4A.17 h � max 1, � exp �� �8 h .Ž . Ž .˜�� , j max � � � , j

Ž .Similarly, considering in turn the cases � �� � and � �� � � �� � �� �˜
we find

�̃�1�2 � ��1�2A.18 h � max 1, � exp �� �8 h .� 4Ž . Ž .˜� � , j max � � � , j

Ž . Ž .It follows from A.17 and 5.9 that
1�2�̃�1�2 � 4h �� �� � max 1, � exp �� �8 � L 2��� 1 vŽ . Ž .Ž .˜�� , j j max � � �

1�2� 4� max 1, � � L 2� � 1 v exp �� �8 .Ž . Ž .˜ž /max 1 min �

This shows the first inequality of Proposition 3.
Ž .Next, in view of 5.10 and of the fact that ��� � �,

1�2 1�22� � � �� v h v hŽ .j � � � � , j max � � , j� �2 ž /ž /� �� � � v hv hŽ .j min � � , j� � � � , jA.19Ž .
v �̃max �1�2� c exp � .1 ž /v 4min

Ž . Ž . Ž . �Finally, 5.9 , A.18 and A.19 entail excluding the special case with
� Ž . �j � 0 and �� � �� � where 5.9 does not apply :˜ �

�̃� 1�2��1�2˜h �� �� � 1 � � exp � � L 2� �� 1 vŽ . Ž .� � , j j max � �ž /ž /8

� � �Ž .j
�
� ��Ž .j

1 � � v �̃max max �1�2� c exp � ,11�2 ž /ž / v 4L 2� � 1 vŽ . min1 min

Žwhich shows the second inequality of Proposition 3 it is easy to see that in
the case j � 0, �� � �� �� the last inequalities also hold, but with different˜ �

.constants . �
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Ž . Ž . � � Ž . 	 Ž .PROOF OF A.16 . Recall that d f, g � f � g and d f , g � f x ��� 0 0
Ž . 	g x . In view of Lemma 5 and Proposition 3,0

d f , f � E f � f � E f � fŽ . Ž . Ž .j � , � � , j � , � � , j f � , � � , j f � , � � , j� �

˜ ˜�Z � Z�� , j � � , j

�̃�1�2 ��1�2˜ ˜ ˜� c h � h � Z � Zž /2 � � , j � � , j � � , j � � , j

A.20Ž .

˜ ˜� 2c � � �� � Z � Z , j � 0,�.Ž .2 �1 j � � , j � � , j

Hence,
A.21 p ��, � � p � p , j � 0,�,Ž . Ž .j 1, j 2, j

where

˜ ˜p � P Z 
 � �� 1 � 3c � , p � P Z 
 c � � �� .Ž . Ž . Ž .½ 5 ½ 51, j � � , j j 2 �1 2, j � � , j 2 �1 j

Let us evaluate separately p and p .1, j 2, j

Evaluation of p and p . By Lemma 61, 0 1, �

1 2�1 2A.22 p � c h exp � � �� 1 � 3c � 1 � � ,Ž . Ž . Ž . Ž .1, � 4 � � , � � 2 �1 � 0ž /2r�� , �

and by Lemma 7

1 22A.23 p � c exp � � �� 1 � 3c � 1 � � .Ž . Ž . Ž . Ž .1, 0 5 0 2 �1 � 0ž /2r�� , 0

Here
21 � 3c � 1 � � 
 1 � 6c � � � 
 1 � c exp �� �8 ,Ž . Ž . Ž .˜2 �1 � 0 2 �1 � 0 14 �

and

1 22� �� 1 � 3c � 1 � �Ž . Ž . Ž .j 2 �1 � 02r�� , j

1 1 1 1

 � log � � c log exp �� �8Ž .˜j j 14 �2�� � 2�� �

1 1 1 �̃�
 � log � c � , j � 0,� where � � log exp � .j 15 � 2 � 2 ž /2�� � � 8

Ž .Substitute this expression with j � � into A.22 and note that � � p � 2.�

This gives

p � c h�1 � 1� � �� p�2� � exp c � � c ��1 exp c � � p�2� �Ž . Ž .1, � 4 � � , � 15 � 2 4 min 15 � 2

� c ��1 exp c � � p�2� � c � p�2� ,Ž .4 min 15 � 2 16

A.24Ž .

Ž .where the last inequality is due to the relation � � o 1 , as �� 0, that�2
Ž .follows directly from 3.1 .
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Ž .Similarly, if j � 0 � � p , then0

A.25 p � c � p�2� � exp c � � c � p�2� .Ž . Ž .1, 0 5 15 � 2 17

Evaluation of p and p . By Lemma 6 and Lemma 72, 0 2, �

1 2�1 2p � c h exp � � �� c � 1 � � ,Ž . Ž . Ž .2, � 4 � � , � � 2 �1 � 0ž /2r� � , �

1 22p � c exp � � �� c � 1 � � .Ž . Ž . Ž .2, 0 5 0 2 �1 � 0ž /2r� � , 0

A.26Ž .

Ž .Using the inequality � � 1�2, the definition of � , 5.10 and the in-�0 �1
Ž .equality log log 1�� 
 1, one gets

1 22� �� c � 1 � �Ž . Ž . Ž .j 2 �1 � 02r� � , j

1 1 v2 h �̃�� � � , j �2
 c c �2 � log exp �Ž .2 13 j 2 ž /ž /�� � 4v h� � � � , j

22c c v 1 1 � 1˜2 13 min ��1
 c � log exp 
 A log ,1 j ��ž / ž / ž /2 v � � 4 �max �

Ž � .�1 Ž . Ž .where A � c � exp � �4 . Substitution of this result into A.26 gives˜� 18 � �

1 1
�1 �1 �1�� �p � c h exp �A log � c � � exp �A log2, � 4 � � , � � 4 min �ž / ž /� �

and
1

p � c exp �A log .2, 0 5 �ž /�
Note that A � � as �� 0, since � �log �� 
 � . Therefore,˜� � � �

p � c � p�2� , j � 0,�.2, j 19

Ž . Ž . Ž . Ž .This, together with A.21 , A.24 and A.25 , proves A.16 .

Ž .PROOF OF LEMMA 9. By use of 5.14 one has

1 1 ˜� �A.27 f � f � b � 1 � c exp � log � Z .Ž . Ž .�� , � , � � 3 � , ��ž /ž /4� ��

Ž .Choose � � � � so that0 0

1 1
max � , c exp � log � ��0 3 �½ 5ž /4� ��

Ž . Ž .for all �� 0, � . In view of 5.8 ,0

1 1
� u � b � 1 � c exp � log 
 u� � ,Ž . Ž .� , � � 3 ��ž /ž /4� ��
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Ž . Ž .if u 
 1 � � and �� 0, � . Using this inequality, A.27 and Lemma 6, one0
Ž .gets, for u 
 1 � � and �� 0, � ,0

�1 � �P � f � f 
 u� 4�f � , � � , � , �

1 1 ˜� P b � 1 � c exp � log � Z 
 � uŽ .f � 3 � , � � , ��½ 5ž /ž /4� ��

u2 1 1
�1˜� P Z 
 u� � � c h exp � p � 2 log 1 � �Ž . Ž . Ž .½ 5f � , � � 4 � , � � 0ž /2 � �

u2 1 1
�1 �1� �� c � � exp � p � 2 log 1 � �Ž . Ž .4 min � 0ž /2 � �

21 1 u
�1� c � exp � log p � 2 1 � � � 1 .Ž . Ž .4 min � 0ž /� � 2

Ž .The condition � � min � , 1�2 entails�0

u2 pu2 pu2
2p � 2 1 � � � 1 
 1 � � 1 � � � 1 � 
Ž . Ž . Ž . Ž .�0 � 02 4 4

Ž .for all �� 0, � and u 
 1 � � . Hence,0

pu2 1
�1 �1� �P � f � f 
 u � c � exp � log� 4�f � , � � , � , � 4 min ž /4� �

A.28Ž .
p 1

2� c exp �u log ,7 �ž /4� ��

and the first inequality of Lemma 9 follows.
Ž . Ž .Using A.28 we get, for all �� 0, � ,0

�pp�p �1 1� p� � � �E � f � f � 1 � � � P � f � f 
 t dtŽ . � 4Ž .� H �f � , � � , � , � f � , � � , � , �
pŽ .1��

� p 1p 2� p� 1 � � � c exp �t log dt .Ž . H7 �ž /p 4� �Ž .1�� �

ŽŽ � Ž .. p�2 . Ž .Since the last integral is of the order O � �log 1�� � o 1 , as �� 0,�

the lemma is proved. �

Ž . Ž . Ž .PROOF OF LEMMA 10. Using 7.1 , 7.2 and 5.3 , one gets

� � 2 2 �1 � � 2 � Ž � . � 2 2 2��1 � Ž � . � 2K � s s K � 1, K � s s K � 1.2 2 2 2� 1 2 0, � � 1 2 0, �

Ž .Another application of 5.3 yields
� 1 Ž .� 2��1 �4�2 2K 0 � s dt � 2� s v � b � 2� 2�� 1 b .Ž . Ž .Ž .H� 1 1 � � �2�	 	1 � t��

Ž .Thus, 7.3 follows.
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Ž . � 	 	 4Next, consider the function g t � I t � 1�2 , and its m-fold convolution0
g� � g � 			� g , where m 
 1 is an integer. Putm 0 0

g t � C�1 g� t ,Ž . Ž .� � 1 4� � ��4

� Ž .where C � g 0 . Note that�1 4� � ��4

� �4 � �4
� 1 sin ��2Ž .

C � d�H�1 ž /2� ��2��

� �4 � �41 sin ��2Ž . �Ž8 � � ��7.
 d�
 �H ž /2� ��2	 	� ��

Ž Ž .. Ž . 	 	 Ž .since sin ��2 � ��2 
 2�� for � � � with sin 0�0 � 1 . In the sequel
C , i � 1, 2, . . . , are positive constants depending only on �. The function g� i �

has the following properties:

A.29 g 0 � 1,Ž . Ž .�

� � � �A.30 supp g � �2 � � 1 , 2 � � 1 ,Ž . Ž . Ž .Ž .�

� �4 � �41 sin ��2Ž .�1A.31 g � � C .Ž . Ž .ˆ� � 1 ž /2� ��2

Let D � 1 be a fixed number. Set0

K t � K t g t�D .Ž . Ž . Ž .1, � � � 0

The Fourier transform of K is1, �

�
ˆ ˆK � � K u D g D u � � du.Ž . Ž . Ž .Ž .ˆH1, � � 0 � 0

��

ˆ �1 ˆ �1 �1 2�Ž . Ž . Ž 	 	 . Ž .Since K u � s s K s u � s s � 1 � u�s and Hg � d� �ˆ� 1 2 0, � 2 1 2 2 �

Ž .g 0 � 1, one gets�

ˆ ˆK � � K �Ž . Ž .1, � �

1 1
�1� s s g � � d�Ž .ˆH1 2 � 2� 2�ž /	 	1 � ��s1 � ��D � � �sŽ . 20 2

A.32Ž .

ˆ� K � g � A � , � d� ,Ž . Ž . Ž .ˆH� �

where
2� 2�	 	 	 	� � ��D � �0

A � , � �Ž . 2�2� 	 	s � ��D � �2 0

2��1	 	 	 	max � , ��D � �Ž .0
	 	� 2� ��D .0 2�	 	2�� 1 � ��D � �0
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	 	 	 	 Ž . 2� 	 	 2�If � � 2 ��D we have A � , � � 3 C ��D , where sup C � �. If0 � 2 0 � � B � 2
	 	 	 	 	 	 	 	� 
 2 ��D one obtains ��D � � 
 � �2, and therefore in this case0 0

x 2��1
3�	 	 	 	A � , � � 2� ��D max � 2 C ��DŽ . 0 � 3 02�x�0 2�� 1 � x�2Ž .

where sup C � �. Thus, for all � and �,�� B � 3

3� 	 	 	 	 2��1A.33 A � , � � 3 C t�D 1 � ��D ,Ž . Ž . Ž .�4 0 0

where sup C � �.�� B �4

Ž . Ž .Together A.32 and A.33 entail

ˆ ˆK � � K �Ž . Ž .1, � �

2��13� ˆ 	 	 	 	� 3 C K � g � ��D 1 � ��D d� .Ž . Ž .ˆ Ž .H�4 � � 0 0

A.34Ž .

Ž .Now, due to A.31 , for s � 1 or s � 2�, one gets
� �4 � �41 sin us s�1 s�1	 	 	 	g � � d�� C 2 u du .Ž .ˆH H� � 1 ž /2� u

	 	 	 	Considering separately integration over u � ��2 and u � ��2, one easily
finds that the last expression in square brackets is bounded uniformly in

�1 8� � ��7 Ž .�� B. Since also C � � and D 
 1, A.34 implies�1 0

ˆ ˆ 11� ˆ ˆ	 	 	 	 	 	A.35 K � � K � � 4 C K � �D � C K � �D � ,Ž . Ž . Ž . Ž . Ž .1, � � �5 � 0 � 6 � 0

where sup C � �, C � 411�C .�� B �5 � 6 �5
Set

D � max 1, 411��
�

2�� sup C ,Ž .Ž .0 � � B �5

� �D � D � , � , � � 2 � � 1 DŽ . Ž . 0

and
�1

K t � 1 � C �D 1 � ��2 K t .Ž . Ž . Ž .Ž .� � 6 0 1, �

Ž . Ž . Ž .Let us check that K satisfies i � iv of Lemma 10 if D resp., D is large� 0
Ž .enough. Using A.30 , one gets

supp K � supp K � supp g 	�D � �D, D .Ž . Ž .� 1, � � 0

Ž . Ž .This proves i of Lemma 10. Next, A.35 entails

ˆ ˆA.36 K � � 1 � C �D K �Ž . Ž . Ž .Ž .1, � � 6 0 �

Ž . Ž . Ž .which yields ii of Lemma 10. Now, in view of 7.3 and A.36 ,
�1 �1� � � � � �1 � K 
 1 � C �D K � K 1 � ��2 ,Ž .Ž .2 2 2� � 6 0 1, � �

Ž . Ž .which yields iii of Lemma 10. It remains to observe that iv of Lemma 10
follows from the relations

�1
K 0 � K 0 1 � C �D 1 � ��2 
 K 0 1 � � ,Ž . Ž . Ž . Ž . Ž .Ž .� � � 6 0 �



SHARP ADAPTIVE ESTIMATION 2467

Ž . Ž .where we used A.29 and the inequality D 
 2C �� . To check v of0 � 6
Lemma 10 note that, for any �� B, j � 0, 1,�, and � small enough, one has

�
� 1�2��� 11� 2 1�Dh � D�� 4 � logŽ .� , j � �

where D� � 0 is a constant depending only on L, � , p. The last expression1
Ž .tends to 0 as �� 0 in view of 3.1 .

Ž . � 4 Ž .PROPOSITION 4. Let �� B, �� 0, 1 , j � 0, 1,� and let f � L ��,� be1
� �a function such that supp f � 0, 1 and the Fourier transform of f satisfies

��1�2ˆ ˆ	 	 	 	f � � 1 � ��2 Lh K �h .Ž . Ž . ž /� , j � � , j

Ž .Then there exists � �� 0, 1 independent of � such that for 0 � �� � � we
have f � W , �� B.�

� �PROOF. Put for brevity h � h . Since supp f � 0, 1 we have�, j

21 1 �12 �i2� l x 2 2 2ˆ	 	f 2� l � f x e dx � 8� � � � , l � 1, 2, . . . ,Ž . Ž . Ž . Ž .H 2 l�1 2 l2� 0

where � are the Fourier coefficients of f , see Section 2. Thus,k

� � �
2� 2� 22 2 2 2 2 ˆ	 	a � � � 2 l � � � � 8� 2 l f 2� lŽ . Ž . Ž . Ž .Ž .Ý Ý Ýk k 2 l�1 2 l

k�0 l�1 l�1
�

2 2� 22 2 2��1 ˆ	 	� 8� 1 � ��2 L 2 l h K 2� lhŽ . Ž . Ž .Ý �
l�1

� h�2�� A lh�Ž .Ý 22�
l�1 1 � lh�Ž .Ž .

Ž .2 2 �2� 2 2��1where A � 4� 1 � ��2 L � s s and h�� 2�h�s . Thus, by Proposi-1 2 2
Ž .tion 1 and 5.3

� 2�
� t

2 2a � � � A dt � 2h�Ž .Ý Hk k 22�ž /0 1 � tŽ .k�0

22 2 �2�� A � b � 2h� � 1 � ��2 L � � 2 Ah�.Ž .Ž .�

To finish the proof it remains to note that Q � L2��2 � and that, uniformly�

in �� B, j � 0, 1,�,

1�2��
�1�2� 2�Ah��Q � Q�� � log� ž /�

where Lemma 1 was used and Q� � 0 is a constant depending only on L, � ,1
Ž .p. The last expression tends to 0 as �� 0 in view of 3.1 . �
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